
Step 3:	 The most number of times each prime factor appears in any one factorization:

one 2 	 (in 30 and 42)
three 3s 	 (in 27)
one 5 	 (in 30 and in 35)
one 7 	 (in 35 and in 42)

LCM �= 2 ⋅ 3 ⋅ 3 ⋅ 3 ⋅ 5 ⋅ 7 
=2 ⋅ 33 ⋅ 5 ⋅ 7 = 1890

1890 is the smallest number divisible by all four of the numbers 27, 30, 35, and 42.

Now work margin exercise 8.

Tests for Divisibility
As mentioned in the note earlier in the section, here are the quick tests 
for divisibility.

A number is divisible

By 2: if the units digit is 0, 2, 4, 6, or 8.

By 3: if the sum of the digits is divisible by 3.

By 4: if the number formed by the last two digits is divisible by 4.

By 5: if the units digit is 0 or 5.

By 6: if the number is divisible by both 2 and 3.

By 9: if the sum of the digits is divisible by 9.

By 10: if the units digit is 0.

PROCEDURE

Margin Exercise Answers
1. a.  1003 = 1,000,000  b.  24 = 16  c.  13 = 1  d.  82 = 64   2. a.  81  b.  32  c.  625   3. a.  13 has 
exactly two factors, 1 and 13 .  b.  19 has exactly two factors, 1 and 19 .   4. a.  1, 5, and 25 are all 
factors of 25 .  b.  1, 2, 4, 8, 16, and 32 are all factors of 32 .   5.  22 ⋅ 5 ⋅ 7   6. a.  2 ⋅ 37  b.  −1 ⋅ 22 ⋅ 52  

c.  2 ⋅ 32 ⋅ 13   7.  126   8.  420

1.1 Exercises
Concept Check

Fill-in-the-Blank. Complete each sentence using information found in this section.

	 1.	 When an expression has an exponent of 3, the base is said to be ______.

	 2.	 Exponents are used to represent repeated ______.

	 3.	 In 24 the “2” is called the ______ and the “4” is called the ______.
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	 4.	 The ______ of a number are the products of that number with the counting numbers.

	 5.	 A number is exactly divisible by another number if the remainder in the division 
process is ______.

	 6.	 The set of whole numbers consists of the natural numbers and the number ______.

True/False. Determine whether each statement is true or false. If a statement is false, 
explain how it can be changed so the statement will be true. (Note: There may be more 
than one acceptable change.)

	 7.	 Nine squared is equal to eighteen. 

	 8.	 27 = 128

	 9.	 If a whole number is divisible by 2, then it is odd. 

	 10.	 A composite number is a counting number with exactly two different factors.

Practice

Rewrite each product by using exponents. See Example 1.

	 1.	 11 ⋅ 11 ⋅ 11

	 2.	 13 ⋅ 13 ⋅ 13

	 3.	 7 ⋅ 7 ⋅ 7 ⋅ 7

	 4.	 6 ⋅ 6 ⋅ 6 ⋅ 6 ⋅ 6

	 5.	 2 ⋅ 2 ⋅ 2 ⋅ 3 ⋅ 3

	 6.	 2 ⋅ 2 ⋅ 5 ⋅ 5 ⋅ 5

	 7.	 5 ⋅ 5 ⋅ 5 ⋅ 7 ⋅ 7

	 8.	 3 ⋅ 3 ⋅ 3 ⋅ 7 ⋅ 7 ⋅ 7

	 9.	 2 ⋅ 3 ⋅ 3 ⋅ 11 ⋅ 11

	 10.	 2 ⋅ 2 ⋅ 2 ⋅ 2 ⋅ 11 ⋅ 11 ⋅ 13 ⋅ 13

For each exponential expression a. identify the base, b. identify the exponent, and c. 
evaluate the exponential expression. See Example  2.

	 11.	 42

	 12.	 62

	 13.	 23

	 14.	 33

	 15.	 16

	 16.	 15

	 17.	 53

	 18.	 43

	 19.	 24

	 20.	 26

	 21.	 92

	 22.	 112

	 23.	 72

	 24.	 73

	 25.	 35

	 26.	 45

	 27.	 302

	 28.	 402

	 29.	 203

	 30.	 152

	 31.	 157

	 32.	 199

	 33.	 40

	 34.	 190
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	 35.	 131

	 36.	 241

	 37.	 220

	 38.	 990

Determine which numbers, if any, in each set of counting numbers are prime. See 
Example 3.

	 39.	 13 15 17 21, , ,� �

	 40.	 11 19 23 51, , ,� �

	 41.	 2 4 6 8 10 12 14, , , , , ,� �

	 42.	 7 16 25 36 47 49, , , , ,� �

Find two factors of each number (other than 1 and the number itself) to determine that 
the number is composite.  (Answers will vary.) See Example 4.

	 43.	 72

	 44.	 63

	 45.	 68

	 46.	 39

	 47.	 502

	 48.	 417

	 49.	 170

	 50.	 99

	 51.	 444

	 52.	 230

Find the prime factorization of each of the numbers.  If a number is prime, write “prime.” 
See Examples 5 and 6.

	 53.	 52

	 54.	 60

	 55.	 616

	 56.	 460

	 57.	 −308

	 58.	 −155

	 59.	 79

	 60.	 43

	 61.	 289

	 62.	 361

	 63.	 125

	 64.	 343

	 65.	 −400

	 66.	 −500

	 67.	 120

	 68.	 196

	 69.	 231

	 70.	 675

	 71.	 1692

	 72.	 1716

	 73.	 List the first ten multiples of each number.

	 a.	 5

	 b.	 6

	 c.	 10

	 d.	 15

	 74.	 From the lists you made in Exercise 73, find the least common multiple for each of 
the following sets of numbers.

	 a.	 5 6,� �
	 b.	 6 10,� �

	 c.	 5 10 15, ,� �
	 d.	 6 10 15, ,� �
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Find the LCM of each of the following sets of counting numbers. See Examples 7 and 8.

	 75.	 3 5 7, ,� �

	 76.	 2 7 11, ,� �

	 77.	 8 10,� �

	 78.	 9 12,� �

	 79.	 2 3 11, ,� �

	 80.	 3 5 13, ,� �

	 81.	 4 14 35, ,� �

	 82.	 10 12 20, ,� �

	 83.	 50 75,� �

	 84.	 30 70,� �

	 85.	 20 90,� �

	 86.	 50 80,� �

	 87.	 28 98,� �

	 88.	 45 75,� �

	 89.	 10 15 35, ,� �

	 90.	 6 24 30, ,� �

	 91.	 15 45 90, ,� �

	 92.	 14 28 56, ,� �

	 93.	 20 50 100, ,� �

	 94.	 30 60 120, ,� �

	 95.	 10 15 25, ,� �

	 96.	 22 44 121, ,� �

	 97.	 26 28 91, ,� �

	 98.	 34 51 54, ,� �

	 99.	 35 40 72, ,� �

	100.	 30 35 63, ,� �

	101.	 12 21 44, ,� �

	102.	 20 28 45, ,� �

	103.	 99 121 231, ,� �

	104.	 81 225 324, ,� �

	105.	 48 120 144 192, , ,� �

	106.	 125 135 225 250, , ,� �

	107.	 40 56 160 196, , ,� �

	108.	 35 49 63 126, , ,� �

Applications

Solve.

	109.	 Two astronauts miss connections at their first meeting in space.

a.	 �If one astronaut circles the earth every 15 hours and the other every 18 hours, in 
how many hours will they meet again at the same place?

b.	 �How many more orbits will each astronaut have to complete between missing 
their first meeting and making their second meeting?

	110.	 Three neighbors mow their lawns at different intervals during the summer months. 
The first one mows every 5 days, the second every 7 days, and the third every 
10 days.

a.	 How frequently do they mow their lawns on the same day?

b.	 �How many times does each neighbor mow in between the times when they all 
mow together?
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	 111.	 Four women work for the same book company selling textbooks. They leave 
the home office on the same day and take 8 days, 12 days, 14 days, and 15 days, 
respectively, to visit schools in their own sales regions.

a.	 In how many days will they all meet again at the home office?

b.	 How many sales trips will each have made in this time?

	112.	 A fruit production company has three packaging facilities, each of which uses 
different-sized boxes as follows: 24 pieces/box, 36 pieces/box, and 45 pieces/box.

a.	 Assuming that the truck provides the same quantity of uniformly-sized pieces of 
fruit to all three packaging facilities, what is the minimum number of pieces of 
fruit that will be delivered so that no fruit will be left over?

b.	 How many boxes will each facility package?

	113.	 Three swimmers decide to swim laps together, and they will quit when they reach the 
starting end of the pool together. The first swimmer can swim a lap in 35 seconds, the 
second will take 40 seconds, and the third takes 42 seconds.

a.	 How many seconds will it take before they quit?

b.	 How many laps will each swimmer swim in that interval?

	114.	 Two analog clocks are sitting next to each other. The first clock keeps perfect time, 
where the minute hand takes 60 minutes to travel completely around the dial. The 
second clock runs fast and the minute hand makes one complete revolution in 
55 minutes.

a.	 �Assuming that both clocks are started so that the minute hands are at 12, how 
many minutes will it take until both minute hands return to 12 at the same time?

b.	 How many hours does this represent?

Writing & Thinking
	115.	 Use your calculator to find the following values and discuss, in your own words, any 

pattern that you notice.

a.	 860

b.	 6230

c.	 90720

	116.	 List five prime numbers larger than 50.

	117.	 Describe, in your own words, how to find the LCM of a set of counting numbers.

	118.	 a.		 Explain why 1 is not a prime number.

		  b.	 Explain why 1 is not a composite number.

Collaborative Learning
	119.	 In groups of three to four students, use a calculator to evaluate 2010 and 1020. Discuss 

what you think is the meaning of the notation on the display.
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Margin Exercise Answers

1. a. 
2

5
  b. 

3

5
   2. 

22
27

   3. 
15

32
   4. a. 

28

5
5

3

5
or   b.  0  c. 

9
70

    5.  8   6. 15   7. 
3
5

   8. 
8
11

    

9.  a. 
5

7
  b. 

2

7
   10. 

7

36
   11. 

4

15
   12. 

4
3

1
3

 or 1  13.  7
45

   14.  4

3

1

3
 or 1    15.  a.  More than 30 

pieces  b. Less than 30  c.  50 pieces

1.2 Exercises
Concept Check

Fill-in-the-Blank. Complete each sentence using information found in this section.

	 1.	 If a fraction has a numerator that is equal to or larger than the denominator, it is a/an 
_______ fraction.

	 2.	 A fraction that has a zero in the denominator is considered to be ___________.	

	 3.	 Any whole number can be written in fraction form with denominator _______.

	 4.	 Finding a fraction “of” a number requires _______. 

	 5.	 If all the factors in the numerator or denominator are divided out, then _______ must 
be used as a factor.

	 6.	 Finding _______ factorizations may help in multiplying and reducing at the 
same time.

True/False. Determine whether each statement is true or false. If a statement is false, 
explain how it can be changed so the statement will be true. (Note: There may be more 
than one acceptable change.)

	 7.	 In 11

13
, the denominator is 11.

	 8.	 17

0
 is undefined.

	 9.	 To find 
1

2
 of 

2

9
 requires multiplication.

	 10.	 The reciprocal of 
2

7
is 5

7
.

Practice

Draw a figure to represent each fraction. .

	 1.	
1

3

	 2.	
1

2

	 3.	
4

5

	 4.	
3

4

24 Chapter 1  Real Numbers

©HAWKES LEARNING



Write a fraction that indicates the shaded parts of each figure. See Example 1.

	 5.	

	 6.	

	 7.	

	 8.	

Multiply. See Examples 2 through 4.

	 9.	
1

7

1

7
⋅

	 10.	
2

5

2

5
⋅

	 11.	
0

4

7

6
⋅

	 12.	
2

1

5

1
⋅

	 13.	 3

5

4

7
⋅

	 14.	 2

3

5

11
⋅

	 15.	 5

8

3

4
⋅

	 16.	
7

6

5

2
⋅

	 17.	 � � �
1

2

3

7

9

2

	 18.	 � � �
7

3

2

5

1

9

	 19.	
7

8

7

9

7

3
⋅ ⋅

	 20.	
8

5

8

5

7

1
⋅ ⋅

	 21.	 Find 
2

3
 of 

2

15
.

	 22.	 Find 
4

7
 of 

3

5
.

	 23.	 Find 
1

3
 of 

2

3
.

	 24.	 Find 
1

4
 of 

3

4
.

Find the missing numerator that will make the fractions equivalent. See Examples 5  
and 6.

	 25.	 3

4

3

4 12
� � �

?

?

?

	 26.	 2

3

2

3 12
� � �

?

?

?

	 27.	 6

7

6

7 14
� � �

?

?

?

	 28.	 5

8

5

8 40
� � �

?

?

?

	 29.	 3

16

3

16 80
� � �

?

?

?

	 30.	 1

17

1

17 51
� � �

?

?

?

	 31.	 7

26

7

26 52
� � �

?

?

?

	 32.	 9

10

9

10 100
� � �

?

?

?

	 33.	 18

1

18

1 3
� � �

?

?

?

	 34.	
1

5

1

5 75
� � �

?

?

?
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Reduce each fraction to lowest terms. If it is already in lowest terms, simply rewrite the 
fraction. See Examples 7 and 8.

	 35.	
3

9

	 36.	
2

8

	 37.	 -
9

12

	 38.	 -
6

20

	 39.	 5

11

	 40.	
7

13

	 41.	
0

25

	 42.	
0

16

	 43.	
12

35

	 44.	
27

56

	 45.	
16

32-

	 46.	
25

50-

	 47.	
42

63

	 48.	
12

35

	 49.	 48

12

	 50.	
72

36

	 51.	
24

100

	 52.	
70

100

	 53.	
150

135-

	 54.	 140

112-

Multiply and reduce to lowest terms. See Examples 10 through 12. (Hint: Factor before 
multiplying.)

	 55.	
1

3

3

4
⋅

	 56.	
3

7

5

3
⋅

	 57.	
2

3

4

3
⋅

	 58.	
3

5

2

7
⋅

	 59.	
5

16

16

15
⋅

	 60.	
14

9

3

14
⋅

	 61.	
7

8

9

14
⋅

	 62.	
8

10

5

4
⋅

	 63.	 2

21

15

22
⋅

	 64.	
3

16

20

21
⋅

	 65.	
15

27

9

30
⋅

	 66.	
25

9

3

100
⋅

	 67.	 8
5

12
⋅

	 68.	 9
7

24
⋅

	 69.	 32

20

13

9

7

26
�
�
�

�
�
�
�
�
�

�
�
� ��
�
�

�
�
�

	 70.	
20

32

9

13

26

7
�
�
�

�
�
� ��
�
�

�
�
�
�
�
�

�
�
�

	 71.	
9

10

35

40

25

15
⋅ ⋅

	 72.	
5

12

56

42

90

54
⋅ ⋅

	 73.	
17

100

27

34

25

9
6⋅ ⋅ ⋅

	 74.	
13

28

7

9

45

39
4⋅ ⋅ ⋅

Divide and reduce to lowest terms. See Examples 13 and 14.

	 75.	
5

8

3

5
÷

	 76.	 2

7

1

2
÷

	 77.	
2

3

1

5
÷

	 78.	
2

11

1

7
÷

	 79.	 3

14

3

14
÷

	 80.	
5

8

5

8
÷

	 81.	
3

4

4

3

5

8

3

5

9

10

10

9

36

80
9

2

3

1

5

2

11

1

7

15

64
0

16

35

2

7

36

25

24

20

25
÷ ÷ ÷ ÷ ÷ ÷ ÷ ÷ ÷

440
10÷

	 82.	
9

10

10

9
÷

	 83.	
15

20
3÷

	 84.	
14

20
7÷

	 85.	
25

40
10÷

	 86.	 36

80
9÷
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	 87.	 � �
7

8
0

	 88.	 15

64
0÷

	 89.	 0
5

6
÷

	 90.	 0
1

2
÷

	 91.	 16

35

2

7
÷

	 92.	 � ��
15

27

5

9

	 93.	 � ��
15

24

25

18

	 94.	 36

25

24

20
÷

Applications
Solve.

	 95.	 If you had $20 and you spent $9 for a hamburger, fries, and a soft drink, what 
fraction of your money did you spend? What fraction would you still have?

	 96.	 In a class of 35 students, 6 students received As on a mathematics exam. What 
fraction of students received an A? What fraction of students did not receive an A?

	 97.	 A software company receives 45 technical support calls in one hour. Twenty-three 
of the calls are related to customers forgetting their passwords. What fraction of the 
calls was related to customers forgetting their passwords?

	 98.	 A certain brand of plain bagels has 146 calories per bagel. 115 calories come from 
the carbohydrates in the bagel. What fraction of the calories is from carbohydrates?

	 99.	 What fraction of a minute does 43 seconds represent? (Hint: There are 60 seconds in 
a minute.)

	100.	 There are 5280 feet in a mile. What fraction of a mile does 923 feet represent?

	101.	 The product of 5

6
 with another number is 2

5
.

a.	 Which number is the product?

b.	 What is the other number?

	102.	 The product of two numbers is 210.

a.	 If one of the numbers is the fraction 2

3
,  do you expect the other number to be 

larger or smaller than 210?

b.	 What is the other number?

	103.	 An airplane is carrying 90 passengers.  This is 
9

10
 of the capacity of the airplane.

a.	 Is the capacity of the airplane more or less than 90?

b.	 If you were to multiply 90 times 9

10
 would the product be more or less than 90?

c.	 What is the capacity of the airplane?
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	104.	 The student senate has 75 members, and 
7

15
 of these are women.  A change in the 

senate constitution is being considered, and at the present time (before debating 

has begun), a survey shows that 3

5
 of the women and 4

5
 of the men are in favor of 

this change.

a.	 How many women are on the student senate?

b.	 How many women on the senate are in favor of the change?

c.	 If the change requires a 2

3
 majority vote in favor to pass, would the 

constitutional change pass if the vote were taken today?

d.	 By how many votes would the change pass or fail?

	105.	 The tennis club has 250 members, and they are considering putting in a new tennis 
court.  The cost of the new court is going to involve an assessment of $200 for each 

member.  Seven-tenths of the members live quite near the club and 3

5
 of them are 

in favor of the assessment.  However, 2

3
 of the members who do not live nearby are 

not in favor of the assessment.

a.	 If a vote were taken today, would more than one-half of the members vote for or 
against the new court?

b.	 By how many votes would the question pass or fail if more than one-half of the 
members must vote in favor for the question to pass?

	106.	 There are 3000 students at Mountain High School and 
1

4
 of these students are 

seniors.  If 3

5
 of the seniors are in favor of the school forming a debating team and  

7

10
 of the remaining students (not seniors) are also in favor of forming a debating 

team, how many students do not favor this idea?

	107.	 A computer stores data on a hard drive in the form of bits, bytes, and sectors.

a.	 Each byte is made up of eight bits. What fraction of a byte is a bit?

b.	 A sector on a hard drive is traditionally 512 bytes. A byte is what fraction of a 
sector? 

c.	 If a computer stores 159 bytes of data, what fraction of a sector does that amount 
of data take up?

	108.	 The gas tank of a car holds 14 gallons of gas. What fraction of the tank does 9 
gallons of gas take up?

	109.	 A small box will hold 12 books. Kathleen has 35 books to pack into small boxes.

a.	 Write an improper fraction to describe the number of boxes that will be filled by 
Kathleen’s books.

b.	 Change the improper fraction from Part a. to a mixed number to describe the 
number of boxes that will be filled by Kathleen’s books.
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	110.	 A cup holds 8 ounces of liquid. You have 29 ounces of juice to pour into cups.

a.	 Write an improper fraction to describe the number of cups that will be filled 
with juice.

b.	 Change the improper fraction from Part a. to a mixed number to describe the 
number of cups that will be filled with juice.

Writing & Thinking
	 111.	 In your own words, list the parts of a fraction and briefly describe the purpose of 

each part.
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Or we can write the fractions vertically.

7

20

7

20

49

140
3

28

3

28

15

140

34

140

2 17

2 70

17

70

7

7
5

5

� � �

� � � � � �

�
�
�

�

Now work margin exercise 8.

Margin Exercise Answers

1. 
2
3

   2. 
8
9

   3.  -
3
20

   4. 
5

12
   5. 

13
30

,  $13,000   6. 
1
2

   7. 
19
110

    8. 
9
20

 

1.3 Exercises
Concept Check

Fill-in-the-Blank. Complete each sentence using information found in this section.

	 1.	 When adding fractions, it is important that the _______ are the same before adding.

	 2.	 LCD stands for _______ _______ _______.

	 3.	 The LCD is the least common multiple of the _______.

	 4.	 When subtracting fractions with the same denominator, _______ the numerators and 
keep the _______ _______.

	 5.	 In subtraction with fractions with different denominators, each fraction is changed to 
a/an _______ fraction with the LCD as its denominator.

True/False. Determine whether each statement is true or false. If a statement is false, 
explain how it can be changed so the statement will be true. (Note: There may be more 
than one acceptable change.)

	 6.	 The final step in adding fractions is to reduce, if possible.

	 7.	 The process for finding the LCD is the same as the process for finding the LCM.

	 8.	 LCD represents the Least Common Digit.

	 9.	 When subtracting fractions, simply subtract the numerators and the denominators.

	 10.	 Subtraction of fractions requires that the fractions have the same denominators.

Practice

Add and reduce to lowest terms. See Examples 1 through 5.

	 1.	
3

14

2

14
+ 	 2.	

3

11

7

11
+ 	 3.	 � � ��

�
�

�
�
�

7

5

3

5
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	 4.	 � � ��
�
�

�
�
�

9

10

1

10

	 5.	
1

20

3

20
+

	 6.	
3

25

12

25
+

	 7.	
1

8

3

8

2

8
+ +

	 8.	 5

14

4

14

1

14
+ +

	 9.	
7

45

11

45

17

45
+ +

	 10.	
14

32

7

32

1

32
+ +

	 11.	
5

8

3

4
+

	 12.	
5

6

2

3
+

	 13.	
7

9

3

5
+

	 14.	
5

6

2

7
+

	 15.	
1

4

5

6
+

	 16.	
2

9

5

6
+

	 17.	 � � ��
�
�

�
�
�

2

5

7

20

	 18.	 � � ��
�
�

�
�
�

3

4

1

12

	 19.	
2

5

3

10
+

	 20.	
3

8

5

16
+

	 21.	
1

12

2

3

1

4
+ +

	 22.	
5

18

1

2

4

9
+ +

	 23.	
2

5

3

10

3

20
+ +

	 24.	
2

7

4

21

1

3
+ +

	 25.	
1

4

1

20

8

15
� ��
�
�

�
�
� �

	 26.	 � � �
1

5

2

15

1

6

	 27.	
1

5

1

10

1

4
+ +

	 28.	
1

5

1

40

1

4
+ +

	 29.	 � � ��
�
�

�
�
� �

2

5

3

10

3

20

	 30.	 � � � ��
�
�

�
�
�

1

3

5

36

7

18

	 31.	
3

10

1

100

7

1000
+ +

	 32.	
7

10

5

100

3

1000
+ +

	 33.	 6
1

100

3

10
+ +

	 34.	 5
13

100

7

10
+ +

Subtract and reduce to lowest terms. See Examples 6 through 8.

	 35.	
9

10

3

10
-

	 36.	
7

8

5

8
-

	 37.	
11

12

7

12
-

	 38.	
21

15

11

15
-

	 39.	 - -
5

9

1

9
 

	 40.	 - -
4

11

6

11
 

	 41.	
5

6

1

3
-

	 42.	
5

6

1

2
-

	 43.	
1

16

3

8
-

	 44.	
2

3

7

6
-

	 45.	
8

10

3

15
-

	 46.	
9

14

2

21
-

	 47.	
3

4

2

3
-

	 48.	
2

3

1

4
-

	 49.	
3

8

1

16
-

	 50.	
7

6

2

3
-

	 51.	
5

4

3

5
-

	 52.	
2

3

2

7
-

	 53.	 � � ��
�
�

�
�
�

5

12

1

6

	 54.	 � � ��
�
�

�
�
�

31

40

5

8

	 55.	 1
9

10
-

	 56.	 1
1

16
-

	 57.	 2
9

16
-

	 58.	 6
2

3
-
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	 59.	
14

35

12

30
-

	 60.	
20

35

24

42
-

	 61.	
76

100

7

10
-

	 62.	
54

100

5

10
-

	 63.	
1

10

8

100
-

	 64.	
3

100

1

1000
-

Applications

Solve.

	 65.	 Three pieces of mail weigh 1
2  ounce, 1

5  ounce, and 3
10  ounce. What is the total 

weight of the letters?

	 66.	 Using a microscope, a scientist measures the diameters of three hairs to be 1
1000  inch, 

3
1000  inch, and 1

100  inch. What is the total of these three diameters?

	 67.	 A machinist drills four holes in a straight line. Each hole has a diameter of 1
10  inch 

and there is 1
4  inch between the holes. What is the distance between the outer edges 

of the first and last holes?

	 68.	 A notebook contains a piece of cardboard as a back cover that is 1
16  inch thick. It has 

a front cover that is 1
4  inch thick. All together, the sheets of paper between the front 

and back are 3
10  inch thick. What is the total thickness of the notebook?

	 69.	 A carpenter is installing baseboard and toe molding. If the baseboard is 3
8  inch thick 

and the toe molding (to be put in front of the baseboard) is 1
4  inch thick, what is the 

total thickness of the two trim pieces?

	 70.	 A recipe calls for the following spices: 1
2  teaspoon of turmeric, 1

4  teaspoon of 

ginger, and 1
8  teaspoon of cumin. What is the total quantity of these three spices?

	 71.	 Beth’s investment strategy is to put 1
6  of her paycheck into a savings account and 

another 1
9  into a retirement account.

a.	 What fraction of her salary does Beth invest each month?

b.	 �If she maintains this strategy for 24 paychecks and receives $900 per paycheck, 
how much money will she have saved?

	 72.	 John has a monthly income of $3000. 1
10  of it goes to college savings, 2

15  to general 

savings, and 1
12  to retirement.

a.	 What fraction of John’s income is being saved?

b.	 How much money is being saved each month?

c.	 What is the total amount saved in a 12-month year?

	 73.	 A 7
8  inch pipe is to be shortened to 7

12  inch. How much must be removed?

	 74.	 Near the end of the snow season, the road salt supply for a small college had 

dwindled down to 7
10  ton. When the next snow storm came, 1

2  ton of salt was used 
for the roads. How much road salt was left?

38 Chapter 1  Real Numbers

©HAWKES LEARNING



	 75.	 Mark has driven to a national park with no gas stations and he wants to drive around 
some before leaving the park. He knows he can safely make it to the nearest gas 

station on 1
4  of a tank of gas. If the tank is currently 5

9  full, what fraction of a tank 
of gasoline does he have to use for touring the park?

	 76.	 About 1
2  of all incoming solar radiation is absorbed by the earth, 1

5  is absorbed by 

the atmosphere, and 1
20  is scattered by the atmosphere. The rest is reflected by the 

earth and clouds.

a.	 What fraction of solar radiation is absorbed or scattered?

b.	 What fraction of solar radiation is reflected by the earth and clouds?

	 77.	 Jenny has 3
4  of an apple pie left over from a party last night. Her roommates found it 

and cut themselves three unequal sized pieces in the following amounts: 1
3  of a pie, 

1
4  of a pie, and 1

6  of a pie.

a.	 What fraction of a full pie did Jenny’s roommates take?

b.	 What fraction of the pie is left over?

	 78.	 A moving truck has to make stops at three different apartments to collect items for 
three different moves. The first apartment takes up 3

7  of the truck and the second 

apartment takes up 3
14  of the truck. What fraction of the space in the moving truck is 

left to fit in the items from the last apartment?

	 79.	 Josh has a large homework assignment to do this weekend. He is able to get 4
15  of 

the assignment done Friday after class. If he doesn’t want to leave more than 2
9  of 

the assignment to do for Sunday, what fraction of the assignment must he complete 

on Saturday?

	 80.	 A pentagon (a five-sided figure) has 4 sides of length 1
3

1
4

1
5, , ,  and 1

6  inches. If the 

perimeter of the pentagon is 1 inch, find the length of the fifth side.

Writing & Thinking
	 81.	 Explain how finding the LCM relates to LCDs.

	 82.	 Explain the steps to follow when adding or subtracting fractions with 
unlike denominators

	 83.	 Give an example of a situation where you might add or subtract fractions (other than 
in class).

	 84.	 Pick one problem in this section that gave you some difficulty. Explain briefly why 
you had difficulty and why you think that you can better solve problems of this type 
in the future.
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Solution

There are no values of x for which x � �3.  The absolute value can never be negative. 
There is no solution.

Now work margin exercise 10.

Example 11	 Application: Solving Absolute Value Equations

During the manufacturing of machine parts, certain measurements of the part must 
stay within a tolerance range or the part will be defective. The quality control manager 
determines that the maximum amount the length of a screw can vary from its targeted 
length of 12 millimeters and not be defective is 2 millimeters. If x represents the maximum 

acceptable difference in length from the target, either positive or negative, then x = 2. 
What are the maximum amounts that the screw length can vary from its target?

Solution

To find the maximum the screw length can vary from its target, solve the equation 
x = 2  millimeters. This gives the following two values for x: x = −2 millimeters and 

x = 2 millimeters.

Thus, the maximum amounts that the screw length can vary are −2 millimeters and 
2 millimeters.

Now work margin exercise 11.

Margin Exercise Answers
1. a.  −10  b.  +8   2. a. 

43210−1−2−3−4
  b. 

0−1−2−3−4−5−6−7 1
   3. a.  1, 20   

b.  −6, 1, 20  c.  - -6
1

7
1 20, , ,   d.  All numbers in S are real numbers.   

4. 
43210−1−2−3−4

−2.5
5
4

   5. 
6543210−1−2

   6. a.  True  b.  False  c.  True  d.  True   

e.  False   7. a.  4  b.  3.3  c.  −7.4   8.  True   9.  z = 3, −3   10.  No solution   11.  −3 millimeters and 
3 millimeters

1.4 Exercises
Concept Check

Fill-in-the-Blank. Complete each sentence using information found in this section.

	 1.	 The set of numbers that includes the whole numbers and their opposites is the set 
of _________

	 2.	 A number that can be written as a fraction is a/an _________ number.

	 3.	 Infinite nonrepeating decimal numbers are _________ numbers. 

	 4.	 A number’s distance from 0 on a number line is the number’s _________.

	11.	A quality control manager 
determines that the 
maximum amount the width 
of a latch can vary from its 
targeted length and not be 
defective is 3 millimeters. If 
y represents the maximum 
acceptable error, either 
positive or negative, then 
what are the maximum 
amounts that the hatch width 
can vary from its target?
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	 5.	 The _________ of a number is the point that corresponds to the number on a 
number line.

	 6.	 The symbols < and > are known as _________ symbols.

True/False. Determine whether each statement is true or false. If a statement is false, 
explain how it can be changed so the statement will be true. (Note: There may be more 
than one acceptable change.)

	 7.	 On a number line, smaller numbers are always to the left of larger numbers.

	 8.	 The absolute value of a negative number is a positive number.

	 9.	 All whole numbers are also integers.

	 10.	 Zero is a positive number.

Practice

Find the opposite of each integer. See Example 1.

	 1.	 −3

	 2.	 −7

	 3.	 0

	 4.	 −0

	 5.	 +2

	 6.	 +6

Graph each set of real numbers on a real number line. See Examples 2, 4, and 5.

	 7.	 1 2 5 6, , ,� �

	 8.	 � �� �3 2 0 1, , ,

	 9.	 2 3 0 1, , ,� �� �

	 10.	 � � �� �2 1 4 3, , ,

	 11.	 0 1
7

4
3 1, , , ,��

�
�

�
�
�

	 12.	 � � ��
�
�

�
�
�

2 1
1

3
2, , ,

	 13.	 ���
�

�
�
�

3

4
0 2 3 6, , , .

	 14.	 � � ��
�
�

�
�
�

3 4 2 05 1
5

2
. , , . , ,

	 15.	 � ��
�
�

�
�
�

7

2
1 5 1

4

3
2, . , , ,

	 16.	 � � ��
�
�

�
�
�

4
7

3
1 02

5

2
, , , . ,

	 17.	 all whole numbers less than 4

	 18.	 all negative integers greater than −4

	 19.	 all whole numbers less than 0

	 20.	 all natural numbers less than or equal 
to −1

List the numbers in the set A � � � � � ��
�
�

�
�
�

7 6 2
5

3
1 4 0

3

5
5 11 4 5 9 8, , , , . , , , , , , . ,            that are 

described in each exercise. See Example 3.

	 21.	 Natural numbers

	 22.	 Whole numbers

	 23.	 Integers

	 24.	 Irrational numbers

	 25.	 Rational numbers

	 26.	 Real numbers
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Fill in each blank with the appropriate symbol that will make the statement true: <, >, 
or =. See Examples 6 through 8.

	 27.	 4        6 

	 28.	 −3        1

	 29.	 −2       − 4

	 30.	 −8        0

	 31.	 −20        −19

	 32.	 −67        −50

	 33.	 � �� �4 3.         4.3

	 34.	 5.6        � �� �8 7.

	 35.	 -
3

4
        −1

	 36.	 −2.3        -2
3

10

	 37.	
1

3
       

1

2

	 38.	 -
1

2
        -

1

3

	 39.	 -4         4

	 40.	 7         −7

	 41.	 -8         −8

	 42.	 −15        -15

Determine whether each statement is true or false. If a statement is false, rewrite 
it in a form that is a true statement. (There may be more than one way to correct a 
statement.) See Examples 6 and 8.

	 43.	 0 = −0

	 44.	 −22 < −16 

	 45.	 −9 > −8.5

	 46.	 −17 ≤ 17

	 47.	 4.7 ≥ 3.5

	 48.	 � �5 5

	 49.	 � � � �7 7

	 50.	 � �8 4

	 51.	 � � � �3 4

	 52.	 � �
5

2
2

List the possible values for x for each statement. See Examples 9 and 10.

	 53.	 x = 5

	 54.	 x = 8

	 55.	 x = 2

	 56.	 x = 0

	 57.	 x � �6

	 58.	 x � �1

	 59.	 x = 23

	 60.	 x =105

Choose the response that correctly completes each sentence. Assume that the variables 
represent integers. In each problem, give two examples that illustrate your reasoning.

	 61.	 a  is (never, sometimes, always) 
equal to a.

	 62.	 x  is (never, sometimes, always) 
equal to −x.

	 63.	 y  is (never, sometimes, always) 
equal to a positive integer.

	 64.	 x  is (never, sometimes, always) 
greater than x.
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Applications

Solve. Represent each quantity with a signed integer.

	 65.	 The Alvin is a manned deep-ocean research submersible that has explored the wreck 
of the Titanic. The operating depth of the Alvin is 4500 meters below sea level.

	 66.	 The Mariana trench is the deepest known location on the Earth’s ocean floor. The 
deepest known part of the Mariana Trench is approximately 11 kilometers below 
sea level.

	 67.	 Mount Everest is considered to be the highest mountain on Earth. Its peak reaches to 
a height of approximately 8844 meters.

	 68.	 The lowest temperature ever recorded was at the Vostok Station on Antarctica. 
On July 21, 1983, the temperature was approximately 128 degrees Fahrenheit 
below zero.

	 69.	 Terrence placed a drop of colored water on the center of a white strand of yarn and 
measured how much the color spread. Before placing the drop, he predicts that the 
color will spread no more than 3 inches away from the initial drop.

a.	 Write an absolute value inequality using the variable x to represent the 
predicted spread.

b.	 Graph the solution set of integers for the absolute value inequality from part a. 
on the given number line, placing the initial drop at the point 0.

−1 0 1 2 3 4−2−3−4 0.5 1.5 2.5 3.5−0.5−1.5−2.5−3.5

	 70.	 A ready‑to‑assemble bookcase contains wooden boards that have predrilled holes 
along with the screws and washers needed for assembly. The screws used to 
assemble the bookcase need to have a length of 38 mm with a tolerance of 2 mm. 
If the screw is too short, it won’t be able to hold the pieces of wood together. If the 
screw is too long, it might stick out of the other end of the board.

a.	 What is the largest length the screws can have before they are too long?

b.	 What is the smallest length the screws can have before they are too short?

c.	 Graph the tolerance of the screw. (Graph only the integers in the 
tolerance range.)

35 37 39 40 41 42 43 4436 38 45

	 71.	 A freezer in a biology lab is supposed to be kept at 0 °C. A lab assistant places a 
thermometer in the freezer and marks down the temperature every half hour. She 

records the following temperatures in degrees Celsius: 2
1

2

1

2
1

1

2

5

2
, , , , .� ��

�
�

�
�
�

a.	 Graph the set of temperatures on a number line.

−1 0 1 2 3−2−3 0.5 1.5 2.5−0.5−1.5−2.5

b.	 Which value is the furthest away from 0?
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	 72.	 During the manufacture of machine parts, certain measurements of the part must stay 
within a tolerance range or the part will be defective. The quality control manager 
determines that the maximum amount the length of a screw can vary from its 
targeted length of 15 millimeters and not be defective is 3 millimeters. If x represents 
the maximum acceptable difference in length from the target, either positive or 
negative, then x = 3.

a.	 Solve the equation x = 3  to determine the maximum amounts that the screw 
length can vary from its target length.

b.	 What do the answers from part a. mean?

c.	 Determine the maximum and minimum lengths of a screw with the given 
tolerance range.

	 73.	 A carpenter needs to cut a board 1 meter long to create the backboard for a 
bookshelf. He has determined that the maximum amount the length of the board can 
vary from its required length and not cause structural issues is 5 mm. If x represents 
the maximum acceptable difference in length from the target, either positive or 
negative, then x = 5. 

a.	 Solve the equation x = 5  to determine the maximum amounts that the board 
length can vary from its target length.

b.	 What do the answers from part a. mean?

c.	 Determine the maximum and minimum lengths of a board with the given 
tolerance range.

	 74.	 Cynthia believes that the ideal daytime temperature for growing tomato plants is 
77 °F, and the plants will be okay as long as the temperature does not vary more than 
7 °F from that ideal temperature during the day.

a.	 How low can the daytime temperature be to accommodate the tomato plant growth?

b.	 How high can the daytime temperature be to accommodate the tomato plant growth?

	 75.	 The following table shows the elevation of six California cities. (Sea level is defined 
to have 0 feet of elevation.)

City Elevation (in feet)
Alameda 50

Death Valley −282
El Centro −39
Fresno 296

Salton City −125
Windsor 118

a.	 Which of these cities has an elevation farthest away from sea level?

b.	 Which of these cities has an elevation closest to sea level?

Writing & Thinking
	 76.	 Give one example each of the use of a positive number, a negative number, and the 

number zero (outside of a class).

	 77.	 Explain, in your own words, how an expression such as −y might represent a 
positive number.

	 78.	 Compare and contrast absolute value with opposites.
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Margin Exercise Answers
1. a.  15  b.  −20  c.  5.9  d.  -

11

15
2. a.  8  b.  −7  c.  −2.3  d. 

4

9
3. a.  −5  b.  −3.6   4. a.  −34  b.  7

1.5 Exercises
Concept Check

Fill-in-the-Blank. Complete each sentence using information found in this section.

	 1.	 If there is no sign in front of a number, it is understood to be a _________ number.

	 2.	 The sum of two positive real numbers is always __________.

	 3.	 The sum of two negative real numbers is always __________.

	 4.	 To find the sum of numbers with unlike signs, subtract their _________ ______.

	 5.	 A statement that two expressions are equal is called a/an __________.

True/False. Determine whether each statement is true or false. If a statement is false, 
explain how it can be changed so the statement will be true. (Note: There may be more 
than one acceptable change.)

	 6.	 The sum of a positive number and a negative number is always positive.

	 7.	 When adding numbers with unlike signs, the results uses the sign of the number with 
the larger absolute value.

	 8.	 The sum of two positive numbers can equal zero.

Practice

Add. Reduce any fractions to lowest terms. 

	 1.	 4 + 9

	 2.	 8 3� �� �

	 3.	 �� � �9 5

	 4.	 �� � � �� �7 3

	 5.	 �� � �9 9

	 6.	 2 8� �� �

	 7.	 11 6� �� �

	 8.	 �� � �12 3

	 9.	 −18 + 5

	 10.	 26 26� �� �

	 11.	 � � �� �5 3

	 12.	 11 2� �� �

	 13.	 �� � � �� �2 8

	 14.	 10 3� �� �

	 15.	 17 17� �� �

	 16.	 �� � �7 20

	 17.	 21 4� �� �

	 18.	 2 1 4 6. .� �� �

	 19.	 � � �� �1 5 3 1. .

	 20.	 �� � � �� �15 3
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	 21.	 �� � � �� �12 17

	 22.	 24 16� �� �

	 23.	 � � �� �4 5

	 24.	 � � �� �4 3 5 8. .

	 25.	 � � �� �6 9 8 5. .

	 26.	 �� � � �� �6 8

	 27.	 9 12� �� �

	 28.	 −12 + 9

	 29.	 �� � � �� �33 21

	 30.	 �� � �21 18

	 31.	 9 7 12 2. .� �� �

	 32.	 � �196 41. .

	 33.	
3

14

3

14
+  

	 34.	
1

10

3

10
+  

	 35.	
3

4

1

8
� ��
�
�

�
�
�  

	 36.	
5

17

15

34
� ��
�
�

�
�
�

	 37.	 � �
5

2

3

4
 

	 38.	 � �
1

6

7

15
 

	 39.	 � � � �� �3 4 8

	 40.	 �� � � �� � �9 6 5

	 41.	 3 2 1 2 2 5. . .� �� � � �� �

	 42.	 � � � �� �5 3 1 9 0 7. . .

	 43.	 102 21 5� �� � � �� �

	 44.	 130 45 32� �� � � �� �

	 45.	 � � �� � �210 200 100

	 46.	 � � �� � � �� �18 15 30

	 47.	 35 2 5 5� � �� � � �� �

	 48.	 � � �� � � �� � �56 3 1 3

	 49.	 3 7 0 6 1 4 2 2. . . .� �� � � � �� �

	 50.	 � � �� � � �7 5 2 4 3 5 6 1. . . .

Add. Be sure to find the absolute values first.

	 51.	 13 5� �

	 52.	 � � �� �2 5

	 53.	 � � �10 4

	 54.	 � � �� �7 7

	 55.	 � � �18 17

	 56.	 � � �14 6

 Add using a calculator.

	 57.	 47 29 66� �� � �

	 58.	 56 41 28� �� � � �� �

	 59.	 2932 4751 3876� � �� �

	 60.	 �� � � � �� �8154 2147 136

	 61.	

	 62.	 �� � � � �� �12 299 15 631 47 558, , ,

�� � � �� � � �� �16 945 27 302 53 467, , ,
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Applications

Solve.

	 63.	 The table shows the reported profit or loss per quarter as reported by a business. Did 
the business have a total positive or negative profit for the year?

