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I 13.4 EXERCISES
@ PRACTICE

Use the graph to find the given limit. See Example 1.

N

L oa lim[g(x)-2/(x)] b. lim[¢(x)f(x)]
2. a. lim[g(x)+ f(x)] b. }i?%(xx))

Use appropriate limit laws to evaluate the given limit. See Examples 3 and 4.

3. lim5 4. lim(Sx)
x—4 x—4
5. lim(2x+1) 6. lim(3-4x)
x—>§
7. limx’ 8. lim(-x°)
x—-3 x—-2
. ) . 5,
9. 11m(2x —x+7) 10. 11m(3+x——x )
x—3 x——1 2
11, lim(2x* -3x* +x—4) 12. lim(3x° - x°)
1 x—o-2
X_)E
13. lim>2" 14. fim 22+
-l x+1 =-lx" —x
1 3
1 N
15. lim( 4 3)3 16. lim| 2275
=3\ 1lx—x =\ 37 +1
17. lim Ysx* —x* +3x2 +2x+4 18. lin}\/x“ +2x%+1

4
4 _ 5
19. lim # 20. lim ﬂ(x4 +2x° +x7 )2
-3\ x4+ 2x" —4x x5

Use algebra to evaluate the given limit. See Examples 5, 6, and 7.

2
21 fim ™30 22. lim 27
x—6 x—6 x=>-7x —49

©OHAWKES LEARNING




1024  Chapter 13 <+ An Introduction to Limits, Continuity, and the Derivative

2 4 _
23. 1imw 24, lim> i 256
x—3 x=3 -4 x° =16
342 _ 5
25, fim 2L — T 14 2. lim—— 5
= X" =25 =27 =2x" 4+ 2x—4
27, lim X273 28, fim3 =X
x—7 x—7 -9 x—9
I 1 1
29. 1imL_\/g 30. lim 4+x 4
x—0 X x—0 X
11
31. lim3—1tx
x—>2 X — 2
32. If f(x)=x% find hmw.
x—2 X — 2
33. If g(x)=x*-2, find lim£6+1)-2(3)
h—0 h
34, 1f k(x)=1—x+x°, find yn(}k(z‘h)—k(Z)_
35. If p(x) =x’+x, find 111?L_1p(1).
ped x_
1
{ F(x)- F(z)
36. If F(x)z—, find im—————=.
X ol 1
L
2
2
37. ﬁm—M 38 lim w
h—0 h x—3 X 9
1,1
4 4
. lim ¥ 10 40. lim 3%
2 3x" —5x -2 =51 +27
41. lim3_— Vx+7 4. lim 8—x
x—2 x—=2 x—8 i/; -2
43. “m(l+ ; ] a4, lim¥x!
y—0 y Yy =y x%l3x_1
Use limf(x)=3 and limg(x)=-2 tofind the limit.
X—=C X—=C
45. lim[2/(x)-g(v)] 46. 1im )+ 3e(x) (x)+13g ()
£ 2 ()
47. 1im\/[ ()] +10[g(x)] 48. lim([ 7(x)-1] 3/g(x_))
3
2
49. lim([f(x)]2 +(x—2)g(x)) 50. 1im[f(Lg£x)]
x—c x—c g(x)]
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Use the limit laws to find the one-sided limit.

51. lim =
x—0" xl
1 ifx>0
52. }Lr(r)g(sgnxcosx), where sgnx={ 0 if x=0
-1 ifx<0
53. X2

im
2" 3x+1

54. lim+1-x*

x—=1

55. lim 1%
H(l]_ 6x+5
3

56. lim ([x] - x) (See the definition of £ (x)=[x] in Section 3.4

57. lim ([x]e) 58. 1imM

x—2* x—=-1" x+3

Use the Squeeze Theorem to prove the limit claim. See Example 8.

