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13.3 EXERCISES

	ô PRACTICE

Use the graph to estimate d corresponding to the given e satisfying the e-d definition of 
lim .
x c

f x L
→

( ) =  See Example 1.
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Find a d > 0 that satisfies the limit claim corresponding to e = 0.1; that is, such that 
0 < − <x c d  would imply f x L( ) − < 0 1. .
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Find a number N  that satisfies the limit claim corresponding to e = 0.1; that is, such that 
x > N  (or x < N, as appropriate) would imply f x L( ) − < 0 1. .
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For the given function f x( ),  find a d > 0 corresponding to M = 100; that is, such that 

0 < − <x c d  would imply f x( ) > 100  (let N = −100 if the limit is −∞, in which case 

0 < − <x c d  should imply f x( ) < −100).
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Use the e-d definition to prove the limit claim. See Examples 3 and 4.
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Give the formal definition of the limit claim. Then use the definition to prove the claim.  
See Examples 5 and 6.
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Determine whether the limit exists. Prove your conclusion. See Example 7.
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	ĭ APPLICATIONS

62. � A piston is manufactured to fit into the cylinder of a certain automobile engine. 
Suppose that the diameter of the cylinder is 82 mm and that the cross‑sectional 
area of the piston is not allowed to be less than 99.89% of that of the cylinder. If 
both are perfectly round, what does this mean in terms of maximum tolerance for 
the clearance between the piston and the cylinder wall? (Be sure to identify which 
function and data take the roles of f x( ),  c, e, and d in this problem.)

63. � The tension in a stretched steel wire (in newtons, N) is calculated by the 

formula F E L
L
A= Δ

0

,  where E = ×2 10
11 2

N m  is the elastic modulus (or 

Young’s modulus) of steel, ΔL is the elongation, L0 the original length, and A 
the cross‑sectional area (in m2). Suppose a 1‑meter‑long steel string of radius 
1 millimeter is stretched by 2 millimeters when tuning a musical instrument.

a. � Calculate the tension in the string caused by the above tightening. 
b. � If we are not allowed to overload the string by more than 100 N, what is the 

tolerance in the amount of stretching? (Be sure to identify the function and data 
taking the roles of c, e, and d in this problem.)

	w WRITING & THINKING

	64.	 Use e and d to state what lim
x c
f x L

→
( ) ≠  means.

Students gave the following definitions for the existence of a limit of f x( )  at c. Find and 
correct any errors.

	65. � “ lim
x c
f x

→
( )  exists if for any e > 0 and real number L there is a d > 0 such that 

0 < − <x L d  implies f x c( ) − < e. ”

	66. � “ lim
x c
f x

→
( )  exists and equals L if for any e > 0 and d > 0 whenever 0 < − <x c e,  

we have f x L( ) − < d. ”

	67. � “If there is a real number L such that for an e > 0 there is a d > 0 such that whenever 
x c− < d  and x ≠ c, we have f x L( ) − < e,  we say that the limit of the function at 

c is L.”
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	68. � “We say that lim ,
x c
f x L

→
( ) =  if for any e > 0 there is a d > 0 such that 

x c f x L− < ⇒ ( ) − <d e. ”

	69. � “We say that lim ,
x c
f x L

→
( ) =  if for any e > 0 there is a d > 0 such that 

0 ≤ − ≤ ⇒ ( ) − ≤x c f x Ld e.”

	70. � “If the real number L is such that for any e > 0 there is a d > 0 such that 
0 < − < ⇒ ( ) − <x c f x Ld e,  we say that lim .

x c
f x L

→
( ) = ”

Determine whether the given statement is true or false. If false, explain or provide a 
counterexample. 

	71.	 If f c L( ) = , then as x approaches c, lim .
x c
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x c
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	Ɨ TECHNOLOGY

Use a graphing utility to estimate the given limit. By zooming in appropriately, find d‑values 
that correspond to e = 0.1. 
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Use a graphing utility to locate a vertical asymptote of the given function. Then for such 
an asymptote x = c  find an appropriate value d > 0 such that x c f x− < ⇒ >d ( ) .10  
(Answers will vary.) 
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