Quarter Profit/Loss
1 $15,000
2 −$8000
3 −$2000
4 $1000

	 64.	 For 2024, a business reports a profit of $45,000 during the first quarter, a loss of 
$8000 during the second quarter, a loss of $2000 during the third quarter, and a profit 
of $15,000 during the fourth quarter. 

a.	 Write an addition expression to represent the total profit made by the company 
in 2024. Do not simplify.

b.	 Simplify the expression from part a.

	 65.	 A climatologist takes weekly measurements of the height of a glacier near the North 
Pole. She keeps track of how much the glacier’s height either increased or decreased 
during the week. Her results are presented in the table.

Week Increase Decrease
1 0.25 cm
2 0.3 cm
3 0.1 cm
4 0.17 cm

a.	 Which measurements in the table would have a negative value? 

b.	 Calculate the total change in height of the glacier over the four weeks. (Hint: 
Find the sum.)

c.	 Did the total height of the glacier increase or decrease by the end of the 
four weeks?

	 66.	 A passenger boards an elevator five floors below the ground floor. In this building, 
the ground floor is floor 0 and the floor above the ground floor is floor 1. The elevator 
goes up 8 floors before the passenger exits the elevator. At which floor did the 
passenger exit the elevator?

	 67.	 A submarine dives to a depth of 250 feet below the surface. It rises 75 feet before 
diving an additional 100 feet. What is the final depth of the submarine?

	 68.	 The temperature at 2 a.m. was −17 °C. By 2 p.m., the temperature increased a total 
of 15 °C. What was the temperature at 2 p.m.?

	 69.	 The tallest hill of a roller coaster is 282 feet above the ground. The hill descends 290 
feet before leveling out. What is the lowest point of this hill of the roller coaster?

	 70.	 From the noon weather report to the evening weather report, the temperature changed 
from 72 °F to 55 °F. This situation can be represented by the equation 72 + t = 55, 
where t represents the change in temperature. Determine which of the following 
values satisfies the equation: −13, 13, −17, 17.
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	 71.	 At the end of the first inning of a baseball game, the home team had a score of 3 points. 
At the end of the ninth inning, the home team had a score of 11 runs. This situation 
can be represented by the equation 3 + x = 11, where x represents the change in score. 
Determine which of the following values satisfies the equation:  −8, 8, −4, 4.

	 72.	 Charlotte is a zoologist and part of her job is to keep track of the growth rate of a 
recently born koala. She writes in her report that the koala weighs 5.6 ounces more 
than it did when it was born a month ago, and the current weight is 28.4 ounces. This 
can be translated into a mathematical equation as w + 5.6 = 28.4, where w is the weight 
in ounces of the koala at birth. Determine the birth weight of the koala by substituting 
each of the following values into the equation to find the solution:  22.7 ounces,  23.2 
ounces,  22.8 ounces,  23.8 ounces.

	 73.	 Part of Noam’s job as an accountant is to keep track of the amount of money in the 
reserve fund. Last week, the fund started with $1253.75 and only one transaction was 
made. This week, the fund started with $1155.89. This change in value can be written 
in equation form as $1253.75 + t = $1155.89, where t is the amount of the transaction. 
Determine the amount of the transaction by substituting each of the following values 
into the equation to find the solution: -$150.14,  -$97.86,  -$89.86,  -$97.14.

	 74.	 Trevor is installing a hardwood floor in a customer’s living room. The length 
of the room is 173

8  feet. Since the flooring comes in 12-foot pieces, Trevor 
needs to determine the length he must cut off of one of the boards to make it fit. 
The amount he needs to trim off of one of the boards can be represented by the 

equation 12 12 173
8� �� � �r ,  where r is the amount to be removed from one of the 

boards. Determine the amount that needs to be trimmed off of one of the boards 
by substituting each of the following values into the equation to find the solution: 
5 5 6 65

8
3
8

5
8

3
8feet  feet  feet  feet, , , .

Writing & Thinking
	 75.	 Describe, in your own words, how the sum of the absolute values of two numbers 

might be 0. (Is this even possible?)

	 76.	 Describe in your own words the conditions under which the sum of two integers will 
be 0.

Choose the response that correctly completes each statement. In each problem, give 
two examples that illustrate your reasoning.

	 77.	 If x and y are real numbers, then x + y is (never, sometimes, always) equal to 0.

	 78.	 If x and y are real numbers, then x + y is (never, sometimes, always) negative.

	 79.	 If x and y are real numbers, then x + y is (never, sometimes, always) positive.

	 80.	 If x is a positive real number and y is a negative real number, then x + y is (never, 
sometimes, always) equal to 0.

	 81.	 If x and y are positive real numbers, then x + y is (never, sometimes, always) equal to 0.

	 82.	 If x and y are both negative real numbers, then x + y is (never, sometimes, always) 
equal to 0.

	 83.	 If x is a negative real number, then −x is (never, sometimes, always) negative.

	 84.	 If x is a positive real number, then −x is (never, sometimes, always) negative.
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Example 6	 Application: Calculating Net Change

Robert weighed 230 lb when he started to diet. The first month he lost 7 lb, the second 
month he gained 2 lb, and the third month he lost 5 lb. What was his weight after 3 months 
of dieting? What was his net change in weight?

Solution

His weight after 3 months can be calculated as follows.

230 7 2 5

223 2 5

225 5

220

� �� � � �� � � �� �
� � �� � � �� �
� � �� �
� lb

His net change in weight was 

230 − 220 = 10 lb.

Thus, Robert’s weight after 3 months of dieting was 220 lb which was a net change of 
10 lb.

Now work margin exercise 6.

Margin Exercise Answers

1. a.  −14  b.  +9.2   2. a.  −11  b.  0  c.  3.8  d.  -
3

4
  e. 

13

10
   3.  −19 °F   4.  −11,000 ft   5.  19 sales 

6.  221 lb; 15 lb

1.6 Exercises
Concept Check

Fill-in-the-Blank. Complete each sentence using information found in this section.

	 1.	 The ______ ______ is the opposite of a real number.

	 2.	 On a horizontal number line, to move in the positive direction is to move to 
the _______.

	 3.	 On a horizontal number line, to move in the negative direction is to move to 
the _______.

	 4.	 To subtract b from a, add the ________ of b to a.

	 5.	 To find the change in value between two numbers, take the end value and 
__________ the beginning value.

	 6.	 The algebraic sum of several numbers is their _____ ________.

True/False. Determine whether each statement is true or false. If a statement is false, 
explain how it can be changed so the statement will be true. (Note: There may be more 
than one acceptable change.)

	 7.	 The sum of a number and its additive inverse is the number itself.

	 8.	 The additive inverse of negative seven is seven.

	 6.	Shawn weighed 236 lb 
when he started to diet. The 
first month he lost 8 lb, the 
second month he gained 3 
lb, and the third month he 
lost 10 lb. What was his 
weight after 3 months of 
dieting? What was his net 
change in weight?
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	 9.	 We can think of addition of numbers as accumulating numbers.

	 10.	 The expression “15 – 7” can be thought of as “fifteen plus negative seven.”

Practice
Find the additive inverse (opposite) of each real number. See Example 1.

	 1.	 11 

	 2.	 17

	 3.	 −6

	 4.	 −2

	 5.	 4.7

	 6.	 −3.4

	 7.	 0 

	 8.	
9

16

	 9.	 -
5

7

	 10.	 −257 

Subtract. Reduce fractions to lowest terms. See Example 2.

	 11.	  8 − 3

	 12.	  5 − 7

	 13.	  −4 − 6

	 14.	  −18 − 17

	 15.	 3 4� �� �  

	 16.	 5 7� �� �  

	 17.	 � � �� �8 11

	 18.	 −14 − 2

	 19.	 0 12� �� �
	 20.	  −8 − 7

	 21.	 16 8� �� �

	 22.	 15 23-  

	 23.	 2 8 3 1. .� �� �

	 24.	 5 3 1 7. .� �� �

	 25.	  −1.4 − 2.6

	 26.	  −8.5 − 7.1

	 27.	 1 6 8 4. .� �� �

	 28.	  1.5 − 2.3

	 29.	 2

5

3

4
-

	 30.	 7

15

2

15
-

	 31.	 5

16

9

16
-

	 32.	 5

6

7

10
-  

	 33.	 9

20

3

8
-  

	 34.	 3

14

5

6
-  

Perform the indicated operation to find the net change in value. See Examples 5 and 6.

	 35.	 � � �� � �6 4 5

	 36.	 −2 − 2 + 11 

	 37.	 6 3 4� �� � � �� �

	 38.	 � � �� � �3 7 2

	 39.	 � � � �� �5 2 4

	 40.	 � � � �� �8 5 3

	 41.	 � � �� � �7 2 6

	 42.	 � � �� � � �� �3 3 6

	 43.	 9 7 1 6 8 1. . .� � � �

	 44.	 −11.3 + 5.3 − 7.9 
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Simplify the expression on each side of the blank and then fill in the blank with the 
proper symbol: <, >, or =.

1 Source: NASA.gov

	 45.	 � � �� � � �� �6 2 3 8             

	 46.	 � � �� � � � �� �4 3 4 3             

	 47.	 5 1 8 2 8 2 5 1. . . .- -             

	 48.	 7 3 3 7� �� � � �             

	 49.	 11

2

3

4

11

2

3

4
� ��
�
�

�
�
� �             

	 50.	 0 6 0 6� � �� �             

	 51.	 � � �� � � �8 8 14 13             

	 52.	 � � ��
�
�

�
�
� �

7

4

3

8

1

2

7

3
             

	 53.	 - - - -151 86 107 141             

	 54.	 2 5 6 2 1 1 2 3. . . .- - -             

 Use your calculator to simplify the expression on each side of the blank and then fill 
in the blank with the proper symbol: <, >, or =.

	 55.	 648 396 124 163� �� � �             

	 56.	 � � � �� �19 824 23 417 12 793 14 387, , , ,             

	 57.	 � � �� � � �� �43 931 28 677 13 665 21 425, , , ,             

	 58.	 � �� � � � �� �24 295 13 107 48 261 16 276, , , ,             

Solve.

	 59.	 Find the difference between −5 and 
−6. (Hint: Subtract the numbers in 
the order given.) 

	 60.	 Find the difference between 30 and 
−12. (Hint: Subtract the numbers in 
the order given.) 

	 61.	 Subtract −3 from −10. 

	 62.	 Subtract −2 from 6. 

	 63.	 Subtract 13 from −13. 

	 64.	 Subtract 20 from –20. 

	 65.	 Find the sum of –12 and 6. Then 
subtract −17. 

	 66.	 Find the sum of 11 and –13. Then 
subtract 25. 

Applications

Solve.

	 67.	 At 2 p.m., the temperature was 76 °F. 
At 8 p.m., the temperature was 58 °F. 
What was the change in temperature?

0° C

32° F

200
220

180
160
140
120
100
80
60
40
20
0

100

90

80

70

60

50

40

30

20

10

0

Water
freezes

F
ah

re
n

h
ei

t C
elsiu

s

	 68.	 According to NASA, the temperature 
on the Earth’s moon during the 
day is 260 °F and during the night 
it is −280 °F. What is the daily 
temperature change on the moon? 1

	 69.	 On July 1, a certain stock opened at 
$53 per share. One month later, on 
August 1, the stock opened at $60 
per share. Find the change in price of 
the stock.
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	 70.	 Mr. Meade is having a hard time 
selling his old car. He just slashed the 
price from $3500 to $2750. By how 
much did he change the price?

	 71.	 If you travel from the top of 
Mt. Whitney, elevation 14,505 ft, to 
the floor of Death Valley, elevation 
282 ft below sea level, what is the 
change in elevation? 

14,495 ft14,505 ft

−282 ft

sea level

2 Source: weather.gov

	 72.	 A submarine submerged 280 ft below 
the surface of the sea and fired a 
rocket that reached an altitude of 
30,000 ft. What was the change in 
altitude of the rocket?   

−280 ft

30,000 ft

	 73.	 The highest temperatures recorded per month from July 2012 through June 2013 in 
Marquette, MI, are shown. Use the graph to answer the questions. 2

Month

H
ig

he
st

 
Te

m
pe

ra
tu

re
 (

 ˚F
 )

Highest Recorded Temperatures, 
July 2012-June 2013, Marquette, MI

20

40

60

80

100

Ju
l-1

2

Aug
-1

2

Sep
-1

2

Oct-
12

Nov
-1

2

Dec
-1

2

Ja
n-

13

Feb
-1

3

M
ar-

13

Apr
-1

3

M
ay

-1
3

Ju
n-

13

a.	 Was the change in temperature negative or positive from October 2012 to 
November 2012?

b.	 Was the change in temperature negative or positive from April 2013 to May 2013? 

c.	 Between which two months did the smallest change in high temperature occur? 

d.	 Between which two months did the largest change take place?

	 74.	 James decided to take a road trip from Wilmington, NC, to Los Angeles, CA. The 
total distance of the trip is 2590 miles. He stops for a break after he has traveled 438 
miles. How many more miles must James travel before he reaches Los Angeles? 

	 75.	 The Kingston Construction Co. made a bid of $7,043,272 to build a stretch of 
freeway, but the Beach City Construction Co. made a lower bid of $6,792,868. How 
much lower was the Beach City bid?

	 76.	 A couple sold their house for $175,000. They paid the realtor $9100, and other 
expenses of the sale came to $800. If they owed the bank $126,000 for the mortgage, 
what were their net proceeds from the sale?

	 77.	 If you had $980 in your checking account and you wrote a check for $358 and made 
a deposit of $225, what would be the balance in the account? 
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	 78.	 In pricing a four-door car, Pat found she would have to pay a base price of $30,500 
plus $2135 in taxes and $1006 for license fees. For a two-door sedan car of the 
same make, she would pay a base price of $25,000 plus $1750 in taxes and $825 for 
license fees. Including all expenses, how much cheaper was the two door model? 

	 79.	 The cost of repairing Sylvia’s dishwasher would be $350 for parts (including tax) 
plus $105 for labor. To buy a new dishwasher, she would pay $670 plus $40 in sales 
tax, and a friend of hers would pay her $90 for her old dishwasher. How much more 
would Sylvia have to pay to buy a new dishwasher than to have her old one repaired?  

	 80.	 During a football game, the home team gained 28 yards, gained 9 yards, lost 2 yards, 
gained 5 yards, gained 1 yard, gained 10 yards, lost 5 yards on a penalty, and lost 11 
yards. What was the team’s net yardage on this possession of the football? 

	 81.	 Beginning at a temperature of 10 °C, the temperature in a scientific experiment was 
measured hourly for four hours. It dropped 5 °C, dropped 8 °C, dropped 6 °C, then 
rose 3 °C. What was the final temperature recorded?

	 82.	 Harry went on a diet for 5 weeks. During those 5 weeks, Harry lost 5 pounds, gained 
3 pounds, lost 2 pounds, lost 4 pounds, and gained 1 pound. What was his total loss 
(or gain) for the 5 weeks? If he weighed 210 pounds when he started the diet plan, 
what did he weigh at the end of the 5-week period?

	 83.	 In a 5-day week the NASDAQ posted a gain of 38 points, a loss of 65 points, a loss 
of 32 points, a gain of 10 points, and a gain of 15 points. If the NASDAQ started the 
week at 2350 points, what was the market at the end of the week?

	 84.	 Many personal securities accounts have a cash fund to receive dividends. The 
investor is free to withdrawal money from that account, as well as make deposits. 
Unlike regular checking accounts, there is no overdraft penalty when the balance 
is less than zero dollars; instead, a nominal interest rate is charged until the balance 
becomes positive. In addition, this type of account will accrue interest on positive 
balances. At the beginning of an account period the balance is $3520, and five 
transactions are made before the next statement is posted as follows: $300 deposit, 
$2500 withdrawal, $1800 withdrawal, $253 deposit, and $450 withdrawal. What is 
the balance at the close of this accounting period? 

	 85.	 A family has a rain cistern to collect rainwater runoff from the roof to water their 
lawn and garden. When it rains, the garden does not need to be watered, and the 
cistern just collects additional water for future use. When it doesn’t rain, the stored 
water is needed to water the plants. At the beginning of a five-week period, the 
cistern has 873 gallons of water, and the net intake/outflow was noted at the end 
of each week. First it rose by 461 gallons, then it dropped by 349 gallons, then 
it dropped by 217 gallons, followed by a 275 gallon increase, and a 177 gallon 
increase. How many gallons does the cistern contain after this five week period? 

	 86.	 John goes to a casino in Las Vegas and plays six games. His wins and losses for each 
respective game was $15 gained, $50 lost, $20 lost, $80 gained, $100 lost, and $40 
lost. What was John’s net gain or loss? 
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	 87.	 The population of San Bernardino County, California, in 2003 was 197,126. The 
population shift for the next five years is shown on the chart below. 3

3 Source: www.idcide.com/citydata/ca/san-bernardino.htm

Year Population Shift
2004 +2696
2005 −554
2006 +162

2007 −955
2008 +105

	 a.	 What was the change in 
population in that five 
year period?

	 b.	 What is the population in 2008?

	 88.	 The manager of a music store is required to keep track of the inventory for each 
instrument that the store rents out. The store had twenty-five trumpets in stock at the 
beginning of the school year before twelve trumpets were rented out. Five trumpets 
were returned by the end of the first semester. Seven additional trumpets were rented 
at the beginning of the second semester. Eight trumpets were returned at the end of the 
second semester. 

a.	 How many trumpets did the store have in stock at the end of the 
second semester?

b.	 What was the change in the trumpet inventory between the beginning of the 
school year and the end of the second semester?   

	 89.	 A chemist is determining the water content of different foods in his lab by completely 
dehydrating food samples (that is, he is removing all of the water). He started an 
experiment with a fresh white potato that had a mass of 115 g. The mass of the potato 
after being dehydrated was 24.15 g. This situation can be described by the equation 
115 − w = 24.15, where w is the amount of water mass the potato lost in grams. 
Determine the water mass of the fresh potato by substituting each of the following 
values into the equation to find the solution: 90.15 g,  −90.15 g,  90.85 g,  −90.85 g

	 90.	 Grace keeps track of her grade average in Introduction to Anthropology throughout 
the semester. After the first exam, she had a 93.5%. A project decreased her average 
grade by 1.5%. The next exam decreased her grade by 4.7%. A term paper increased 
her grade by 2.3%. The final increased her grade by 3.1%.

a.	 What was Grace’s grade average at the end of the semester? 

b.	 What was the change in Grace’s grade average during the semester? 

	 91.	 Beginning with a temperature of 8 °F above zero, the temperature was measured 
hourly for 4 hours. It rose 3 °F, dropped 7 °F, dropped 2 °F, and rose 1 °F. What was 
the final temperature recorded? 

	 92.	 George and his wife went on a diet plan for 5 weeks. During these 5 weeks, George 
lost 5 pounds, gained 2 pounds, lost 4 pounds, lost 6 pounds, and gained 3 pounds. 
What was his total loss or gain for these 5 weeks? If he weighed 225 pounds when he 
started the diet, what did he weigh at the end of the 5-week period? 

	 93.	 In a 5-day week, the NASDAQ stock market posted a gain of 145 points, a loss 
of 100 points, a loss of 82 points, a gain of 50 points, and a gain of 25 points. If 
the NASDAQ started the week at 4200 points, what was the market at the end of 
the week?
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	 94.	 In 10 running plays in a football game, the halfback gained 2 yards, gained 12 yards, 
lost 5 yards, lost 3 yards, gained 22 yards, gained 3 yards, gained 7 yards, lost 2 yards, 
gained 4 yards, and gained 45 yards. What was his net yardage for the game? This was 
a good game for him, but not his best.

Writing & Thinking
	 95.	 Explain, in your own words, how to find the difference between a positive and a 

negative number.

	 96.	 What is the additive inverse of 0? Why?

	 97.	 Under what conditions can the difference between two negative numbers be a 
positive number? 

	 98.	 Explain how a subtraction problem is changed to an addition problem. Give an example.
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Solution

Using a calculator, the sum of the speeds is 1008 mph.

Dividing by 15 gives the average speed. 

1008 15 67 2� � .  mph

The average speed was 67.2 mph.

Now work margin exercise 8.

Margin Exercise Answers

1. a.  −28  b.  −28  c.  −40  d.  −35  e.  −6.4  f.  -
7

2
   2. a.  +24  b.  +

22

15
  c.  +17.5  d.  +48    

3. a.  0  b.  0   4. a.  6  b.  −6  c.  −6  d.  6  e.  undefined  f.  0   5. a.  12  b.  -
7

4
c.  −2.1  d.  2.9 

6.  4 °F   7.  79   8.  47.7 mph

1.7 Exercises
Concept Check

Fill-in-the-Blank. Complete each sentence using information found in this section.

	 1.	 The value found by adding numbers and then dividing the sum by the number of 
items in the set is the __________ (or ______) of the numbers.

	 2.	 When a positive number and negative number are multiplied, the result is a 
________ number.

	 3.	 If two positive numbers are being multiplied, the product is a __________ number.

	 4.	 If two negative numbers are being divided, the quotient is a _________ number.

	 5.	 When zero is divided by a nonzero number, the answer is always ___.

	 6.	 The quotient of a number divided by zero is __________.

True/False. Determine whether each statement is true or false. If a statement is false, 
explain how it can be changed so the statement will be true. (Note: There may be more 
than one acceptable change.)

	 7.	 If a negative number is divided by a positive number, the result will be a 
negative number.

	 8.	 The product of zero and a number is zero.

	 9.	 If two numbers have the same sign, both the product and the quotient of the two 
numbers will be negative.

	 10.	 The mean of a set of numbers is always positive.
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Practice

Multiply. Reduce fractions to lowest terms. See Examples 1 through 3.

	 1.	 4 3�� �

	 2.	 6 5�� �

	 3.	 12 4⋅

	 4.	 19 3⋅

	 5.	 �� � �� �8 7

	 6.	 �� � �� �11 2

	 7.	 � �3 7

	 8.	 � �7 5

	 9.	 �� � �� �14 4

	 10.	 �� � �� �11 6

	 11.	 �� � �� �13 2

	 12.	 �� � �� �8 9

	 13.	 10 7�� �

	 14.	 �� �� �5 12

	 15.	 �� � �� � �� �2 3 4

	 16.	 �� � �� � �� �6 3 9

	 17.	 � � �8 4 9

	 18.	 �� �� � �� �3 2 3

	 19.	 �� � �� �� �7 16 0

	 20.	 � � �9 0 4

	 21.	 �� �� �2 45.

	 22.	 �� � �� �5 38.

	 23.	 4 3 1 7. .�� �

	 24.	 �� � �� �2 6 0 2. .

	 25.	 � �
3

8

4

9

	 26.	 4

5

3

14
�
�

	 27.	 �
�
�4

5

9

2

	 28.	 � ��
3

4

6

7

	 29.	 � �4
3

5

	 30.	 � �7
5

6

	 31.	 5

2

15

10

6

5
�
�

�

	 32.	 �
� �

�4

7

2

5

2

13

Divide. Reduce fractions to lowest terms. Round answers with decimals to the nearest 
tenth. See Examples 4 and 5.

	 33.	 -
-
8

2

	 34.	 -
-
20

10

	 35.	 -30

5

	 36.	 -51

3

	 37.	 -
-
26

13

	 38.	 -
-
91

7

	 39.	 0

6

	 40.	 16

0

	 41.	 39

13-

	 42.	 44

4-

	 43.	 -34

2

	 44.	 -36

9

	 45.	 -3

0

	 46.	 0

7-

	 47.	 -
-
60

12

	 48.	 -
-
48

16

	 49.	 -4 8

8

.

	 50.	 -5 6

7

.

	 51.	 -
-

4

0 2.

	 52.	 -
-

3

8

	 53.	 2 99

1 3

.

.-

	 54.	 2 8

1 4

.

.-

	 55.	 �
�

2

15

8

5

	 56.	 �
�
�3

5

9

10

	 57.	 6

11

4

3
÷

	 58.	 �
�
�10

3

7

5

	 59.	 �
�

9

14

54

35

	 60.	 45

8

35

12
÷
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Determine whether each statement is true or false. If a statement is false, rewrite it in a 
form that is true. (There may be more than one correct new form.)

	 61.	 �� �� � � �4 6 3 8

	 62.	 �� � �� � � �7 9 3 21

	 63.	 � � � ��
�
�

�
�
�

3

4

5

8

15

16

1

2

	 64.	 �� �� � � � � �� �6 0 9 1 6 1 9 0. . . .

	 65.	 6 3 14 4�� � � �� � � �� �

	 66.	 7 8 10 5� � �� � � �� �

	 67.	 � � � �
2

3

1

2

1

2

1

4

	 68.	 1 7 3 9 1 4 4 2. . . .� �� � � �� � � �� �

	 69.	 �� �� � � �� � � �� �4 9 24 12

	 70.	 14 6 2 10� � �� � �� �

 Use a graphing calculator to find the value of each expression. Round quotients to 
the nearest hundredth, if necessary. Remember the negative sign  is next to .  
For example, � � �� �148 5.  would appear as follows.  

	 71.	 27 24 180� � �� � �� �  

	 72.	 �� � �� � �� �461 45 17  

	 73.	 54 17 24� � �� � �� �  

	 74.	 �� � �77 459 29,  

	 75.	 �� � � �� �62 234 37,

	 76.	 � � �� � �35 45 56 3

	 77.	 � � � �� � �52 30 40 60 4

	 78.	 72 15 22� �� �

	 79.	 95 3 7� � �� �

	 80.	 � � �� �153 54. .

	 81.	 �� � �� � �� �134 25 163. . .

	 82.	 �� � �� � �� �2 5 3 41 10 6. . .

Applications
Solve. 

	 83.	 Find the mean of the following set of integers: −10, 15, 16, −17, −34, and −42.

	 84.	 Find the mean of the following set of integers: −72, −100, −54, 82, and −96.

	 85.	 The Math Club members decided to attend the national meeting of the NCTM 
(National Council of Teachers of Mathematics) and had a book sale to raise money 
for the event. Registration fees were $85 per member and the club had 35 members. 
How much money did the club need to raise for registration fees?

	 86.	 If one regular pack of candy contains 250 calories, how many calories are there in 37 
packs of the same candy? 

	 87.	 A sandwich shop buys 372 loaves of bread for the week. If each loaf of bread has 24 
slices, how many slices of bread were purchased? 

	 88.	 Students at the local community college must pay $83 for a math textbook. If there 
are 43 students in the class, find the total amount the class will spend on textbooks. 
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	 89.	 Your company bought 18 new cars, each with blind-spot monitoring and backup 
cameras, at a price of $24,600 per car. How much did your company pay for 
these cars?

	 90.	 According to the US Fish and Wildlife Service, migratory birds are imported at a 
value of about $19 each. Suppose that about 800,000 live birds are imported each 
year. What is the total value of these imported birds?

	 91.	 A mother has 12 cookies that she will equally divide among 4 children. How many 
cookies will each child get? 

	 92.	 Seven students sold a total of 392 raffle tickets. Assuming that each student sold the 
same number of raffle tickets, how many tickets did each student sell?

	 93.	 The Cedarville Baseball Camp has 198 campers. How many 9-member teams can 
this camp have? 

	 94.	 Jane Scott tutors students in reading and makes $25 per student. If she makes $475 in 
a week, how many students did she tutor? 

	 95.	 One pint of Ben and Jerry’s Crème Brûlée Ice Cream has 68 grams of fat. If there are 
4 servings per pint, how many grams of fat are in each serving? 1

	 96.	 If one person can paint a small house in 48 hours, how long will it take a crew of 
8 people to paint the house, assuming that all 8 work at the same speed, and do not 
interfere with each other? 

	 97.	 For 2021–2022, the average tuition cost for four years at a public 4-year institution 
was $42,960. If tuition did not increase each year, how much would you pay per year 
for the four years you were in college? 2

	 98.	 Smithfield High School paid $29,022 for six pianos. How much did each piano cost? 

	 99.	 The area of every NFL football field is 57,600 square feet. If a bag of grass seed 
covers 50 square feet, how many bags of grass seed will be needed to cover one 
grass football field? 3

	100.	 US Astronaut Peggy Whitson orbited the Earth 6032 times during her space flights 
on the International Space Station. If the International Space Station orbits the Earth 
16 times a day, how many days was Peggy Whitson in space? 4

	101.	 A community has 5978 square feet available for individual gardens that will be 
evenly distributed among 14 people. How much space will each person get?

	102.	 Thirteen men purchase a boat together. If the cost of the boat is $33,462, how much 
will each man contribute if each contributes an equal amount?

	103.	 A large chicken farm produces 65,076 eggs during a typical week. How many dozen 
eggs does this represent? (Note: 1 dozen = 12 eggs) 

1 Source: Ben and Jerry’s
2 Source: www.collegeboard.com
3 Source: National Football League
4 Source: National Aeronautics and Space Administration©HAWKES LEARNING
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	104.	 262,800 pounds of pasta is served every year at Mama Melrose’s Ristorante Italiano 
at Disney MGM Studios. How many pounds of pasta are served every day, assuming 
there are 365 days in each year? 5

	105.	 Katelyn is having a birthday party and has invited 11 friends. For lunch, Katelyn’s 
parents bought 3 large pizzas that have 8 slices per pizza. How many slices of pizza 
will each child get? (Assume only Katelyn and her 11 friends are eating the pizza.) 

	106.	 The costs of a one-way flight from Baltimore, MD, to Orlando, FL, for seven 
different flight times are as follows: $73, $171, $147, $87, $89, $111, $100. What is 
the average cost of a flight from Baltimore to Orlando? 6

	107.	  The numbers of fatal motor vehicle accidents in the United States each year 
from 2005 to 2015 are as follows: 39,252; 38,648; 37,435; 34,172; 30,862; 30,296; 
29,867; 31,006; 30,202; 30,056; 32,166. What was the average number of fatal 
accidents in the United States per year from 2005 to 2015? (Round your answer to 
the nearest tenth.) 7 

	 108.	 During one day, Sebastian made several transactions with his checking account. He 
deposited $150 at the beginning of the day, bought groceries for $45.50, filled his car with 
gas for $39, bought tutoring supplies for $15, and deposited $120 at the end of the day. 

a.	 Which amounts are credits to Sebastian’s account? Be sure to include the sign. 

b.	 Which amounts are debits to his account? Be sure to include the sign. 

c.	 What was the average transaction amount that Sebastian made during the day? 
(Hint: Be sure to use the amounts from parts a. and b.) 

	109.	 An auto tire manufacturer recommends using 35 psi of air pressure in their standard 
tires. A tire has a leak that causes the air pressure of the tire to change at a rate of 
−2 psi per hour. 

a.	 How much will the tire’s air pressure change after 4 hours? 

b.	 A tire with a standard air pressure of 35 psi is considered to be flat when it has 
only 24.5 psi of pressure. What change in air pressure will cause the tire to be 
considered flat? 

c.	 How long will it take the tire to lose the amount of air pressure determined in part b.?

5 Source: www.diningindisney.com
6 Source: Expedia.com
7 Source: NHTSA
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	110.	  In King Salmon, Alaska, the lowest monthly temperature was recorded for several 
months as shown in the table. Use the data to answer the following questions. Round 
your answers to the nearest hundredth. 8

Lowest Monthly Temperature  
in King Salmon, Alaska

Month Temperature
October 2012 4 °F

November 2012 -4 °F

December 2012 -22 °F

January 2013 -11 °F

February 2013 -14 °F

March 2013 -18 °F

a.	 What was the average of the low temperatures over these months? 

b.	 The lowest temperature recorded for April 2013 was 1 °F. Will the average low 
temperature increase or decrease if this data value is now used in calculating the 
average? Do not calculate the average.

c.	 Find the average lowest temperature from October 2012 through April 2013. 
(Hint: part b. gives the lowest temperature for April 2013.) 

d.	 How do the average temperatures from parts a. and c. compare?

e.	 What is the range of the lowest monthly temperatures for the months given in 
the table?

	 111.	 Twenty business executives made the following numbers of telephone calls 
during one week. Find the mean number of calls (to the nearest tenth) made by 
these executives.

20 16 14 11 51
40 36 28 52 25
18 16 42 49 12
18 22 33 9 19

	112.	 The blood calcium level (in milligrams per deciliter) for 20 patients was reported 
as follows.

8.2 10.2 9.3 8.5 7.3
9.7 9.6 8.3 9.8 9.1
9.4 11.1 10.0 8.5 9.9
8.6 10.2 9.4 9.1 9.2

		  Find the mean blood calcium level (to the nearest hundredth) for these patients.

	113.	 Fifteen students scored the following scores on an exam in accounting: 1 scored 67, 
4 scored 73, 3 scored 77, 2 scored 80, 3 scored 88, and 2 scored 93. What was the 
average score for these students?

	114.	 On an exam in history, a class of twenty-one students had the following test scores: 
4 scored 65, 3 scored 70, 6 scored 78, 2 scored 82, 1 scored 85, 3 scored 91, and 
2 scored 95. What was the mean score (to the nearest tenth) on this test for the class?

8 Source: weather.gov
©HAWKES LEARNING
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The frequency of a number is a count of how many times that number appears. 
In statistics, data is commonly given in the table form of a frequency distribution 
as illustrated. To find the mean, multiply each number by its frequency, add these 
products, and divide the sum by the sum of the frequencies.

	115.	  The heights of the top 30 NBA scorers for the 2021−2022 season are listed in the 
frequency table. Find the mean height for these men. 9

Height (in inches) 73 74 75 76 77 78 79 80 81 82 83 84 85

Frequency 3 3 1 2 3 2 3 4 1 2 4 1 1

	116.	 The students in a psychology class were asked the number of books that they had 
read in the last month. The following frequency distribution indicates the results. 
Find the mean number of books read (to the nearest tenth) by these students

Number of Books 0 1 2 3 4 5

Frequency 3 2 6 4 2 1

	117.	 The following bar graph shows the approximate amounts of time per week spent 
by people watching broadcast TV or a streaming service for six groups (by age and 
sex) of people 18 years of age and older. What is the average amount of time per 
week people over the age of 18 spend watching broadcast TV or a streaming service? 
(Assume each group has the same number of people.)
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	118.	 The following pictograph shows the number of phone calls received by a 1-hour 
radio talk show in Seattle during one week. (Not all calls actually get on the air.) 
What was the mean number of calls per show received that week?

Phone Calls Received by a Seattle Talk Show

Friday

Thursday

Wednesday

Tuesday

Monday

Each represents 10 phone calls

9 Source: NBA
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	119.	 The following bar graph shows the area of each of the five Great Lakes. Lake 
Superior, with an area of about 31,700 square miles, is the world’s largest fresh water 
lake. What is the mean size of these lakes?
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Writing & Thinking
	120.	 If you multiply an odd number of negative numbers together, do you think that the 

product will be positive or negative? Explain your reasoning.

	121.	 If you multiply an even number of negative numbers together, do you think that the 
product will be positive of negative? Explain your reasoning.  

	122.	 Explain the conditions under which the quotient of two numbers is 0.

	123.	 Explain, in your own words, why division by 0 is not a valid arithmetic operation.
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1.8 Exercises
Concept Check

Fill-in-the-Blank. Complete each sentence using information found in this section.

	 1.	 When following the rules for order of operations, simplify within ______ 
______ first.

	 2.	 Start by simplifying the ______ grouping symbol and working outward.

	 3.	 When performing multiplication and division, move from _____ to ______.

	 4.	 When performing addition and subtraction, perform the operations in the order they 
_______, moving left to right.

	 5.	 A negative sign in front of a variable means the variable is being multiplied by ____.

	 6.	 Parentheses, brackets, and braces are known as ________ symbols.

True/False. Determine whether each statement is true or false. If a statement is false, 
explain how it can be changed so the statement will be true. (Note: There may be more 
than one acceptable change.)

	 7.	 If there are no grouping symbols, multiplication should always be performed 
before addition.

	 8.	 When following the rules for order of operations, powers indicated by exponents 
should be evaluated last.

	 9.	 The square root symbol is a grouping symbol.

	 10.	 A well-known mnemonic device for remembering the rules for order of operations 
is SADMEP.

Practice

Simplify.

	 1.	 a.	 24 4 6� �

		  b.	 24 4 6� �

	 2.	 a.	 20 5 2� �

		  b.	 20 5 2� �

	 3.	 15 3 3 10� �� � � �

	 4.	 20 2 2 5 22� � � �� �

	 5.	 3 9 4 2 5 22 2� �� � � �� � � �� �

	 6.	 4 8 2 3 2 52 2 2� �� � �� � � �� �
	 7.	 14 3 2 6 4� � �� � � � �
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	 8.	 6 13 15 8 2 3 1
2 2�� � � � � �� �

	 9.	 � � � �� � � �10 15 5 3 102 2

	 10.	 16 3 2 52� � �� �
	 11.	 2 5 20 4 2 40� �� � � �� � � ��� ��

	 12.	 9 6 21 7 2 8� �� � � � � �� ��� ��

	 13.	 7 10 49 7 20 3 10�� � � �� � � � � �� ��� ��

	 14.	

	 15.	 8 9 39 13 7 2 2
2

� �� � � �� � � �� � � �� ��
�

�
�

	 16.	 6 20 15 3 5 6 2 3� �� � � � � � ��� ��

	 17.	 16 20 32 3 5 52� � � ��� ��

	 18.	 10 30 4 5 8 2 17 182 2
� � � � �� � � ��

�
�
�

	 19.	 �� � � �� � � �10 2 2 4

	 20.	 16 20 10 5
2 2� � �� � �

	 21.	 3

8

4

5

1

15
� �

	 22.	 1

4

12

15

2

7
� �

	 23.	 1

3

1

2

5

6

3

4
� � �

	 24.	 2

9

14

3

1

6

4

7
� � �

	 25.	
5

6

5

12

3

8

2
�
�
�

�
�
� � �

	 26.	
2

5

5

8

1

5

3

4

2
�
�
�

�
�
� � � �

	 27.	 7

6
2

2

3

1

2
2� � �

	 28.	 3

4
3 4

1

2
2

2

� � �
�
�

�
�
�

	 29.	 ��
�
�

�
�
� � ��

�
�

�
�
� � �

3

4

3

5

7

8

3

16

	 30.	 ��
�
�

�
�
� � � � ��

�
�

�
�
�

2

3

7

12

2

7

1

2

2

	 31.	 ��
�
�

�
�
� � � � �

9

10

5

8

4

5

6

10

2

3

	 32.	 5

8

5

2

1

2

2

5

2

� � ��
�
�

�
�
� �

	 33.	 � � �0 7 8 5 1 7. . .

	 34.	 � � �0 4 2 6 1 5. . .

	 35.	 3 1 1 1 5 7 6 9. . . .�� � � �� �

	 36.	 3 2 6 5 22. .�� � �

	 37.	 � � ��
�
�

�
�
�15

1

4

7

8

	 38.	 � � ��
�
�

�
�
�12

1

2

1

10

	 39.	 � �� � � � �5 7 4 8

	 40.	 4 2 10 5 1
2

�� � � � �

Solve.

	 41.	 Find the average of the five numbers: –7, 8, –3, 5, and 2.

	 42.	 Find the average of the six numbers: –1, –2, –3, 3, 2, and 1.

	 43.	 If the square of 7
8  is subtracted from the square of 3

4 ,  what is the difference?

	 44.	 Find the quotient if the sum of 1
5

 and 2
15

 is divided by the difference between 7
8

 and 
3
4 .

 Use a graphing calculator to evaluate each expression.

	 45.	 3 4 4 5 8 32. .� � �

	 46.	 8 1 5 16 3 7. .� � �

	 47.	 0 75 15 7 3 12. . .� � �

	 48.	 1 05 3 3 7 1 12. . .� �� � � �

9 11 10 2 6 5 10 3 5
2 2 2�� � �� � � � �� � � � ��

�
�
�
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	 49.	 6 32 84 16 8 3 52. . . .� � � 	 50.	 827 16 2 14 83 19 83
2

. . . .�� � � �� �

Applications

Solve.

	 51.	 Madeline sells homemade aprons online and needs to determine how to charge for 
each apron. To create each apron, she spends $8.50 on supplies and it takes her 11

4
 

hours to cut and sew each one. Madeline wants to charge $11 per hour of work plus 

the cost of supplies.

a.	 Write an expression to describe how much each apron will cost.

b.	 Evaluate the expression to determine the selling cost of each apron.

c.	 Madeline will sew a name or initials onto the apron for an additional charge of 
$1.75 per letter. If Kathy orders an apron and wants her name sewn onto it, how 
much will the apron cost?

	 52.	 The Matthews family, a family of 4, is planning a trip to New York City. During their 
visit, they want to see the Broadway play Beetlejuice. The tickets cost $102 each. 
The Matthews purchase the tickets online and the website charges a service fee of 
$7.50 per ticket. The website is running a sale where the Matthews can get 10% off 
of their entire purchase. 

a.	 Write an expression to describe how much of a discount the Matthews will 
receive on their purchase.

b.	 What is the final purchase price of the tickets?

	 53.	 Dennis overdrew his checking account and ended up with a balance of −$42. The 
bank charged a $35 overdraft fee and an additional $5 fee for every day the account 
was overdrawn. Dennis left his account overdrawn for 3 days.

a.	 Write an expression to show the balance of Dennis’s checking account after 
3 days.

b.	 Simplify the expression in part a. to find the balance of Dennis’s checking 
account after 3 days.

	 54.	 Camila is a seamstress and is creating bridesmaid dresses. She has 115 yards of satin 
fabric. For each dress, the skirt requires 3 yards of satin and the bodice requires 1.5 
yards of satin. She plans to make 20 dresses.

a.	 Write an expression to show how much fabric Camila will have left over after 
making the dresses.

b.	 Simplify the expression in part a. to determine how much fabric Camila will 
have left over.

c.	 Camila wants to make shawls from the leftover fabric. Each shawl requires 1.25 
yards of satin. Can she make 15 shawls?
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	 55.	 During harvest season, farmers donate fresh food to a local food kitchen. To make 
sure the food doesn’t spoil, the food kitchen distributes the food between themselves 
and 5 other food kitchens in the area. One farmer donates 121

2  pounds of potatoes, 
another farmer donates 153

4  pounds of potatoes, and a third farmer donates 113
4  

pounds of potatoes. The food kitchen finds that 11
4  pounds of the donated potatoes 

are rotten. 

a.	 Write an expression to show how many pounds of potatoes each food kitchen 
will receive. 

b.	 Simplify the expression from part a. to determine how many pounds of potatoes 
each food kitchen will receive.

	 56.	 Casey wants to put together some back-to-school gifts for local families in need. 
She has contacted companies directly and worked out deals to get backpacks for $10 
each, headphones for $4 each, a pack of crayons for $0.50 each, and a combo pack 
consisting of a notebook, a folder, and a pencil for $1 per combo pack.

a.	 Write an expression to describe how much each gift will cost Casey, assuming 
each gift consists of one backpack, one pair of headphones, one pack of crayons, 
and 2 combo packs. 

b.	 How much will Casey spend in total if she is able to give 5 back-to-school gifts?

	 57.	 You and three friends are planning a weekend trip. You plan to share a hotel room 
that is $225 a night, go on a city tour that costs $20 per person, and go to a baseball 
game that is $15 per person. 

a.	 Write an expression to describe the total cost of the trip, assuming you are all 
staying for two nights. 

b.	 If you split the cost equally, how much will each person pay for the trip, not 
counting additional expenses?

Writing & Thinking
	 58.	 Explain, in your own words, why the following expression cannot be evaluated.