59, 1im(x2 sin(l)) =0 60. 1im(|x|cos x) =0
x—0 X x—0
61. lim“T =0 62. lim (¢'sinx)=0
X—>o0 X X—>—00
é COS| l 1 2
63. lim [xze U] =0 64. limS T _g
x—0" X—yoo 2+ X

#" WRITING & THINKING

65. Provide a rigorous proof of the limit claim liml1=1. (Hint: Use the fact that for

the constant 1 function, f (x) =1 for all x, so in particular, if an € >0 is given,
|f(x) - 1| =[1-1|=0, which makes the choice of § “casy.”)

66. Provide a rigorous proof of the limit claim limx=c. (Hint: Since f (x) =Xx in
this problem, for a given £ >0 we need to ensure that | f (x) —c| = |x—c| <e as
long as 0< |x - c| < 6. This observation makes the choice of 6 obvious.)

67. Use Exercise 66 and the basic limit laws to prove the Polynomial Substitution
Law. (Hint: From Exercise 66 and a repeated application of the Product Law

it follows that limxk =c*. As a next step, from the Constant Multiple Law we
can conclude that if a eR, lim(axk ) =ac®. From the above claim, a repeated
application of the Sum Law will yield the result for a general polynomial.)

68. Use Exercise 67 and the basic limit laws to prove the Rational Function
Substitution Law.
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69. Combine the Positive Integer Power Law and the Positive Integer Root Law
to prove the Rational Power Law. (Hint: Assuming first that both m and » are

positive, we can write hin[f(x)]% = hin[[f(x)]:'] = limI:" f(x)]m. Now use

x—c

the Positive Integer Power Law followed by the Positive Integer Root Law to
obtain that the above limit is equal to [lim i f (x):| = [n lim f (x)] , from which

x—c

. . - 1 .
the result follows. If m is negative, note that [ f (x)]" =————, where -m is

HOIE
positive. Thus if we use the Quotient Law along with the previous argument, we
obtain

tim{ £ ()] =tim——
/()]

-t
lim [ f(x)]_%

x—c

—_—

from which the result easily follows.)

if xis rational . .
. Does limD(x) exist? Prove your answer.

0
70. Let D(x)=
(x) {1 if xis irrational =0

if x is rational ) )
. Does limF(x) exist? Prove your answer.
x—0

7M. Let F(x)={
. Let F(x)=
x> if xisirrational

72. Prove that if limf(x) =L and limf(x) =K, then L = K. In words, prove that if

the limit of f exists at ¢, then the limit is unique.

. o . x"=1 _nm
73. Prove that if n and m are positive integers, then lim——=—.

-1 x _1 m

74. Prove that if lim £ (x)=0, then lim|/ (x)|=0.

75. Prove that if lim f(x)=0 and g(x) is such that | g(x)| < M for some number M
(such functions are called bounded), then lim[ f(x)g(x)]=0.

76. Prove that in Exercise 75, it is sufficient to require the boundedness of g only on
an interval around ¢ (except at ¢ itself).

77. By finding functions f and g such that lim £ (x)=0 but lim[ f(x)g(x)]#0,

show that it is necessary to impose a boundedness condition on g in Exercise 75.
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78. Give examples of f and g to show that

a. the existence of lim[ f(x)+g(x)] does not imply the existence of lim f(x)
and x—c¢ x—c¢

b. the existence of lim[ I (x) g(x)] does not imply the existence of lim f (x)

o APPLICATIONS

79. A concave spherical mirror is a part of the inside of a sphere, silvered to form
a reflective surface. The radius 7 of the sphere is called the mirror’s radius of
curvature. If the size of such a mirror is small relative to its radius of curvature,
light rays parallel to its principal axis are reflected through approximately a single
point, called focus. In the following illustration, C denotes the center, F, is the
focus, while d is the distance between the incoming ray and the principal axis.
Note that according to the Law of Reflection, the incoming and reflected rays
make the same size angle oo with the radius CR (this radius is called normal to the
mirror surface). One way to determine the focal length (the distance between the
mirror and the focus) is to find the limiting position of , as d — 0. Noting that the

triangle aCRF), is isosceles, by similarity we obtain rd = % Use this
z r-—d
2

observation to express CF, and determine the focal length of the spherical mirror
by taking the limit as d — 0.

R Incoming ray wow
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