24 2 6 3 5 3 94 2�� � � �� � � �� �
	 59.	 Consider any number between 0 and 1. If you square this number, will the result be 

larger or smaller than the original number? Is this always the case? Explain.

	 60.	 Consider any number between −1 and 0. If you square this number, will the result be 
larger or smaller than the original number? Is this always the case? Explain.
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Example 2	 Identifying Properties of Addition and Multiplication

For each of the following equations, state the property illustrated, and show that the 
statement is true for the value given for the variable by substituting the value in the 
equation and evaluating.

a.	 x x� � �14 14  given that x � �4

b.	 3 6 3 6�� � � � �x x  given that x = 5

c.	 12 3 12 36y y�� � � �  given that y � �2

Solution

a.	 The commutative property of addition is illustrated.

� �� � � � � � � �4 414 10 14 10  and  

b.	 The associative property of multiplication is illustrated.

3 6 18 5 90 3 6 3 30 905 5�� � � � � � � �� � � � �  and  

c.	 The distributive property is illustrated.

12 3 12 1 12 12 36 24 36 122 2� ��� � � � � � � � � � � � �and

Now work margin exercise 2.

Margin Exercise Answers
1. a.  Associative property of multiplication  b.  Distributive property  c.  Zero-factor law 
d.  Associative property of addition  e.  Commutative property of multiplication 
f.  Additive identity  g.  Additive inverse   2. a.  Commutative property of addition (−7) + 21 = 14 and 
21 + (−7) = 14  b.  Associative property of multiplication (5 ∙ 4) ∙ 2 = 40 and 5 ∙ (4 ∙ 2) = 40 
c.  Distributive property 11(−4 + 3) = −11 and 11(−4) + 33 = −11

1.9 Exercises
Concept Check

Fill-in-the-Blank. Complete each sentence using information found in this section.

	 1.	 The multiplicative inverse of a number is its _________.

	 2.	 The ______ ________ of all numbers is 1.

	 3.	 Zero multiplied by a number or variable is an example of the _____- _____ law.

	 4.	 The distributive property involves two operations, ______ and ______.

	 5.	 The additive inverse of a number is the _______ of that number.

	 6.	 In the term 8x, the 8 is the __________ of the variable.

	 2.	State the property illustrated 
and show that the statement 
is true for the value given 
for the variable. 

		  a.	 x x

x

� � �
� �

21 21

7

 

given that 

		  b.	 5 4 5 4

2

�� � � � �
�

x x

x

 

given that 

		  c.	 11 3 11 33

4

y y

y

�� � � �

� �

 

given that 
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True/False. Determine whether each statement is true or false. If a statement is false, 
explain how it can be changed so the statement will be true. (Note: There may be more 
than one acceptable change.)

	 7.	 Changing the order of the numbers in an addition problem is allowed because of the 
associative property of addition.

	 8.	 The equation 8 2 5 8 2 5�� � � � � �� � is an example of the associative property 
of multiplication.

	 9.	 The additive identity of all numbers is 1.

	 10.	 The commutative property works for division and subtraction.

Practice

Complete the expressions using the given property. Do not simplify.

	 1.	 7 3� � 	 commutative property of addition

	 2.	 6 9 3�� � � � 	 associative property of multiplication

	 3.	 19 4� � 	 commutative property of multiplication

	 4.	 18 5� � 	 commutative property of addition

	 5.	 6 5 8�� � � 	 distributive property

	 6.	 16 9 11� �� � � 	 associative property of addition

	 7.	 2 3� � � �x     	 associative property of multiplication

	 8.	 3 5x �� � � 	 distributive property

	 9.	 3 7� �� � �x 	 associative property of addition

	 10.	 9 5x �� � � 	 distributive property

	 11.	 6 0� � 	 zero-factor law

	 12.	 6 1� � 	 multiplicative identity

	 13.	 0 7� �� � �x 	 additive identity

	 14.	 0 13� �� � � 	 zero-factor law

	 15.	 2 12x �� � � 	 distributive property

	 16.	 �� � � �5 5 	 additive inverse

	 17.	 6 3 6 3. .� �� � � 	 additive inverse

	 18.	 3
1

3
� � 	 multiplicative inverse
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State the name of each property being illustrated. See Example 1.

	 19.	 5 16 16 5� � �

	 20.	 5 16 16 5� � �

	 21.	 32 1 32� �

	 22.	 32 0 32� �

	 23.	 5 3 1 5 3 1� �� � � �� � �

	 24.	 5 3 1 3 1 5� �� � � �� � �

	 25.	 13 2 2 13y y�� � � �� � �

	 26.	 13 2 13 26y y�� � � �

	 27.	 6 2 9 2 9 6�� � � �� � �

	 28.	 6 2 9 6 2 9�� � � �� � �

	 29.	 5
1

5
1� �

	 30.	 14
1

14
1� �

	 31.	 7 1 7 1 0. .� �� � �

	 32.	 �� � � �9 9 0

	 33.	 1 14 2 14 2� �. .

	 34.	 5 3 7 5 3 7�� � � �� � � � �� �� �
	 35.	 5 68 0 0 568 0. .� � � �

	 36.	 0 568 5 68� �. .

	 37.	 2 6 2 6� �� � � �� � �x x

	 38.	 2 6 2 12x x�� � � �

First evaluate each expression using the rules for order of operations and then use the 
distributive property to evaluate the same expression. The value must be the same. 

	 39.	 6 3 8�� �

	 40.	 7 8 5�� �

	 41.	 10 2 9�� �

	 42.	 13 5 3�� �

For each of the following equations, state the property illustrated, and show that the 
statement is true for the value of x = 4, y = −2, or z = 3 by substituting the corresponding 
value in the equation and evaluating. See Example 2.

	 43.	 6 6� � �x x

	 44.	 19 19� � �z z

	 45.	 8 5 8 5� �� � � �� � �y y

	 46.	 2 7 2 7�� � � � �� �x x

	 47.	 5 18 5 90x x�� � � �

	 48.	 2 14 3 2 14 3z z�� � � � � �� �

	 49.	 6 9 6 9�� � � � � �� �y y

	 50.	 11 11� � �x x

	 51.	 z z� �� � � � �34 34

	 52.	 3 15 3 45y y�� � � �

	 53.	 2 3 2 3�� � � �� �x x

	 54.	 y y y y�� � �� � � �� � �� �2 4 4 2

	 55.	 5 15 15 5� �� � � �� � �x x

	 56.	 z x x z� �� � � �� � �4 4

	 57.	 3 5 3 5x x� � � � � �� �

	 58.	 x y z x y z�� � � � � �� �
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Applications

Solve.

	 59.	 Jessica works part‑time at a retail store and makes $11 an hour. During one week, she 
worked 6 1

2  hours on Monday and 4 1
4  hours on Thursday. 

a.	 Determine the amount of money she earned during the week by evaluating the 

expression $ .11 6 41
2

1
4� �� �  

b.	 Rewrite this expression to remove the parentheses using one of the properties 
talked about in this section. 

c.	 What property did you use in part b. to rewrite the expression?

	 60.	 Robin went to the grocery store to buy a few items she needed in order to cook 
dinner. She bought milk for $3.99, rolls for $2.25, a package of steaks for $12.01, 
and some marinade for $1.75. Before getting to the checkout line, Robin remembered 
that she only had $20 in her purse. Did she have enough money to buy the food items 
if the store does not charge sales tax on food?

a.	 Write an expression to find the total of Robin’s food purchases. Do not simplify.

b.	 Robin doesn’t have a calculator to determine the total cost of her items. 
She wants to make sure that she has enough money to buy them. Rearrange 
the expression from part a. so that she could quickly find the total using 
mental math.

c.	 What properties did you use in part b. to rewrite the expression?

d.	 Did Robin have enough money to purchase all of the items?

	 61.	 Jordan didn’t balance his checking account during the week and ended up 
overdrawing his account. He had a starting balance of $85.04 and wrote checks 
for two bills for the amounts of $28.79 and $50.00. He also used his debit card to 
purchase lunch for $12.16. In order to avoid an overdraft fee, Jordan must deposit 
enough money today to bring his balance back to a minimum of zero.

a.	 Write an expression to find the current balance of Jordan’s checking account. Do 
not simplify. 

b.	 Evaluate the expression from part a. to determine the current balance of Jordan’s 
checking account. 

c.	 Write an equation to show Jordan’s current checking account balance plus the 
amount he must deposit today to bring the balance to zero. 

d.	 What property is illustrated in part c.?

Writing & Thinking
	 62.	 a.		� The distributive property illustrated as a b c ab ac�� � � �  is said to “distribute 

multiplication over addition.” Explain, in your own words, the meaning of 
this phrase.

		  b.	� What would an expression that “distributes addition over multiplication” look 
like? Explain why this would or would not make sense.
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2.1 Exercises
Concept Check

Fill-in-the-Blank. Complete each sentence using information found in this section.

	 1.	 If no number is written next to a variable, the coefficient is understood to be the 
number __________.

	 2.	 Any constant, variable, or product or quotient of a constant and/or variable is a/an 
__________ .

	 3.	 A single number is a/an __________ .

	 4.	 In a term, the number being multiplied by the variable is the numerical __________ 
of that term.

	 5.	 To combine like terms, add or subtract the __________ and keep the common 
variable expression.

	 6.	 When substituting, __________ must be used around negative numbers.

True/False. Determine whether each statement is true or false. If a statement is false, 
explain how it can be changed so the statement will be true. (Note: There may be more 
than one acceptable change.)

	 7.	 A variable that does not appear to have an exponent has an exponent of 1.

	 8.	 In the term −9x, nine is being subtracted from x.

	 9.	 In the term “12a,” 12 is the constant.

	 10.	 Like terms have the same coefficients.

Practice

Identify the like terms in each list of terms. See Example 1.

	 1.	 −5, 3, 7x, 8, 9x, 3y

	 2.	 −2x2, −13x3, 5x2, 14x2, 10x3

	 3.	 5xy, −x2, −6xy, 3x2y, 5x2y, 2x2

	 4.	 3ab2, −ab2, 8ab, 9a2b, −10a2b, ab, 12a2

	 5.	 24, 8.3, 1.5xyz, −1.4xyz, −6, xyz, 5xy2z, 2xyz2 

	 6.	 −35y, 1.62, −y2, −y, 3y2, 1
2 ,  75y, 2.5y2

Simplify each expression by combining like terms. See Example 2.

	 7.	 8x + 7x

	 8.	 3y + 8y

	 9.	 5 2x x� �� �
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	 10.	 7 3x x� �� �

	 11.	 6y2 − y2

	 12.	 16z2 − 5z2

	 13.	 3x − 5x + 12x

	 14.	 2a + 14a − 25a

	 15.	 6c − 13c + 5c

	 16.	 40x − 30x − 10x

	 17.	 4x + 2 + 3x

	 18.	 3x − 1 + x

	 19.	 5x2 − 3x2 + 2x

	 20.	 −2x2 − x2 − x

	 21.	 7x2 − 4x2 + 20

	 22.	 14y3 − 25 + 8y3

	 23.	 2x2 − 2y + 5x2 + 6x2

	 24.	 4a + 2a − 3b − a

	 25.	 4x + 7 − 8 + 3x

	 26.	 −5x − 1 + 8 + 9x

	 27.	 2n2 − 6n + 1 − 4n2 + 8n − 4

	 28.	 3n2 + 2n − 5 − n2 + n − 4

	 29.	 3 − 5x2 + 4x2 + 20x + 42 − 17x

	 30.	 13x + 12x2 + 15x − 35 − 41 − 2x2 

	 31.	 3 1n n�� � �

	 32.	 2 4 1n n�� � � �

	 33.	 5 2 3a b a b�� � � �

	 34.	 4 3 2 2a b a b� � �� �

	 35.	 3 2 2x y x y�� � � �� �

	 36.	 4 5 3 2 7x y x y�� � � �� �

	 37.	 y
y y

�
�4 5

3
 

	 38.	 z
z z

�
�3 5

4
 

	 39.	
2 3

3

x x
x

+
+  

	 40.	
2 4

5
2

y y
y

�
�  

Evaluate the expression for x = 2 and y = −3. See Example 3.

	 41.	 −x2

	 42.	 −y2

	 43.	 �� �x
2

	 44.	 �� �y
2

	 45.	 −x

	 46.	 −y

Simplify each expression and then evaluate the expression for x = 4, y = 3, a = −2, and 
b = −1. See Examples 4 through 7.

	 47.	 5y + 4 − 2y

	 48.	 7b − 17 − b

	 49.	 3 1 2 2y y�� � � �� �

	 50.	 4 3 5 2y y�� � � �� �

	 51.	 3.1a2 − 0.9a2 + 4a − 5.3a2

	 52.	 8.3x2 − 5.7x2 + x2 + 2

	 53.	 2 4 1 13 1. .x x�� � � �� �  

	 54.	 1 3 2 26 8. .y y�� � � �� �  

	 55.	
3 5

2
12

a a
a

�
�

�  

	 56.	 8
5 4

9
a

a a
+

+
 

	 57.	
� �

�
�

�4 2

3

2 5

7

b b b b
 

	 58.	
5 3

4

4

5

b b b b�
�
� �
�
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Simplify each expression and then evaluate the expression for x = −2 and y = −1. See 
Examples 4 and 7.

	 59.	 2x2 − 3x2 + 5x − 8 + 1

	 60.	 5x2 − 4x + 2 − x2 + 3

	 61.	 y2 + 2y2 + 2y − 3y

	 62.	 y2 + y2 − 8y + 2y − 5

	 63.	 y3 + 3y3 + 5y − 4y2 + 1

	 64.	 7y3 + 4y2 + 6 + y2 − 12

	 65.	 2 3 5 3 5 42 2x x x x� �� � � � �� �
	 66.	 5 4 3 2 2 102 2y y y y� �� � � � �� �

Simplify each expression and then evaluate the expression for a = −1, b = −2, and c = 3. 
See Example 5.

	 67.	 a2 − a + a2 − a

	 68.	 a3 − 2a3 − 3a + a − 7

	 69.	 5ab − 7a + 4ab + 2b

	 70.	 2ab + 4b − 3a + ab − b

	 71.	 14 7 15 6 2 3a b c�� � � �� � � �� �

	 72.	 12 3 8 2 3 4a b c�� � � �� � � �� �

	 73.	 20 10a b c a b c� �� � � � �� �

	 74.	 16 16a b c a b c� �� � � � � �� �

Applications

Solve.

	 75.	 An apartment management company owns a property with 100 units. The company 
has determined that the profit made per month from the property can be calculated 
using the equation P = −10x2 + 1500x − 6000, where x is the number of units rented 
per month. How much profit does the company make when 80 units are rented?

	 76.	 A ball is thrown upward from an initial height of 96 feet with an initial velocity of 
16 feet per second. After t seconds, the height of the ball can be described by the 
expression −16t2 + 16t + 96. What is the height of the ball after 3 seconds?

	 77.	 You have a 5-pound dumbbell that you use for wrist curls and a 10-pound dumbbell 
that you use for bicep curls. Your little brother likes to brag that if he lifts your 
5-pound dumbbell two times, he’s actually lifting 10 pounds. Using that logic, 
you could claim that the amount of weight you lift in a day can be modeled by the 
expression 5x + 10y, where x is the number of wrist curls you do and y is the number 
of bicep curls you do. How much could you claim to have lifted on a day you did 15 
wrist curls and 30 bicep curls?

	 78.	 Dan has 340 yards of fencing available to enclose a rectangular field. The area of the 
enclosure using this fencing can be modeled by A = 170x − x2, where x is the width 
of the field. If the field ends up being 70 yards wide, how much will the area be?
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	 79.	 A moving company starts the week with 72 bundles of small boxes and 50 bundles of 
medium boxes. During the week, they use 25 bundles of small boxes and 32 bundles 
of medium boxes. At the end of the week, they buy 125 bundles of medium boxes. 
The total number of boxes at the end of the week can be modeled by the expression 
72s + 50m − 25s − 32m + 125m, where s represents the number of boxes in a bundle 
of small boxes and m represents the number of boxes in a bundle of medium boxes.

a.	 Simplify the expression by combining like terms.

b.	 How many boxes are in stock at the end of the week if there are 40 boxes in a 
small bundle of boxes and 30 boxes in a medium bundle of boxes?

	 80.	 During a sale, all newly released video games are priced the same and all Blu-ray 
discs are priced the same. During the first day of the sale, Mitchell buys 4 video 
games and 6 Blu-ray discs. The next day he buys 2 more video games and returns 
2 of the Blu-ray discs. The amount of money Mitchell spends can be modeled by 
4v + 6d + 2v − 2d, where v represents the cost of each video game and d represents 
the cost of each Blu-ray disc.

a.	 Simplify the expression by combining like terms.

b.	 How much did Mitchell spend if each video game costs $35 and each Blu-ray 
disc costs $19?

Writing & Thinking
	 81.	 Define constant and variable. Explain why those particular words are used.

	 82.	 Discuss like and unlike terms and give an example of each. 

	 83.	 The text recommends simplifying an expression (combining like terms) before 
evaluating. Do you think this is necessary? 

Evaluate the expression 4 5 2 3 10 22x x x x� �� � � � �  for x = 3:

a.	 by substituting and then evaluating.

b.	 by first simplifying and then evaluating.

Which method would you recommend? Why?

	 84.	 Explain the difference between −132 and �� �13
2
.
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and solving equations in algebra are just that—skills. For sure, without these skills, you 
would not be able to solve word problems. However, they are not sufficient. That is, you 
need much more in the way of understanding abstract concepts to be able to solve word 
problems and to solve problems in your daily life. The good news is that with experience 
and practice all of this can be learned. 

Soon you will be given a chance to solve word problems by translating English phrases 
into algebraic expressions and sentences into equations. The solutions to the equations are 
the solutions to the corresponding word problems. In this section, to help in understanding 
the abstract relationship between word problems and algebraic equations, we are going to 
reverse the process. You are going to be given an equation and asked to “make up” your 
own related word problem that might use this equation to find a solution. Consider the 
following example.

Example 4	 Translating Equations into Word Problems

For each equation, make up your own word problem that might use the equation in its 
solution. Remember that the variable can be translated into something like  
“a number” or “some number.”

a.	 5x + 10 = −10 b.	 3 25 2 6y y� � �� �
Solution

a.	 Some number is multiplied by 5 and the product is increased by 10. If the result is 
equal to −10, what is the number?

b.	 If 25 is added to the product of 3 and a number, the result will be equal to twice the 
sum of the same number and 6. What is the number?

Now work margin exercise 4.

Margin Exercise Answers
1. a.  7x  b.  5 + n  c.  4 2y �� �   d.  2x + 3  e.  9x − 4  f.  3

n
   2. a.  12f  b.  25 + 0.33x   3. Answers will 

vary. a.  the product of ten and a number  b.  four times a number increased by seven  c.  seven times 

the difference between a number and five   4.  Answers will vary. For example, a number plus three 
times that number is equal to nineteen. What is the number? 

2.2 Exercises
Concept Check
Fill-in-the-Blank. Complete each sentence using information found in this section. 

	 1.	 A phrase is considered ____________ if its meaning is not clear or if it has two or 
more possible interpretations. 

	 2.	 Phrases such as “a number” or “the number” imply the use of  
a/an ____________.

	 3.	 Key words such as “decreased by” and “minus” indicate the operation 
of ____________.

	 4.	 The key words “cube of” and “square of ” mean ____________ are involved.

	 4.	Make up a word problem 
which might use the 
equation x + 3x = 19 in its 
solution

Note
In Example 4, the translations 
are not unique. In fact, there 
are many ways to make up a 
problem for each equation. 
However, all word problems 
should result in the same 
equation. You should be able to 
show your word problem to your 
classmates and have them agree 
that the related equation will 
give the solution to the problem.
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	 5.	 “Twice” and “three times” indicate the operation of ____________.

	 6.	 “Divide” and “quotient” specify that ____________ should be used.

True/False. Determine whether each statement is true or false. If a statement is false, 
explain how it can be changed so the statement will be true. (Note: There may be more 
than one acceptable change.)

	 7.	 The order in which the values are given is particularly important when working with 
subtraction and division problems.

	 8.	 “More than” and “increased by” are key phrases specifying the operation 
of subtraction.

	 9.	 Division is indicated by the phrase “five less than a number.”

	 10.	 Key phrases for parentheses can be used to limit ambiguity in English phrases.

Practice
Write the algebraic expressions described by the English phrases. Choose your own 
variable. See Example 1.

	 1.	 six added to a number

	 2.	 seven more than a number

	 3.	 four less than a number

	 4.	 a number decreased by thirteen

	 5.	 the quotient of twice a number and ten

	 6.	 the difference between a number and three, all divided by seven

	 7.	 four subtracted from the product of six and a number

	 8.	 eight minus twice a number

	 9.	 the sum of four times a number and twice the same number

	 10.	 the sum of nine times a number and the same number

	 11.	 fifteen decreased by twice a number

	 12.	 twenty decreased by the product of four and a number

	 13.	 three times a number, less five times the same number

	 14.	 seven times a number, decreased by twice the number

	 15.	 nine times the sum of a number and two

	 16.	 three times the difference between a number and eight

	 17.	 thirteen less than the product of four and the sum of a number and one

	 18.	 four more than the product of eight and the difference between a number and six

	 19.	 eight more than the product of three and the sum of a number and six

	 20.	 six less than twice the difference between a number and seven
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	 21.	 four less than the product of three 
and the difference between seven and 
a number

	 22.	 nine more than twice the sum of 
seventeen and a number

	 23.	 eighteen less than the quotient of a 
number and two

	 24.	 seven increased by the quotient of a 
number and five

Translate each pair of English phrases into algebraic expressions. Notice the differences 
between the algebraic expressions and the corresponding English phrases.

	 25.	 a.	 six less than a number

		  b.	 six less a number

	 26.	 a.	 twenty less than a number

		  b.	 twenty less a number

	 27.	 a.	� five less than three times 
a number

		  b.	 five less three times a number

	 28.	 a.	 six less than four times a number

		  b.	 six less four times a number

Write the algebraic expression described by the English phrases using the given 
variables. See Example 2.

	 29.	 the number of hours in d days

	 30.	 the cost of x graphing calculators if 
one calculator costs $115

	 31.	 the cost of x gallons of gasoline if the 
cost of one gallon is $3.15

	 32.	 the number of seconds in m minutes

	 33.	 the number of days in y years 
(Assume 365 days in a year.)

	 34.	 the cost of x pounds of candy priced 
at $4.95 a pound

	 35.	 the number of days in t weeks and 
three days

	 36.	 the number of minutes in h hours and 
twenty minutes

	 37.	 the points scored by a football team 
on t touchdowns and one field goal 
(a touchdown is 7 points and a field 
goal is 3 points)

	 38.	 the amount of vacation days an 
employee has after w weeks if she 
gets 0.2 vacation days for every week 
she works

	 39.	 the cost of renting a car for one day 
and driving m miles if the rate is $20 
per day plus 15 cents per mile

	 40.	 the cost of purchasing a fishing rod 
and reel if the rod costs x dollars and 
the reel costs $8 more than twice the 
cost of the rod

	 41.	 the perimeter of a rectangle if the 
width is w centimeters and the length 
is three centimeters less than twice 
the width

	 42.	 the area of a square with side length 
of c centimeters

Translate each algebraic expression into an equivalent English phrase. (There may be 
more than one correct translation.) See Examples 3 and 4.

	 43.	 4x

	 44.	 −9x

	 45.	 x + 5

	 46.	 x − 12

	 47.	 4x − 7

	 48.	 3x + 5

	 49.	 7 1x �� �

	 50.	 3 2x �� �
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	 51.	 � �� �2 8x

	 52.	 10 4x �� �

	 53.	 5 2 3x �� �

	 54.	 3 4 5x �� �

	 55.	
6

1x -

	 56.	
9

3x +

	 57.	 6x + x − 1

	 58.	 5x − x + 2

	 59.	 8 2 1� �� �x

	 60.	 5 3 1� �� �x

Translate each pair of expressions into equivalent English phrases. (There may be more 
than one correct translation.) Notice the differences between the algebraic expressions 
and the corresponding English phrases.

	 61.	 3 7 3 7x x� �� �;

	 62.	 4 1 4 1x x� �� �;

	 63.	 7 3 7 3x x� �� �;

	 64.	 5 6 5 6x x�� � �;

Writing & Thinking
	 65.	 Explain why translating addition and multiplication problems from English into 

algebra may be easier than changing subtraction or division problems from English 
into algebra. (Consider the properties previously studied.)

	 66.	 Explain the difference between 5(n + 3) and 5n + 3 when converting from algebra 
to English.

	 67.	 Make up your own word problem that might use the given equation in its solution. 
Be creative! Translate the variable into something like “a strange number,” or “the 
age of a dog,” or “an amount invested.”

a.	 2x + 3 = −4

b.	 3x − 2 = −5

c.	 n n� �� � �1 25

d.	 n n� �� � �2 135

e.	 2x + 3x = x

f.	 x = 5x − 6x
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Example 12	 Application: Solving Linear Equations

The original price of a Blu-Ray player was reduced by $45.50. The sale price was $165.90. 
Solve the equation y − 45.50 = 165.90 to determine the original price of the Blu-Ray player.

Solution
	 y − 45.50 = 165.90

	 y − 45.50 + 45.50 = 165.90 + 45.50 

	 y = 211.40

The original price of the Blu-Ray player was $211.40.

Now work margin exercise 12.

Completion Example Answers

7.  5 4 1 5 6 3 4 0

1 5 10 3

1 5 10 3

11 8

1 5 1 5

x x

x

x

x

� � � �
� �

� �
�

� �

. . .

. .

. .

.

. .

Write the equation.
Combine like terms on both sides of the equation.
Add 1.5 (the opposite of −1.5) to both sides of the equation.
Simplify.

11.  4

5

3

10
4

5

3

10

1
1 5

4

3

2 5
3

8

x

x

x

x

�

� � �

� �
�

�
�

�

5

4

5

4

Write the equation. 

Multiply both sides by 5
4

.

Simplify.

Margin Exercise Answers

1. a.  x = 4 is not a solution  b.  y = 0.5 is a solution  c.  z = 2.2 is a solution  d.  y = -7 is a solution   

2.  x = 17   3.  x = −12   4.  x = 3.7   5.  x =
9

8
   6.  z = −5   7.  z = 4.2   8.  x = 11   9.  x = 4   10.  x = 15   

11.  x =
6

5
   12.  The original price of the wool coat was $100.59 .

2.3 Exercises
Concept Check

Fill-in-the-Blank. Complete each sentence using information found in this section.

	 1.	 A/An _________ is a statement that two algebraic expressions are equal.

	 2.	 If an equation contains a variable, any number that gives a true statement when 
substituted for the variable is a/an ________ of the equation.

	 3.	 The ________ principle of _______ involves adding the same algebraic expression 
to both sides of an equation.

	12.	The original price of a wool 
coat was reduced by $15.80. 
The reduced price was 
$84.79. Solve the equation 
y − 15.80 = 84.79 to 
determine the original price 
of the coat.

Use the addition principle of equality 
by adding 45.50 to both sides.

Simplify.

131 2.3  Exercises

©HAWKES LEARNING



	 4.	 The objective of solving linear equations is to get the variable (with a coefficient 
of +1) on one side of the equation and any ________ on the other side. 

	 5.	 Multiplying by the reciprocal of the coefficient of the variable is the same as 
___________ by the coefficient.

	 6.	 If both sides of an equation are multiplied by the same nonzero constant, the 
___________ principle of equality can be used.

True/False. Determine whether each statement is true or false. If a statement is false, 
explain how it can be changed so the statement will be true. (Note: There may be more 
than one acceptable change.)

	 7.	 When an algebraic expression is added to both sides of an equation, the new equation 
has the same solutions as the original equation.

	 8.	 The process of finding the solution set to an equation is called simplifying 
the equation.

	 9.	 A linear equation in x is also called a first-degree equation in x.

	 10.	 Equations with the same solutions are said to be equivalent equations.

Practice

Determine whether the given number is a solution to the given equation by substituting 
and then evaluating. See Example 1.

	 1.	  x + 4 = 2 given that x = −2 

	 2.	 z � �� � �12 6 given that z = 18

	 3.	  x − 3 = −7 given that x = 4 

	 4.	  x − 2 = −3 given that x = 1

	 5.	  −10 + x = −14 given that x = −4 

	 6.	  −9 − x = −14 given that x = 5

	 7.	 � � � �26 8x  given that x = −18 

	 8.	 42 30� � �z  given that z = −72

	 9.	 x � � �3 25  given that x = −28 

	 10.	 � � �2 13x  given that x = −11

Solve each equation. See Examples 2 through 11.

	 11.	 x � �6 1

	 12.	 x � �10 9

	 13.	 y � �7 3

	 14.	 y � �12 5

	 15.	 x � � �15 4

	 16.	 x � � �17 10

	 17.	 22 15� �n

	 18.	 36 20� �n  

	 19.	 6 12� �z

	 20.	 18 1� �z

	 21.	 x � � �20 15

	 22.	 x � � �10 11

	 23.	 y � � �3 4 2 5. .

	 24.	 y � � �1 6 3 7. .

	 25.	 x � �3 6 2 4. .

	 26.	 x � �2 7 3 8. .

	 27.	 x � �
1

20

3

5

	 28.	 n � �
2

7

3

14

132 Chapter 2  Solving Linear Equations and Inequalities
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	 29.	 5 45x =

	 30.	 9 108x =

	 31.	 32 4= y

	 32.	 51 17= y

	 33.	
3

4
15

x
=

	 34.	
5

7
65

x
=

	 35.	
y

5
2=

	 36.	
x

3
4� �

	 37.	 � �1
8

x

	 38.	 0
15

=
x

	 39.	 7 8 13 25x x� � �

	 40.	 10 11 20 14n n� � �

	 41.	 3 2 6 14n n� � �

	 42.	 7 6 13 22n n� � �

	 43.	 1 7 1 3 6 3. . .y y� �

	 44.	 2 5 7 5 4 2. . .y y� �

	 45.	
3

4

5

3
x =

	 46.	
5

6

5

3
x =

	 47.	 7 5 99 75. .x � �

	 48.	 � �14 0 7. x

	 49.	 1 5 0 5 6 7 5 3. . . .y y� � � �

	 50.	 2 6 1 6 5 1 2 9. . . .y y� � � �

	 51.	 10 9
1

2

9

10
x x� � � �

	 52.	 6 5
3

4

1

12
x x� � � �

	 53.	 1 4 0 4 2 7 1 3. . . .x x� � � �

	 54.	 3 5 2 5 6 3 1 0 2 5. . . . .y y� � � � �

	 55.	
7

4

3

4

7

8

3

2

x x
� � �

	 56.	
5

2

3

2

4

5

7

5

1

10

n n
� � � �

	 57.	 6 2 3 5 7 6. .� � � �n n

	 58.	 � � � �7 2 1 3 0 3 1 0. . . .n n

	 59.	 1 7 5 1 1 7. . .x � � �

	 60.	 3 2 2 8 9 2. . .x � �

 Use a calculator to help solve the following equations.

	 61.	 y � � �32 861 17 892. .

	 62.	 x − 41.625 = 59.354

	 63.	 1761 16 61 27 059 9 845. . . .x x� � �

	 64.	 1483 8 65 13 83 17 437 1 0. . . . .y y� � � �

	 65.	 2 637 648 702. .x =

	 66.	 � �0 3057 316 7052. .y

	 67.	 � � � �x 1456 17 89 10 32. . .

	 68.	 � � � �y 143 5 178 462 200. .

Applications

Solve.

	 69.	 The Japanese writing system consists of three sets of characters, two with 
81 characters (which all Japanese students must know), and a third, kanji, with over 
50,000 characters (of which only some are used in everyday writing). If a Japanese 

student knows 2107 total characters, solve the equation x � � � �2 81 2107 to 
determine the number of kanji characters the student knows.
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	 70.	 A nurse must give a patient 800 milliliters of intravenous solution over 4 hours. 
This can be represented by the equation 4x = 800, where x represents the amount of 
solution the patient receives per hour in milliliters.

a.	 Why was multiplication chosen in the equation?

b.	 Solve the equation to determine the value of x.

c.	 What does the answer to part b. mean? Write a complete sentence.

	 71.	 John is making a garden in his backyard. He buys enough topsoil to cover 300 square 
feet. John wants the garden to go along the side of his garage, which is 24 feet 
in length. To determine how wide the garden needs to be, John uses the equation 
24x = 300, where x is the width of the garden in feet.

a.	 Why was multiplication chosen in this equation?

b.	 Solve the equation to determine the value of x.

c.	 What does the answer to part b. mean? Write a complete sentence.

	 72.	 A university enrolls both undergraduate and graduate students in all programs of 
study. There are a total of 28,000 students enrolled. Of this total, 17,500 students 
are undergraduates. Solve the equation 17,500 + x = 28,000 to determine how many 
graduate students are enrolled in the university.

	 73.	  The diameter of the Milky Way is approximately 23,585 times the distance 
from the sun to the nearest star, Proxima Centauri. Considering that the Milky Way 
is roughly 100,000 light years across, solve the equation, 23,585x = 100,000 to 
find the number of light years from the sun to this star. (Round your answer to the 
nearest hundredth.)

	 74.	 A group of students at Homestate University decide to start a math club. They create 
a Facebook page for their club, and their goal is get 5000 “likes” for their page. 
Three months after they launch their club and Facebook page, they have received a 
total of 3500 likes. Solve the equation 3500 + x = 5000 to determine how many more 
likes they need to get to reach their goal.

	 75.	 An author is determined to have his first novel published by the publisher of George 
Orwell’s 1984, his favorite book. However, his contract with the publisher requires 
his novel to be at least 75,000 words, and he has only written 63,500 words. Solve 
the equation, 63,500 + x = 75,000 to determine how many more words he must write.

	 76.	 The best pizza parlor in town slices their large pizzas so that each pizza contains 
8 slices. Joe’s fraternity hosts a pizza party for its members and guests, and the 
fraternity orders large pizzas from the best pizza parlor in town. By the end of the 
party, 400 slices of pizza had been eaten and all of the pizza boxes were empty. Solve 
the equation 8x = 400 to determine how many pizzas were ordered for the party.

	 77.	 During rush week at Homestate University, the fraternities and sororities pledge a 

combined total of 450 freshmen. These 450 freshmen represent 1
5  of the school’s 

total enrollment. Solve the equation 1
5 450x =  to determine the total number of 

students enrolled at Homestate University. 
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	 78.	 The inventory manager’s computer crashed and he did not have a backup of his data. 
The company manager is requesting an inventory report for the week for a specific 
item. The inventory manager knows that there are currently 1472 of that item in 
stock. During the week, a shipment arrived with 1500 of the item. The company 
also shipped out 975 of the item during the week. This situation can be represented 
by x + 1500 − 975 = 1472, where x is the number of items in the inventory at the 
beginning of the week.

a.	 Why were the operations of addition and subtraction chosen in this equation?

b.	 Solve the equation to determine the value of x.

c.	 What does the answer to part b. mean? Write a complete sentence.

	 79.	 Clara has $4200 saved to use as a down payment on the new car she is buying 
that costs $15,750. She will have to get a loan to pay for the rest of the cost. This 
situation can be modeled by 4200 + x = 15,750, where x is the amount of the loan 
in dollars.

a.	 Why was the operation of addition chosen in this equation?

b.	 Solve the equation to determine the value of x.

c.	 What does the answer to part b. mean? Write a complete sentence.

	 80.	 A sculptor has decided to begin a project to make scale models of famous landmarks 
out of stone. His first model will be of one of the moai, giant human figures carved 
from stone on Easter Island. If his model is to be 1

12
 scale, and the original moai 

weighs 75 tons, solve the equation 12 75x =  to determine how many tons his 

completed sculpture will weigh.

Writing & Thinking
	 81.	 a.		 Is the expression 6 + 3 = 9 an equation? Explain.

		  b.	 Is 4 a solution to the equation 5 + x = 10? Explain.
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2.4 Exercises
Concept Check

Fill-in-the-Blank. Complete each sentence using information found in this section.

	 1.	 The first step in solving linear equations that simplify to the form ax + b = c is to 
combine _______ terms on both sides of the equation.

	 2.	 When solving a linear equation that has been simplified to the form ax + b = c, use 
the __________ principle of equality and add the __________ of the constant b to 
both sides of the equation.

	 3.	 Once you have a variable term on one side of the equation and a constant term on 
the other, use the __________ principle of equality and multiply both sides of the 
equation by the reciprocal of the coefficient of the variable.

	 4.	 When you multiply both sides of the equation by the reciprocal of the coefficient of 
the variable, the coefficient of the variable will become ______.

	 5.	 Check your answer by __________ it in for the variable in the original equation.

True/False. Determine whether each statement is true or false. If a statement is false, 
explain how it can be changed so the statement will be true. (Note: There may be more 
than one acceptable change.)

	 6.	 If an equation of the form ax + b = c uses decimal or fractional coefficients, the 
addition and multiplication principles of equality cannot be used.

	 7.	 The first step in solving 2x + 3 = 9 is to add 3 to both sides.

	 8.	 To solve an equation that has been simplified to 4x = 12, you need to multiply both 

sides by 1
4 ,  or divide both sides by 4.

	 9.	 When solving a linear equation with decimal coefficients, one approach is to multiply 
both sides in such a way to give integer coefficients before solving.

Practice

Solve each equation. See Examples 1 through 7.

	 1.	 3 11 2x � �

	 2.	 3 10 5x � � �

	 3.	 5 4 6x � �

	 4.	 4 8 12y � � �

	 5.	 6 10 22x � �

	 6.	 3 7 19n � �

	 7.	 9 5 13x � �

	 8.	 2 4 12x � �

	 9.	 1 3 4� �y  

	 10.	 5 2 9� �x  

	 11.	 14 9 5� �t  

	 12.	 5 2 7� � �x  

	 13.	 � � �5 29 35x . .

	 14.	 3 27 27x � � �. .

	 15.	 10 3 4 18� � �x

	 16.	 5 5 6 9� � �x  
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	 17.	 15 7 7 8� � �x

	 18.	 14 9 5 8� � �x

	 19.	 5 3 2 2y y� � �

	 20.	 6 8 7 7y y� � � �

	 21.	 x x� � �4 25 31

	 22.	 3 9 13 11y y� � �

	 23.	 � � � �20 7 3 4y y

	 24.	 � � � �20 5 16y y

	 25.	 4 10 35 1 2n n� � � �

	 26.	 � � � �5 3 2 34n n  

	 27.	 3 15 1n n� � �  

	 28.	 2 12 0n n� � �  

	 29.	 5 4 0 2 0. .x x� �  

	 30.	 0 51 03� �. .x x  

	 31.	
1

2
7

7

2
x � �  

	 32.	
3

5
4

9

5
x � �  

	 33.	
1

2

8

3

5

6
� �x  

	 34.	
2

5

1

2

7

4
� �x  

	 35.	
3

2

1

3

11

3
� �x  

	 36.	
11

8

1

5

4

5
� �x  

	 37.	
7

2
5

5

2
9� � �x

	 38.	
8

3
2

7

3
6� � �x

	 39.	
5

8

1

4

1

2

3

10
x x� � �

	 40.	
1

2

3

4

5

3

5

6
x x� � �

	 41.	
y

2

1

5
3� �  

	 42.	
y

3

2

3
7� �  

	 43.	
7

8

3

4

5

8
� �x

	 44.	
1

10

4

5

3

10
� �x

	 45.	
y y

7 28

1

2

3

4
� � �

	 46.	
5

6

7

8

1

12

1

3

y y
� � �

	 47.	 x x� � � �1 2 6 9 3 0. . .

	 48.	 3 075 1 72 323x x� � �. . .

	 49.	 10 0 5 32� � �x x.

	 50.	 33 3 04� � �y y.  

	 51.	 2 5 0 5 3 5 2 5. . . .x x� � �

	 52.	 4 7 0 5 0 3 0 1. . . .� � � �x x

	 53.	 6 4 1 2 0 3 0 4. . . .� � �x x

	 54.	 5 2 1 3 1 5 0 4. . . .� � � �x x

	 55.	 � � � �12 13 2 42 06 13 64. . . .y y

	 56.	 � � � �7 01 175 3 05 845. . . .x x  

	 57.	 � � � �0 4 172 18 1. . .x x

	 58.	 y y� � �0 75 13 76 14 66. . .

	 59.	 0 17 3 15 02 0 456� � �. . .x x

	 60.	 0 20 5 16 35 0 1245� � �. . .x x

 Use a calculator to help solve the following equations.

	 61.	 0 15 523 17 815 15 003. . . .x x� � �

	 62.	 1597 12 34 16 95 8601. . . .y y� � �

	 63.	 13 45 20 17 36 24 696. . .x x� � � �

	 64.	 26 75 30 23 28 4 4625. . .y y� � �
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Applications

Solve.

	 65.	 The tickets for a concert featuring the new hit band, Flying Sailor, sold out in 
2.5 hours. If there were 35,000 tickets sold, solve the equation 35 000 2 5 0, .� �x  to 
find the number of tickets sold per hour. 

	 66.	 Katie’s nutritionist recommends that she follows a diet of 2000 calories per day. 
Katie eats 4 times a day, eating the same number of calories at each sitting. However, 
every morning she stops at the local coffee shop and treats herself to a large flavored 
coffee that contains 240 calories. Solve the equation 4x + 240 = 2000 to determine 
how many calories Katie should eat at each sitting.

	 67.	 Salim is a student in a course on the modern British novel. He is given an assignment 
to read a 350 page novel in 7 days. He reads the first 38 pages of the novel on 
the day he receives his assignment and decides to finish the novel by reading the 
same amount of pages of each day until the assignment is due. Solve the equation 
6x + 38 = 350 to determine how many pages Salim should read each day. 

	 68.	 All snacks (candy, popcorn, and soda) cost $3.50 each at the local movie theater. 
Admission tickets cost $7.50 each. After a long week, Carlos treats himself to a night 
at the movies. His movie night budget is $25 and he spends all his movie money. 
Solve the equation $3.50x + $7.50 = $25.00 to determine how many snacks Carlos 
can buy. 

	 69.	 The Political Science Club at Homestate University is planning to host an election 
night party for members and guests. The club plans to serve cookies and estimates 
it will need a total of 1500 cookies in 6 varieties for the party. The club orders 
300 chocolate chip cookies and an equal number of cookies in each of the remaining 
5 varieties. Solve the equation 5x + 300 = 1500 to determine how many cookies of 
each remaining variety will be ordered.

	 70.	 All courses in the Homestate University graduate school are worth 3 credits. To earn 
a master’s degree, a student must earn a total of 36 credits. The student’s thesis work 
counts as 6 credits. Solve the equation 3x + 6 = 36 to determine how many courses a 
student must take to earn a master’s degree.

	 71.	 A rectangular-shaped parking lot is to have a perimeter of 450 yards. If the width 

must be 90 yards because of a building code, solve the equation 2 2 90 450l � � � �  to 
determine the length of the parking lot.

	 72.	 Jeff, who lives in England, is reading a letter from his pen pal in the United States. 
His pen pal says that the temperature was 97.7 degrees Fahrenheit that day, making 
it too hot to play soccer outside. Jeff doesn’t know how hot this is, because he is 
used to temperatures in Celsius. Help Jeff solve the equation, 1 8 32 97 7. .C � �  to 
determine the temperature in degrees Celsius.

	 73.	 The tallest man-made structure in the world is the Burj Khalifa in Dubai, which 
stands at 2717 feet tall. The tallest tree in the world is a redwood tree in California. 
If 7 of these trees were stacked on top of each other, they would still be 59.1 feet 
shorter than the Burj Khalifa. Solve the equation, 7 59 1 2717x � �.  to determine the 
height of the tree.
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	 74.	 A bakery sells cake pops individually and in packages of 4. At the beginning of the 
day, the bakery had 114 cake pops in stock. They sold 34 individual cake pops and 
several packages of cake pops. At the end of the day, there were 8 cake pops left. 
This situation can be modeled by the equation 114 − 34 − 4x = 8, where x is the 
number of packages of cake pops sold.

a.	 Explain what each term in the equation 114 − 34 − 4x = 8 represents in 
the situation.

b.	 Solve the equation to determine the value of x.

c.	 What does the answer to part b. mean? Write a complete sentence.

	 75.	 The lowest temperature of the night was reported to be 24 °F. The weather report 
mentioned that the temperature has steadily risen 1.5 degrees per hour since the 
lowest temperature of the day and it is currently 30 °F. This situation can be modeled 
by the equation 24 + 1.5x = 30, where x is the time in hours since the lowest 
temperature was recorded.

a.	 Explain what each term in the equation 24 + 1.5x = 30 represents in the situation.

b.	 Solve the equation to determine the value of x.

c.	 What does the answer to part b. mean? Write a complete sentence.

	 76.	 While taking inventory, a nurse records that there are 3
5  of a box of syringes in one 

closet, two boxes that are 1
8  full in another closet, and 24 syringes in the supply cart. 

He calculates the total to be 194 syringes. The staff member who reorders supplies 
is new and doesn’t know how many syringes are in the boxes that the clinic uses, so 

she sets up the equation 
3

5
2

1

8
24 194x x� �

�
�

�
�
� � � ,  where x is the number of syringes 

in a box.

a.	 Solve the equation to determine the value of x.

b.	 What does the answer to part a. mean? Write a complete sentence.

Writing & Thinking
	 77.	 Find the error(s) made in solving each equation and give the correct solution. 

a.	 1

3
4 9

1

3
4 9

4 27

4 27

23

3 3

4 4

x

x

x

x

x

� �

� � � �

� �
� �

�
� �

				    b. 5 3 11

5 3 11

2 0 8

2 8

4

3 3 3

2 2

x

x

x

x

x

� �

� � � � � �
� �

�

�

� � �
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Example 10	 Determining Types of Equations

Determine whether the equation � �� � � � �2 7 14x x x  is a conditional equation, an 
identity, or a contradiction.

Solution

� �� � � � �

� � � � �

2 7 14

2 14 14

x x x

x x x

Write the equation.

Use the distrributive property.

Combine like terms.14 14

14 1414

� � �
� � ��

x x

x xx

x x

x xx x

�

� �
� � �

� � �

14 Add  to both sides.

Simplify.

Add  to

14�

x   both sides.

Simplify.

3

0 0�

The last equation is always true. Therefore, the original equation is an identity, and has an 
infinite number of solutions. Every real number is a solution.

Now work margin exercise 10.

Completion Example Answers
7.  Write the equation.

Use the distributive property.

Simplify.

Simplify.

Divide both sides by  −2 .

Simplify.

Subtract  12  from both sides.
Combine like terms.

Subtract  6x  from both sides.

4 3 2 3 1 6

4 6 6

4 12 6

4 12 6 4

4 6

12 2

4

12 12

x x

x x

x x

x x

x

�� � � �� � �
� � � �

� � �

� � � � �

� xx

x x

x

x

x

x x

�

� � � �

� �

�
�
�

�

�

� �

8

6 6

2

2 2

4

4 6 8

8

2 8

Margin Exercise Answers
1.  x = −6   2.  x = −7   3.  y = 2.1   4.  x = −5   5.  y = −4     6.  x = −6   7.  x = 2   8.  contradiction   
9.  identity   10.  conditional

2.5 Exercises
Concept Check

Fill-in-the-Blank. Complete each sentence using information found in this section.

	 1.	 A/An __________is an equation that has an infinite number of solutions.

	 2.	 If an equation has a finite number of solutions, it is a/an ___________ equation.

	 3.	 Every linear equation is a/an ____________ equation.

	10.	Determine whether the 
equation 5x + 9 = −13 + 3x 
is a conditional equation, an 
identity, or a contradiction.
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	 4.	 If a linear equation simplifies to a statement that is never true, then the original 
equation is called a/an ________.

	 5.	 The solution set of an identity can be written as all ______ numbers or ______.

True/False. Determine whether each statement is true or false. If a statement is false, 
explain how it can be changed so the statement will be true. (Note: There may be more 
than one acceptable change.)

	 6.	 Every linear equation has exactly one solution.

	 7.	 If a linear equation simplifies to a statement that is always true, then the original 
equation is called an identity.

	 8.	 If an equation has no solution, it is called an identity.

	 9.	 The most general form of a linear equation is ax + b = cx + d.

Practice

Solve each equation. See Examples 1 through 7.

	 1.	 3 2 8x x� � �

	 2.	 5 1 2 5x x� � �

	 3.	 4 3 6n n� � �

	 4.	 6 3 7y y� � �

	 5.	 3 18 7 6y y� � �

	 6.	 2 5 8 10y y� � �

	 7.	 3 11 8 4x x� � �

	 8.	 9 3 5 9x x� � �

	 9.	 14 3n n=

	 10.	 1 6 0 8. .x x=

	 11.	 6 21 21y y� � �. .

	 12.	 13 5 2 5x x� � �

	 13.	 2 1 3 3z z�� � � �

	 14.	 6 3 3 2x x� � �� �

	 15.	 16 23 3 16 2 2y y y y� � � � �

	 16.	 5 2 4 3 1x x x x� � � � �

	 17.	  0.25 + 3x + 6.5 = 0.75x

	 18.	  0.9y + 3 = 0.4y + 1.5

	 19.	  6.5 + 1.2x = 0.5 − 0.3x

	 20.	  x − 0.1x + 0.8 = 0.2x + 0.1

	 21.	
2

3
1

1

3
6x x� � �

	 22.	
4

5
2

2

5
4n n� � �

	 23.	
y y

5

3

4 2

3

4
� � �

	 24.	
5

6

1

9

3

2

1

9

n n
� � �

	 25.	
3

8

1

2

1

8

1

2
y y��

�
�

�
�
� � ��

�
�

�
�
�

	 26.	
1

2 2
1

1

3 2
1

x x
��

�
�

�
�
� � ��

�
�

�
�
�

	 27.	
2

3 3

3

4 2

x x x
� � � �

	 28.	
3

4

1

5

1

2

3

10
x x x� � �

	 29.	 x x x
x

� � � �
2

3
2

6

1

8

	 30.	 3
1

2

2

5 10

7

20
x x x

x
� � � �

	 31.	 3 1 9 6 2 4�� � � �� �x x

	 32.	 4 5 8 3 10�� � � �� �x x
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	 33.	 3 4 1 4 2 3 8x x�� � � �� � �

	 34.	 7 2 1 5 6 13x x�� � � �� � �

	 35.	 5 3 2 1 4 5 6� �� � � �� � �x x

	 36.	 � �� � � � �� � �2 5 4 6 2 2y y

	 37.	 8 4 2 3 5 3� �� � � � �� �x x

	 38.	 8 3 5 9 9 2 14x x�� � � � �� � �

	 39.	 4 7 0 3 0 5 0 1. . . .� � �x x

	 40.	 5 8 0 1 0 2 0 2. . . .� � �x x

	 41.	 0 2 3 01 5. .x x�� � � �� �

	 42.	 0 4 3 03 6. .x x�� � � �� �

	 43.	
1

2
4 8

1

3
4 7 3�� � � �� � �x x

	 44.	 3
1

4
4

2

5
2 3� �� � � �� �x x

	 45.	 0 6 229 15 18 4. . . .x x� � �

	 46.	 0 1 3 8 5 72 03. . . .y y� � �

	 47.	 0 12 025 5 895 4 3. . . .n n n� � �

	 48.	 0 15 32 21 0005 10 5. . .n n n� � �

	 49.	 0 7 141 03 32 9. . . .x x�� � � �� �

	 50.	 0 8 6 21 02 24 84. . . .x x�� � � �� �

Determine whether each equation is a conditional equation, an identity, or a 
contradiction. See Examples 8 through 10.

	 51.	 2 3 1 5 3x �� � � �

	 52.	 � � � � �� �2 13 2 7x x

	 53.	 5 13 2 7 3x x� � � �� � �

	 54.	 3 9 3 3 6x x x� � � �� � �

	 55.	 7 1 3 3 4x x x�� � � � �� � �

	 56.	 3 2 4 6 1x x x x�� � � � �� � �

	 57.	 5 1 3 1 2 1x x x�� � � �� � � �� �

	 58.	 8 20 3 5 2 3 4x x x x� � � � �� � � �� �

	 59.	 2 3 5 2 3x x x� � �� �.

	 60.	 5 2 3 4 0 2 0 42. . . .x x x� � �� �

 Use a calculator to help solve each equation.

	 61.	  0.17x − 23.0138 = 1.35x + 36.234

	 62.	  48.512 − 1.63x = 2.58x + 87.63553

	 63.	 0 32 14 1 2 47 221795. . . .x x�� � � �

	 64.	 1 6 9 3 2 02 3 133 94. . . .�� � � �� �x x

Applications

Solve.

	 65.	 Caitlyn and Steve are planning their wedding reception and must decide between 
two catering halls. The first site, A Wedding Space, rents for $800 for one day 
and charges $50 per person for dinner. The second venue, A Wedding Place, costs 
$1000 to rent for one day and charges $40 per person for the same dinner. Solve the 
equation 800 + 50x = 1000 + 40x to determine how many guests they can invite so 
that the cost they pay will be the same at both wedding catering halls.

	 66.	 The value of a new car depreciates at a rate of about $250 per month. Suppose a car 
originally costs $30,000. The car was bought with a $1000 down payment and a loan 
with 0% financing for 60 months with payments of $200 a month. Solve the equation 
30,000 – 250t = 29,000 − 200t to determine how many months it will take for the 
value of the vehicle to equal the amount owed on the loan?
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	 67.	  Heidrick has won a chance to “Eat the Elite” at the Zombie Dash 7-mile race. 
He will receive a 2.25-mile head start. The elite runners run at a pace of 12.6 
miles per hour and Heidrick runs at a pace of 6 miles per hour. Solve the equation 
12.6t = 6t + 2.25 to determine how many hours it will take the elite runners catch up 
to Heidrick? Enter your answer in hours rounded to the nearest hundredth.

	 68.	 A company has two packaging options for shipping quantities of a certain inventory 
item. Option A uses 20 boxes and there are 5 items unpacked. Option B requires 
more filler and uses 23 boxes, where each box holds 2 fewer items than Option 
A and there are only 3 items unpacked. This situation can be represented by 
20x + 5 = 23(x − 2) + 3, where x is the number of items that can fit in the box used 
for Option A.

a.	 What does 20x + 5 represent in the equation?

b.	 What does x − 2 represent?

c.	 Solve the equation for x.

d.	 Check the solution.

e.	 What does the answer from part c. mean? Write a complete sentence.

	 69.	 Two advertisement flyers have the same area. The first flyer has a length of 12 inches 
and a width of x inches. The second flyer has a length of 4 inches and a width that is 
10 inches more than x. This situation can be represented by 12x = 4(10 + x), where x 
is the width of the first flyer.

a.	 What does 12x represent in the equation?

b.	 What does 10 + x represent?

c.	 Solve the equation for x.

d.	 Check the solution.

e.	 What does the answer from part c. mean? Write a complete sentence.

	 70.	 The manager of a café wants to list a price for the weekly featured combo that 
includes tax. He wants to sell a medium house‑blend coffee with a pastry for a 
total of $5.45. He doesn’t know which pastry to sell with the coffee to avoid losing 
money on the combo. The medium coffee costs $2.75 and the tax is 9%. He uses 
the equation 1.09(2.75 + x) = 5.45 to determine the price of the pastry, which is 
represented by the variable x.

a.	 What does the sum 2.75 + x represent?

b.	 Solve the equation for x.

c.	 Which of the following pastries would you choose to be a part of the combo? 
Explain why you made your choice. 

cherry pie for $2.50,  coffee cake for $2.25,  bagel for $2.00

	 71.	 A farmer is putting a shed on his property. He has two designs. One uses wood and 
would cost $2 per square foot plus an extra $8400 in materials. The other design is 
metal and would cost $4 per square foot plus an additional $8800. Both sheds are the 
same size, and the wood shed costs 3

4
 what the metal shed costs. Solve the equation 

2 8400
3

4
4 8800x x� � �� �  to determine how many square feet the shed will be.
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	 72.	 Two rival shoe companies want to rent the same building for their office and 
shipping space. Schulster’s Shoes would use 1000 square feet for offices, 600 for 
shipping, and another 6 square feet for every packaged box of shoes. Shoes, Shoes, 
Shoes! would use 750 square feet for offices, 400 for shipping, and 9 square feet 
per packaged box of shoes. If only one company may occupy the building and 
the maximum amount of inventory kept by both companies is the same, solve the 
equation, 1000 600 6 750 400 9� � � � �x x  to determine the maximum number of 
boxes of shoes each company plans to have.

	 73.	 An ice cream shop is having a special “Ice Cream Sunday” event in which they are 
giving away giant mixed sundaes of 3 scoops of vanilla ice cream and 2 scoops of 
chocolate. If they have 24 gallons of chocolate and 36 gallons of vanilla to start with, 

solve the equation, 36
1

20
3 24

1

20
2� � � � � � �x x  to determine how many sundaes 

they will have made when they run out of ice cream. (For this problem, we assume a 

gallon equals 20 scoops.)

	 74.	 A guitarist and a drummer are getting ready for a gig. The length of the gig will 
depend on how much material they have prepared. For every hour of the show, the 
guitarist must practice for 5 days and the drummer for 3 days. Since the guitarist 
already knows some of the songs, he saves 3 days of practice time. The drummer 
hurts his hand and loses 3 days of practice. If they plan to start and finish practicing 
at the same time, solve the equation, 5 3 3 3x x� � �  to determine how long the show 
will be.

Writing & Thinking
	 75.	 Answer each question.

a.	 Simplify the expression 3 5 2 7x x�� � � �� �.
b.	 Solve the equation 3 5 2 7 31x x�� � � �� � � .

c.	 How are the methods you used to answer parts a. and b. similar? How are they 
different? 

	 76.	 Write an equation to represent each situation, using x to represent Ryan’s current 
age. Determine whether each equation is a conditional equation, an identity, or a 
contradiction, and explain why that makes sense for the situation represented.

a.	 In 6 years, Ryan will be 20 years old.

b.	 In 6 years, Ryan will be 8 years older than he is now.

c.	 In 6 years, Ryan will be 3 years older than he will be 3 years from now.
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2.6 Exercises
Concept Check

Fill-in-the-Blank. Complete each sentence using information found in this section.

	 1.	 Integers are ________ if each is 1 more than the previous integer.

	 2.	 Three consecutive integers can be represented as n, ________, and ______.

	 3.	 Three consecutive even integers can be represented as n, ________, and ______.

	 4.	 The whole numbers and their opposites form the set of ________.

	 5.	 Even integers are integers that are divisible by ___.

	 6.	 Odd integers are integers that are not _____.

True/False. Determine whether each statement is true or false. If a statement is false, 
explain how it can be changed so the statement will be true. (Note: There may be more 
than one acceptable change.)

	 7.	 If an odd integer is divided by 2, the remainder will be 1.

	 8.	 To find 3 consecutive odd integers, you could use n, n + 1, and n + 3.

	 9.	 Odd integers are integers that are divisible by 1.

	 10.	 Even integers are consecutive if each is 2 more than the previous even integer.

Practice

For each statement, define a variable to represent the unknown quantity. (Be sure that 
your variable definition includes what quantity is being measured and the units used to 
measure it.) Then, write an expression, equation, or inequality to represent it.

	 1.	 Three-fifths of the savings account balance

	 2.	 The radius of the circle increased by 6 centimeters

	 3.	 Four times the length of a side of the square is 20 feet.

	 4.	 Fifteen percent of your annual salary is 3000 dollars.

Read each problem carefully, translate the various phrases into algebraic expressions, 
set up an equation, and solve the equation. See Examples 1 through 5.

	 5.	 Five less than a number is equal to 13 decreased by the number. Find the number.

	 6.	 Three less than twice a number is equal to the number. What is the number?

	 7.	 Thirty-six is 4 more than twice a certain number. Find the number.

	 8.	 Fifteen decreased by twice a number is 27. Find the number.

	 9.	 Seven times a certain number is equal to the sum of twice the number and 35. What 
is the number?
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	 10.	 The difference between twice a 
number and 3 is equal to 6 decreased 
by the number. Find the number.

	 11.	 Fourteen more than 3 times a number 
is equal to 6 decreased by the 
number. Find the number.

	 12.	 Two added to the quotient of a 
number and 7 is equal to −3. What is 
the number?

	 13.	 The quotient of twice a number and 
5 is equal to the number increased by 
6. What is the number?

	 14.	 Three times the sum of a number and 
4 is equal to −9. Find the number.

	 15.	 Four times the difference between a 
number and 5 is equal to the number 
increased by 4. What is the number?

	 16.	 When 17 is added to 6 times a 
number, the result is equal to 1 
plus twice the number. What is 
the number?

	 17.	 If the sum of twice a number and 5 
is divided by 11, the result is equal 
to the difference between 4 and the 
number. Find the number.

	 18.	 If the difference between a number 
and 21 is divided by 2, the result 
is 4 times the number. What is 
the number?

	 19.	 Twice a number increased by 3 
times the number is equal to 4 times 
the sum of the number and 3. Find 
the number.

	 20.	 Twice the difference between a 
number and 10 is equal to 6 times the 
number plus 16. What is the number? 

	 21.	 The sum of two consecutive odd 
integers is 60. What are the integers?

	 22.	 The sum of two consecutive even 
integers is 78. What are the integers?

	 23.	 Find three consecutive integers 
whose sum is 69.

	 24.	 Find three consecutive integers 
whose sum is 93.

	 25.	 The sum of four consecutive integers 
is 74. What are the integers?

	 26.	 Find four consecutive integers whose 
sum is 90.

	 27.	 171 minus the first of three 
consecutive integers is equal to the 
sum of the second and third. What 
are the integers?

	 28.	 If the first of three consecutive 
integers is subtracted from 120, the 
result is the sum of the second and 
third. What are the integers?

	 29.	 Four consecutive integers are such 
that if 3 times the first is subtracted 
from 208, the result is 50 less than 
the sum of the other three. What are 
the integers?

	 30.	 Find two consecutive integers such 
that twice the first plus three times 
the second equals 83.

	 31.	 Find three consecutive even integers 
such that the first plus twice the second 
is 54 less than four times the third.

	 32.	 Find three consecutive odd integers 
such that 4 times the first is 44 more 
than the sum of the second and third.

	 33.	 Find three consecutive even integers 
such that if the first is subtracted 
from the sum of the second and third, 
the result is 66.

	 34.	 Find three consecutive even integers 
such that their sum is 168 more than 
the second.

	 35.	 Find three consecutive odd integers 
such that the sum of twice the first 
and three times the second is 7 more 
than twice the third.

	 36.	 Find three consecutive even integers 
such that the sum of three times the 
first and twice the third is twenty less 
than six times the second.
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Applications

Solve.

	 37.	 An art show charges $12.50 for admission and sells 4-inch by 6-inch postcards of 
works by the featured artists for $2.75 each. Brooke attends the art show and spends 
a total of $37.25 on admission and postcards. The situation can be modeled by 
$37.25 = $12.50 + $2.75p.

a.	 The unknown value is represented by the variable p in the equation. What is the 
unknown value in this situation?

b.	 Solve the equation for the variable.

c.	 What does the answer to part b. mean? Write a complete sentence.

	 38.	 Robin is in charge of purchasing desserts for a dinner party that her nonprofit 
organization is throwing. She decides to buy a cake and several specialty cupcakes 
from Barbara’s Bombtastic Bakery. She needs to buy one 8‑inch round cake, which 
costs $19.50. She has $45 to spend and will spend the leftover amount on cupcakes, 
which are $8.50 for a box of 4. How many boxes of cupcakes can Robin purchase?

a.	 What is the unknown value in this problem? Let the variable c represent this 
unknown value.

b.	 Write an equation to represent this situation.

c.	 Solve the equation for the variable.

d.	 What does the answer to part c. mean? Write a complete sentence.

	 39.	 For his Superbowl party, John bought 3 large pizzas: a pepperoni, a sausage and 
mushroom, and a Hawaiian pizza with ham and pineapple. Each pizza was cut into 

the same number of slices. After the party was over, there was 1
4  of the pepperoni 

pizza left, 1
2  of the sausage and mushroom pizza left, and 3

8  of the Hawaiian pizza 
left. There were a total of 9 pieces of pizza leftover. How many slices was each pizza 
cut into?

a.	 What is the unknown value in this problem? Let the variable p represent this 
unknown value.

b.	 Write an equation to represent this situation.

c.	 Solve the equation for the variable.

d.	 What does the answer to part c. mean? Write a complete sentence.

	 40.	 A mathematics student bought a calculator and a textbook for a course in statistics. 
If the textbook costs $67.51 more than the calculator, and the total cost for both was 
$329.49, what was the cost of each item?

	 41.	 The total cost of a computer flash drive and an all-in-one printer was $96.94, 
including tax. If the cost of the flash drive was $58.96 less than the printer, what was 
the cost of each item?

	 42.	 A real estate agent says that the current value of a 25-year old home is $90,000 more 
than twice its value when it was new. If the current value is $310,000, what was the 
value of the home when it was new?
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	 43.	 On average, the number of electric guitars sold in Texas each year is 91,399, which 
is seven times the average number of guitars sold each year in Wyoming. How many 
electric guitars, on average, are sold each year in Wyoming?

	 44.	 A classic car is now selling for $1500 more than three times its original price. If the 
selling price is now $12,000, what was the car’s original price? 

	 45.	 On August 24, the Fernandez family received 19 pieces of mail, consisting of 
magazines, bills, letters, and ads. If they received the same number of magazines 
as letters, three more bills than letters, and five more ads than bills, how many 
magazines did they receive?

	 46.	 A pet boarding facility cared for a 
total of 542 dogs and cats in a given 
year. If the facility cared for 56 more 
dogs than cats, how many cats did the 
facility care for that year?

Cats Dogs

Boarding facility visitors totaling 
542 pets

+56

	 47.	 Lucinda bought two buckets of golf 
balls for the driving range. She gave 
the pro-shop clerk a 50-dollar bill and 
received $10.50 in change. What was 
the cost of one bucket of golf balls? 
(Tax was included.)

	 48.	 A guitar manufacturer spent $158 million on the production of acoustic and electric 
guitars last year. If the amount the company spent producing acoustic guitars was 
$68 million more than it spent on producing electric guitars, how much did the 
company spend producing electric guitars?

	 49.	 The cost to rent a ballroom at a convention center for one day is $800 for the first 
2 hours. Every additional hour that the ballroom is in use costs an additional $50 per 
hour, which is used to cover security fees. If you owe $1450 for a one-day rental of 
the ballroom, how many hours did you use the ballroom?

	 50.	 The cost to rent a party room at an arcade is a fixed price per hour plus $15 per child. 
If a 3-hour room rental with 20 children costs $330, what is the fixed price per hour 
for the room rental?

	 51.	 A-to-Z Truck Rentals charges $19.99 per day plus 65¢ per mile driven to rent a 
pick-up truck. For a one day trip, Louis paid a rental fee of $127.24. How many 
miles did he drive? 
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	 52.	 A 29-foot board is cut into three 
pieces at a sawmill. The second piece 
is 2 feet longer than the first and the 
third piece is 4 feet longer than the 
second. What are the lengths of the 
three pieces?

	 53.	 The three sides of a triangle are 
n, 4n − 4, 2n + 7 (as shown in the 
figure). If the perimeter of the 
triangle is 59 cm, what is the length 
of each side? (Reminder: The 
perimeter of a triangle is the sum of 
the lengths of the sides.)

n 2n + 7

4n − 4

	 54.	 Joe Johnson decided to buy a lot and 
build a house on the lot. He knew 
that the cost of constructing the house 
was going to be $50,000 less than 
the cost of the lot. He told a friend 
that the total cost was going to be 
$500,000. As a test to see if his friend 
remembered the algebra they had 
together in school, he challenged his 
friend to calculate what he paid for 
the lot and what he was going to pay 
for the house. What was the cost of 
the lot and the cost of the house? 

	 55.	 The three sides of a triangle are 
x, 3x − 1, and 2x + 5 (as shown in 
the figure). If the perimeter of the 
triangle is 64 inches, what is the 
length of each side?

x
2x + 5

3x − 1

Write a word problem which leads to each equation. Be sure to include a description of 
the situation and a question which would be answered by solving the equation Make up 
your own word problem that might use the given equation in its solution. Be creative! 
Then solve the equation and check to see that the answer is reasonable. 

	 56.	 5x − x = 8

	 57.	 2 3 9x � �

	 58.	 n n� �� � �1 33

	 59.	 n n n� �� � � �� �4 3 2

	 60.	 3 1 53n n�� � � �

	 61.	 2 2 6 4n n n�� � � � � �

Writing & Thinking
	 62.	 a.		 How would you represent four consecutive odd integers? 

		  b.	 How would you represent four consecutive even integers?

		  c.		 Are these representations the same? Explain.
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Solution

a.	 First find the profit.

$72 Selling price
− $45 Cost

$27 Profit

The profit is $27 per calculator.

For parts b. and c., use a ratio and then change the fraction to a percent to find each percent 
of profit.

b.	 For percent of profit based on cost, remember that cost is in the denominator.

Profit

Cost
= = =

$

$
%

27

45

3

5
60

The percent of profit based on cost is 60%.

c.	 For percent of profit based on selling price, remember that selling price is in 
the denominator.

Profit

Selli ng Price
= = =

$

$
. %

27

72

3

8
37 5

The percent of profit based on selling price is 37.5%.

Now work margin exercise 8.

Margin Exercise Answers
1. a. 130 b. 352.4 c. 35%   2. a.  $13  b.  $39   3.  $150   4.  $41.73   5.  $2682   6.  4%   7.  3%   
8. a.  $60  b.  120%  c.  ≈ 54.55%

2.7 Exercises
Concept Check

Fill-in-the-Blank. Complete each sentence using information found in this section.

	 1.	 The final step in solving word problems is to ________ over the result to see if the 
result is reasonable.

	 2.	 The amount of reduction in the original selling price is called a/an ________. The 
reduced price is the ________ price.

	 3.	 Sales tax is a percentage of the ________ price. This tax is added to the buyer’s cost.

	 4.	 The fee paid to an agent or salesperson for a service in called a/an ________.

	 5.	 If the value of an item increases, the increase is value can be called ________.

	 6.	 Percent of profit can be based on either ________ or ________ price.

Note
Percent of profit based on cost 
is normally higher than percent 
of profit based on selling price 
because the selling price is 
usually larger than the cost. 
The business community 
reports whichever percent 
serves its purpose better. Your 
responsibility as an investor 
or consumer is to know which 
percent is reported and what it 
means to you.

174 Chapter 2  Solving Linear Equations and Inequalities

©HAWKES LEARNING



True/False. Determine whether each statement is true or false. If a statement is false, 
explain how it can be changed so the statement will be true. (Note: There may be more 
than one acceptable change.)

	 7.	 If an item is selling for a 35% discount, the customer will pay 65% of the 
original price.

	 8.	 If you must pay 7% sales tax on a purchase, the total cost you will pay is 170% of 
the total before tax.

	 9.	 A car was purchased in 1965 for $3800. It sold for $1200 in 2011. This is an example 
of depreciation.

	 10.	 Profit is determined by subtracting selling price from the cost.

Practice

Change each value to a percent. 

	 1.	 0.91

	 2.	 0.625

	 3.	 1.37

	 4.	 0.0075

	 5.	 3

8

	 6.	 87

100

	 7.	 1
1

2

	 8.	 2

3
 

Change each percent to a decimal number. 

	 9.	 69%

	 10.	 7.5%

	 11.	 11.3%

	 12.	 162%

	 13.	 0.5%

	 14.	 235%

	 15.	 82%

	 16.	 31.4%

Change each percent to a reduced fraction. 

	 17.	 35%

	 18.	 72%

	 19.	 130%

	 20.	 40%

Use the equation R ⋅ B = A to find each unknown quantity. Round percents to the nearest 
tenth of a percent. All other answers should be rounded to the nearest hundredth, if 
necessary. See Example 1. 

	 21.	 10% of 70 is what number?

	 22.	 What percent of 32 is 30.4?

	 23.	 Find 15.2% of 75.

	 24.	 17 is 20% of what number?

	 25.	 ____% of 34 is 17.

	 26.	 12% of ____ is 15.
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Applications

Solve.

	 27.	 A television which normally sells for $300 is priced at a 10% discount.

a.	 Find the amount of the discount.

b.	 Find the sale price.

	 28.	 A new briefcase was priced at $275. Suppose that it were marked down 30%.

a.	 What would be the amount of the discount?

b.	 What would be the new price?

	 29.	 A store owner received a 3% discount from the manufacturer when she bought 
$15,500 worth of dresses.

a.	 What was the amount of the discount?

b.	 What did she pay for the dresses?

	 30.	 In order to get more subscribers, a book club offered three books for a total price of 
$7.02. The total selling price was originally $17.55 for all three books.

a.	 What was the amount of the discount?

b.	 Based on the original selling price, what was the rate of the discount on these 
three books?

	 31.	 Sheets are marked $22.50 and pillowcases $7.50. What is the sale price of each item 
if each item is discounted 25% off the marked price?

	 32.	 Towels were on sale at a discount of 30%. If the sale price was $3.01, what was the 
original price?

	 33.	 Headphones were on sale for $49.00. What was the original price if the sale price 
represents a discount of 20%?

	 34.	   An auto supply store received a shipment of auto parts and a bill for $845.30. 
Some of the parts were not as ordered, and they were returned immediately. The 
value of the parts returned was $175.50. The terms of the billing provided the store 
with a 2% discount if it paid with cash (for the parts it kept) within two weeks. What 
did the store pay for the parts it kept if it paid cash within two weeks?

	 35.	 In the roofing business, shingles are sold by the “square,” which is enough material 
to cover a 10 ft by 10 ft square (or 100 square feet). A roofing supplier has a closeout 
on shingles at a 30% discount.

a.	 If the original price was $230 per square, what is the sale price per square?

b.	 How much would a roofer pay for 34 squares?

	 36.	 An auto dealer paid $8730 for a large order of special parts. This was not the original 
price. The amount paid reflects a 3% discount off the original price because the 
dealer paid cash. What was the original price of the parts?

	 37.	 If the sales tax rate is 6.5%, what is the tax on an $800 purchase?

Why Do 
Bostonians 
Shop in New 
Hampshire?

Sales taxes are not 
the same everywhere. 
Different states have 
different sales tax 
rates. Within a state, 
different localities may 
have different rates. In 
California, for example, 
the 2019 minimum sales 
tax rate is 7.25%, but 
within Los Angeles County, 
the rate is at least 9.5% 
and as high as 10.5% 
in the city of Santa Fe 
Springs. At the other 
extreme, five states in 
the United States don’t 
have sales tax: Alaska, 
Delaware, Montana, New 
Hampshire, and Oregon. 
And that’s why people 
from Boston go shopping 
in New Hampshire.
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	 38.	 The sales tax in a certain state is figured at 6%.

a.	 How much tax is there on a purchase of $30.20?

b.	 What is the total amount paid for the purchase?

	 39.	 Suppose sales tax is figured at 6%.

a.	 How much tax would be paid on the purchase of three textbooks priced at 
$55.00, $25.50, and $43.95?

b.	 What would be the total cost of all three books?

	 40.	 If sales tax is figured at 7.25%, how much tax will be added to the total purchase 
price of three textbooks priced at $25.00, $35.00, and $52.00?

	 41.	 The property taxes on a house were $1050. What was the tax rate if the house was 
valued at $70,000?

	 42.	 The discount on a computer was $150. This was a 20% discount.

a.	 What was the original selling price of the computer?

b.	 What was the sale price?

c.	 What was the total amount paid for the computer if a 6% sales tax was added to 
the sale price?

	 43.	 The discount on men’s suits was $50, and they were on sale for $200.

a.	 What was the original selling price?

b.	 What was the rate of discount?

c.	 What was the total amount paid for the suit if an 8% sales tax was added to the 
sale price?

	 44.	   Taylor is enrolled in a calculus course. She has the choice of buying the text in 
hardback form for $60.00 or in paperback form for $46.50. Tax is figured at 5% of 
the selling price. The bookstore buys back hardback books for 40% of the selling 
price and paperback books for 30% of the selling price.

a.	 Which book is the more economical buy for Taylor if she sells her book back to 
the bookstore at the end of the semester?

b.	 How much does she save?

	 45.	 A realtor works on 6% commission. What is his commission on a house he sold for 
$195,000?

	 46.	 A realtor selling commercial property works on a 4% commission. What is her 
commission on a building she sold for $875,000?

	 47.	 A car saleswoman earns a commission of 7% on each car she sells. How much did 
she earn on the sale of a car for $12,500?

	 48.	 A realtor works on 6% commission. What is his commission on a house he sold for 
$125,000?

	 49.	 If a salesman works on a 10% commission (no monthly salary), how much 
merchandise will he have to sell to earn $2800 in one month?
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	 50.	 A realtor works on a 5% commission. How much would she need to sell a house for 
in order to earn $24,250 in commission?

	 51.	 A sales clerk receives a monthly salary of $500 plus a commission of 6% on all sales 
over $3500. What did the clerk earn the month she sold $8000 in merchandise?

	 52.	 A sales clerk receives a monthly salary of $1295 plus a commission of 7% 
on all sales over $2500. What did the clerk earn the month she sold $16,000 
in merchandise?

	 53.	 A shoe saleswoman works on a fixed salary of $1440 per month plus an 8% 
commission. How much did she make during the month in which she sold $13,500 
worth of shoes and accessories?

	 54.	   Suppose you sell your home for $180,000 and you owe the bank $60,000 on the 
mortgage. You pay a real estate agent a commission of 6% of the selling price, and 
other fees and taxes totaling $1200. How much money do you make from the sale?

	 55.	   Suppose you sell your three-bedroom home for $180,000 and you owe the 
balance of the mortgage of $55,000 to the bank. You pay a real estate agent a fee of 
6% of the selling price and other fees and taxes that total $1500. How much money 
do you make from the sale?

	 56.	   Scott is buying a beach house off the coast of South Carolina for $260,000. The 
bank will loan him $225,000. If he must also pay a 4% commission to the real estate 
agent and $3800 in taxes and other fees, how much cash does he need?

	 57.	   A computer programmer was told that he would be given a bonus of 5% of any 
money his programs could save the company. How much would he have to save the 
company to earn a bonus of $500?

	 58.	 Central Valley Community College had 48 teams compete at their 3rd annual corn 
hole tournament. The following year they had 54 teams compete. What was the 
percent increase in competing teams?

	 59.	 Due to the increasing cost of breakfast cereals, more and more people are buying 
private-label brands rather than national brands. In a recent year, the sale of private-
label cereals rose from 170 million boxes to 180 million boxes. What was the percent 
increase in sales (to the nearest tenth of a percent)?

	 60.	   The decade from 1960 to 1970 saw the largest 10-year increase in the number 
of male elementary and high school teachers in our nation’s history. There was an 
increase from 402,000 to 691,000. What was the percent increase from 1960 to 1970 
(to the nearest one percent)?

	 61.	   The average attendance to a Yankees game in 2009 was 45,364 fans. In 2010 
the average attendance grew to 46,491 fans. Find the percent increase in attendance. 
Round your answer to the nearest thousandth.

	 62.	 	  In 1966, the student enrollment at California Polytechnic State University in San 
Luis Obispo, CA, was 7740. In 1977, the university had 15,502 students. Since that 
time the enrollment growth has slowed. What was the percent increase of student 
enrollment during that eleven year period? Round your answer to the nearest tenth of 
a percent.1

1 Source: lib.calpoly.edu/universityarchives/history/timeline

The 28/36 Rule

Nobody wants to lend 
money to someone who 
cannot pay it back. Banks 
use multiple measures 
to decide whether a 
borrower would qualify 
for a mortgage. The most 
important factor is how 
much you earn; the more 
money you make, the 
more banks are willing to 
lend to you. According to 
Investopedia, a general 
rule of thumb is that banks 
want their borrowers to 
spend no more than 28% of 
gross income on housing 
expenses (mortgage, 
insurance, condo fees) and 
no more than 36% on all 
debts (mortgage, car loans, 
student loans).
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	 63.	   Frisco, Texas, had the largest population growth among large cities in 2022. In 
2021, the population of Frisco was 208,262. The percent increase between 2021 
and 2022 was 3.2%. What was the population of Frisco in 2022 (to the nearest 
whole number)?

	 64.	 	  The population of the world was 7.9 billion in 2022 with an expected percent 
increase of 1% per year. At this rate of increase, what was the expected population 
of the world for the year 2024? Round your answer to the nearest tenth of a billion. 
(Hint: First find the expected population for 2023. Then use this answer to find the 
expected population for 2024.)2

	 65.	   In April 2022, Best Buy sold a 12.9" iPad Pro for the reduced price of $1599.99. 
The original price was $1799.99.

a.	 How much was the price reduced in terms of dollars?

b.	 Find the percent decrease or reduction. Round your answer to the nearest 
hundredth of a percent.

	 66.	   The 2010 population of Wheeling, WV, was 43,002 while the 2015 population 
dropped to 42,573. What was the percent decrease of population in that five year 
period? Round your answer to the nearest tenth of a percent.3

	 67.	 	  The circulation of the Washington Post newspaper was approximately 633,100 
in 2009, and it dropped to 395,234 in 2015. What was the percent decrease in 
circulation? Round your answer to the nearest percent.4

	 68.	 	 The Dow Jones Industrial Index had a peak of 13,930 in October of 2007, but 
dropped to a minimum of 7,063 in February 2009. Fortunately this dip was short 
lived, and the market started increasing again. What was the percent decrease in the 
stock market drop according to the Dow Jones Industrial Index during this sixteen 
month interval? Round your answer to the nearest tenth of a percent.5

	 69.	 A company manufactures and sells plastic boxes that cost $21 each to produce, and 
that sell for $28 each.

a.	 How much profit does the company make on each box?

b.	 What is the percent of profit based on cost?

c.	 What is the percent of profit based on selling price?

	 70.	 Men’s suits were on sale for $300. Each one cost the store owner $250.

a.	 What was the profit for the store?

b.	 What as the store’s percent profit based on cost?

c.	 What was the store’s percent profit based on selling price?

	 71.	 The cost of a 65" smart TV to a store owner was $450, and she sold the TV for $630.

a.	 What was her profit?

b.	 What was her percent of profit based on cost?

c.	 What as her percent of profit based on selling price?

2 Source: Worldometer, www.worldometers.info/world-population
3 Source: www.city-data.com/zips/26003.html
4 Source: �https://capitolcommunicator.com/washington-post-circulation-drops-37-percent-since-2009-

states-dcrtv/
5 Source: https://stockcharts.com/freecharts/historical/marketindexes.html

179 2.7  Exercises

©HAWKES LEARNING

https://www.worldometers.info/world-population/
http://www.city-data.com/zips/26003.html
https://capitolcommunicator.com/washington-post-circulation-drops-37-percent-since-2009-states-dcrtv
https://capitolcommunicator.com/washington-post-circulation-drops-37-percent-since-2009-states-dcrtv
https://stockcharts.com/freecharts/historical/marketindexes.html


	 72.	 A set of golf clubs cost a golf pro $400, and she sold them in the pro shop for $550.

a.	 What was her profit?

b.	 What was her percent of profit based on cost?

c.	 What was her percent of profit based on selling price?

	 73.	 An art gallery sells paintings by a local artist for $2500 each. The gallery owner has 
agreed to pay the artist $2000 for each painting of a certain size.

a.	 What is the profit on each painting?

b.	 What is the percent of profit based on cost?

c.	 What is the percent of profit based on selling price?

	 74.	 The cost of an 85" smart TV to a store owner was $3300 and he sold the TV for 
$4500.

a.	 What was his profit?

b.	 What was his percent of profit based on cost?

c.	 What was his percent of profit based on selling price?

	 75.	 The Golf Pro Shop had a set of 10 golf clubs that were marked on sale for $860. This 
was a discount of 20% off the original selling price.

a.	 What was the original selling price?

b.	 If the clubs cost the Golf Pro Shop $602, what was its profit?

c.	 What was the shop’s percent of profit based on the original selling price?

d.	 What was the percent of profit based on the sale price?

	 76.	 A car dealer bought a 10-year-old car for $2500. He marked up the price so that he 
would make a profit of 25% based on his cost.

a.	 What was the selling price?

b.	 If the customer paid 8% of the selling price in taxes and fees, what was the 
customer’s total cost for the car?

Another common use of percent is to calculate the tip on a bill. Tips are most commonly 
left in restaurants, but also apply to any service‑based industry. Solve each problem, 
using the guidelines outlined in the problem to find the tip.

	 77.	 You invited your friend to lunch at the local coffeehouse, and the bill totaled $12.60. 
Your friend offered to leave the tip. What amount did he leave if he tipped 15% on 
the total bill? 

	 78.	 Mrs. Chung had two large pizzas delivered to her home for $26.00. If she tipped the 
delivery person 18%, what total amount did she pay the driver? 

	 79.	 On a recent business trip, Ken and Joe had breakfast at the restaurant next to the 
motel where they were staying. Ken’s breakfast bill was $6.95 and Joe’s was $8.75. 
How much should each man have left as a tip if each tipped 20%? 

	 80.	 The bill for a family dining at a restaurant was $38.40. What would a 15% tip be? 
What total amount should they leave on the table if they want to go before the waiter 
comes to pick up the money? 
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	 81.	 Juan took his date out for dinner before the senior prom. The total bill, including tax, 
was $48.00. How much did he tip the waitress if he left 18% (after tax)? What were 
his total expenses for the meal? 

	 82.	 Walt decided to treat himself to lunch, and the bill was $11.75, including tax. What 
amount did he leave as a 15% tip (after tax)? What was the total amount he paid for 
lunch? 

	 83.	 A lawyer took four clients to dinner. The total bill for dinner and drinks was $150.00 
plus a 6% sales tax. What amount did she leave as a tip if she calculated the tip after 
tax at 20%? 

	 84.	 A math teacher took two of her colleagues to dinner, and the bill was $65.00 plus a 
6% sales tax.

a.	 What amount did she leave as a 20% tip (before tax)? 

b.	 What was the total amount, including tip, she paid for the dinner?

	 85.	 Ann paid for lunch at the local pizza parlor for three of her study partners because 
they were celebrating having passed a statistics exam. The bill was $18.00 plus tax 
at 5%.

a.	 What amount did she leave as a 20% tip (before tax)? 

b.	 What was the total amount of her bill, including tip and taxes? 

	 86.	 On Monday night, Alondra and Parker decided to stay home, watch a football game, 
and have Chinese food delivered. If the bill was $23.00 plus tax at 7.5% and they 
tipped the driver 15% of the bill (before tax), what total amount did they pay? 

	 87.	 The coach invited the basketball team to his home after the last game of the season 
and had six large pizzas delivered. If the bill was $90.00 plus tax at 6% and he gave 
the driver an 18% tip (before tax), what total amount did he pay? 

Writing & Thinking
	 88.	 List the four basic steps for solving word problems. Of the four basic steps for 

solving word problems, which step do you think is the most important and why?

	 89.	 Determine how to calculate sales tax when eating out and relate this process to either 
a proportion and/or using the amount/base/rate equation. Give an example.

	 90.	 A man weighed 200 pounds. He lost 20 pounds in 3 months. Then he gained back 20 
pounds 2 months later.

a.	 What percent of his weight did he lose in the first 3 months?

b.	 What percent of his weight did he gain back? 

c.	 The loss and gain are the same, but the two percentages are different. 
Explain why.

	 91.	 Explain the process to determine how to find percent of profit based on 

a.	 cost.

b.	 selling price.
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Collaborative Learning

With the class separated into teams of two to four students, each team is to analyze 
the following problem and decide how to answer the related questions. Then each 
team leader is to present the team’s answers and related ideas to the class for general 
discussion.

	 92.	 Jerry works in a bookstore and gets a salary of $500 per month plus a commission of 
3% on whatever he sells. Wilma works in the same store, but she decided to work on 
a straight 8% commission.

a.	 At what amount of sales will Jerry and Wilma make the same amount of money?

b.	 Up to that point, who will be making more?

c.	 After that point, who would be making more? Explain briefly. (If you were 
offered a job at this bookstore, which method of payment would you choose?)

182 Chapter 2  Solving Linear Equations and Inequalities

©HAWKES LEARNING



Completion Example 9	 Solving for Different Variables

Given 3x − y = 15, solve for y in terms of x.

Solution�
Supply the reasons for each step in the following solution.

3 15

3 15

15 3

15 3

15 3

3 3

1 1

x y

x y

y x

y x

y x

x x

� �
� �

� � �

�� � � �� �
� � �

� �

� �

or              y x� �3 15

Now work margin exercise 9.

Completion Example Answers
9. 

Subtract 3x from both sides.

Multiply both sides by −1 (or divide both sides by −1).
Simplify using the distributive property.

3 15

3 15

15 3

15 3

15 3

3 3

1 1

x y

x y

y x

y x

y x

x x

� �
� �

� � �

�� � � �� �
� � �

� �

� �

or              y x� �3 15

Margin Exercise Answers

1.  $2020    2.  F = 122 °F   3.  1 012 500, , lb    4.  30°   5.  I
P

V
=    6.  t

I

Pr
=    7.  x y� �

5

2
3  

8. a.  y
z

y z�
�

� � �
400 25

16

25

16
25or   b.  z

y
z y�

�
� � �

400 16

25

16

25
or 16    9.  x = 4 − 2y − 3z

3.1 Exercises
Concept Check
Fill-in-the-Blank. Complete each sentence using information found in this section.

	 1.	 Formulas are general rules or principles stated ___________.

	 2.	 The _______ ________ earned by investing money is equal to the product of the 
principle times the rate of interest times the time in one year or part of a year.

	 3.	 The distance traveled equals the product of the rate of speed and the _____.

	 4.	 The _______ of a rectangle is equal to twice the length plus twice the width.

	 5.	 If you know values for all but one variable in a formula, you can ___________ those 
values and find the value of the unknown variable by solving the equation.

	 6.	 If you want to use a formula in another form, treat the variables just as you would 
________ in solving linear equations.

	 9.	Given 4x + 8y + 12z = 16, 
solve for x.
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True/False. Determine whether each statement is true or false. If a statement is false, 
explain how it can be changed so the statement will be true. (Note: There may be more 
than one acceptable change.)

	 7.	 When using formulas, typically it does not matter if capital or lower case letters are 
used: A = a, C = c, etc.

	 8.	 If the perimeter and length are known, P = 2l + 2w can be used to find the width of 
a rectangle.

	 9.	 Rate of interest is stated as an annual rate in percent form.

Applications

Refer to Example 1 for information concerning simple interest and the related formula 
I = Prt. (Note: Use 365 days in a year and 12 months in each year.)

Simple Interest

	 1.	 You want to borrow $4000 at 12% for only 146 days. How much interest would 
you pay?

	 2.	 For how many days must you leave $1000 in a savings account at 5.5% to earn 
$11.00 in interest?

	 3.	 What principal would you need to invest to earn $450 in simple interest in 6 months 
if the interest rate was 9%?

	 4.	 After one month, Gustav received $25 in simple interest on his savings account of 
$12,000. What was the interest rate?

	 5.	 A savings account of $3500 is left for 9 months and draws simple interest at a rate 
of 7%.

a.	 How much interest is earned?

b.	 What is the balance in the account at the end of the 9 months?

	 6.	 Tim just deposited $2562.50 to pay off a 3 month loan of $2500.

a.	 How much of what he deposited was interest on the loan?

b.	 What rate of interest was he charged?

In the following application problems, read the descriptions carefully and then substitute 
the values given in the problem for the corresponding variables in the formulas. Evaluate 
the resulting expression for the unknown variable. See Examples 1 through 4.

Velocity

If an object is shot upward with an initial velocity v
0
 in feet per second, the velocity v in feet 

per second is given by the formula v = v
0
 − 32t, where t is time in seconds. (v

0
 is read “v sub 

zero.” The 
0
 is called a subscript.)

	 7.	 An object projected upward with an initial velocity of 106 feet per second has a 
velocity of 42 feet per second. How many seconds have passed?

	 8.	 Find the initial velocity of an object if the velocity after 4 seconds is 48 feet 
per second.
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Medicine

In nursing, one procedure for determining the dosage for a child is

 
child's dosage  

age of child in years 

age of child  
a�

�
�

12
ddult dosage.

	 9.	 If the adult dosage of a drug is 20 milliliters, how much should a 3-year-old 
child receive?

	 10.	 If the adult dosage of a drug is 340 milligrams, how much should a 5-year-old 
child receive?

Investments

The total amount of money in an account with P dollars invested in it is given by the 
formula A = P + Prt, where r is the rate expressed as a decimal and t is time (one year or 
part of a year).

	 11.	 If $1000 is invested at 6% interest, find the total amount in the account after 
6 months.

	 12.	 How long will it take an investment of $600, at an annual rate of 5%, to be worth 
$615?

Construction

The number N of rafters in a roof or studs in a wall can be found by the formula N
L

d
� �1,  

where L is the length of the roof or wall and d is the center-to-center distance from one 

rafter or stud to the next. Note that L and d must be in the same units.

	 13.	 How many rafters will be needed 
to build a roof 26 ft long if they are 
placed 2 ft apart center-to-center?

26 ft

2 ft

	 14.	 A wall has studs placed 16 in. apart 
center-to-center. If the wall is 20 ft 
long, how many studs are in the wall?

20 ft

16 in.16 in.

	 15.	 How long is a wall if it requires 22 studs placed 16 in. apart center-to-center?

	 16.	 What should the center-to-center distance be if you are building a 33 ft long roof 
using 12 rafters?
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Cost

The total cost C of producing x items can be found by the formula C = ax + k, where a is the 
cost per item and k is the fixed costs (rent, utilities, and so on).

	 17.	 Find the total cost of producing 30 items if each costs $15 and the fixed costs are 
$580.

	 18.	 The total cost to produce 80 dolls is $1097.50. If each doll costs $9.50 to produce, 
find the fixed costs.

	 19.	 It costs a company $3.60 to produce a calculator. Last week the total costs were 
$1308. If the fixed costs are $480 weekly, how many calculators were produced 
last week?

	 20.	 Each week a carpentry shop builds 60 end tables for a total cost of $5340. If the fixed 
costs for a week are $750, what is the cost to produce each end table?

Profit

The profit P is given by the formula P = R − C, where R is the revenue and C is the cost. 

	 21.	 Find the revenue (income) of a company that shows a profit of $3.2 million and costs 
of $1.8 million.

	 22.	 Find the revenue of a company that shows a profit of $3.2 million and costs of 
$5.7 million.

Depreciation

Many items decrease in value as time passes. This decrease in value is called depreciation. 
One type of depreciation is called linear depreciation. The value V of an item after t years is 
given by V = C − Crt, where C is the original cost and r is the rate of depreciation expressed 
as a decimal.

	 23.	 If you buy a car for $6000 and it depreciates linearly at a rate of 10% per year, what 
will be its value after 6 years?

	 24.	 A contractor buys a 4‑year-old piece of heavy equipment valued at $20,000. If the 
original cost of this equipment was $25,000, find the rate of depreciation.

Distance, Rate, Time

The distance traveled d is given by the formula d = rt, where r is the rate of speed and t is 
the time it takes.

	 25.	 How long will a truck driver take to travel 350 miles if he averages 50 mph?

	 26.	 What is the average rate of speed of a biker who bikes 21.92 miles in 68.5 minutes?

	 27.	 What is Jonathan’s average rate of speed if he hikes 10.4 miles in 6.4 hours?

	 28.	 How long will it take a train traveling at 40 mph to go 140 miles?
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Solve each formula for the indicated variable. See Examples 5 through 9.

	 29.	 P = a + b + c; solve for b.

	 30.	 P = 3s; solve for s.

	 31.	 F = ma; solve for m.

	 32.	 C = πd; solve for d.

	 33.	 A = lw; solve for w.

	 34.	 P = R − C; solve for C.

	 35.	 R = np; solve for n.

	 36.	 v = k + gt; solve for k.

	 37.	 I = A − P; solve for P.

	 38.	 L = 2πrh; solve for h.

	 39.	 A
m n

�
�
2

;  solve for m.

	 40.	 P = a + 2b; solve for a.

	 41.	 I = Prt; solve for t.

	 42.	 R
E

I
= ;  solve for E.

	 43.	 P = a + 2b; solve for b.

	 44.	 c2 = a2 + b2; solve for b2.

	 45.	 α + β + γ = 180°; solve for β.

	 46.	 y = mx + b; solve for x.

	 47.	 V = lwh; solve for h.

	 48.	 v = −gt + v
0
; solve for t.

	 49.	 A bh=
1

2
;  solve for b.

	 50.	 R
E

I
= ;  solve for I.

	 51.	 V = πr2h; solve for h.

	 52.	 A
R

L
=

2
;  solve for L.

	 53.	 K
mv

g
=

2

2
;  solve for g.

	 54.	 x + 4y = 4; solve for y.

	 55.	 2x + 3y = 6; solve for y.

	 56.	 3x − y = 14; solve for y.

	 57.	 5x + 2y = 11; solve for x.

	 58.	 −2x + 2y = 5; solve for x.

	 59.	 A h b c� �� �1

2
;  solve for b.

	 60.	 A P rt� �� �1 ; solve for r.

	 61.	 R
x

�
�� �3 12

8
;  solve for x.

	 62.	 � � � � �� �2 5 3x x y ;  solve for x.

	 63.	 3y − 2 = x + 4y + 10; solve for y.

	 64.	 V r h=
1

3
2p ;  solve for h.

Determine a formula for each of the following situations.

	 65.	 Each ticket for a concert costs $t per person and parking costs $9.00. What is the 
total cost per car C if there are n people in a car?

	 66.	 A-to-Z Truck Rentals charges $25 per day plus $0.75 per mile for a 10-foot rental 
truck. What would you pay per day for renting the truck from A-to-Z if you were to 
drive the truck x miles in one day?

	 67.	 Top-of-the-Line computer company knows that the cost (labor and materials) of 
producing a computer is $325 per computer per week and the fixed overhead costs 
(lighting, rent, etc.) are $5400 per week. What are the company’s weekly costs of 
producing n computers per week? 

	 68.	 If the Top-of-the-Line computer company (see Exercise 67) sells its computers for 
$683 each, what is its profit per week if it sells the same number n that it produces? 
(Remember that profit is equal to revenue minus costs, or P = R − C.)
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Solve.

	 69.	 Samantha uses a credit promotion at a home improvement store where she doesn’t 
have to pay any interest on her purchase as long as she pays off the entire balance 
within 6 months. She purchases $8000 in merchandise. If she fails to pay off the 
balance within 6 months, then she will be charged $600 in interest. Samantha lost the 
paper work and wants to determine the interest rate on her purchase.

a.	 Which formula from Table 1 fits this situation?

b.	 Match the variables in the formula from part a. to the information provided.

c.	 The formula from part a. needs to be solved for which variable?

d.	 What is the interest rate on her purchase? (Remember to convert to a percent.) 

	 70.	 In a physics lab, a ball is rolled down an incline that has a machine at the bottom that 
calculates the force of impact. The ball has a mass of 1.5 kilograms. After several 
trials, the average force of impact is calculated to be 12.75 kg ∙ m/s2. The researchers 
need to determine the average acceleration of the ball at the moment it struck 
the machine.

a.	 Which formula from Table 1 fits this situation?

b.	 Match the variables in the formula from part a. to the information provided.

c.	 The formula from part a. needs to be solved for which variable?

d.	 What was the average acceleration of the ball in m/s2?

	 71.	 Charles is experimenting with a new sail design for his sailboat and needs to keep the 
total area of the triangular sail to 150 square feet. The base of the sail must be exactly 
3 times the height of the sail.

a.	 What geometric formula for area should be used?

b.	 Write an expression for the base of the formula using the variable h for height.

c.	 Substitute the expression from part b. into the area formula for the base.

d.	 Solve this formula for the height squared.

e.	 What would you have to do to both sides of the equation in part d. to solve the 
formula for the height?

f.	 Substitute 150 for the area of the sail in the formula from part d. and solve for 
the height of the sail.

g.	 What is the length of the base of the sail?
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Writing & Thinking

	 72.	 The formula z
x x

s
�

�
 is used extensively in statistics. In this formula, x represents 

one value in a set of data, x  represents the average (or mean) of those numbers in 
the set, and s represents a value called the standard deviation of the numbers. (The 
standard deviation is a positive number and is a measure of how “spread out” the 
numbers are.) The values for z are called z-scores, and they measure the number of 
standard deviation units a number x is from the average x.

a.	 If x  = 70, what will be the z-score for x = 70? Does this z-score depend on the 
value of s? Explain.

x x
0

0.05
0.10

0.15
0.20

0.25
0.30

0.35
0.40

0.45

b.	 For what values of x will the corresponding z-scores be negative?

c.	 Calculate your z-score on each of the last two test scores in this class. (Your 
instructor will give you the average and standard deviation for each test.) What 
do these scores tell you about your performance on the two exams?

	 73.	 Suppose that, for a particular set of exam scores, x  = 72 and s = 6. Find the z-score 
that corresponds to each of the following scores.

a.	 78

b.	 66

c.	 81

d.	 0

Standard Normal 
(z-scores)

It’s often hard to compare 
values on different scales, 
but the z-score can help. 
Suppose Connie scored 
a 63 on her math exam 
(where the class average 
was 60 with a standard 
deviation of 5) and Mike 
scored a 78 on his history 
exam (where the class 
average was 75 with a 
standard deviation of 10). 
Who scored relatively 
better? By converting both 
test scores to z-scores, 
it’s easier to compare 
the values.

zConnie �
�

�
63 60

5
0.6

zMike �
�

�
78 75

10
0.3

Since Connie’s z-score is 
larger than Mike’s, Connie 
did relatively better on her 
math exam than Mike did 
on his history exam.
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Margin Exercise Answers
1. 85 ft   2. 69.08 m   3. 24.28 ft   4. 28 mm2   5. 28.26 ft2    6. a. 120 yd  b. 900 yd2   7. 810 in.2   
8. 113.04 ft2   9. 28.26 m2

3.2 Exercises
Concept Check

Fill-in-the-Blank. Complete each sentence using information found in this section.

	 1.	 A closed plane figure with three or more sides, where each side is a line segment is 
a/an _________.

	 2.	 The perimeter of a circle is called the _________.

	 3.	 When measuring area, use ________ units.

	 4.	 Volume is measured in _______ units.

True/False. Determine whether each statement is true or false. If a statement is false, 
explain how it can be changed so the statement will be true. (Note: There may be more 
than one acceptable change.)

	 5.	 Every square is a rectangle.

	 6.	 The length of the diameter of a circle is half of the length of the radius.

	 7.	 The height of a triangle is the distance between the base and the vertex opposite 
the base.

	 8.	 The (b + c) in the trapezoid area formula represents the sum of the lengths of the 
base and the corners.

	 9.	 To find the volume of a can of corn, the formula V = πr2h would be used.

Practice

Calculate the perimeter of each figure. Use π ≈ 3.14.

	 1.	 A parallelogram with sides of length 15 cm and 7 cm.

	 2.	 A square with sides of length 4
1

2
 km.

	 3.	 A trapezoid with sides of length 14.2 yd, 10.1 yd, 8 yd, and 15.8 yd.

	 4.	 A circle with diameter 60 cm.

	 5.	

10 cm

10 cm

	 6.	

3 in.

3 in.
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	 7.	
10 cm

15 cm

20 cm

	 8.	

6 ft4 ft

5 ft

	 9.	

11 cm

6 cm

	 10.	

15 mm

17 mm

	 11.	

60 yd

40 yd

	 12.	

20 in.

15 in.

	 13.	

10 cm

8 cm

	 14.	 9 in.

5 in.

	 15.	 8 ft

12 ft

7 ft 8 ft

	 16.	

10 in.

7 in.

21 in.

13 in.

	 17.	

4 m

	 18.	

18 km

	 19.	

14 in.

	 20.	

10 ft

	 21.	

3 m

6 m
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	 22.	

2 in.

8 in.

Calculate the area of each figure. Use π ≈ 3.14.

	 23.	 A square with sides of length 9 ft.

	 24.	 A rectangle with length 21 km and width 25 km.

	 25.	 A triangle with height 16.4 cm and base 8.2 cm.

	 26.	 A trapezoid with height 30 mm and parallel sides of length 45 mm and 50 mm.

 	 27.	

12 in.

8 in.

	 28.	

22 ft

9 ft

	 29.	

9 yd

18 yd

	 30.	

35 cm

55 cm

	 31.	

5 yd

5 yd

	 32.	

14 in.

14 in.

	 33.	

8 cm

6 cm

	 34.	

12 ft

8 ft

	 35.	

18 in.

10 in.

14 in.

	 36.	

12 yd

15 yd

12 yd

	 37.	

4.9 m
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	 38.	

1.1 km

	 39.	

5 cm 5 cm

4 cm

6 cm

	 40.	

13 ft

13 ft

12 ft10 ft

	 41.	

4 m

2 m

	 42.	 10 km

4 km

Calculate the volume of each solid. Use π ≈ 3.14.

	 43.	 A rectangular solid with length 5 in., width 2 in., and height 7 in.

	 44.	 A right circular cylinder 15 in. high and 1 ft in diameter.

	 45.	 A sphere with radius 4.5 cm.

	 46.	 A sphere with diameter 12 ft.

	 47.	 A right circular cone 3 mm high with a 2 mm radius.

	 48.	 A rectangular pyramid with length 8 cm, width 1 cm, and height 30 cm.

Calculate the volume of each solid. See Examples 1 through 5. Use p ≈ 3.14.

	 49.	 5 in.

4 in.

3 in.
	 50.	

8 in.

6 in.

2 in.
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	 51.	

1.5 ft

	 52.	

4.5 cm

	 53.	

r

8 m

4 m

	 54.	 10 km

r 6 km

	 55.	

10 ft

6 ft

	 56.	

3 dm

2 dm

	 57.	

3 cm9 cm }

	 58.	

3 cm

8 cm

	 59.	

6 cm
4 cm

7 cm

4 cm

	 60.	

16 yd

16 yd

16 yd

9 yd

Applications

Solve. Use p ≈ 3.14.

	 61.	 The Pentagon near Washington, D.C., is a five-sided building where each outside 
wall is 921 feet. 1

a.	 What is the perimeter of the building?

b.	 �If it takes a person 0.00341 minutes to walk 1 foot, how long will it take the 
person to walk completely around the building? Round your answer to the 
nearest tenth of a minute.

1 Source: www.infoplease.com/spot/pentagon1.html
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	 62.	 An engineer who is designing a new smartphone decides to add a soft neoprene 

edging to the phone. The phone itself is 4 1
2  inches tall and 2 2

5  inches wide. How 
much neoprene edging is needed to go along the outside edge of each smartphone?

	 63.	 The main stage at a theater is in the 
shape of a trapezoid. The owner of 
the theater is planning to install a new 
specially designed flooring system on 
the stage. The stage is 12 feet wide in 
the front and 15 feet wide in the back. 
The stage is 10 feet deep. How much 
flooring will the manager need? 

	 64.	 A large 16 in. pizza is cut into eight pieces.

a.	 What is the perimeter of a single piece? 

b.	 What is the area of this piece of pizza? 

	 65.	 David is planting a five-sided lawn as shown in the figure below. The lawn consists 
of a 50 foot by 40 foot rectangle and an attached 14 foot high triangle.

a.	 What is the area of the lawn to be planted?

b.	 �If one pound of grass seed will cover 
200 square feet, how many pounds will be 
necessary to cover the entire lawn? (Hint: 
Divide the area by the number of square feet 
that one pound of seed will cover.) 

	 66.	   A 6 in. tall ice cream cone is filled 
solid with ice cream where the final 
scoop of ice cream forms a perfect 
hemisphere above the top of the cone. 
What is the total volume of ice cream 
in the cone if the top of the cone has a 
2.2 in. opening? Round your answer to 
the nearest hundredth.

	 67.	   A cylindrical trash can has a 
hemispherical top (with a trap door for 
the trash). If the diameter of the can is 
16 in. and its total height is 38 in., find 
its volume. (Hint: Begin by finding the 
height of the straight part of the can.)

15 feet

12 feet

10 feet

8 in.

14 ft

50 ft

40 ft

2.2 in.

6 in.

16 in.

38 in.
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	 68.	 A rectangular tent with straight sides 
has a pyramidal shaped roof. The 
dimensions of the rectangular portion 
are 12 ft long, 10 ft wide, and 6 ft high. 
The peak of the pyramid is 2 ft above 
the top edge of the walls. What is the 
volume of the inside of the tent?

	 69.	 Disposable paper drinking cups, like 
those used at water coolers, are often 
cone-shaped. Find the volume of such 
a cup that is 9 cm high with a 3.2 cm 
radius. Express the answer to the 
nearest milliliter.

Writing & Thinking
	 70.	 Name as many polygons as you can and include the number of sides for each one.

	 71.	 Draw a rectangle and choose any point on one side of the rectangle. Draw line 
segments to the vertices on the opposite side (forming three triangles). Now cut out 
the two triangles on each end. Place these triangles inside the remaining triangle to 
show that the total of the two areas is equal to the area of the remaining triangle. Do 
this three different times choosing a different point each time. What fact does this 
illustrate about the area of a triangle?

	 72.	 List the steps and formulas you would use to find the volume of an ice cream cone 
(assuming the ice cream itself forms a perfect half sphere).

10 ft
6 ft

12 ft

2 ft

9 cm

3.2 cm
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Margin Exercise Answers

1.  2 hours   2.  First part took 
4

3

1

3
or 1  hours; Second part took 

8

3
2

2

3
 or  hours.   3.  $2300 in the 

low-risk stock; $12,700 in the high-risk stock.   4.  53   5.  38,000 students   6.  $2300

3.3 Exercises
Concept Check

Fill-in-the-Blank. Complete each sentence using information found in this section.

	 1.	 To calculate distance, find the product of the _____ and _____.

	 2.	 In the formula Pr = I, I represents  _____, P represents______, and r 
represents ______.

	 3.	 In a simple interest problem, if r is 0.12, this represents an interest rate of _______.

	 4.	 Given cost x, a discount of ____% can be represented as 0.25x.

	 5.	 In the formula, Pr = I, the time period is ____ year(s).

	 6.	 When solving distance-rate-time problems, a/an ______ or ______ showing the 
known and unknown values is helpful.

True/False. Determine whether each statement is true or false. If a statement is false, 
explain how it can be changed so the statement will be true. (Note: There may be more 
than one acceptable change.)

	 7.	 When using the formula I = Pr, the value of r should be written as a percent.

	 8.	 In the distance-rate-time formula d = r ∙ t, the value t stands for the time 
spent traveling.

	 9.	 Profit can be determined by subtracting the cost from the selling price.

	 10.	 The concept of average can be used to find unknown numbers.

Applications

Solve.

	 1.	 Dana finds the perfect dress for the Freshman Dance on sale at Belk. If she paid 
$95.96 for the dress on sale (before tax) and the dress was marked 20% off, find the 
original price of the dress.

a.	 Is the 20% marked off the price she paid, or the original price?

b.	 How do you represent the original price; the amount of the discount?

c.	 Set up an equation and solve for the original price of the dress.
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	 2.	 Tommy inherits $5000 from his grandmother. He decides to invest some of the 
money in a CD paying a 4% return and the rest in a money market account (MMA) 
paying a 3% return. How much did he invest in each if the total amount of return was 
$187.50?

a.	 How do you represent the money invested in the CD? The money invested in 
the MMA?

b.	 How do you represent the total amount of return from the CD; from the MMA?

c.	 Set up an equation by equating the values of the total amount of the return.

d.	 Solve the equation and answer the question.

	 3.	 Mary Kate is preparing the Chemistry lab for an experiment that calls for a solution 
containing 20% ethyl alcohol. However, she only has 10% solution and 25% 
solution.

a.	 How much alcohol is there in 20 liters of 10% alcohol solution?

b.	 Write an algebraic expression for the amount of alcohol contained in x liters of 
the 25% solution.

c.	 Write an algebraic expression for the total amount of solution created when x 
liters of the 25% solution is added to 20 liters of the 10% solution.

d.	 Take 20% of the amount in part c. and set it equal to the total from parts a. and 
b. to equate the amount of alcohol in the mixed solution to a 20% solution.

e.	 Solve the equation found in part d. to determine how much 25% solution Mary 
Kate used to make a 20% solution.

	 4.	 The local grocery store offers two varieties of salami at the deli counter. The price 
per pound of the second, more expensive, salami is $3 more than twice the price per 
pound of the first variety. If Johannes buys 2 pounds of each type of salami, and his 
total price is $29.94, find the price per pound for each variety of salami.

a.	 How do you represent the price of the first variety of salami; the second variety?

b.	 How do you represent the amount spent on the first variety; the second variety?

c.	 Set up an equation and find the price per pound of the first variety.

d.	 What is the price per pound of the second variety? Verify the two prices 
are correct.

	 5.	 Brian has a collection of dimes and quarters in his pocket. He has twice as many 
dimes as quarters, and the total value of the coins is $2.70. How many of each type 
of coin does he have?

a.	 Solve this problem by defining a variable, writing an equation, and solving 
that equation.

b.	 Explain how you can check your answer without using your equation from 
part a.
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	 6.	 Two bicyclists, Chantelle and Taylor, start from opposite ends of a 19-mile-long 
bike path. Taylor rides her bike 6 mph faster than Chantelle, and the cyclists meet 
in 30 minutes. How fast was each of them riding? Draw a picture to represent the 
described problem.

a.	 Use a table to organize the information given in the problem.

b.	 Write an equation based on your diagram and/or table.

c.	 Solve the equation and relate your answer to the original problem.

	 7.	 What is Nathan’s average rate of speed if he hikes 12.6 miles in 7.5 hours?

	 8.	 What is Amy’s average rate of speed if she bikes 39.6 miles in 2.2 hours?

	 9.	 Jamie plans to take the scenic route from Los Angeles to San Francisco. Her GPS 
tells her it is a 420‑mile trip. If she figures her average speed will be 48 mph, how 
long will the trip take her?

	 10.	 Scott’s average speed on his drive from Memphis, TN, is 60 mph. If the total trip is 
285 miles, how long should he expect the drive to take?

	 11.	 Jane rides her bike to Lake Junaluska. Going to the lake, her average speed is 
12 mph. On the return trip, her average speed is 10 mph. If the round trip takes a 
total of 5.5 hours, how long does the return trip take?

	 12.	 Two planes which are 2475 miles apart fly toward each other. Their speeds differ by 
75 mph. If they pass each other in 3 hours, what is the speed of each?

	 13.	 Marcus drives from Chicago to Detroit in 6 hours. On the return trip, his speed is 
increased by 10 mph and the trip takes 5 hours. Find his rate on the return trip. How 
far apart are the towns?

	 14.	 Tim and Barb have 8 hours to spend on a mountain hike. They can walk up the trail 
at an average rate of 2 mph and can walk down at an average rate of 3 mph. How 
long should they plan to hike uphill before turning around?

	 15.	 The Reeds are moving across Texas. Mr. Reed leaves 3 1
2  hours before Mrs. Reed. 

If his average speed is 40 mph and her average speed is 60 mph, how long will Mrs. 
Reed have to drive before she overtakes Mr. Reed?

	 16.	 After traveling for 40 minutes, Mr. Koole had to slow to 2
3  his original speed for the 

rest of the trip due to heavy traffic. The total trip of 84 miles took 2 hours. Find his 
original speed.

	 17.	 A train leaves Cincinnati at 2:00 p.m. A second train leaves the same station in the 
same direction at 4:00 p.m. The second train travels 24 mph faster than the first. 
If the second train overtakes the first at 7:00 p.m., what is the speed of each of the 
two trains?

	 18.	 Maria runs through the countryside at a rate of 10 mph. She returns along the same 
route at 6 mph. If the total trip took 1 hour 36 minutes, how far did she run in total?
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	 19.	  The distance from Atlanta, Georgia, to Washington, DC, is 620 miles. Driving in 
the middle of the night, it takes about 9 hours to get to Washington. Due to higher 
traffic volume, it takes 2 more hours to travel there during the day. What is the 
average rate of the driver during the day and during the night? (Round to the nearest 
whole number.)

	 20.	 Mr. Kent drove to a conference. The first half of the trip took 3 hours due to traffic. 
Traffic let up for the second half of the trip, and he was able to increase his speed 
by 20 mph to make sure he got there on time. Find his rates of speed if he traveled 
2 hours at the second rate.

	 21.	 Jayden walked to his friend’s house at a rate of 4 mph to borrow his friend’s bicycle. 
Coming back home, he rode the bicycle at an average rate of 12 mph. The total time 
for the round trip was 1 hour 30 minutes. How far away does Jayden’s friend live?

	 22.	 Once a week, Felicia walks/runs for a total of 6 miles. Felicia spends twice as much 
time walking as she does running. If she walks at a rate of 4 mph and runs three 
times faster than she walks, what is the time for each part?

	 23.	 Achilles is racing a tortoise and gives him a 2‑hour head start. The tortoise runs at a 
pace of 10 miles per hour and Achilles runs at a pace of 25 miles per hour. How long 
will it take Achilles to catch up to the tortoise?

a.	 Fill out the d = r ⋅ t table. Let the variable t represent the amount of time that the 
tortoise has traveled.

Rate (mph) · Time (min) = Distance (miles)

Tortoise

Achilles

b.	 When Achilles catches up to the tortoise, they will have traveled the same 
distance. Set up a linear equation using the information in the table.

c.	 Solve the equation from part b. for the variable.

d.	 How long will it take Achilles to catch up to the tortoise?

e.	 If the race is 35 miles long, will Achilles pass the tortoise before crossing the 
finish line? Show work to support your answer.

	 24.	 Amanda invests $25,000, part at 5% and the rest at 6%. The annual return on the 5% 
investment exceeds the annual return on the 6% investment by $40. How much did she 
invest at each rate?

	 25.	 Mr. Hill invests $10,000, part at 5.5% and part at 6%. The annual interest from the 
5.5% investment exceeds the annual interest from the 6% investment by $251. How 
much did he invest at each rate?

	 26.	 The annual interest earned on a $6000 investment was $120 less than the interest 
earned on $10,000 invested at 1% less interest per year. What was the rate of interest 
on each amount?

	 27.	 Two investments totaling $16,000 produce an annual income of $1140. One 
investment yields 6% a year, while the other yields 8% per year. How much is 
invested at each rate?
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	 28.	 The annual interest on a $4000 investment exceeds the interest earned on a $3000 
investment by $80. The $4000 is invested at a 0.5% higher rate of interest than the 
$3000. What is the interest rate of each investment?

	 29.	 D’Andra makes two investments that total $12,000. One investment yields 8% per 
year and the other 10% per year. The total interest for one year is $1090. Find the 
amount invested at each rate.

	 30.	 A company is planning to invest $42,000 into two simple interest accounts. The 
annual interest rate on one of the accounts is 4.5% while the rate on the other is 6%. 
How much should the company invest in each account so that the two accounts will 
produce an equal annual interest income?

	 31.	 Savannah invests $3600 per year into her retirement account, a portion of which is 
a contribution match from her employer. Savannah invests the employer match in a 
high‑risk fund that averages a return of 8% and invests the rest in a low‑risk account 
that averages a return of 4%. She wants to earn a total of $198 in interest for the year. 
How much should be invested in each fund?

a.	 Fill out the I = P ⋅ r table. Let the variable P represent the amount of money 
invested in the high‑risk fund.

Principal ($) · Rate = Interest ($)

High-Risk Fund

Low-Risk Fund

b.	 Write an equation to represent the total interest earned for the year by using the 
information in the table.

c.	 Solve the equation from part b. for the variable.

d.	 How much should be invested in each fund?

e.	 Verify that investing the amounts from part d. at the given rates yields $198 total 
interest in Savannah’s retirement account.

	 32.	 A particular style of shoe costs a shoe store $81 per pair. What should the selling 
price of the shoes be so a 10% discount results in a 25% profit?

	 33.	 Sebastian would like both of his investments, a total of $12,000, to bring him the 
same annual interest income. One of his investments is at 5.5% annual interest 
rate and the other at 7%. Find the amount of money that Sebastian should invest in 
each account.

	 34.	 A car dealer paid $3800 for a used car. For his upcoming Labor Day sale, he wants to 
offer a 10% discount off the posted selling price, but would still like to make a 35% 
profit. What price should he advertise for that car?

	 35.	 Gabriella got some money from her grandparents as a graduation present. She decided 
to invest all of it. Part of the money was invested at a 2.5% interest rate, and the rest at 
a 4% interest rate. She invested $200 more in the 4% account than the 2.5% account. If 
her annual interest income was $47, how much did she invest at each rate?

	 36.	 Jordan is earning 1.5% interest from money invested in a savings account and 4% 
interest on a mutual bond fund. If the total of his investments is $18,000 and the 
annual interest from the savings account is less than the annual interest from the 
bond by $60, how much has Jordan invested at each rate?
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	 37.	 A small company invested $20,500 such that a part of the money is in an account 
with a 4% interest rate and the rest at a 5% rate. The annual interest from the 5% 
account is $35 more than the interest earned from the 4% account. Find the amount 
of money the company invested at each rate.

	 38.	 During the month of January, a department store would like to have a sale of 40% 
off of women’s knee-high boots. The store purchased the boots for $33 per pair. How 
much should the selling price be, if the manager of the store wants to make a 10% 
profit per pair?

	 39.	 Carla plans on buying a new pair of sandals for the summer. They are on sale for 
20% off of the original price. What was the original price of the sandals, if she pays 
$34.83, with 7.5% sales tax?

	 40.	 Last year, an individual invested some money at a 5% interest rate and $2200 less 
than that amount at a 6% interest rate. If his interest income was $880, how much did 
he invest at each rate?

	 41.	 A store purchased a certain style of leather jacket at $70 per jacket. If the store wants 
to sell the jackets at a 20% discount and still make a profit of 30%, what should be 
the marked selling price for each jacket?

	 42.	 After receiving a 10% off coupon in the mail, Mark decided that it was time to buy 
new headphones. Using the coupon and paying 8% sales tax, the final price came to 
$213.84. What was the listed price of the headphones?

	 43.	 Robin’s Refurbished Wrecks purchased a used car for $2850. For the upcoming 
Labor Day sale, the car dealership would like to offer a 5% discount off the posted 
selling price of the car, but would still like to make a 40% profit. What price should 
the car dealership advertise for the car?

a.	 Use the purchase price of the car to determine how much a 40% profit will be.

b.	 Use the variable x to represent the actual selling price of the car. Write an 
expression to represent the selling price of the car after the 5% discount.

c.	 Write an equation the represents the situation by using the answers from parts a. 
and b. along with the equation selling price − cost = profit.

d.	 Solve the equation from part c.

e.	 What does the answer from part d. mean? Write a complete sentence.

	 44.	 Marissa has five exam scores of 75, 82, 90, 85, and 77 in her chemistry class. What 
score does she need on the final exam to have an average grade of 80 (and thus earn 
a grade of B)? (All exams have a maximum of 100 points.)

	 45.	 Gerald had scores of 80, 92, 89, and 95 on four exams in his algebra class. What 
score will he need on his fifth exam to have an overall average grade of 90? (All 
exams have a maximum of 100 points.)

	 46.	 While riding her bike to the park and back home five times, Stacey timed herself at 
60 min, 62 min, 55 min (the wind was helping), 58 min, and 63 min. She had set a 
goal of having an average time of 60 minutes for her rides. How many minutes will 
she need on her sixth ride to attain her goal? 
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	 47.	 For every 4‑week period, Lauren wants to make an average of 6 phone calls per 
week. The first week she made 9 phone calls; the second week she made 6 phone 
calls, and the third week 5 phone calls. How many phone calls does Lauren need to 
make in the fourth week to make sure she stays on track with her goal?

	 48.	 While growing up, Jason was allowed to watch TV an average of 3 hours a day over 
a one‑week period. One particular week he watched 1 hour, 2 hours, 1 hour, 3 hours, 
3 hours, and 5 hours. How many hours could Jason watch the seventh and last day of 
the week and still obey his parents?

	 49.	 A college student realized that he was spending too much money on video games. 
For the remaining 5 months of the year, his goal is to spend an average of $50 
a month towards his hobby. How much can he spend in December, taking into 
consideration that the other 4 months he spent $70, $25, $105, $30, respectively?

	 50.	 Wade has scores of 59, 68, 76, 84, and 69 on the first five tests in his social studies 
class. He knows that the final exam counts as two tests. What score will he need on the 
final to have an average of 70? (All tests and exams have a maximum of 100 points.)

	 51.	 A statistics student has grades of 86, 91, 95, and 76 on four hour-long exams. What 
score must he receive on the final exam to have an average grade of 90 if

a.	 the final is equivalent to a single hour-long exam (100 points maximum)?

b.	 the final is equivalent to two hour-long exams (200 points maximum)?

	 52.	  Consider the monthly temperatures over a year for a city in New Zealand.

a.	 Find the average temperature for the year. (Round to the nearest tenth.)

b.	 Find the minimum average monthly temperature for the year.

c.	 Find the difference in average monthly temperature between the months of June 
and December.
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TV Watching 
Trend

In recent years, there 
has been a decline in 
the watching of network 
television. With the 
expansion of alternative 
programing options such 
as Netflix and Amazon 
Prime Video, more people 
are switching away from 
the traditional networks. 
This can also be seen 
in the nominations (and 
winners) of the television 
awards. Lately, the list of 
award nominees barely 
includes any of the 
traditional networks’ shows 
or actors. The graph shows 
the decline in television 
viewing among millennials 
from 2014 through 2018.

Source:  www.usatoday.com/
story/life/tv/2018/11/12/

cord-cutting-and-streaming-
younger-viewers-cut-

into-traditional-tv-
viewing/1924404002
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	 53.	  Consider the averages of monthly rainfall over a year for Visakhapatnam, India. 1

a.	 Find the average rainfall for the year. (Round to the nearest tenth.)

b.	 Find the maximum average monthly rainfall for the year.

c.	 Find the difference in average monthly rainfall between the months of October 
and December.
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	 54.	  Consider the yearly profits of the world’s largest companies in 2020. 2

a.	 Find the average profits of the companies in the year 2020. (Round to the nearest 
tenth of a billion.)

b.	 Find the yearly profits of SoftBank Group in the year 2020.

c.	 What was the difference in profits between ICBC and Berkshire Hathaway?
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51.4 49.3
47.1 45.8 44.3

42.5

 Profits of World's Largest Companies in 2020
60

Berkshire
Hathaway

Lorem ipsum

1 Source: www.weather.com
2 Source: “Leading companies in the world in 2020, by net income,” Statistica, August 2021, www.statis-

ta.com/statistics/269857/most-profitable-companies-worldwide/.
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	 55.	 Consider the number of passengers at the following airports. 3 

a.	 Find the average number of passengers.

b.	 Find the difference in passengers between Atlanta, GA, and Tokyo.
c.	 What was the total number of passengers to go through London?
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	 56.	 Kevin consulted a dietician who told him to consume an average of 2100 calories 
per day based on his age, current weight, activity level, and weight goals. Kevin 
kept track of his calorie intake for several days. He consumed 2050 calories on 
Monday, 2200 calories on Tuesday, 2300 calories on Wednesday, and 2400 calories 
on Thursday. How many calories would he need to consume on Friday to have an 
average calorie intake of 2100 for the five days?
a.	 Set up an equation to solve for the amount of calories Kevin would need 

to consume on Friday. Use the variable x to represent the number of 
calories needed.

b.	 Solve the equation from part a. for the variable.

c.	 Some sources recommend that active men consume more than 1500 calories per 
day to avoid triggering “starvation mode” in the body. Can Kevin stay above this 
calorie amount and meet his recommended average for the 5 days?

d.	 Do you think this is a smart way for Kevin to adjust his average calorie intake? 
If not, what are some alternatives?

Writing & Thinking
Each of the following problems is given with an incorrect answer. Explain how you can 
tell that the answer is incorrect without needing to solve the problem or do any algebra; 
then, solve the problem correctly.

	 57.	 The perimeter of an isosceles triangle is 16 cm. Since the triangle is isosceles, two 
sides have the same length; the third side is 2 cm shorter than one of the two equal 
sides. Find the length of one of the two equal sides.  Incorrect answer: 9 cm

	 58.	 Leela found a used textbook, which was marked down 50% from the price of the 
new textbook. If the used textbook cost $60, how much did the new textbook cost? 
Incorrect answer: $90

	 59.	 Kareem can paddle his kayak at 6 mph in still water. He decides to go kayaking on the 
local river. He paddles downriver (with the current) for 2 hours; then he turns around and 
paddles upriver (against the current) for 2.5 hours, returning to his starting point. How 
fast is the current in the river? Incorrect answer: 27 mph

3 Source: Airports Council International – North America
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11.  ��� ��,2  
−2 0 21−1−3 3

[    12. 
−3 −1 0 1−2

( ]  �� ��3 1,     

13. 
0 1 2 3−1−2−3

)
−4

(  �� �3 2,    14.  The maximum final dosage that can be administered 

must be less than 400 milligrams.   15.  Ashley can buy at most 8 rose centerpieces.

3.4 Exercises
Concept Check

Fill-in-the-Blank. Complete each sentence using information found in this section.

	 1.	 If a and b are real numbers where a < b, the set of all real numbers between a and b 
is called a/an ______ of real numbers.

	 2.	 In a/an ______ interval, neither endpoint is included.

	 3.	 In a/an ______ interval, both end points are included.

	 4.	 Linear inequalities are inequalities that relate two ______ ______.

	 5.	 If A and B are algebraic expressions and C is a real number, then the ________ 
principle for solving linear inequalities states that A < B and A + C < B + C 
are equivalent.

	 6.	 If A and B are algebraic expressions and C is a real number, then the ________ 
principle for solving linear inequalities states that A < B and AC < BC are equivalent.

True/False. Determine whether each statement is true or false. If a statement is false, 
explain how it can be changed so the statement will be true. (Note: There may be more 
than one acceptable change.)

	 7.	 If only one endpoint is included in an interval, it is called a half-open interval.

	 8.	 When both sides of a linear inequality are multiplied by a negative constant, the 
sense of the inequality should stay the same.

	 9.	 To check the solution set of a linear inequality, every solution in the solution set must 
be checked in the original inequality.

	 10.	 The infinity symbol ∞ does not represent a specific number.

Practice

Graph each interval on a real number line. See Example 1.

	 1.	 � �� �1,  

	 2.	 �� �2 4,  

	 3.	 ��� �,5  

	 4.	 0 3,� �  

	 5.	 � �� �5 1,  

	 6.	 3 8,� �  

	 7.	 � �� �7 4,  

	 8.	 �� �� �, 6
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Graph each interval on a real number line and tell what type of interval it is. See 
Examples 2 through 4.

	 9.	 x � �3

	 10.	 x � �0 5.

	 11.	 x > 4

	 12.	 x � �
1

10

	 13.	 0 25� �x .

	 14.	 � � �1 5 3 2. .x

	 15.	 � � �2 0x

	 16.	 � � �1 1x

	 17.	 4 2� �x

	 18.	 0 5� � �x

Represent each of the following graphs a. using algebraic notation and b. using interval 
notation and state what kind of interval it is.

	 19.	
−2
]

−3 0−1−4

	 20.	
32

[ ]
−3 10−1−2 4 5

	 21.	
−6 −3 −1−2−5 −4

[
0 1

	 22.	
32

[ )
10 4

1.5

	 23.	

((
32−3 −1−2−4 0 1

	 24.	
32−3 −1−2 0 1

[

	 25.	 [ ]
32−3 −1−2 0 1

	 26.	
−2.3

]
−0.7

(
0−1−2−3

	 27.	

(
32−3 10−1−2 4 5

	 28.	
−6 −3 −1−2−5 −4

[
0 1

Solve each inequality and graph the solution set. Write each solution set using interval 
notation. 

	 29.	 x + 1 > 5 

	 30.	 x – 3 < 2   

	 31.	 3 + x ≤ 7   

	 32.	 5 + x ≥ 11   

	 33.	 3 < 4 + x   

	 34.	 9 > 6 + x   

	 35.	 4 ≥ x − 3   

	 36.	 12 ≤ x + 8   

	 37.	 4x > 16   

	 38.	 3x < 27   

	 39.	 5x ≤ 15   

	 40.	 −2x ≥ 6   

	 41.	 10 > −5x

	 42.	 12 < 8x 

	 43.	 14 ≥ 2x 

	 44.	 9 ≤ −3x   

	 45.	 2x + 3 < 5

	 46.	 4x − 7 ≥ 9

	 47.	 14 − 5x < 4

	 48.	 23 < 7x − 5

	 49.	 6x − 15 > 1

	 50.	 9 − 2x < 8 

	 51.	 5.6 + 3x ≥ 4.4

	 52.	 12x − 8.3 < 6.1
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	 53.	 1.5x + 9.6 < 12.6

	 54.	  0.8x − 2.1 ≥ 1.1

	 55.	  2 + 3x ≥ x + 8

	 56.	  x − 6 ≤ 4 − x

	 57.	  3x − 1 ≤ 11 − 3x

	 58.	  5x + 6 ≥ 2x − 2

	 59.	  4 − 2x < 5 + x

	 60.	  4 + x > 1 − x

	 61.	  x − 6 > 3x + 5

	 62.	  4 + 7x ≤ 4x − 8

	 63.	
x x

2
1

5

2
3� � �

	 64.	
x x

4
1 5

4
� � �

	 65.	
x x

3
2 1

3
� � �

	 66.	
5

3
2

3
1

x x
� � �

	 67.	  6x + 5.91 < 1.11 − 2x

	 68.	  4.3x + 21.5 ≥ 1.7x + 0.7

	 69.	  6.2x − 5.9 > 4.8x + 3.2

	 70.	  0.9x − 11.3 < 3.1 − 0.7x

	 71.	 4 6 2 3 1�� � � � �� �x x

	 72.	 � �� � � �� �3 2 5 3 1x x  

	 73.	 � �� � � �� �3 8 2 3 1x x

	 74.	 6 3 1 5 1 2x x�� � � �� �

	 75.	 11 8 5 2 4x x x x� � � � �� �

	 76.	 1 2 8 9 4� �� � � �� � �x x x  

	 77.	 5 3 4 2 3 2� �� � � � � �� � �x x x x

	 78.	 x x x� �� � � � �� � �2 3 7 4 11 

	 79.	
2 1

3

3 1

4

x x�� �
�

�� �
 

	 80.	
3 2

2

4 1

3

x x�� �
�

�� �
 

	 81.	
x x�

�
�

�
2

4

2

2
6 

	 82.	
x x�

� �
4

9 3
2 

	 83.	
2 7

4

1

3
1

x x�
�

�
�

	 84.	
4

7
3

6

2
4

x x
� �

�
�

	 85.	 –4 < x + 5 < 6

	 86.	 2 ≤ –x + 2 ≤ 6

	 87.	 3 ≥ 4x – 3 ≥ –1

	 88.	 13 > 3x + 4 > –2

	 89.	 1
2

3
1 9� � �x

	 90.	 � � � � �2
1

2
5 1x

	 91.	 14 > – 2x – 6 > 4

	 92.	  –11 ≥ –3x + 2 > –20

	 93.	  –1.5 < 2x + 4.1 < 3.5

	 94.	 0.9 < 3x + 2.4 < 6.9

Represent each of the following statements as an inequality involving a variable x, and 
graph its solution set on a number line.

	 95.	 You must be at least 58 inches in 
height to ride this roller coaster.

	 96.	 There are fewer than 12 days left 
before final exams.

	 97.	 Gifts worth $5 or less do not need to 
be declared.

	 98.	 Arsenic levels over 10 parts per 
billion may be dangerous.
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Applications

Solve.

	 99.	 A statistics student has grades of 82, 95, 93, and 78 on four hour-long exams. He 
must average 90 or higher to receive an A for the course. What scores can he receive 
on the final exam and earn an A if:

a.	 The final is equivalent to a single hour-long exam (100 points maximum)?

b.	 The final is equivalent to two hourly exams (200 points maximum)?

	100.	 To receive a grade of B in a chemistry class, Melissa must average 80 or more but 
less than 90. If her five hour-long exam scores were 75, 82, 90, 85, and 77, what 
score does she need on the final exam (100 points maximum) to earn a grade of B?

	101.	 A car salesman makes $1000 each week that he works and makes approximately 
$250 commission for each car he sells. If a car salesman wants to make at least 
$3500 in one week, how many cars does he need to sell?

	102.	 Allison is ordering boxes of 24 tea bags from a website. The website is having a 
promotion where each box of tea comes with 2 free sample packs, and each sample 
pack contains 3 tea bags. If Allison has an empty container that holds 150 tea 
bags, what is the largest number of boxes of tea Allison can order and not overfill 
the container?

	103.	 WildLily Florist is creating arrangements for a wedding this weekend. The large 
arrangements use 8 flowers and the small arrangements use 5 flowers. 

a.	 Let x represent the number of large arrangements. Write an algebraic expression 
for the number of small arrangements, if there are 15 tables that need 
an arrangement.

b.	 Write an algebraic expression representing the total number of flowers used in 
the 15 arrangements.

c.	 If the bride has paid for 100 flowers, use an inequality to determine the 
maximum number of the 15 arrangements that can be large.

	104.	 John’s algebra test consists of 19 questions, 13 equations and 6 word problems. Each 
equation is worth 4 points, and each word problem is worth 8 points. Assume there is 
no partial credit on this test.

a.	 Let w be the number of word problems John gets correct. Write an expression 
for the number of points John will get from the word problem part of his test.

b.	 Assuming John gets every equation correct, write an inequality that will help 
determine the fewest number of word problems he can get correct and still make 
an 80 on the test. What is the fewest number he can get correct?

c.	 Let x be the number of equations John gets correct. Write an expression for the 
number of points John will get from the equation part of his test.

d.	 Assuming John gets every word problem correct, write an inequality that will 
help determine the fewest number of equations he can get correct and still get an 
80 on the test. What is the fewest number of equations he can get correct?
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	105.	 Dr. Smyth has an attendance clause in his course syllabus that a student loses 5 
points on his or her final grade average for every unexcused absence the student has 
after his or her first three unexcused absences. If Kara must have a 70 to pass the 
course, determine the largest number of unexcused absences Kara can have and still 
have any chance to pass the course.

	106.	 Tracy needs to purchase 25 pastries for the PTA Teachers’ Breakfast. Bear Claws cost 
$1.75 each and Apple Turnovers cost $2.15 each. If Tracy’s budget is $50, find the 
maximum number of Apple Turnovers that Tracy can purchase.

	107.	 The maximum occupancy for a concert in Thompson-Boling Arena is 24,000 people. 
However, for every 15 tickets sold, there must be one worker present (security, food 
service, admissions, etc.). Determine the maximum number of tickets than can be sold.

	108.	  Phineas wants to build a nuclear-powered submarine to take his friends on a tour 
of the Arctic Circle. At least twice as much titanium must be used in the construction 
of the shell of the sub as the amount of stainless steel used in its construction. The 
cost of titanium is $500 per pound and the cost of steel is $300 per pound. If Phineas 
has only $1,000,000 to spend on metal for the sub, determine the greatest number of 
pounds of metal (both together) that can be used to construct his submarine. (Round 
your answer to the nearest pound.)

	109.	 Nicole has just moved to Orlando and discovered that Florida residents can 
purchase 4-day tickets to Disney World for $55 per day. Annual passes (with certain 
restrictions) for Florida residents are $390. Nicole is trying to decide if she thinks 
she will go to the park enough times to make it worth buying an annual pass. Use the 
formula 55x ≤ 390, where x is the number of days spent visiting at Disney World, to 
determine how many times she would have to go in order for the annual pass to be 
the better deal.

	110.	 Fernando has already consumed 270 grams of carbohydrates and is on a diet that 
restricts his carbohydrate consumption to no more than 300 grams of carbohydrates 
per day. A serving of 6 crackers has 21 grams of carbohydrates. Solve the inequality 

21

6
270 300c � �  to determine how many crackers (c) Fernando can eat without 

going over his goal. Write your answer as a whole number.

	 111.	 Jeph is in charge of buying office supplies for the nonprofit organization he works 
for. He has $400 to spend. He needs to buy a printer that costs $150, a box of printer 
paper for $60, and some ink cartridges for $12.50 each. What is the maximum 
number of ink cartridges that Jeph can buy? (Note: Tax is not included in the 
sales price.)

a.	 Set up the linear inequality. Use the variable c to represent the number of 
ink cartridges.

b.	 Solve the equation from part a. for the variable.

c.	 What does the answer from part b. mean? Write a complete sentence.
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	112.	 Sarah is participating in National Novel Writers Month where she has to write a 
rough draft of a novel with at least 50,000 words during the month of November. 
At the end of the day on November 20th, she has a total of 32,500 words. What is 
the minimum number of words that Sarah needs to write each day for the rest of the 
month to make the goal of 50,000 words? 

a.	 Set up the linear inequality. Use the variable w to represent the number of words 
per day.

b.	 Solve the equation from part a. for the variable.

c.	 What does the answer from part b. mean? Write a complete sentence.

	113.	 Andrew needs to earn at least a B in each class to keep his scholarship. The grade 
in his economics class is based on five exams that are equally weighted. On the first 
four exams, Andrew received the following scores: 92, 74, 80, 72. Andrew needs an 
average of at least 80 to earn a B for the class. What range of scores does he need on 
the fifth exam to keep his scholarship?

a.	 Set up the linear inequality. Use the variable E to represent the fifth exam score.
b.	 Solve the equation from part a. for the variable.
c.	 What does the answer from part b. mean? Write a complete sentence.

Writing & Thinking
	114.	 a.		 Write a list of three situations where inequalities might be used in daily life.

		  b.	 Illustrate theses situations with algebraic inequalities and appropriate numbers.
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Note the use of parentheses. We 
want the opposite of the entire 
expression 2 1 .x �� �

Make sure to check that both 4 and 
−2 satisfy the original equation.

x x

x x x x

x x x xx x

� � �

� � � � � � �� �
� � � � � � �

�
� �

5 2 1

5 2 1 5 2 1

5 2 1 5 2 1

5

or

      xx x x

x x

x x

x

x x� � � � �
� � � � �
� � � �

�

� �
� �

� �

1 5 2 1

5 1 3 5 1

4 3 5 1

3

2 2

1 1

5 5

      

��

�
�

� �

6

3 6

2
3 3

x

x

Now work margin exercise 2.

Margin Exercise Answers

1. a.  x � �8 8,    b.  x � �
6

5
2,   c.  no solution  d.  x � �2

3

2
,    2.  x � �11 3,

3.5 Exercises
Concept Check

Fill-in-the-Blank. Complete each sentence using information found in this section.

	 1.	 If an absolute value expression is isolated on one side of an equation, the equation is 
in _________ form.

	 2.	 If two numbers have the same absolute value, then either they are ______ or they are 
______ of each other.

	 3.	 The absolute value of a number is its ________ from 0 on the number line.

	 4.	 The absolute value of any number must be _______ or 0.

True/False. Determine whether each statement is true or false. If a statement is false, 
explain how it can be changed so the statement will be true. (Note: There may be more 
than one acceptable change.)

	 5.	 Equations involving absolute value can only have one solution.

	 6.	 If two numbers have the same absolute value, they must be equal to each other.

	 7.	 There is no number that has a negative absolute value.

	 8.	 If a b= ,  we can only rewrite it as a = b.
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Practice

Solve each absolute value equation. See Examples 1 and 2.

	 1.	 x = 8

	 2.	 x = 6

	 3.	 z � �
1

5

	 4.	 z =
1

5

	 5.	 x � �3 2

	 6.	 y � � �5 7

	 7.	 6 1 9x � �

	 8.	 3 1 8x � �

	 9.	 6 4 8n � �

	 10.	 3 5 10x � �

	 11.	 3 4 9x � � �

	 12.	 � � � �2 1 3x

	 13.	 � � �5 10 0x

	 14.	 6 4 0y � �

	 15.	 � � �4 1 7x

	 16.	 � � �3 4 7x

	 17.	 5 2 4 7x � � �

	 18.	 2 7 1 0x � � �

	 19.	 � � � �3 4 2 3x

	 20.	 � � � �x 5 1 9

	 21.	
1

4

1

2
6x � �

	 22.	
1

5

2

3

2

3
y � �

	 23.	 5
2

1 7 8
x
� � �

	 24.	 6
5

2 5 11
x
� � �

	 25.	 3
3

1 5 2
x
� � � �

	 26.	 2
4

3 6 10
x
� � �

	 27.	 2 1 2x x� � �

	 28.	 2 5 3x x� � �

	 29.	 x x� � �3 5

	 30.	 x x� � �8 4

	 31.	 3 1 4x x� � �

	 32.	 5 4 1 3x x� � �

	 33.	 3

2
2

4
3

x x
� � �

	 34.	 x x

3
4

5

6
1� � �

	 35.	 2

5
3

2
1

x x
� � �

	 36.	 4

3
7

4
2

x x
� � �
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3.6 Exercises
Concept Check
Fill-in-the-Blank. Complete each sentence using information found in this section.

	 1.	 If an absolute value expression is isolated on one side of an inequality, the inequality 
is in _________ form.

	 2.	 The inequality |x − 6| > 5 means that the ______ between x and 6 is ____ than 5.

	 3.	 If |x| > c then x < −c ______ x > c.

	 4.	 If an inequality is always true, such as |3x − 8| > −6, then the solution is all 
______ numbers.

True/False. Determine whether each statement is true or false. If a statement is false, 
explain how it can be changed so the statement will be true. (Note: There may be more 
than one acceptable change.)

	 5.	 If the solution is a union, there are two statements or inequalities, both of which must 
be true.

	 6.	 If the solution to a compound inequality is −4 < x < 6, then the solution is a union.

	 7.	 For a number to have absolute value greater than 2, its distance from 0 must be less 
than 2.

	 8.	 The inequality |2x + 9| < −2 has no solution.

Practice

Solve each of the absolute value inequalities and graph the solution sets. Write each 
solution using interval notation. See Examples 1 through 9.

	 1.	 x � �2  

	 2.	 x ≥ 3  

	 3.	 x ≤
4

5
 

	 4.	 x ≥
7

2
 

	 5.	 x � �3 2 

	 6.	 y � �4 5 

	 7.	 x � �6 4  

	 8.	 x � � �2 4 

	 9.	 x � �5 3 

	 10.	 x � �1 6  

	 11.	 2 1 2x � �    

	 12.	 3 4 8x � � �  

	 13.	 3 2 2� � �x  

	 14.	 4 3 5� �x  

	 15.	 5 4 3� �x  

	 16.	 5 2 8x � �  

	 17.	 3 4 1 0x � � �  

	 18.	 2 3 3 0x � � �  

	 19.	
3

2
4 5

x
� �  

	 20.	
3

7

1

2
2y � �  

	 21.	 2 9 7 4x � � �  

	 22.	 3 7 4 4x � � �  

	 23.	 � � � �4 6 1 4x  

	 24.	 4 3 1 6� � �x  

	 25.	 5 4 2 2� � �x  

	 26.	 7 8 5 3� � �x  

	 27.	 3 4 5 5 10x � � �  

	 28.	 6 4 7 7 19x � � �  

	 29.	 4 7 9 3 17x � � �    

	 30.	 2 7 3 4 12x � � �  
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Writing & Thinking

A set of real numbers is described. a. Sketch a graph of the set on a real number line. 
b. Represent each set using absolute value notation. c. Represent each set using interval 
notation. If the set is one interval, state what type of interval it is.

	 31.	 The set of real numbers between −10 and 10, inclusive

	 32.	 The set of real numbers within 7 units of 4

	 33.	 The set of real numbers more than 6 units from 8

	 34.	 The set of real numbers greater than or equal to 3 units from −1

	 35.	 The set of real numbers within 2 units of −5
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4.1 Exercises
Concept Check
Fill-in-the-Blank. Complete each sentence using information found in this section.

	 1.	 The Cartesian coordinate system has a vertical and a horizontal line that separate a 
plane into four _________.

	 2.	 In an ordered pair, x represents the _________ (first/second) coordinate and y 
represents the _________ (first/second) coordinate.

	 3.	 If an ordered pair has two negative coordinates, the graph of the corresponding point 
is in Quadrant _________.

	 4.	 If an ordered pair satisfies an equation, it is a/an _________ of the equation.

	 5.	 The point of intersection of the x‑axis and y‑axis is called the _________.

	 6.	 Linear equations have a/an _________ number of solutions.

True/False. Determine whether each statement is true or false. If a statement is false, 
explain how it can be changed so the statement will be true. (Note: There may be more 
than one acceptable change.)

	 7.	 The graph of every ordered pair that has a positive x‑coordinate and a negative 
y‑coordinate can be found in Quadrant IV.

	 8.	 To find the y‑value that corresponds with x = 2, substitute 2 for x into the given 
equation and solve for y.

	 9.	 If �� �7 3,  is a solution of y = 3x + 24, then �� �7 3,  satisfies y = 3x + 24. 

	 10.	 If point A � � �0 4, ,  then point A lies on the x‑axis.

Practice

For each graph, list the set of ordered pairs corresponding to the points on the graph. 

	 1.	
5

1 2 3 4 5−1−2−3−4−5 −1

1
2
3
4

−2
−3
−4
−5

x

y

A

B

C
D

E

	 2.	
5

1 2 3 4 5−1−2−3−4−5 −1

1
2
3
4

−2
−3
−4
−5

x

y

PN

O

M

Q
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	 3.	
5

1 2 3 4 5−1−2−3−4−5 −1

1
2
3
4

−2
−3
−4
−5

x

y

B
A

E
D

C

	 4.	
5

1 2 3 4 5−1−2−3−4−5 −1

1
2
3
4

−2
−3
−4
−5

x

y

P

M

Q

N

O

	 5.	
5

1 2 3 4 5−1−2−3−4−5 −1

1
2
3
4

−2
−3
−4
−5

x

y

D

B

E

C

A

	 6.	
5

1 2 3 4 5−1−2−3−4−5 −1

1
2
3
4

−2
−3
−4
−5

x

y

N

M

O

P

Q

	 7.	
5

1 2 3 4 5−1−2−3−4−5 −1

1
2
3
4

−2
−3
−4
−5

x

y

D

B

E

C

A

	 8.	
5

1 2 3 4 5−1−2−3−4−5 −1

1
2
3
4

−2
−3
−4
−5

x

y

Q

O
M

P

N

−6

	 9.	
5

1 2 3 4 5−1−2−3−4−5 −1

1
2
3
4

−2
−3
−4
−5

x

y
D

B

E

C

A

	 10.	
5

1 2 3 4 5−1−2−3−4−5 −1

1
2
3
4

−2
−3
−4
−5

x

y
P

N

Q

OM
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Plot each set of ordered pairs and label the points. See Examples 1 and 2.

	 11.	 A B C D E4 1 3 2 0 5 1 1 1 4, , , , , , , , ,�� � � � � � �� � � �� �
	 12.	 A B C D E� �� � � �� � � � � � � �� �1 1 3 2 1 3 0 0 2 5, , , , , , , , ,

	 13.	 A B C D E1 2 0 2 1 2 2 2 3 2, , , , , , , , ,� � � � �� � � � �� �� �
	 14.	 A B C D E�� � �� � �� � � � � �� �� �1 4 0 3 2 1 4 1 1 1, , , , , , , , ,

	 15.	 A B C D E1 0 3 0 2 1 1 1 0 0, , , , , , , , ,� � � � �� � �� � � �� �
	 16.	 A B C D E� �� � � � � � � � � �� �1 1 0 1 1 3 2 5 3 10, , , , , , , , ,

	 17.	 A B C D E4 1 0 3 1 2 2 1 4 2, , , , , , , , ,� � �� � �� � �� � �� �� �
	 18.	 A B C D E0 1 1 0 2 1 3 2 4 3, , , , , , , , ,� � � � �� � �� � �� �� �
	 19.	 A B C D E1 4 1 2 0 1 2 7 2 5, , , , , , , , ,� � � �� � � � � � � �� �� �
	 20.	 A B C D E0 0 1 3 3 2 0 4 7 0, , , , , , , , ,� � �� � �� � � � �� �� �

	 21.	 A B C D1 3 4
3

4
2 2

1

2

1

2
4, , , , , , ,�� � ��

�
�

�
�
� ��

�
�

�
�
�

�
�
�

�
�
�

�
�
�

�
�
�

	 22.	 A B C D
3

4

1

2
2

5

4

1

3
2

5

3
2, , , , , , ,

�
�
�

�
�
� ��

�
�

�
�
� ��

�
�

�
�
� ��

�
�

�
�
�

�
�
�

�
�
�

	 23.	 A B C D1 6 2 3 2 5 1 15 0 2 3. , , , . , , . , , .�� � � � �� � �� �� �
	 24.	 A B C D�� � �� � � � � �� �2 2 3 16 3 0 5 1 4 0, , , . , , . , . ,

Determine the missing coordinate in each of the ordered pairs so that the point will 
satisfy the equation given. See Example 3.

	 25.	 x − y = 4

	 a.	 0,__� �
	 b.	 2,__� �
	 c.	  __, 0� �
	 d.	 __,�� �3

	 26.	 x + y = 7

	 a.	 0, __ � �
	 b.	 �� �1, __

	 c.	  __, 0� �
	 d.	  __, 3� �

	 27.	 x + 2y = 6

	 a.	 0, __� �
	 b.	 2, __� �
	 c.	 __, 0� �
	 d.	 __, 4� �

	 28.	 3x + y = 9

	 a.	 0, __ � �
	 b.	 4,__� �
	 c.	 __, 0� �
	 d.	 __, 3� �
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	 29.	 4x − y = 8

	 a.	 0,__� �
	 b.	 1,__� �
	 c.	 __, 0� �
	 d.	 __, 4� �

	 30.	 x − 2y = 2

	 a.	 0,__� �
	 b.	 4, __� �
	 c.	 __, 0� �
	 d.	 __, 3� �

	 31.	 2x + 3y = 6

	 a.	 0, __� �
	 b.	 �� �1, __

	 c.	 __, 0� �
	 d.	 __,�� �2

	 32.	 5x + 3y = 15

	 a.	 0, __� �
	 b.	 2, __� �

	 c.	 __, 0� �
	 d.	 __ , 4� �

	 33.	 3x − 4y = 7

	 a.	 0,__� �

	 b.	 1, __� �
	 c.	 __, 0� �

	 d.	 __,
1

2
�
�
�

�
�
�

	 34.	 2x + 5y = 6

	 a.	 0, __� �

	 b.	 1

2
, __

�
�
�

�
�
�

	 c.	  __, 0� �
	 d.	 __, 2� �

Complete the tables so that each ordered pair will satisfy the given equation. Plot the 
resulting sets of ordered pairs. See Example 4.

	 35.	 y = 3x

x y

0

−3

−2

6

	 36.	 y = −2x

x y

0

4

3

−2

	 37.	 y = 2x − 3

x y

0

−1

−2

3

	 38.	 y = 3x + 5

x y

0

−4

−2

2
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	 39.	 y = 9 − 3x

x y
0

0

1

−3

	 40.	 y = 6 − 2x

x y
0

0

−2

−2

	 41.	 y x� �
3

4
2

x y

0

5

−4
5
4

	 42.	 y x� �
3

2
1

x y
0

2

−2

-
5
2

	 43.	 3x − 5y = 9

X y
0

0

−2

−1

	 44.	 4x + 3y = 6

x y
0

0

3

−1

	 45.	 5x − 2y = 10

x y
0

0

−1

5

	 46.	 3x − 2y = 12

x y
0

0

−3

6

	 47.	 2x + 3.2y = 6.4 

x y
0

3.2

0.8

−0.2

	 48.	 3x + y = −2.4

x y
0

0

0.6

1.6
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Determine which, if any, of the ordered pairs satisfy the given equation. See Example 5.

	 49.	 y = 2x − 4

	 a.	 1 1,� �
	 b.	 2 0,� �
	 c.	 1 2, �� �
	 d.	 3 2,� �

	 50.	 y = −4x + 5 

	 a.	 3

4
2,

�
�
�

�
�
�

	 b.	 4 0,� �
	 c.	 1 1,� �
	 d.	 0 3,� �

	 51.	 x + 2y = −1

	 a.	 1 1, �� �
	 b.	 1 0,� �
	 c.	 2 1,� �
	 d.	 3 2, �� �

	 52.	 2x − 3y = 7

	 a.	 1 3,� �

	 b.	
1

2
2,��

�
�

�
�
�

	 c.	
7

2
0,

�
�
�

�
�
�

	 d.	 2 1,� �

	 53.	 2x + 5y = 8

	 a.	 4 0,� �
	 b.	 2 1,� �
	 c.	 1 12, .� �
	 d.	 1 5 1. ,� �

	 54.	 3x + 4y = 10

	 a.	 �� �2 3,

	 b.	 0 25, .� �
	 c.	 4 2, �� �
	 d.	 1 2 1 6. , .� �

The graph of a line is shown. List any three points on each line. (There is more than one 
correct answer.) See Example 6.

	 55.	
5

1 2 3 4 5−1−2−3−4−5 −1

1
2
3
4

−2
−3
−4
−5

x

y

	 56.	
5

1 2 3 4 5−1−2−3−4−5 −1

1
2
3
4

−2
−3
−4
−5

x

y

	 57.	
5

1 2 3 4 5−1−2−3−4−5 −1

1
2
3
4

−2
−3
−4
−5

x

y

	 58.	
5

1 2 3 4 5−1−2−3−4−5 −1

1
2
3
4

−2
−3
−4
−5

x

y
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	 59.	
5

1 2 3 4 5−1−2−3−4−5 −1

1
2
3
4

−2
−3
−4
−5

x

y

	 60.	
5

1 2 3 4 5−1−2−3−4−5 −1

1
2
3
4

−2
−3
−4
−5

x

y

	 61.	
5

1 2 3 4 5−1−2−3−4−5 −1

1
2
3
4

−2
−3
−4
−5

x

y

	 62.	
5

1 2 3 4 5−1−2−3−4−5 −1

1
2
3
4

−2
−3
−4
−5

x

y

	 63.	
5

1 2 3 4 5−1−2−3−4−5 −1

1
2
3
4

−2
−3
−4
−5

x

y

	 64.	
5

1 2 3 4 5−1−2−3−4−5 −1

1
2
3
4

−2
−3
−4
−5

x

y

Applications

Solve.

	 65.	 At one point in 2017, the exchange rate from US dollars to Euros was E = 0.85D 
where E is Euros and D is dollars.

	 a.	 Make a table of ordered pairs for the values of D and E if D has the values $100, 
$200, $300, $400, and $500.

	 b.	 Plot the points corresponding to the ordered pairs.

	 66.	 Consider the equation F C� �9
5 32, where C is temperature in degrees Celsius and 

F is the corresponding temperature in degrees Fahrenheit.

	 a.	 Make a table of ordered pairs for the values of C and F if C has the values −20°, 
−10°, −5°, 0°, 5°, 10°, and 15°.

	 b.	 Plot the points corresponding to the ordered pairs.
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	 67.	  Consider the equation d t= 16 2,  where d is the distance an object falls in feet and 
t is the time in seconds that the object falls.

	 a.	 Make a table of ordered pairs for the values of t and d with the values of 1, 2, 3.5, 
4, 4.5, and 5 seconds for t.

	 b.	 Plot the points corresponding to the ordered pairs.

	 c.	 These points do not lie on a straight line. What feature of the equation might 
indicate to you that the graph is not a straight line?

	 68.	 Consider the equation V h= 9 , where V is the volume (in cubic centimeters) of a box 
with a variable height h in centimeters and a fixed base of area 9 cm2.

	 a.	 Make a table of ordered pairs for the values of h and V with h as the values 
2 cm, 3 cm, 5 cm, 8 cm, 9 cm, and 10 cm.

	 b.	 Plot the points corresponding to the ordered pairs.

	 69.	 A business owner records the number of customers per hour to determine peak 
shopping times after noon. Graph the points corresponding to the ordered pairs.

Hour of the Day 1 p.m. 2 p.m. 3 p.m. 4 p.m. 5 p.m. 6 p.m. 7 p.m. 8 p.m.

Number of Customers 500 450 200 650 900 700 550 300

	 70.	 One way to describe locations on a map is to lay a grid on top of the map and define 
locations with an ordered pair. A map with an overlaid grid is called a grid reference. 
Typically the origin of the coordinate system is placed at the bottom left corner of the 
map and vertical and horizontal lines are extended from each reference point on the axes. 

	 	 A city planning committee is using a map with a grid system to plot the locations in a 
portion of the city where the highest frequency of traffic accidents occurs. The map is 
shown here with the highest accident points indicated with a star. A proposal is made 
to replace stop signs with electric traffic signals at every intersection that has a high 
frequency of accidents.

	 a.	 Will a traffic signal be placed at any 
of the following points? If so, which 
points? 

		  (2, 1), (4, 4), (0, 5)
	 b.	 Which points not listed in part a. will 

have traffic signals?

1

2

3

4

5

6

7

0

8

87654321
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	 71.	 The equation t
d

r
=  can be used to determine how long it will take you to travel a 

certain distance while traveling at a specified rate, or speed. Suppose you have to 
travel a distance of 150 miles. (Hint: Rate is in miles per hour, time is in hours, and 
distance is in miles.)

a.	 Complete the table of values. r (mph) t (hours)

25

50

60

	 b.	 Graph the ordered pairs from the table. Try using a scale of 10 for each 
increment on the r‑axis.

	 c.	 What happens to the value of time as the rate increases?

	 d.	 Complete the table of values. You may want to solve  

the given equation, t
d

r
= , for r first. Remember that  

d = 150 miles.

	 e.	 As the value of t gets smaller (and closer to zero), how does the rate change?

	 72.	 Suppose you deposit $1000 into an account that earns simple interest at a rate of 4%. 
Use the simple interest formula I = Prt to solve the following problems.

	 a.	 Fill in the given table to determine the amount of 
interest earned if you keep the deposit in the account 
for 3 months, 6 months, 1 year, 2 years, and 3 years.

b.	 Plot the ordered pairs from the table in part a. on the coordinate plane and draw 
a line through the points.

c.	 Since graphs are models of situations, they can be used to predict values. Use 
the graph to predict the amount of interest that will be earned after 9 months. 
(Remember to convert the time to years.)

d.	 Use the graph to predict the amount of interest that will be earned after one and 
a half years.

r (mph) t (hours)

5

2.5

1

0.5

0.1

t (years) I ($)

1
4

1
2

1

2

3
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Writing & Thinking
In statistics, data is sometimes given in the form of ordered pairs where each ordered pair 
represents two pieces of information about one person. For example, ordered pairs might 
represent the height and weight of a person or the person’s number of years of education 
and that person’s annual income. The ordered pairs are plotted on a graph and the graph is 
called a scatter diagram (or scatter plot). Such scatter diagrams are used to see if there is 
any pattern to the data and, if there is, then the diagram is used to predict the value for one 
of the variables if the value of the other is known. For example, if you know that a person’s 
height is 5 ft 6 in., then his or her weight might be predicted from information indicated in a 
scatter diagram that has several points of known information about height and weight.

	 73.	 a.	 �The following table of values indicates the number of push‑ups and the number 
of sit‑ups that ten students did in a physical education class. Plot these points in 
a scatter diagram.

Person #1 #2 #3 #4 #5 #6 #7 #8 #9 #10

x (push‑ups) 20 15 25 23 35 30 42 40 25 35

y (sit‑ups) 25 20 20 30 32 36 40 45 18 40

	 b.	 Does there seem to be a pattern in the relationship between push‑ups and sit‑ups? 
What is this pattern?

	 c.	� Using the scatter diagram in part a., predict the number of sit‑ups that a student 
might be able to do if he or she has just done each of the following numbers of 
push‑ups: 22, 32, 35, and 45. (Note: In each case, there is no one correct answer. 
The answers are only estimates based on the diagram.)

	 74.	 Ask ten friends or fellow students what their heights and shoe sizes are. (You may 
want to ask all men or all women since the scales for men’s and women’s shoe sizes 
are different.) Organize the data in table form and then plot the corresponding scatter 
diagram. Knowing your own height, does the pattern indicated in the scatter diagram 
seem to predict your shoe size?

	 75.	 Ask ten friends or fellow students what their heights and ages are. Organize the data 
in table form and then plot the corresponding scatter diagram. Knowing your own 
height, does the pattern indicated in the scatter diagram seem to predict your age? Do 
you think that all scatter diagrams can be used to predict information related to the 
two variables graphed? Explain.
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4.2 Exercises
Concept Check
Fill-in-the-Blank. Complete each sentence using information found in this section.

	 1.	 If 0 is substituted for x in a linear equation and the resulting equation is solved for y, 
the result will be the ___-intercept.

	 2.	 If 0 is substituted for y in a linear equation and the resulting equation is solved for x, 
the result will be the ___-intercept.

	 3.	 The solution set for linear equations is a/an _________ set of ordered pairs.

	 4.	 The standard form of a linear equation is __________.

	 5.	 The graph of every linear equation is a/an ______.

	 6.	 The graph of a line is determined by ___ points.

True/False. Determine whether each statement is true or false. If a statement is false, 
explain how it can be changed so the statement will be true. (Note: There may be more 
than one acceptable change.)

	 7.	 The y‑intercept is the point where a line crosses the y‑axis.

	 8.	 The terms ordered pair and point are used interchangeably.

	 9.	 A horizontal line does not have a y‑intercept.

	 10.	 All x‑intercepts correspond to an ordered pair of the form 0, .y� �

Practice

Use your knowledge of y‑intercepts and x‑intercepts to match each of the following 
equations with its graph.

	 1.	 4x + 3y = 12

	 2.	 4x − 3y = 12

	 3.	 x + 2y = 8

	 4.	 −x + 2y = 8

	 5.	 x + 4y = 0 

	 6.	 5x − y = 10

	 a.	
5

1 2 3 4 5−1−2−3−4−5 −1

1
2
3
4

−2
−3
−4
−5

x

y
	 b.	

1

1 2 3 4 5−1−2−3−4−5 −1
−2
−3
−4
−5

x

y

−6
−7
−8
−9
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	 c.	
5

−5−6−7−8−9 −1

1
2
3
4

−2
−3
−4
−5

x

y

−1−2−3−4 1

	 d.	
5

1 2 3 4 5−1−1

1
2
3
4

−2
−3
−4
−5

x

y

6 7 8 9

	 e.	
5

1 2 3 4 5−1−2−3−4−5 −1

1
2
3
4

−2
−3
−4
−5

x

y

	 f.	
5

1 2 3 4 5−1−2−3−4−5 −1

1
2
3
4

−2
−3
−4
−5

x

y

Graph each linear equation by locating at least two ordered pairs that satisfy the given 
equation. See Examples 1 through 3.

	 7.	 x + y = 3

	 8.	 x + y = 4

	 9.	 y = x

	 10.	 2y = x

	 11.	 2x + y = 0

	 12.	 x = 1

	 13.	 3x + 2y = 0

	 14.	 2x + 3y = 7

	 15.	 x + 2 = 0

	 16.	 4x + 3y = 11

	 17.	 3x − 4y = 12

	 18.	 2x − 5y = 10

	 19.	 y + 1 = 0

	 20.	 y = 4x + 4

	 21.	 y = x + 2

	 22.	 x − 4 = −1

	 23.	 3y = 2x − 4

	 24.	 y = −3

	 25.	 4x = 3y + 8

	 26.	 3x + 5y = 6

	 27.	 2x + 7y = −4

	 28.	 2x + 3y = 1

	 29.	 x + 5 = 6

	 30.	 5x − 3y = −1

	 31.	 5x − 2y = 7

	 32.	 y − 3 = 1

	 33.	 3x + 4y = 7

	 34.	
2

3
4x y� �

	 35.	 x y� �
3

4
6

	 36.	 2
1

2
3x y� �

	 37.	 y + 2 = 3

	 38.	
2

5
3 5x y� �

	 39.	 5x = y + 2

	 40.	 4x = 3y − 5
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Graph each linear equation by locating the x‑intercept and the y‑intercept. See 
Examples 4 through 6.

	 41.	 x + y = 6

	 42.	 x + y = 4

	 43.	 x − 2y = 8

	 44.	 x − 3y = 6

	 45.	 4x + y = 8

	 46.	 x + 3y = 9

	 47.	 x − 4y = −6

	 48.	 x − 6y = 3

	 49.	 y = 4x − 10

	 50.	 y = 2x − 9

	 51.	 3x − 2y = 6

	 52.	 5x + 2y = 10

	 53.	 2x + 3y = 12

	 54.	 3x + 7y = −21

	 55.	 3x − 7y = −21

	 56.	 3x + 2y = 15

	 57.	 5x + 3y = 7

	 58.	 2x + 3y = 5

	 59.	 y x� �
1

2
4

	 60.	 y x� � �
1

3
3

	 61.	
2

3
3 4x y� �

	 62.	
1

2
2 3x y� �

	 63.	
1

2

3

4
6x y� �

	 64.	
2

3

4

3
8x y� �

Applications
Solve.

	 65.	 The amount of potassium in a clear bottle of a popular sports drink declines 
over time when exposed to the UV lights found in most grocery stores. The 
amount of potassium in a container of this sports drink is given by the equation 
y x� � �30 360, where y represents the mg of potassium remaining after x days on 

the shelf. Find both the x‑intercept and y‑intercept, and interpret the meaning of each 
in the context of this problem.

	 66.	 Mr. Adler has found that the grade each student gets in his Introductory Algebra 
course directly correlates with the amount of time spent doing homework and is 
represented by the equation y x� �7 30, where y represents the numerical score 
the student receives on an exam (out of 100 points) after spending x hours per week 
doing homework. Find the y‑intercept and interpret its meaning in this context.

	 67.	 Barbara’s Bombtastic Bakery is donating cookies to a charity bake sale. The bakery 
decides to donate chocolate chip cookies and peanut butter cookies by the dozen, 
and they want to donate a total of 30 dozen cookies. To determine the possible 
combinations, the bakery uses the equation C + P = 30, where C is the number 
of dozens of chocolate chip cookies and P is the number of dozens of peanut 
butter cookies.

a.	 Find the intercepts of the given equation.

b.	 Graph the equation using the intercepts.

c.	 Are there any solutions to the equation that do not make sense in the context of 
the problem? Explain why.

d.	 If Barbara’s Bombtastic Bakery decides to donate 16 dozen peanut butter 
cookies, how many dozen chocolate chip cookies will be donated?
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	 68.	 Ibuprofen can be given to a child to treat a fever. For a fever lower than 102.5 °F, 
the recommended dosage is 2.2 milligrams per pound of body weight. This can be 
modeled by the equation D = 2.2w, where D is the dosage of ibuprofen in milligrams 
and w is the weight of the child in pounds.

a.	 Create a table to determine several coordinate pairs that satisfy the equation.

b.	 Graph the equation using the coordinate pairs from part a.

c.	 Are there any solutions from the graph that do not make sense in the context of 
the problem? Explain why.

d.	 How much ibuprofen should be given to a child that weighs 45 pounds?

	 69.	 Mason purchased a card game for $20. The 5-card expansion packs cost $1 per pack. 
Mason wants to keep track of how much money he spends on the game, so he creates 
the equation C = 20 + 1n, where C is the total cost in dollars and n is the number of 
expansion packs purchased.

a.	 Create a table to determine several coordinate pairs that satisfy the equation.

b.	 Graph the equation using the coordinate pairs from part a.

c.	 Are there any solutions from the graph that do not make sense in the context of 
the problem? Explain why.

d.	 If Mason buys 37 expansion packs, what will the total cost be?

Writing & Thinking
	 70.	 Explain, in your own words, why it is sufficient to find the x‑intercept and y‑intercept 

to graph a line (assuming that they are not the same point).

	 71.	 Explain, in your own words, how you can determine if an ordered pair is a solution 
to an equation.
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E �Finding Equations of Lines Given 
the Slope and the y‑Intercept

Example 7	 Finding Equations Given the Slope and the y‑Intercept

Find the equation of the line through the point 0 2, �� �  with slope 1

2
.

Solution

Because the x‑coordinate is 0, we know that the point 0 2, �� �  is the y‑intercept. So b = −2. 

The slope is 1
2 .  So m = 1

2 .  Substituting in slope‑intercept form, y mx b� � ,  gives the result 

y x� �1
2 2.

Now work margin exercise 7.

Margin Exercise Answers
1.  slope = 3

x

y

(3,�1)

(4,2)

2.  slope = -
3

4

x

y

(4,2)

(0,5)

3.  y = −2; slope is 0 
4.  x = 2; slope is undefined

5.  m = 2; y‑intercept =  0 6,� �  

x

y

(0,6)

y x� �2 6

6.  m =  -
3

2
;  y‑intercept =  0 5, �� �

x

y

(0,�5)

y x� � �
3

2
5

7.	 y x� �
2

3
3

4.3 Exercises
Concept Check

Fill-in-the-Blank. Complete each sentence using information found in this section.

	 1.	 The slope of a line is the ratio of rise to _________.

	 2.	 Another name for slope is the rate of _________.

	 3.	 A line that rises (increases) from left to right has a/an _________ slope.

	 4.	 The slope of every vertical line is _________.

	 5.	 The slope of every horizontal line is _________.

	 6.	 In the equation y = mx + b, m represents the _________ and 0,b� �  represents 
the _________.

	 7.	Find the equation of the line 

through the point 0 3, �� �  

with a slope of 2

3
.
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True/False. Determine whether each statement is true or false. If a statement is false, 
explain how it can be changed so the statement will be true. (Note: There may be more 
than one acceptable change.)

	 7.	 If the y‑intercept and the slope of a line are given, there is enough information to 
write the equation of the line.

	 8.	 When using the slope formula, the slope of a line changes if the order of the points 
is reversed.

	 9.	 A line that falls (decreases) from left to right has a negative slope. 

	 10.	 The line that represents the equation y = 2x + 4 has a y‑intercept of 0 4, .� �

Practice
Find the slope of the line determined by each pair of points. See Examples 1 and 2.

	 1.	 2 4 1 1, ; ,� � �� �

	 2.	 1 2 1 4, ; ,�� � � �

	 3.	 �� � � �6 3 1 2, ; ,

	 4.	 �� � �� �3 7 4 1, ; ,

	 5.	 �� � � �5 8 3 8, ; ,

	 6.	 �� � � �� �2 3 2 1, ; ,

	 7.	 5 1 3 0, ; ,� � � �

	 8.	 0 0 2 3, ; ,� � � �� �

	 9.	
3

4

3

2
1 2, ; ,

�
�
�

�
�
� � �

	 10.	 4
1

2
1 2, ; ,

�
�
�

�
�
� �� �

	 11.	
3

2

4

5
2

1

10
, ; ,

�
�
�

�
�
� ��
�
�

�
�
�

	 12.	
7

2

3

4

1

2
3, ; ,

�
�
�

�
�
� ��
�
�

�
�
�

Determine whether each equation represents a horizontal line or vertical line and give 
its slope. Graph the line. See Examples 3 and 4.

	 13.	 y = 5

	 14.	 y � �2

	 15.	 x � �3

	 16.	 x = 1 7.

	 17.	 3 18y � �

	 18.	 4 24x = .

	 19.	 � � �3 21 0x

	 20.	 2 5 0y � �

Write each equation in slope‑intercept form. Find the slope and y‑intercept, and then 
use them to draw the graph. See Examples 5 and 6.

	 21.	 y = 2x − 1

	 22.	 y = 3x − 4

	 23.	 y = 5 − 4x

	 24.	 y = 4 − x

	 25.	 y = 
2

3
3x -

	 26.	 y = 
2

5
2x +

	 27.	 x + y = 5

	 28.	 x − 2y = 6

	 29.	 x + 5y = 10

	 30.	 4x + y = 0

	 31.	 4x + y + 3 = 0

	 32.	 2x + 7y + 7 = 0

	 33.	 2y − 8 = 0
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	 34.	 3y − 9 = 0

	 35.	 2x = 3y

	 36.	 4x = y

	 37.	 3x + 9 = 0

	 38.	 4x + 7 = 0

	 39.	 5x − 6y = 18

	 40.	 3x + 6 = 6y

	 41.	 5 − 3x = 4y

	 42.	 5x = 11 − 2y 

	 43.	 6x + 4y = −8

	 44.	 7x + 2y = 4 

	 45.	 6y = −6 + 3x

	 46.	 4x = 3y − 7

	 47.	 5x − 2y + 5 = 0

	 48.	 6x + 5y = −15

In reference to the equation y = mx + b, sketch the graphs of three lines for each of the 
two characteristics listed below.

	 49.	 m b> >0 0  and  

	 50.	 m b� �0 0  and  

	 51.	 m b� �0 0  and  

	 52.	 m b< <0 0  and  

Find an equation in slope‑intercept form for the line passing through the given point 
with the given slope. See Example 7.

	 53.	 0 3
1

2
,� � � �; m

	 54.	 0 2
1

3
, ;� � �m

	 55.	 0 3
2

5
, ;�� � �m

	 56.	 0 6
4

3
, ;�� � �m

	 57.	 0 5 4, ;�� � �m

	 58.	 0 9 1, ;� � � �m

	 59.	 0 4 1, ;�� � �m

	 60.	 0 6 5, ;� � � �m

	 61.	 0 3
5

6
, ;�� � � �m

	 62.	 0 1
3

2
, ;�� � � �m

The graph of a line is shown with two points labeled. Find a. the slope, b. the y‑intercept 
(if there is one), and c. the equation of the line in slope‑intercept form.

	 63.	
10

1 2 3 4 5–1–2–3–4–5

5
6
7
8
9

4
3
2
1

x

y

(2, 10)

(−4, 1)

	 64.	
5

1 2 3 4 5–1–2–3–4–5 –1

1
2
3
4

–2
–3
–4
–5

y

(3, 2)

(3, −4)

x

	 65.	

1 2 3 4 5–1–2–3–4–5 –1

1
2
3

–2
–3
–4
–5

x

y

–6
–7

(5, −6)

(2, −6)

	 66.	
3

–1–2–3–4–5 –1

1
2

–2
–3
–4
–5

x

y

–6
–7

(−2, 3)

(1, −6)

1 2 3 4 5
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	 67.	
5

–1–2–3–4–5 –1

1
2
3
4

–2
–3
–4
–5

x

y

(−5, −5.5)

(5, −0.5)
1 2 3 4 5

	 68.	
7

–1–2–3–4–5

2
3
4
5
6

1

–1
–2
–3

x

y

(5, 7.25)

(−3, −2.75)
1 2 3 4 5

	 69.	
5

3 4 5 6 721−1−2 −1

1
2
3
4

−2
−3
−4
−5

x

y

8−3

(−3, 3)

(9, 1)

	 70.	
9

1 2 3 4 5–1–2–3–4–5 –

5
6
7
8

2
1

–
1

x

y

3
4

(1, 2)

(3, 10)

Points are said to be collinear if they lie on a straight line. If points are collinear, then 
the slope of the line through any two of them must be the same (because the line is the 
same line). Use this idea to determine whether the three points in each of the sets are 
collinear.

	 71.	 �� � � � �� �� �1 3 0 1 5 9, , , , ,

	 72.	 � �� � � � � �� �2 4 0 2 3 11, , , , ,

	 73.	 �� � � � � �� �2 0 0 30 15 525, , , , . , .

	 74.	 � �� � � � � �� �1 7 1 1 2 5 7, , , , . ,

	 75.	
2

3

1

2
0

5

6

3

4

29

24
, , , , ,

�
�
�

�
�
�
�
�
�

�
�
� ��
�
�

�
�
�

�
�
�

�
�
�

	 76.	
3

2

1

3
0

1

6

1

2

3

4
, , , , ,��

�
�

�
�
�
�
�
�

�
�
� ��
�
�

�
�
�

�
�
�

�
�
�

Applications

Solve.

	 77.	 Find the slope of the ski slope.

804 feet

603 feet

	 78.	 Find the slope of the road.

1200 feet

180 feet
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	 79.	 Find the slope of the roof of 
the skyscraper.

150 
feet

165 feet

	 80.	 Find the slope of the larger sail on 
the sailboat.

7 feet

14 feet

	 81.	 A car travels from Charleston to 
Greenville. Its distance related 
to time traveled is given on the 
following graph. Find the average 
speed of the car in miles per hour 
from Columbia to Greenville.

1 2 3 4 5

50

100

150

200

250

Time (hours)

D
is

ta
nc

e 
(m

ile
s)

Columbia (2,108)

Greenville (3.5,189)

(0,0)
Charleston

	 82.	 The attendance at Smithville’s 
Spring Festival has been increasing 
steadily as shown in the graph. Find 
the average increase in attendees 
per year. How many people do 
you predict will attend the festival 
in 2026?

2016 2018 2020 2022 2024 2026
0

1000

2000

3000

4000

5000

Year

N
um

be
r o

f A
tt

en
de

es

(2016,1200)

(2022,3000)

	 83.	 John bought his new car for $35,000 in the year 2022. He knows that the value of his car 
has depreciated linearly. If the value of the car in 2025 was $23,000, what was the annual 
rate of depreciation of his car? Show this information on a graph. (When graphing, use 
years as the x‑coordinates and the corresponding values of the car as the y‑coordinates.)

	 84.	 The number of people in the United States with cell phones was about 198 million 
in 2011 and about 232 million in 2016. If the growth in the usage of cell phones was 
linear, what was the approximate rate of growth per year from 2011 to 2016. Show 
this information on a graph. (When graphing, use years as the x‑coordinates and the 
corresponding numbers of users as the y‑coordinates.) 1

1 Source: www.statista.com/statistics/231612/number-of-cell-phone-users-usa/
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	 85.	 The Millennium Force roller coaster at Cedar Point in Sandusky, Ohio, has been 
voted the Best Steel Coaster by Golden Ticket eleven times since 2001. The 
Millennium Force is known for its steep slope on the first hill and speeds up to 
93 miles per hour. The descent from the first hill starts at 310 feet above the ground 
and ends 10 feet above the ground. The descent runs approximately 53 feet. Find 
the slope of this hill to the nearest hundredth. (Hint: The slope is running downhill. 
Consider how that affects the slope.)

310 feet

10 feet

	 86.	  The grade, or slope, of a road is commonly given as a percentage. The grade can 
be determined by multiplying the slope by 100. Calculate the slope of each road 
or track and then determine its grade. Round each percent to the nearest hundredth 
if necessary.

	 a.	 A road increases in height 5 feet for every 120 feet of run.

	 b.	 The railway line with the steepest grade that does not run on a track system is 
the Lisbon tramway network in Portugal which has a section that increases 5 feet 
in height for every 37 feet of run.

	 c.	 A road on the Route des Crêtes (Route of the Ridges) in France has an elevation 
that increases in height 450 feet over 1500 feet.

	 87.	 Jared sells paintings at an open-air market. He starts his work day with $30 and sells 
each painting for $15. Jared wants to create a linear equation to model this situation 
where y is the amount of money Jared has at the end of the work day and x is the 
number of paintings sold.

	 a.	 The slope, or rate of change, is the increase in the amount of money Jared makes 
when he sells a painting. Determine the value of the slope and list the units for 
both variables.

	 b.	 The y-coordinate of the y-intercept of this equation is the amount of money Jared 
has before he sells any paintings. What is the y-intercept?

	 c.	 Write a linear equation in slope-intercept form to model this situation using the 
answers from parts a. and b.

	 d.	 Graph the equation from part c.

	 e.	 Are there any solutions to the equation which do not make sense in the context 
of the problem? Explain why.

	 f.	 Use the graph to determine the amount of money Jared will have after selling 
4 paintings.
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	 88.	 The given table shows the estimated number of internet users from 2018 through 
2022. The number of users for each year is shown in millions.

	 a.	 Plot these points on a graph.

	 b.	 Connect the points with line segments.

	 c.	 Find the slope of each line segment.

	 d.	 Interpret each slope as a rate of change.

Year Internet users (in millions)
2018 293
2019 312

2020 288

2021 299
2022 299

Source: www.statista.com/statistics/276445/
number-of-internet-users-in-the-united-states

	 89.	 The following table shows the urban 
growth from 1850 to 2000 in New 
York, NY.

	 a.	 Plot these points on a graph.

	 b.	 Connect the points with line segments.

	 c.	 Find the slope of each line segment.

	 d.	 Interpret each slope as a rate of change.

	 90.	 The following graph shows the 
number of female active duty 
military personnel over a span from 
1945 to 2016. The number of women 
listed includes both officers and 
enlisted personnel from the Army, the 
Navy, the Marine Corps, and the 
Air Force.

a.	 Plot these points on a graph.

b.	 Connect the points with 
line segments.

c.	 Find the slope of each line segment.

d.	 Interpret each slope as a rate of change.

Year Population
1850 515,547
1900 3,437,202
1950 7,891,957
2000 8,008,278

Source: U.S. Census Bureau

0 50 100 150 200 250 300

1945

1960

1975

2000

2005

2009

2016

Women in Uniform (In thousands)

Year
Women in the Department of Defense

31,550

96,868

202,601

201,575

203,375

266,256

225,839

Source: U.S. Dept. of Defense
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	 91.	 The following graph shows the rates of marriage per 1000 people in the US over a 
span from 1940 to 2020.

	 a.	 Plot these points on a graph.

	 b.	 Connect the points with line segments.

	 c.	 Find the slope of each line segment.

	 d.	 Interpret each slope as a rate of change.

Writing & Thinking
	 92.	 a.		 Explain in your own words why the slope of a horizontal line must be 0.

	 b.	 �Explain in your own words why the slope of a vertical line must be undefined.

	 93.	 a.	 Describe the graph of the line y = 0.

	 b.	 Describe the graph of the line x = 0.

	 94.	 In the formula y = mx + b, explain the meaning of m and the meaning of b.

	 95.	 The slope of a road is called a grade. A steep grade is cause for truck drivers to have 
slow speed limits in mountains. What do you think that a “grade of 12%” means? 
Draw a picture of a right triangle that would indicate a grade of 12%.

Collaborative Learning
	 96.	 The class should be divided into teams of 2 or 3 students. Each team will need access 

to a digital camera, a printer, and a ruler.

	 a.	 Take pictures of 8 things with a defined slope. (Suggestions: A roof, a stair 
railing, a beach umbrella, a crooked tree, etc. Be creative!)

	 b.	 Print each picture.

	 c.	 Use a ruler to draw a coordinate system on top of each picture. You will 
probably want to use increments of in. or cm, depending on the size of your 
picture. 

	 d.	� Identify the line in each picture whose slope you are calculating and then use the 
coordinate systems you created to identify the coordinates of two points on each 
line. 

	 e.	 Use the points you just found to calculate the slope of the line in each picture.

	 f.	 Share your findings with the class.

0

3

6

9

12

15
Marriages in the US

Year

R
at

e 
pe

r 
10

00
 p

eo
pl

e

12.1

8.5

10 9.8
8.5

6.8

1940 1960 1980 1990 2000 2010

5.1

2020

Source: U.S. National Center for Health Statistics
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4.4 Exercises
Concept Check

Fill-in-the-Blank. Complete each sentence using information found in this section.

	 1.	 Perpendicular lines have slopes that are ________ ________ of each other.

	 2.	 The point-slope form for an equation is ____________.

	 3.	 Parallel lines have the _______ slope.

	 4.	 Lines represented by the equation Ax + By = C are in _________ form.

	 5.	 In the equation y y m x x� � �� �1 1 ,  m represents the _______.

	 6.	 __________ lines are of the form x = a.

True/False. Determine whether each statement is true or false. If a statement is false, 
explain how it can be changed so the statement will be true. (Note: There may be more 
than one acceptable change.)

	 7.	 Given two perpendicular lines (neither of which have slope 0), we know that one has 
a positive slope and the other has a negative slope.

	 8.	 If Line 2 is parallel to Line 3, then the slope of Line 2 equals the slope of Line 3. 

	 9.	 A line perpendicular to a horizontal line has a slope that is undefined.

	 10.	 All pairs of lines are either parallel or perpendicular.

Practice

Find a. the slope, b. a point on the line, and c. the graph of the line for the following 
equations in point-slope form.

	 1.	 y x� � �� �1 2 3

	 2.	 y x� � �� �4
1

2
1

	 3.	 y x� � � � �2 5

	 4.	 y x� � �� �8

	 5.	 y x� � � �� �3
1

4
2

	 6.	 y x� � �� �6
1

3
7

Find an equation in standard form for the line passing through the given point with the 
given slope. Graph the line. See Examples 1 and 2.

	 7.	 �� � � �2 1 2, ; m

	 8.	 3 4 3, ;� � �m

	 9.	 5 2 0, ;�� � �m

	 10.	 0 0 3, ;� � � �m

	 11.	 �� � �3 6
1

2
, ; m

	 12.	 � �� �3 1, ;  
m is undefined

	 13.	 7 10
3

5
, ;� � �m

	 14.	 � �� � � �1 1
1

4
, ; m

	 15.	 ��
�
�

�
�
� �2

1

3

2

3
, ; m

	 16.	
5

2

1

2

4

3
, ;

�
�
�

�
�
� � �m
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Find an equation in slope-intercept form for the line passing through the two given 
points. See Example 3.

	 17.	 �� � � �5 2 3 6, ; ,

	 18.	 �� � � �3 4 2 1, ; ,

	 19.	 �� � � �5 1 2 0, ; ,

	 20.	 � �� � � �4 4 3 1, ; ,

	 21.	 0 2 1
3

4
, ; ,� � �

�
�

�
�
�

	 22.	
5

2
0 2

1

3
, ; ,

�
�
�

�
�
� ��
�
�

�
�
�

	 23.	 2 5 4 5, ; ,�� � �� �

	 24.	 0 4 1
1

2
, ; ,� � �

�
�

�
�
�

	 25.	 �� � � �2 6 3 1, ; ,

	 26.	 8 2 0 0, ; ,� � � �

Find an equation in standard form for each line shown. See Example 4.

	 27.	
5

1 2 3 4 5−1−2−3−4−5 −1

1
2
3
4

−2
−3
−4
−5

x

y

	 28.	

5

1 2 3 4 5−1−2−3−4−5 −1

1
2
3
4

−2
−3
−4

x

y

−6

6
7

	 29.	
5

1 2 3 4 5−1−2−3−4−5 −1

1
2
3
4

−2
−3
−4
−5

x

y

	 30.	
7

3 4 5 6 71−1−2−3

1

3
4
5
6

−1
−2
−3

x

y

2

2

	 31.	

5

1 2 3 4 5−1−2−3−4−5 −1

1
2
3
4

−2
−3
−4

x

y

−6

6
7

	 32.	

5

1 2 3 4 5−1−2−3−4−5 −1

1
2
3
4

−2
−3
−4

x

y

−6

6
7
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	 33.	
5

1 2 3 4 5−1−2−3−4−5 −1

1
2
3
4

−2
−3
−4
−5

x

y
	 34.	

5

1 2 3 4 5−1−2−3−4−5 −1

1
2
3
4

−2
−3
−4
−5

x

y

Find an equation in slope-intercept form that satisfies each set of conditions. See 
Examples 5 and 6.

	 35.	 Find an equation for the horizontal 

line through the point �� �2 6, .

	 36.	 Find an equation for the vertical line 

through the point � �� �1 4, .

	 37.	 Write an equation for the line parallel 
to the x-axis and containing the point 

2 7, .� �

	 38.	 Find an equation for the line parallel 
to the y-axis and containing the point 

2 4, .�� �

	 39.	 Find an equation for the line 
perpendicular to x = 4 and that passes 

through �� �1 7, .

	 40.	 Find an equation for the line parallel 
to the line −6y = 1 and containing the 

point �� �3 2, .

	 41.	 Write an equation for the line parallel 
to the line 2x − y = 4 and containing 
the origin. Graph both lines.

	 42.	 Find an equation for the line parallel 
to 7x − 3y = 1 and containing the 

point 1 0, .� �  Graph both lines.

	 43.	 Write an equation for the line parallel 
to 5x = 7 + y and through the point 

� �� �1 3, .  Graph both lines.

	 44.	 Write an equation for the line that 

contains the point 2 2,� �  and is 
perpendicular to the line 4x + 3y = 4. 
Graph both lines.

	 45.	 Find an equation for the line that 

passes through the point 4 1, �� �  
and is perpendicular to the line 
5x − 3y + 4 = 0. Graph both lines.

	 46.	 Write an equation for the line that is 
perpendicular to 8 3 2 0� � �x y  and 

passes through the point � �� �4 2, .

	 47.	 Write an equation for the line through 
the origin that is perpendicular to 
3x − y = 4.

	 48.	 Find an equation for the line that is 
perpendicular to 2x + y = 5 and that 

passes through 6 1, .�� �

	 49.	 Write an equation for the line that is 
perpendicular to 2x − y = 7 and has 
the same y-intercept as x − 3y = 6.

	 50.	 Find an equation for the line with the 
same y-intercept as 5x + 4y = 12 and 
that is perpendicular to 3x − 2y = 4.

	 51.	 Show that the points A �� �2 4, ,  

B 0 0, ,� �  C 6 3, ,� �  and D 4 7,� �  are 
the vertices of a rectangle. (Plot the 
points and show that opposite sides 
are parallel and that adjacent sides 
are perpendicular.)

	 52.	 Show that the points A 0 1, ,�� �  

B 3 4, ,�� �  C 6 3, ,� �  and D 9 0,� �  are 
the vertices of a parallelogram. (Plot 
the points and show that opposite 
sides are parallel.)
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Determine whether each pair of lines is a. parallel, b. perpendicular, or c. neither. Graph 
both lines. (Hint: Write the equations in slope-intercept form and then compare slopes.)

	 53.	 y x

y x

� � �
� � �

�
�
�

2 3

2 1

	 54.	
y x

y x

� �

� � �

�
�
�

��

3 2

1

3
6

	 55.	 4 4

4 8

x y

x y

� �
� �

�
�
�

	 56.	 2 3 5

3 2 10

x y

x y

� �
� �

�
�
�

	 57.	 2 2 9

2 6

x y

x y

� �
� �

�
�
�

	 58.	 3 4 16

4 3 15

x y

x y

� �
� �

�
�
�

Applications
Solve.

	 59.	 The cost for an airline to fly from Raleigh, NC, to Nashville, TN, is $5000. The 
airline charges $100 for the one-way ticket from Raleigh to Nashville.

a.	 Find an equation for the profit P made by the airline on this one-way flight if 
they sell t tickets.

b.	 Use the equation found in part a. to determine the number of tickets that must be 
sold for the airline to “break even;” that is, for the profit to be equal to 0?

	 60.	 A scrapbooking club offers a monthly sticker subscription that is $9.95 for any selection 
of 100 stickers, then charges $0.10 for each additional sticker over 100.

a.	 Write an equation for the total bill, b, in a month in which you order s stickers 
(where s is at least 100).

b.	 Jenny’s bill last month was $27.85. How many stickers did she order?

	 61.	 Betsy earns 10 hours of paid time off (PTO) per month and the accumulated hours 
rollover each month. Two months into the current year, she has accumulated a total 
of 80 hours of PTO. Let y be the number of PTO hours accumulated and x be the 
number of months.

a.	 Graph the line that represents her projected PTO accumulation for the current 
calendar year if she does not use any PTO. (Graph should specify that x-axis is 
months and y-axis is hours of PTO.)

b.	 Write the equation in point-slope form that represents Betsy’s projected 
PTO accumulation.

	 62.	 The price p of a college textbook increases as the number of pages n increases. In 
fact, the price increases $20 for every 100 pages that are added to the textbook.

a.	 Assuming there are no “fixed” costs, find an equation for the price of a textbook 
in terms of the number of pages.

b.	 Use the equation found in part a. to approximate the price of a 
560-page textbook.

	 63.	 A taxi charges a fare of $5.00 plus $0.25 per eighth of a mile for a ride.

a.	 Find an equation for the fare f in terms of the number of miles m.

b.	 Use the equation found in part a. to determine the cost for a 15-mile ride.
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	 64.	 Natalie invested some money in a simple interest savings fund. After 2 years, she 
earned $120 in interest. After 5 years, she earned $300 in interest. 

a.	 Write two ordered pairs from the information given where x represents the time 
in years and y represents the amount of interest earned.

b.	 Find the slope of the line which contains the two ordered pairs from part a.

c.	 Write the point-slope equation that models the situation.

d.	 Rewrite this equation in y = mx + b form.

	 65.	 An archaeology crew finds the foundation of a house during a dig. The corners of the 
foundations are plotted on their grid map at the following points: (1, 7), (3, 2), (9, 4), 
and (7, 9).

a.	 Plot the points on the coordinate plane.

b.	 Find the slope of each side of the foundation.

c.	 Are any of the sides parallel? If so, which sides?

d.	 Are any of the sides perpendicular to each other? If so, which sides?

e.	 Is the foundation in the form of a geometric shape? If so, which shape

Writing & Thinking
	 66.	 Ramps for persons with disabilities are now built into most buildings and walkways. 

(If ramps are not present in a building, then there must be elevators.) What do you 
think that the slope of a ramp should be in order to be considered accessible? Look 
in your library or contact your local building permit office to find the recommended 
slope for such ramps.
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b.	 Since the graph of this function has two x-intercepts, we have shown the graph twice. 
Each graph shows the coordinates of a distinct x-intercept.

c.	 	 y = 2x − 1	 y = 2x + 1	 y = 2x + 3

Now work margin exercise 9.

Margin Exercise Answers
1. a.  D

R

� � �
� � �

4 7 3

5 3 6

, , ;

, ,

  b.  D

R

� � �� �
� �� �

2 4 0

3 3 0

, , ;

, ,

   2. a.  D

R

� ��� ��
� ��� ��

 

 

5 6

5 5

, ;

,

  b.  D

R

� ��� ��
� �� �� �

 

 

, ;

,

3

3. a.  not a function  b.  function   4. a.  not a function; D

R

 = 

 = 

� �� �
�� �

7 3 0 2 4 5

2 0 2 3 6

, , , , ,

, , , ,

b.  function; D

R

 = 

 = 

�� �� �
� ��� �

,

,2

  c.  not a function; D

R

 = 

 = 

��� ��
��� ��

5 7

1 5

,

,

   5.  D

x

 = 

or 

�� �� �� � �� �
� �

, ,3 3

3

6. a.  g(3) = 7  b.  g(−2) = −8  c.  g(0) = −2   7. a.  f(1) = 4  b.  f(0) = 5  c.  f(−3) = −16   8. a.  f(4) = −5  
b.  f(−4) = −2  c.  f(−2) = −1

9. a. 

x

y

(�4,0)

  b.   

x

y

(0,0)

  c. 

x

y

(0.5,0)

 

x

y

(�����,�)

 

x

y

(�1.75,0)

4.5 Exercises
Concept Check

Fill-in-the-Blank. Complete each sentence using information found in this section.

	 1.	 The equation y = mx + b represents a linear function and f x mx b� � � �  is the same 
equation written in _________ notation.

	 2.	 The _________ line test can be used to determine if a relation is a function.

	 3.	 The set of all first coordinates in a relation is the _________, D.

	 4.	 The set of all second coordinates in a relation is the _________, R.

Note
The standard window shows 
96 pixels across the window 
and 64 pixels up and down the 
window. This gives a ratio of 
3 to 2 and can give a slightly 
distorted view of the actual 
graph because the vertical pixels 
are squeezed into a smaller 
space. For Example 9c, the 
graphs of all three functions 
are in the standard window. 
Experiment by changing the 
window to a square window, say 
−9 to 9 for x and −6 to 6 for y. 
Then graph the functions and 
notice the slight differences 
(and better representation) in the 
appearances on the display.
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	 5.	 In the graph of a relation, the x-axis is called the _________ axis.

	 6.	 In the graph of a relation, the y-axis is called the _________ axis.

True/False. Determine whether each statement is true or false. If a statement is false, 
explain how it can be changed so the statement will be true. (Note: There may be more 
than one acceptable change.)

	 7.	 If the domain of a linear function is not explicitly stated, the implied domain is the 
set of all values of x that produce real values for y.

	 8.	 A relation is a function in which each domain element has exactly one corresponding 
range element.

	 9.	 In a function, the range elements can have more than one corresponding 
domain element.

	 10.	 If s � �� � � � � � � �� �1 6 3 5 4 0 1 2, , , , , , , , then s is a function.

Practice

List the sets of ordered pairs that correspond to the points. State the domain and range 
and indicate which of the relations are also functions. See Examples 1 through 3.

	 1.	
5

1 2 3 4 5−1−2−3−4 −1

1
2
3
4

−2
−3
−4
−5

x

y

6

	 2.	
5

1 2 3 4 5−1−2−3−4−5 −1

1
2
3
4

−2
−3
−4
−5

x

y

	 3.	
5

−1−2−3−4−5 −1

1
2
3
4

−2
−3
−4
−5

x

y

1 2 3 4 5

	 4.	
5

−1−2−3−4−5 −1

1
2
3
4

−2
−3
−4
−5

x

y

1 2 3 4 5

	 5.	
5

−1−2−3−4−5 −1

1
2
3
4

−2
−3
−4
−5

x

y

1 2 3 4 5

	 6.	
10

2 6 10−2−6−10 −2

2

6

−6

−10

x

y
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	 7.	
5

−1−2−3−4−5 −1

1
2
3
4

−2
−3
−4
−5

x

y

1 2 3 4 5

	 8.	
5

−1−2−3−4−5 −1

1
2
3
4

−2
−3
−4
−5

x

y

1 2 3 4 5

Graph the relations. State the domain and range and indicate which of the relations are 
functions. See Examples 1 through 3.

	 9.	 f � � � � � �� � �� � �� �� �0 0 1 6 4 2 3 5 2 1, , , , , , , , ,

	 10.	 h � �� � �� � � �� � � � � �� �1 5 2 3 1 3 0 2 4 3, , , , , , , , ,

	 11.	 g � �� � �� � � � � � � �� �4 4 3 4 1 4 2 4 3 4, , , , , , , , ,

	 12.	 f � � �� � � � �� � � � � �� �3 3 0 1 2 1 3 1 5 1, , , , , , , , ,

	 13.	 s � � � �� � � � � � �� �� �0 2 1 1 2 4 3 5 3 5, , , , , , , , ,

	 14.	 t � � �� � �� � �� � � � � �� �1 4 0 3 2 1 4 1 1 1, , , , , , , , ,

	 15.	 f � �� � �� � �� � �� � � �� �� �1 4 1 2 1 0 1 6 1 2, , , , , , , , ,

	 16.	 g � � � � �� � � � �� � � �� �0 0 2 5 2 0 4 6 5 2, , , , , , , , ,

Use the vertical line test to determine whether or not each graph represents a function. 
State the domain and range using interval notation. See Example 4.

	 17.	
5

−1−2−3−4−5 −1

1
2
3
4

−2
−3
−4
−5

x

y

1 2 3 4 5

	 18.	
5

−1−2−3−4−5 −1

1
2
3
4

−2
−3
−4
−5

x

y

1 2 3 4 5

	 19.	
5

−1−2−3−4−5 −1

1
2
3
4

−2
−3
−4
−5

x

y

1 2 3 4 5

	 20.	
5

−1−2−3−4−5 −1

1
2
3
4

−2
−3
−4
−5

x

y

1 2 3 4 5
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	 21.	

5

−1−2−3−4−5 −1

1
2
3
4

−2
−3
−4

x

y

6
7

1 2 3 4 5

	 22.	
5

−1−2−3−4−5 −1

1
2
3
4

−2
−3
−4
−5

x

y

1 2 3 4 5

	 23.	
10

2 6 10−2−6−10 −2

2

6

−6

−10

x

y

	 24.	
5

1 2 3 4−1−2−3−4−5 −1

1
2
3
4

−2
−3
−4
−5

x

y

5−6

	 25.	
5

−1−2−3−4−5 −1

1
2
3
4

−2
−3
−4
−5

x

y

1 2 3 4 5

	 26.	
5

−1−2−3−−5 −1

1
2
3
4

−2
−3
−4
−5

x

y

1 2 3 4 54

	 27.	
5

−1−2−3−4−5 −1

1
2
3
4

−2
−3
−4
−5

x

y

1 2 3 4 5

	 28.	
5

−−2−−4−5 −1

1
2
3
4

−2
−3
−4
−5

x

y

1 2 3 4 53 1

Express the function as a set of ordered pairs for the given equation and given domain. 
(Hint: Substitute each domain element for x and find the corresponding y-coordinate.)

	 29.	 y x D� � � ��
�

�
�
�

3 1 0
4

3
2; , , ,� �9,

1

3

	 30.	 y x D� � � � � �� �3

4
2 4 2 0 3 4; , , , ,

	 31.	 y x D� � � � �� �1 3 2 1 0 1 22; , , , ,

	 32.	 y x x D� � � ���
�

�
�
�

3 4 1 0
1

2
1 2; , , , ,

State the domains of the functions. See Example 5.

	 33.	 y = −5x + 10

	 34.	 2x + y = 14

	 35.	 g x
x

� � � 8

	 36.	 h x
x

� � � 7

3
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	 37.	 y
x x

x
�

� �
�

13 5 8

3

2

	 38.	 f x
x

� � �
�
35

6

Find the values of the functions as indicated. See Examples 6 and 7.

	 39.	 f x x� � � �3 10

		  a.	 f 2� �

		  b.	 f �� �2

		  c.	 f 0� �

	 40.	 g x x� � � � �4 7

		  a.	 g �� �3

		  b.	 g 6� �

		  c.	 g 0� �

	 41.	 G x x x� � � � �2 5 6

		  a.	 G �� �2

		  b.	 G 1� �

		  c.	 G 5� �

	 42.	 F x x� � � �6 102

		  a.	 F 0� �

		  b.	 F �� �4

		  c.	 F 4� �

	 43.	 h x x x� � � �3 8

		  a.	 h �� �3

		  b.	 h 0� �

		  c.	 h 3� �

	 44.	 P x x x� � � � �2 4 4

		  a.	 P �� �2

		  b.	 P 10� �

		  c.	 P �� �5

Using the graph of f x� � ,  find each value. See Example 8.

5

1 2 3 4 5−1−2−3−4−5 −1

1
2
3
4

−2
−3
−4
−5

x

y

y = f(x)

	 45.	 f 1� �

	 46.	 f �� �3

	 47.	 f 4� �

	 48.	 f �� �1

 Use a graphing calculator to graph the functions. Use the CALC features to find 
x-intercepts, if any. (The value of y will be 0 at those points.) For absolute value 
functions, select the MATH menu, then the NUM menu, and then abs(. Remember to 
press ) after entering the absolute value. See Example 9.

	 49.	 y = 6

	 50.	 y = 4x

	 51.	 y x� � 5

	 52.	 y = −2x + 3

	 53.	 y x x� �2 4

	 54.	 y x x� � �1 2 2
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	 55.	 y x� � 3

	 56.	 y x� � 2

	 57.	 y x x� �2 3

	 58.	 y x x� � �2 5 13 2

	 59.	 y x x� � � �3 3 1

	 60.	 y x x� � �4 210 9

 Use the CALC features of the calculator to find the coordinates of any points of 
intersection of the graphs. (Hint: The intersect item on the CALC menu will help in 
finding the point (or points) of intersection of two functions, if there is one.) In the Y = 
menu use both Y1 = and Y2 = to be able to graph both functions at the same time.

	 61.	 y x
y x
� �
� �

3 2
4

	 62.	 y x
y x
� �
�

2

	 63.	 y x
y x
� �
�

2 1
2

	 64.	 y x
y x x
� �
� � � �

3
72

The calculator display shows an incorrect graph for the corresponding equation. Explain 
how you know, by just looking at the graph, that a mistake has been made.

	 65.	 y x� �2 5  

	 66.	 y x� � �3 4  

	 67.	 y x� �
2

3
2 

	 68.	 y x� �4   

	 69.	 y x� �
1

3
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Applications

Solve.

	 70.	 A nurse hangs a 1000-milliliter IV bag that is set to drip at 120 milliliters per hour. 
Create a model of this situation to represent the amount of IV solution left in the bag 
after x hours.

	 a.	 The y-intercept is the amount of IV solution in the bag initially (time = 0). What 
is the y-intercept?

	 b.	 The slope is equal to the rate that the IV solution is dispensed per hour. What 
is the slope? (Hint: Consider whether the amount of IV solution in the bag is 
increasing or decreasing and how this would affect the slope.)

	 c.	 Write an equation in slope-intercept form to model this situation.

	 d.	 Write the equation from part c. using function notation.

	 e.	 State the domain and range of the function.

	 f.	 State any additional restrictions that should be made on the domain for it to 
make sense in the context of this problem.

	 g.	 How much IV solution is left in the bag after 5 hours?

	 71.	 Ariella is a full-time sales associate at a clothing store. She earns a weekly salary of 
$250 and earns 15% commission on all of her sales. Create a model of this situation 
to represent the amount of money Ariella makes after x dollars in sales.

	 a.	 What is the y-intercept and what does the y-coordinate of the 
y-intercept represent?

	 b.	 What is the slope and what does this value represent?

	 c.	 Write an equation in slope-intercept form to model this situation using the 
answers from parts a. and b.

	 d.	 Write the equation from part c. using function notation.

	 e.	 State the domain and range of the function.

	 f.	 State any additional restrictions that should be made on the domain for it to 
make sense in the context of this problem.

	 g.	 How much will Ariella make if she sells $5000 worth of merchandise?

Writing & Thinking
	 72.	  Enter a variety of functions in your calculator, investigate your findings, and 

report these to your class. Certainly, interesting discussions will follow!
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4.6 Exercises
Concept Check

Fill-in-the-Blank. Complete each sentence using information found in this section.

	 1.	 To determine which half-plane is a solution of a linear inequality (and therefore 
should be shaded), _________ any point clearly on one side of the boundary line.

	 2.	 If a point is tested on one side of the boundary line and it _________ the inequality, 
shade that side of the boundary line. The shaded region is the solution set.

	 3.	 If a boundary line is not included in the solution set, the solution is a/an _________ 
half-plane.

	 4.	 A straight line that separates two half-planes is called a/an _________ line.

	 5.	 If a boundary line is part of the solution set, the graph of the solution set is a/an 
_________ half-plane.

	 6.	 The boundary line should be _________ if the inequality is < or >.

True/False. Determine whether each statement is true or false. If a statement is false, 
explain how it can be changed so the statement will be true. (Note: There may be more 
than one acceptable change.)

	 7.	 A solid boundary line indicates that the points on that line are included in 
the solution.

	 8.	 If the solution set is an open half-plane, then the boundary line is included in 
the solution.

	 9.	 The boundary line is solid when the inequality uses a < or > symbol.

	 10.	 The slope of an inequality is used to determine whether the boundary line is included 
in the solution.

Practice

Graph the solution set of each of the linear inequalities. See Examples 1 through 4.

	 1.	 x + y ≤ 7

	 2.	 x − y > −2

	 3.	 x − y > 4

	 4.	 x + y ≤ 6

	 5.	 y < 4x

	 6.	 y < −2x

	 7.	 y ≥ −3x

	 8.	 y > x

	 9.	 x − 2y > 8

	 10.	 x + 3y ≤ 3

	 11.	 4x + y ≥ 2

	 12.	 5x − y < 4

	 13.	 y ≤ 5 − 3x

	 14.	 y ≥ 8 − 2x

	 15.	 2y − x ≤ 0

	 16.	 x + y > 0

	 17.	 x + 4 ≥ 0

	 18.	 x − 5 ≤ 0

	 19.	 y ≥ −2

	 20.	 y + 3 < 0

	 21.	 4x < −3y + 9

	 22.	 3x < 2y − 4

	 23.	 3y > 4x + 6

	 24.	 5x < 2y − 6

	 25.	 x + 3y < 7

	 26.	 3x + 4y > 11

	 27.	
1

2
1x y� �

	 28.	
1

3
3x y� �

	 29.	
2

3
4x y� �

	 30.	 2
4

3
8x y� �
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 Use a graphing calculator to graph each of the linear inequalities. See Examples 5 and 6.

	 31.	 y x>
1

2

	 32.	 2 6x y� �

	 33.	 x y� � 5

	 34.	 x y� �2 8

	 35.	 y � �3

	 36.	 y � �4

	 37.	 2 6x y� �

	 38.	 x y� �3 9

	 39.	 3 2 12x y� �

	 40.	 3 4 15x y� �

Applications

Solve.

	 41.	 The grade for a 1-credit-hour survey class is based on an exam and a project, which 
are worth a maximum of 50 points each. The sum of the two scores must be at least 
75 points for a student to earn a passing grade. 

	 a.	 Let the amount of points earned on the exam be represented by the variable x 
and the amount of points earned on the project be represented by the variable y. 
Create a linear inequality to describe the solution set for a passing grade.

	 b.	 Graph the linear inequality from part a.

	 c.	 A student earns 45 points on their final exam and 22 points on their project. Plot 
this point on the graph. Did this student earn a passing grade?

	 d.	 Are there any points in the solution set that do not make sense for this situation?

	 42.	 A fail-safe is installed on a device with two electrical inputs. If the sum of the inputs 
is greater than 250 kilowatts, the fail-safe will activate and cause the machine to 
switch off. 

	 a.	 Let one electrical input be represented by the variable x and the other be 
represented by the variable y. Create a linear inequality to describe the values 
that will activate the fail-safe.

	 b.	 Graph the linear inequality.

	 c.	 The device has electrical inputs of 95 kilowatts and 145 kilowatts. Plot this point 
on the graph. Will the fail-safe activate and switch off the device? Explain why.

	 43.	  Janessa has been trying to live a heathier life, so she bought a wrist fitness tracker. 
At the end of the first week, she connected it to the computer to download the data. 
The line, given by m d� �3

10 2,  best represents her first week’s data, where m 
represents miles walked in a day and d represents the day number (for example, on 
day 1, d = 1). The given graph is meant to represent the best fit line for the data taken 
once a day at the same time each day.

	 a.	 Fill out the following table using m d� �3
10 2,  where the input is the 

day number.

Domain, d 1 2 3 4 5 6 7
Range, m

	 b.	 Assuming the best fit line continues, how many miles would you expect Janessa 
to walk by the end of the second week (day 14)? Round your answer to the 
nearest tenth.
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Writing & Thinking
	 44.	 Explain in your own words how to test to determine which side of the graph of an 

inequality should be shaded.

	 45.	 Describe the difference between a closed and an open half-plane.
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351 5.1  Exercises

Margin Exercise Answers

1.  6 − 12 = − 6  True statement; 18 + 8 = 26  True statement   2.  2 = −6 + 8  True statement; 2 = 9 − 8  

False statement   3. 

x

y

 y = −x − 3

y = 2x + 6
�� �3 0,    4. 

x

y

x + 2y = 8

 −x + 2 = 2y

 No solution   

5. 

x

y

3x = y + 4
6x − 8 = 2y

x x, 3 4�� �    6. 

x

y

 y = 4x − 3
 y − 2x = 0

 3

2
3,

�
�
�

�
�
�

   7. 

x

y

 x − 3y = −1

 x + y = −5

 � �� �4 1,

5.1 Exercises
Concept Check

Fill-in-the-Blank. Complete each sentence using information found in this section.

	 1.	 A system of equations is also called a set of ______ equations.

	 2.	 When solving a system of two linear equations, the goal is to find ordered pairs that 
satisfy _____ equations.

	 3.	 To solve a system of linear equations by graphing, you should graph both equations 
on the ______ set of axes.

	 4.	 A dependent system has _________ solution(s).

	 5.	 A consistent system has exactly ___ solution(s).

	 6.	 An inconsistent system has ___ solution(s).

True/False. Determine whether each statement is true or false. If a statement is false, 
explain how it can be changed so the statement will be true. (Note: There may be more 
than one acceptable change.)

	 7.	 To check a solution, substitute it into one of the equations. If the solution satisfies 
one equation it will satisfy all of the equations.

	 8.	 A system of equations with graphs that are parallel lines has exactly one solution.

	 9.	 A system of equations with graphs that intersect at one point has exactly 
one solution.

	 10.	 A system of equations with graphs that are the same line has infinitely 
many solutions.
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Practice

Determine which of the given points, if any, lie on both of the lines in the systems of 
equations by substituting each point into both equations. See Examples 1 and 2.

	 1.	
x y

x y

� �
� �

�
�
�

6

2 0

a.	 (1, –2)

b.	 (4, –2)

c.	 (2, –4)

d.	 (–1, 2)

	 2.	
x y

y x

� �
� �

�
�
�

3 5

3 4

a.	 (2, 1)
b.	 (2, –2)
c.	 (–1, 2)
d.	 (4, 0)

	 3.	 2 4 6 0

3 6 9 0

x y

x y

� � �
� � �

�
�
�

a.	 (1, 1)
b.	 (2, 0)

c.	 0
3

2
,

�
�
�

�
�
�

d.	 (–1, 3)

	 4.	 5 2 5 0

5 3

x y

x y

� � �
� �

�
�
�
a.	 (1, 0)

b.	
3

5
1,��

�
�

�
�
�

c.	 (0, 0)
d.	 (1, 4)

The graphs of the lines represented by each system of equations are given. Determine 
the solution of the system by looking at the graph. Check your solution by substituting 
into both equations. See Example 3.

	 5.	 x y

x y

� �
� � �

�
�
�

2 4

2  

		

1 2 3 4 5−1−2−3−4−5

5

1
2
3
4

−1
−2
−3
−4
−5

x

y

x − y = −2

x + 2y = 4

	 6.	 x y

x y

� �
� � �

�
�
�

2 1

2 1

		

1 2 3 4 5−1−2−3−4−5

5

1
2
3
4

−1
−2
−3
−4
−5

x

y

2x + y = −1

x + 2y = 1
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	 7.	 2 6

3 14

x y

x y

� �
� �

�
�
�

		

1 2 3 4 5−1−2−3−4−5

5

1
2

3
4

−1
−2
−3
−4

x

y

6
7

6

2x − y = 6

3x + y = 14

	 8.	
  x y

x y

� �
� �

�
�
�

4

3 6

		

x − y = 4

−1−2−3−4−5 −1
−2
−3
−4

x

y

3

5

1
2

4

1 2 3 4 5 6

−5
−6

3x − y = 6

Show that each system of equations is inconsistent by determining the slope of each 
line and the y-intercept. (That is, show that the lines are parallel and do not intersect.) 
See Example 4.

	 9.	
 2 3

4 2 5

x y

x y

� �
� �

�
�
�

	 10.	
3 5 1

6 10 4

x y

x y

� �
� �

�
�
�

	 11.	 y x

x y

� �

� �

�
�
�

��

1

2
3

2 1

	 12.	
3 8

1

3
2

x y

x y

� �

� �

�
�
�

��

Solve each system of equations by graphing. Then, state whether the system is 
consistent or inconsistent and whether the equations are dependent or independent. 
See Examples 3 through 6.

	 13.	 y x
y x

� �
� � �

�
�
�

1
5

	 14.	 y x
x y

� �
� �

�
�
�

2 5
4 2 7

	 15.	 2 4
3 6
x y
x y
� �
� �

�
�
�

	 16.	 2 3 6
4 6 12

x y
x y
� �
� �

�
�
�

	 17.	 x y
x y

� � �
� �

�
�
�

5 0
5

	 18.	 y x
x y
� �
� �

�
�
�

4 3
2 8

	 19.	 3 6
3

x y
y x

� �
�

�
�
�

	 20.	 y x
x y

�
� �

�
�
�

2
2 4

Solve each system of equations by graphing. See Examples 3 through 6.

	 21.	 x y
x

� �
� �

�
�
�

5
3

	 22.	 x y
x

� �
�

�
�
�

2 4
4

	 23.	 x y
x y
� �
� �

�
�
�

2 8
3 2 0

	 24.	
x y

y x

� �
� �

�
�
�

8

5 2 5

	 25.	 5 4 5
8 10 10

x y
y x

� �
� �

�
�
�

	 26.	 2 0
4 2 8

x y
x y
� �
� � �

�
�
�

	 27.	 4 3 7 0
5 2 3 0
x y
x y
� � �
� � �

�
�
�

	 28.	 4 2 10
6 3 15
x y
x y
� �

� � � �
�
�
�
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	 29.	 x
y
�
� �

�
�
�

5
1

	 30.	 y
x
�
�

�
�
�

7
8

	 31.	
1

2
2 7

2 4 8

x y

x y

� �

� �

�
�
�

��

	 32.	
4 6

2
1

2
3

x y

x y

� �

� �

�
�
�

��

	 33.	 7 2 1
3

x y
y

� �
�

�
�
�

	 34.	 x
x y

�
� �

�
�
�

1 5
3 9

.

	 35.	 y x

x y

� �

� � �

�
�
�

��

1

2
2

2 4 0

	 36.	
2 5 6

2

5
1

x y

y x

� �

� �

�
�
�

��

	 37.	 2 3 5
3 2 1

x y
x y
� �
� �

�
�
�

	 38.	
2

3
2

4 3

x y

x y

� �

� �

�
�
�

��

	 39.	 x y
y x

� �
� �

�
�
�

4
2 2 4

	 40.	 x y
x y
� �
� �

�
�
�

4
2 3 3

	 41.	

1

2

1

3

1

6
1

4

1

4
0

x y

x y

� �

� �

�

�
��

�
�
�

	 42.	

1

4

13

4
1

3

1

6

1

6

x y

x y

� �

� � �

�

�
��

�
�
�

 Use a graphing calculator’s intersect function to solve each system of equations. 
If necessary, round values to the nearest ten-thousandth. (Remember to solve each 
equation for y and then enter them as Y1 and Y2 in the o menu.) See Example 7.

	 43.	 x y

x y

� �
� � �

�
�
�

2 9

2 7

	 44.	
x y

x y

� �
� �

�
�
�

3 0

2 7

	 45.	
y

x y

�
� � �

�
�
�

2

2 3 3

	 46.	
2 3 0

3 3
5

2

x y

x y

� �

� �

�
�
�

��

	 47.	 y

x y

� �
� �

�
�
�

3

2 0

	 48.	 2 3 1 25

2 5

x y

x y

� �
� �

�
�
�

.

	 49.	
x y

x y

� �
� � �
�
�
�

3 5

2 5 7 7

.

.

	 50.	 4 05

2 8

x y

x y

� � �
� � �

�
�
�

.

Applications

Each of the following applications has been modeled using a system of equations. Solve 
the system graphically.

	 51.	 The sum of two numbers is 25 and their difference is 15. What are the two numbers? 
Let x be one number and y be the other number. 

The corresponding modeling system is x y

x y

� �
� �

�
�
�

25

15
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	 52.	 The perimeter of a rectangle is 50 m and the length is 5 m longer than the width. 
Find the dimensions of the rectangle. 
Let x be the length and y be  the width. 

The corresponding modeling system is 2 2 50

5

x y

x y

� �
� �

�
�
�

	 53.	 OSHA recommends that swimming pool owners clean their pool decks with a 
solvent composed of a 12% chlorine solution and a 3% chlorine solution. Fifteen 
gallons of the solvent consists of 6% chlorine. How much of each of the mixing 
solutions were used? 
Let x be the number of gallons of the 12% solution 
and  y be the number of gallons of the 3% solution. 

The corresponding modeling system is 
x y

x y

� �

� � � �
�
�
�

��

15

0 12 003 0 06 15. . .

	 54.	 A student bought a calculator and a textbook for a course in algebra. He told his 
friend that the total cost was $170 (without tax) and that the calculator cost $20 more 
than twice the cost of the textbook. What was the cost of each item? 
Let x be the cost of the calculator and y be the cost of the textbook. 

The corresponding modeling system is 
x y

x y

� �
� �

�
�
�

170

2 20

	 55.	  Felix is trying to decide between two job offers. Company A is offering $15 per 
hour with a $500 signing bonus and Company B is offering $18 per hour with a $100 
signing bonus. Graph the system of linear equations to estimate how many hours he 
must work to make Company B the best financial choice. Round up to the nearest 
hour. 

The corresponding modeling system is 
y x

y x

� �
� �

�
�
�

15 500

18 100
 

	 56.	 Silas is comparing two credit card offers. Credit Card A has no annual fee and offers 
1.5% cash back on purchases. Credit Card B has a $95 annual fee and offers 6% back 
on purchases. Let x be the amount spent and y be the amount of cash back, minus 
annual fees.  

The corresponding modeling system is 
y x

y x

�
� �

�
�
�

0 015

0 06 95

.

.
  

Find the ordered pair that represents the amount Silas needs to spend to earn the 
same amount of cash back minus his annual fees, and the amount of cash back he 
earns after spending that amount.

	 57.	 Mackenzie plans to join a gym and wants to decide between the two gyms that are 
close to her home, Fit4Life and Workout Nation. At Fit4Life, she would pay a $20 
per month membership fee and $10 per class. At Workout Nation, she would pay a 
$45 per month membership fee and $5 per class. Mackenzie wants to determine how 
many classes she would have to take per month for both gyms to have the same cost. 

a.	 Write two equations to represent the situation. Use the variable y to represent the 
total cost per month and the variable x to represent the number of classes.

b.	 Graph the two equations on the same coordinate plane.

c.	 Find the point of intersection.

d.	 What does the point of intersection mean? Write a complete sentence.

e.	 If Mackenzie plans to take 10 classes per month, which gym would be the 
better deal?
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	 58.	 You are planning a vacation and would like to spend your money wisely. You decide 
to fly to your destination and then rent a car when you get there. Discount Car 
Rentals charges $10 per day for the economy class car and $0.10 per mile. Cars For 
Hire charges $15 per day and $0.05 per mile. You need to determine which car rental 
service offers the best deal.

a.	 Write two equations to represent the situation. Use the variable y to represent 
the total cost per day and the variable x to represent the number of miles driven 
per day.

b.	 Graph the two equations on the same coordinate plane.

c.	 Find the point of intersection.

d.	 What does the point of intersection mean? Write a complete sentence.

e.	 You expect to drive at most 75 miles per day. Which car rental company should 
you rent the car from?

Writing & Thinking
	 59.	 Explain, in your own words, why the answer to a consistent system of linear 

equations can be written as an ordered pair.

 

©HAWKES LEARNING



362 Chapter 5  Systems of Linear Equations

Completion Example Answers
6.  x = 3 − y; 3 − y; 

2 12

12

6 12

3

3

3

6 2

3

6

2

2 5

�

�

�

�

� � � �

� �
� �
� �

�

� � � � �

y

y

y

y

y

y

y

x

The solution to the system is 5 2, .�� �

Margin Exercise Answers

1.  3 5, �� �    2.  10 1,� �    3.  No solution   4.  x x
y

y, ,1 2
1

2
�� � ��

�
�

�
�
�or    5.  �� �3 9,    6.  �� �1 3,

5.2 Exercises
Concept Check

Fill-in-the-Blank. Complete each sentence using information found in this section.

	 1.	 The first step when solving a system of equations using the method of substitution is 
to solve for one of the ______ in one of the equations.

	 2.	 The second step is to substitute the resulting expression into the _______ expression.

	 3.	 If the equation formed after substitution is never true, then the system has ______ 
solution(s).

	 4.	 If the equation formed after substitution is always true, then the system has  
a/an ______ number of solutions.

	 5.	 After solving the equation formed after substitution, the value of the variable is 
substituted into one of the original expressions to find the value of the other variable. 
This is known as ______ ______.

	 6.	 The solution should be checked in ______ equations.

True/False. Determine whether each statement is true or false. If a statement is false, 
explain how it can be changed so the statement will be true. (Note: There may be more 
than one acceptable change.)

	 7.	 The method of substitution reduces the problem from one of solving two equations in 
two variables to solving one equation in one variable.

	 8.	 The method of substitution is most often used when one of the equations is 
impossible to graph.

	 9.	 The method of substitution is more accurate than the graphing method.

	 10.	 When using the method of substitution, you should always solve the first equation 
for x.

©HAWKES LEARNING



363 5.2  Exercises

Practice

Use the method of substitution to solve each system. See Examples 1 through 6.

	 1.	
x y

y x

� �
�

�
�
�

6

2

	 2.	 5 2 21x y

x y

� �
�

�
�
�

	 3.	 3 7

2 6 14

x y

y x

� �
� �

�
�
�

	 4.	 y x

y x

� �
� �

�
�
�

3 4

2 3 5

	 5.	 x y

y x

�
� �

�
�
�

3

3 2 6

	 6.	 4

4 7

x y

x y

�
� �

�
�
�

	 7.	 x y

x y

� � �
� �

�
�
�

5 1 0

7 3

	 8.	 2 5 15

3

x y

x y

� �
� �

�
�
�

	 9.	 7 9

4 7

x y

y x

� �
� �

�
�
�

	 10.	 3 5 5

3 2

y x

y x

� �
� �

�
�
�

	 11.	
3 7

5

x y

x y

� �
� �

�
�
�

	 12.	 4 2 5

2 3

x y

y x

� �
� �

�
�
�

	 13.	 3 5 13

3 2

x y

y x

� � �
� �

�
�
�

	 14.	
15 5 20

3 4

x y

y x

� �
� � �

�
�
�

	 15.	
x y

x y

� �
� �

�
�
�

5

2 3 0

	 16.	
4 8

3 8

x

x y

�
� �

�
�
�

	 17.	 2 5

3 4 4

y

x y

�
� � �

�
�
�

	 18.	 x y

x y

� �
� �

�
�
�

8

3 2 8

	 19.	 y x

x y

� �
� � �

�
�
�

2 5

2 3

	 20.	 2 3 5

6 0

x y

x y

� �
� �

�
�
�

	 21.	
x y

x y

� �
� �

�
�
�

5 1

3 5

	 22.	
3 8 2

2 1

x y

x y

� � �
� � �

�
�
�

	 23.	
9 3 6

3 2

x y

x y

� �
� �

�
�
�

	 24.	 5 2 10

10 3 4

x y

x y

� � �
� � �

�
�
�

	 25.	 x y

x y

� � �
� � �

�
�
�

2 4

3 5

	 26.	
x y

x y

� �
� �

�
�
�

4 3

3 4 7

	 27.	
3 1

7 4 0

x y

x y

� � �
� �

�
�
�

	 28.	 x y

x y

� � �
� �

�
�
�

5 1

2 7 1

	 29.	 x y

x y

� �
� �

�
�
�

3 5

3 2 7

	 30.	 3 4 39 0

2 13 0

x y

x y

� � �
� � �

�
�
�

	 31.	
1

4

3

2
5

6 20

x y

x y

� � �

� � �

�
�
�

��

	 32.	

�
� �

� � �

�

�
��

�
�
�

4

3
2 7

8

3
4 5

x y

x y

	 33.	 6 15

0 2 0 5 2 1

x y

x y

� �
� �

�
�
� . . .

	 34.	 x y

x y

� �
� �

�
�
�

2 3

0 4 0 6. .

	 35.	
0 2 0 1 0

10

. .x y

y x

� �
� �

�
�
�

	 36.	 0 1 0 2 1 4

3 14

. . .x y

x y

� �
� �

�
�
�

	 37.	 3 2 5

1 5 2

x y

y x

� �
� �

�
�
� .

	 38.	 x y

x y

� �
� � �

�
�
�

2 75

2 4 15

.

	 39.	
1

2

1

3
4

3 2 24

x y

x y

� �

� �

�
�
�

��

	 40.	
1

3

1

7
2

7 3 42

x y

x y

� �

� �

�
�
�

��

	 41.	
x y

x y
3 5

1

6 12

� �

� �

�
�
�

��

	 42.	

x y

x y
5 4

3 0

10 2
1 0

� � �

� � �

�

�
��

�
�
�
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Applications
Each of the following applications has been modeled using a system of equations. Use 
the method of substitution to solve each system. (Note: Some of these exercises were 
also given in Section 5.1. Check to see that you arrived at the same answers by both 
methods.)

	 43.	 The sum of two numbers is 25 and their difference is 15. What are the two numbers?  
Let x be one number  
and y be the other number. 

The corresponding modeling system is 
x y

x y

� �
� �

�
�
�

25

15

	 44.	 The perimeter of a rectangle is 50 meters and the length is 5 meters longer than the 
width. Find the dimensions of the rectangle.  
Let x be the length and y be the width. 

The corresponding modeling system is 
2 2 50

5

x y

x y

� �
� �

�
�
�

	 45.	 OSHA recommends that swimming pool owners clean their pool decks with a 
solvent composed of a 12% chlorine solution and a 3% chlorine solution. 
Fifteen gallons of the solvent consists of 6% chlorine. How much of each of the 
mixing solutions were used? 
Let x be the number of gallons of the 12% solution 
and  y be the number of gallons of the 3% solution. 
The corresponding modeling system is  

x y

x y

� �

� � � �
�
�
�

��

15

0 12 003 0 06 15. . .

	 46.	 A student bought a calculator and a textbook for a course in algebra. He told his 
friend that the total cost was $170 (without tax) 
and that the calculator cost $20 more than twice 
the cost of the textbook. What was the cost of 
each item? 
Let x be the cost of the calculator  
and y be the cost of the textbook. 
The corresponding modeling system is 

x y

x y

� �
� �

�
�
�

170

2 20

	 47.	 A fitness center manager is trying to decide whether to charge an enrollment fee of 
$25 with a monthly rate of $50 or an enrollment fee of $100 with a monthly rate of 
$25. After how many months would it be more profitable for the manager to choose 
the lower enrollment fee and the higher monthly rate? Round up to the nearest 
month. 

The corresponding modeling system is 
y x

y x

� �
� �

�
�
�

50 25

25 100

	 48.	 Connor is retiling the backsplash of his kitchen counter. He plans on using square 
tiles that measure 2 inches by 2 inches and rectangular tiles that measure 2 inches by 
4 inches. The backsplash measures 6 inches by 60 inches. He wants to use an equal 
number of rectangular tiles and square tiles. How many of each tile will he need 
to buy?

a.	 Find the area of each size tile and the area of the backsplash.

3%
6%

12%
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b.	 Write two equations to represent the situation. Use the variable s to represent 
the number of square tiles and the variable r to represent the number of 
rectangular tiles.

c.	 Solve the system of equations by substitution.

d.	 What does the solution mean? Write a complete sentence.

e.	 If the square tiles come in boxes of 30 and the rectangular tiles come in boxes 
of 18, how many boxes of each type of tile will Connor need to buy to retile 
the backsplash?

	 49.	 Harper is buying a gift for her friend’s wedding. She found two gifts at two different 
stores to choose between. She plans on personalizing the selected gift with an 
engraved message. The first gift costs $45 and the store charges $0.15 per letter 
engraved. The second gift costs $55 and the store charges $0.10 per letter engraved. 
How many letters would the message need to contain for the two gifts to be the same 
cost? 

a.	 Write two equations to represent the situation. Use the variable c to represent the 
total cost of the gift with engraving and the variable t to represent the number of 
letters in the engraved message.

b.	 Solve the system of equations by substitution.

c.	 What does the solution mean? Write a complete sentence.

d.	 How many letters must the engraved message contain for the second gift to be 
the less expensive option?

	 50.	 Carlos is buying supplies for the tutoring center where he works. He was given a 
budget of $230 to spend. Calculators cost $15 each and packs of paper are $2.50 
each. He would like to buy twice as many packs of paper as calculators. How many 
calculators and notebooks can Carlos buy and stay in budget? (Note: The tutoring 
center is non‑profit organization and therefore does not have to pay sales tax.)

a.	 Write two equations to represent the situation. Use the variable c to represent 
the number of calculators and the variable p to represent the number of packs 
of paper.

b.	 Solve the system of equations by substitution. Write the solutions in 
decimal form.

c.	 What does the solution mean? Write a complete sentence.

d.	 Does the answer to part c. make sense? Explain why.

e.	 Based on your answer from part d., how many calculators should Carlos buy to 
stay within budget and to buy twice as many packs of paper as calculators?

f.	 If the tutoring center has at most 12 students at a time, will each student have a 
new calculator to work with?

Writing & Thinking
	 51.	 Explain the advantages of solving a system of linear equations 

a.	 by graphing,

b.	 by substitution.
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Completion Example Answers
5.  6 10 6

35 10 35

41 41

1

x y

x y

x

x

� �

� �
�
�

�

�
�
�

  Substitute x = –1;  3 5 3

5 3

5

1

3

0

0

( )�
�
� � �
� � �

�
�

y

y

y

y

  The solution is �� �1 0, .

Margin Exercise Answers

1.  �� �2 5,    2.  x x, � �� �2 5  or 
�

��
�
�

�
�
�

1

2

5

2
y y,   3.  No solution   4.  5 06, .� �    5.  2 3,�� �     

6.  y x� �
5

2
12

5.3 Exercises
Concept Check

Fill-in-the-Blank. Complete each sentence using information found in this section.

	 1.	 When using the method of addition, the objective is to ______ one of the variables 
so that a new equation is found with just one variable.

	 2.	 The first step of the method of addition is to write one equation under the other so 
that the __________ are aligned vertically.

	 3.	 To make it easier to align terms, the equations should be written in ______ form.

	 4.	 Multiply the terms of one equation by a constant so that two like terms have _____ 
coefficients. You may need to multiply both equations by different constants.

	 5.	 Next, add the two equations by ______ like terms and solve the resulting equation 
for the other variable.

	 6.	 The addition method is particularly efficient if the ______ for one of the variables 
are opposites.

True/False. Determine whether each statement is true or false. If a statement is false, 
explain how it can be changed so the statement will be true. (Note: There may be more 
than one acceptable change.)

	 7.	 When using the method of addition, the solution only needs to be checked in one of 
the original equations.

	 8.	 It’s possible for a system of equations to have no solutions.

	 9.	 Both the addition method and the substitution method gives approximate solutions.

	 10.	 The graphing method is helpful in “seeing” the geometric relationship between the 
lines and finding approximate solutions.
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Practice

Use the method of addition to solve each system. See Examples 1 through 5.

	 1.	
8 29

2 11

x y

x y

� �
� �

�
�
�

	 2.	
x y

x y

� �
� � �

�
�
�

3 9

7 1

	 3.	
3 2 0

5 2 8

x y

x y

� �
� �

�
�
�

	 4.	 12 3 21

4 7

x y

x y

� �
� �

�
�
�

	 5.	 2 2 5

3

x y

x y

� �
� �

�
�
�

	 6.	
2 7

2

x y

x y

� �
� �

�
�
�

	 7.	
3 3 9

3

x y

x y

� �
� �

�
�
�

	 8.	
9 2 42

5 6 2

x y

x y

� � �
� � �

�
�
�

	 9.	
1

2
4

3 4 6

x y

x y

� � �

� �

�
�
�

��

	 10.	
x y

x y

� �

� �

�
�
�

��

1

1

3

11

3

	 11.	
x y

x y

� �
� �

�
�
�

12

0 05 025 1 6. . .

	 12.	 x y

x y

� �
� �

�
�
�

0 1 8

0 1 0 01 064

.

. . .

Solve each system of linear equations. See Examples 1 through 5.

	 13.	 x y

x y

� �
� �

�
�
�

11 2

2 3 17

	 14.	
6 3 6

2 2

x y

y x

� �
� �

�
�
�

 

	 15.	
x y

y x

� �

� �

�
�
�

��

2 4

1

2
2

	 16.	 2 3

4 2 7

x y

x y

� �
� �

�
�
�

	 17.	 x y

y x

� �
� �

�
�
�

3 4

6 2

	 18.	 y x

x y

� �
� �

�
�
�

2 14

14 3

	 19.	 7 16

2 2 3

x y

y x

� �
� �

�
�
�

	 20.	 3 10

2 1

x y

y x

� � �
� �

�
�
�

	 21.	 4 2 8

2 4

x y

x y

� �
� �

�
�
�

	 22.	 x y

x y

� �
� �

�
�
�

6

2 16

	 23.	 3 2 4

5 3

x y

x y

� �
� � �

�
�
�

	 24.	 x y

x y

� �
�

�
�
�

2 0

2 4

	 25.	
4 3 2

3 2 3

x y

x y

� �
� �

�
�
�

	 26.	 x y

x y

� �
� �

�
�
�

3 4

3 9 10

	 27.	 5 2 17

2 3 9

x y

x y

� �
� �

�
�
�

	 28.	
1

2
2 9

2 3 14

x y

x y

� �

� �

�
�
�

��

	 29.	 3 2 14

7 3 26

x y

x y

� �
� �

�
�
�

	 30.	
4 3 28

5 2 35

x y

x y

� �
� �

�
�
�

©HAWKES LEARNING



373 5.3  Exercises

	 31.	 2 7 2

5 3 24

x y

x y

� �
� � �

�
�
�

	 32.	
7 6 1

5 2 37

x y

x y

� � �
� �

�
�
�

	 33.	 10 4 7

5 2 15

x y

x y

� �
� �

�
�
�

	 34.	 6 5 40

8 7 54

x y

x y

� � �
� � �

�
�
�

	 35.	 0 5 0 3 7

0 3 0 4 2

. .

. .

x y

x y

� �
� �

�
�
�

	 36.	 0 6 0 5 5 9

0 8 0 4 6

. . .

. .

x y

x y

� �
� �

�
�
�

	 37.	
2 5 1 8 7

3 5 2 7 4

. .

. .

x y

x y

� �
� �

�
�
�

	 38.	 0 75 05 2

1 5 0 75 75

. .

. . .

x y

x y

� �
� �

�
�
�

	 39.	

2

3

1

2

2

3
8

3
2

17

6

x y

x y

� �

� �

�

�
��

�
�
�

	 40.	

3

4

1

4

3

8
3

2

1

2

3

4

x y

x y

� �

� �

�

�
��

�
�
�

	 41.	

1

6

1

12

13

6
1

5

1

4
2

x y

x y

� � �

� �

�

�
��

�
�
�

	 42.	
5

3

2

3

29

30
2 5 0

x y

x y

� � �

� �

�
�
�

��

Write an equation for the line determined by the two given points by using the formula 
y = mx + b to set up a system of equations with m and b as the unknowns. See Example 6.

	 43.	 2 3 1 2, , ,� � �� �

	 44.	 0 6 3 3, , ,� � � �� �

	 45.	 1 3 5 3, , ,�� � �� �

	 46.	 5 3 5 4, , ,� � �� �

	 47.	 1 2 3 0, , ,� � �� �

	 48.	 �� � �� �4 2 5 1, , ,

Applications

Each of the following applications has been modeled using a system of equations. Use 
the method of substitution or the method of addition to solve each system.

	 49.	  For two months, Martin used the same snow removal company to help clear his 
property. The company has a fixed reservation rate per month, plus an hourly rate for 
the amount of time that is spent clearing snow. Martin received two bills from the 
snow removal company. The first bill was $150 for 4 hours of snow removal and the 
second bill was $200 for 6 hours of snow removal. Find the equation of the line that 
represents the snow removal company’s fixed reservation rate and charge per hour. 
Round to the nearest cent if necessary.

	 50.	  For two months, Milan used the same landscaping maintenance company. 
The company has a fixed reservation rate per month, plus an hourly rate for the 
amount of time that is spent on landscaping work. Milan received two bills from 
the landscaping company. The first bill was $109.50 for 3.5 hours of landscaping 
work and the second bill was $147.75 for 5.75 hours of landscaping work. Find the 
equation of the line that represents the landscaping company’s fixed reservation rate 
and charge per hour. Round to the nearest cent if necessary.
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	 51.	 Georgia had $10,000 to invest, and she put the money into two accounts. One of the 
accounts will pay 6% interest and the other will pay 10%. How much did she put 
in each account if the interest from the 10% account exceeded the interest from the 
6% account by $40? 
Let x be the amount in the 10% account and y be the amount in the 6% account. 

The system that models the problem is 
x y

x y

� �
� �

�
�
�

10 000

0 10 006 40

,

. .
 �

	 52.	 A minor league baseball team has a game attendance of 4500 people. Tickets cost 
$5 for children and $8 for adults. The total revenue made at this game was $26,100. 
How many adults and how many children attended the game? 
Let x be the number of adults and y be the number of children. 

The system that models the problem is 
x y

x y

� �
� �

�
�
�

4500

8 5 26 100,
 �

	 53.	 How many liters each of a 30% acid solution and a 40% acid solution must be used 
to produce 100 liters of a 36% acid solution? 
Let x be the amount of 30% solution and y be the amount of 40% solution. 

The system that models the problem is 
x y

x y

� �

� � � �
�
�
�

��

100

0 30 040 0 36 100. . .

	 54.	 Two cars leave Denver at the same time traveling in opposite directions. One travels 
at an average speed of 55 mph and the other at 65 mph. In how many hours will they 
be 420 miles apart? 
Let x be the time of travel for first car and y be the time of travel for second car. 

The system that models the problem is x y

x y

�
� �

�
�
� 55 65 420

Denver

	 55.	 You are deciding between two credit cards with similar rewards programs. The City 
credit card will give you 3500 points as a sign‑up bonus and 1.5 points for every 
dollar you spend. The International credit card gives you 1000 points as a sign‑up 
bonus and gives you 2 points for every dollar you spend. How much would you have 
to spend to earn the same amount of rewards on each credit card?

a.	 Write two equations to represent the situation. Use the variable x to represent 
the number of dollars spent and the variable y to represent the total number of 
points earned.

b.	 Solve the system of equations by addition.

c.	 What does the solution mean? Write a complete sentence.

d.	 If you only plan to purchase $4000 in merchandise, which credit card will give 
you the most points?
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	 56.	 Barbara’s Bombtastic Bakery uses chocolate chips in one type of cookie and in one 
type of muffin. The cookie recipe calls for 5 cups of chocolate chips and the muffin 
recipe calls for 2 cups of chocolate chips. The cookie recipe makes 30 large cookies 
and the muffin recipe makes 18 giant muffins. The bakery currently has 50 cups 
of chocolate chips and only has room in the display case for a combination of 
360 cookies and muffins. The manager wants to determine how many of each item to 
bake to use all of the chocolate chips.

a.	 Write two equations to represent the situation. Use the variable x to represent the 
number of batches of chocolate chip cookies and the variable y to represent the 
number of batches of muffins.

b.	 Solve the system of equations by addition.

c.	 What does the solution mean? Write a complete sentence.

d.	 If the manager makes the amount of chocolate chip cookies and muffins 
described in part c., will the bakery be able to fulfill an order for 150 chocolate 
chip cookies and 160 chocolate chip muffins?

Writing & Thinking
	 57.	 Explain, in your own words, why the answer to a system with infinite solutions is 

written as an ordered pair with variables.
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The system of linear equations is as follows.

3 2 10 30x y� � . Three hot dogs and two orders of french fries cost $10.30..

Four hot dogs and four orders of french fries cost $154 4 15 60x y� � . ..60.
�
�
�

Both equations are in standard form. Use the addition method to solve the system.

� � � �
� �

� � �
�

6 4 20 60
4 4 15 60

2 500
2 50

x y
x y

x
x

.

.

.

. Cost of one  hot dogg

�� � � �� �
� �� �

�
�
�

��

2 3 2 10 30

4 4 15 60

x y

x y

.

.

Back substitute x = 2.50 into one of the original equations.

3 2 10 30

7 50 2 10 30

2 280

1 40

2 50. .

. .

.

.

� � � �

� �
�
�

y

y

y

y Cost of one orderr of fries

One hot dog costs $2.50 and one order of french fries costs $1.40.

Now work margin exercise 6.

Margin Exercise Answers
1.  The wind speed was 0.5 miles per hour and Bob was running 4.5 miles per hour. 
2.  12:00 p.m.   3.  93 and 57   4.  12 dimes and 4 nickels   5.  Enrique is 13 and Maria is 4 .
6.  A soda costs $1.25 and a water bottle costs $0.80

5.4 Exercises
Practice

Solve each problem by setting up a system of two equations in two unknowns and 
solve. See Examples 1 through 6.

	 1.	 The sum of two numbers is 56. Their difference is 10. Find the numbers.

	 2.	 The sum of two numbers is 40. The sum of twice the larger and 4 times the smaller is 
108. Find the numbers.

	 3.	 The sum of two numbers is 36. Three times the smaller plus twice the larger is 87. 
Find the two numbers.

	 4.	 The sum of two integers is 102, and the larger number is 10 more than three times 
the smaller. Find the two integers.

	 5.	 The difference between two integers is 13, and their sum is 87. What are the 
two integers?

	 6.	 The difference between two numbers is 17. Four times the smaller is equal to 7 more 
than the larger. What are the numbers?
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Applications

Solve.

	 7.	 Two angles are supplementary if the sum of their measures is 180°. Find two 
supplementary angles such that the smaller is 30° more than one half of the larger.

	 8.	 Two angles are complementary if the sum of their measures is 
90°. Find two complementary angles such that one is 15° less 
than six times the other.

	 9.	 The sum of the measures of the three angles of a triangle is 180°. In an isosceles 
triangle, two of the angles have the same measure. What are the measures of the 
angles of an isosceles triangle in which one angle measures 15° more than each of 
the other two equal angles?

	 10.	 The sum of the measures of the three angles of a 
triangle is 180°. In an isosceles triangle, two of 
the angles have the same measure. What are the 
measures of the angles of an isosceles triangle in 
which each of the two equal angles measures 15° 
more than the third angle?

	 11.	 Liam makes a 4-mile motorboat trip downstream in 20 minutes 1
3 hr� �.  The return 

trip takes 30 minutes 1
2 hr� �.  Find the rate of the boat in still water and the rate of 

the current.

	 12.	 Mr. McKelvey finds that he can travel 1188 miles 
in 6 hours when flying with the wind. However, 
when flying against the wind, he travels only 2

3  
of the distance in the same amount of time. Find 
the speed of the plane in still air and the 
wind speed.

	 13.	 Usain Bolt, the world-record holder in the 100 meter dash, ran 100 meters in 
9.69 seconds with no wind. He later ran the same distance in 9.58 seconds with the 
wind. What was his speed and what was the wind speed?

	 14.	 Jessica drove her speedboat upriver this morning. It took her 1 hour going upriver 
and 54 minutes going down river. If she traveled 36 miles each way, what would 
have been the rate of the boat in still water and what was the rate of the current (in 
miles per hour)?

	 15.	 Dominic went on a 190-mile business trip. He averaged 52 mph for the first part of 
the trip and 56 mph for the second part. If the total trip took 3 1

2  hours, how long did 
he travel at each rate?

	 16.	 Marian drove to a resort 335 miles from her home. She averaged 60 mph for the 
first part of her trip and 55 mph for the second part. If her total driving time was 
5 3

4
 hours, how long did she travel at each rate?

x

y 

x

y

 

2/3
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	 17.	 Marcos lives 364 miles away from his cousin Cana. They start driving at the same 
time and travel toward each other. Cana’s speed is 11 mph faster than Marcos’ speed. 
If they meet in 4 hrs, find their speeds.

	 18.	 Naomi and Linda live 324 miles apart. They start at the same time and travel toward 
each other. Naomi’s speed is 8 mph greater than Linda’s. If they meet in 3 hours, find 
their speeds.

	 19.	 Steve travels 4 times as fast as Tim. Starting at the same point, but traveling in 
opposite directions, they are 105 miles apart after 3 hours. Find their rates of travel.

	 20.	 Bella travels 5 mph less than twice as fast as June. Starting at the same point 
and traveling in the same direction, they are 80 miles apart after 4 hours. Find 
their speeds.

	 21.	 Two trains leave Dallas at the same time. One train travels east and the other travels 
west. The speed of the westbound train is 5 mph greater than the speed of the 
eastbound train. After 6 hours, they are 510 miles apart. Find the rate of each train. 
Assume the trains travel in a straight line in opposite directions.

	 22.	 A boat left Dana Point Marina at 11: 00 a.m. traveling at 10 knots (nautical miles per 
hour). Two hours later, a Coast Guard boat left the same marina traveling at 14 knots 
trying to catch the first boat. If both boats traveled the same course, at what time did 
the Coast Guard captain anticipate overtaking the first boat?

	 23.	 A jogger runs into the countryside at a rate of 10 mph. He returns along the same 
route at 6 mph. If the total trip took 1 hour 36 minutes, how far did he jog?

	 24.	 A cyclist traveled to her destination at an average rate of 15 mph. By traveling 3 mph 
faster, she took 30 minutes less to return. What distance did she travel each way?

	 25.	 Sonja has some nickels and dimes. If she has 30 coins worth a total of $2.00, how 
many of each type of coin does she have?

	 26.	 Conner has a total of 27 coins consisting of quarters and dimes. The total value of the 
coins is $5.40. How many of each type of coin does he have?

	 27.	 A bag contains pennies and nickels only. If there are 182 coins in all and their value 
is $3.90, how many pennies and how many nickels are in the bag?

	 28.	 Your friend challenges you to figure out how many dimes and quarters are in a cash 
register. He tells you that there are 65 coins and that their value is $11.90. How many 
dimes and how many quarters are in the register?

	 29.	 The entry fee for a county carnival was $3.50 for adults and $2.50 for children. If 
the income for one day was $9950 and the attendance was 3500 people, how many 
adults and how many children attended the carnival that day?

	 30.	 The width of a rectangle is 3
4

 of its length. If the 
perimeter of the rectangle is 140 feet, what are the 
dimensions of the rectangle?

w

l
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	 31.	 The length of a rectangle is 10 meters more than one half of the width. If the 
perimeter is 44 meters, what are the length and width?

	 32.	 A farmer has 260 meters of fencing to build a rectangular corral. He wants the length 
to be 3 times as long as the width. What dimensions should he make his corral?

	 33.	 At present, the length of a rectangular soccer field is 55 yards longer than the width. 
The city wants to rearrange the area containing 
the soccer field into two square playing fields. 
A math teacher on the council told them that if 
the width of the current field were to be 
increased by 5 yards and the length cut in half, 
the resulting field would be a square. What are 
the dimensions of the field currently?

	 34.	 Consider a square and a regular hexagon (a 
six-sided figure with sides of equal length). One side of 
the square is 5 feet longer than a side of the hexagon, 
and the two figures have the same perimeter. What are 
the lengths of the sides of each figure?

	 35.	 The length of a rectangle is 1 meter less than twice the width. If each side is 
increased by 4 meters, the perimeter will be 116 meters. Find the length and the 
width of the original rectangle.

	 36.	 Ava is 8 years older than her brother Curt. Four years from now, Ava will be twice as 
old as Curt. How old is each at the present time?

	 37.	 When they got married, Elvis Presley was 11 years older than his wife Priscilla. One 
year later, Priscilla was two-thirds of Elvis’ age. How old was each of them when 
they got married?

	 38.	 A Christmas charity party sold tickets for $45.00 for adults and $25.00 for children. 
The total number of tickets sold was 320 and the total for the ticket sales was 
$13,000. How many adult and how many children’s tickets were sold?

	 39.	 Joan went to a book sale on campus and bought paperback books for $0.25 each and 
hardback books for $1.75 each. If she bought a total of 15 books for $11.25, how 
many of each type of book did she buy?

	 40.	 Morton took some backup batteries and aluminum cans to the recycling center. Their 
total weight was 180 pounds. He received 1.5¢ per pound for the batteries and 30¢ 
per pound for the cans. The total received was $14.10. How many pounds of each did 
Morton have?

	 41.	 Admission to a high-school baseball game is $2.00 for general admission and 
$3.50 for reserved seats. The receipts for the season were $36,250 for 12,500 paid 
admissions. How many of each ticket, general and reserved, were sold?

	 42.	 Seventy children and 160 adults attended a play. The total receipts were $620. One 
adult ticket and 2 children’s tickets cost $7. Find the price of each type of ticket.

w

l 
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	 43.	 Last summer, Ernie sold surfboards. One 
style sold for $625 and the other sold for 
$550. He sold a total of 47 surfboards. 
How many of each style did he sell if the 
sales from each style were equal?

	 44.	 The Candy Shack sells a particular candy in two different size packages. One 
size sells for $1.25 and the other sells for $1.75. If the store received $65.50 for 
42 packages of candy, how many of each size were sold?

	 45.	 The pro shop at the Divots Country Club ordered two brands of golf balls. Titleless 
balls cost $1.80 each and the Done Lob balls cost $1.50 each. The total cost of 
Titleless balls exceeded the total cost of the Done Lob balls by $108. If equal 
numbers of each brand were ordered, how many dozen of each brand were ordered?

	 46.	 Sellit Realty Company gets a 6% fee for selling improved properties and 10% for 
selling unimproved land. Last week, the total sales were $220,000 and their total fees 
were $16,400. What were the sales from each of the two types of properties?

	 47.	 A men’s clothing store sells two styles of sports jackets, one selling for $95 and one 
selling for $120. Last month, the store sold 40 jackets, with receipts totaling $4250. 
How many of each style did the store sell?

	 48.	 Frank bought 2 shirts and 1 pair of dress pants for a total of $55. If he had bought 
1 shirt and 2 pairs of dress pants, he would have paid $68. What was the price of 
each shirt and each pair of dress pants?

	 49.	 At McDonalds, 3 Big Macs and 5 orders of medium French fries cost $21.53. Six 
Big Macs and 2 orders of medium French fries cost $28.34. What is the price of a 
Big Mac? What is the price of one order of medium French fries?

	 50.	 A bakery sells burnt and broken cookies for a discounted price. Burnt cookies are 
$0.49 and broken cookies are $0.70. If Spencer spends $49.70 to buy 80 cookies for 
a game night with his friends, how many of each type of cookie did Spencer buy?

	 51.	 A small manufacturer produces two kinds of radios, model X and model Y. Model 
X takes 4 hours to produce and costs $8 each to make. Model Y takes 3 hours to 
produce and costs $7 each to make. If the manufacturer decides to allot a total of 
58 hours and $126 each week, how many of each model will be produced?

	 52.	 A furniture shop makes dining room chairs. 
Employees can build two styles of chairs. 
Style I takes 1 day and the materials cost 
$60. Style II takes 11

2
 days but the 

materials only costs $30. If, during the last 
two months, they spent 36 days and $1200 
building chairs, how many chairs of each 
style did they build?

$550

$625
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	 53.	 A petting zoo charges $5 for children and $10 for adults. On Tuesday, the petting zoo 
made $1400 from ticket sales and sold a total of 200 tickets. How many adults and 
how many children visited the petting zoo on Tuesday? 

a.	 Write two equations to describe the situation. Use the variable c to represent the 
number of children and the variable a to represent the number of adults.

b.	 Solve the system of linear equations.

c.	 Use the solution from part b. to write a complete sentence to answer the question 
from the problem.

	 54.	 A boat tour travels 4 miles downstream in 20 minutes and the return trip upstream 
takes 30 minutes. Find the rate of the boat and the rate of the current.

a.	 Change each time from minutes to hours. Write each time value as a fraction.

b.	 Use a table to set up a system of linear equations. Use the variable b to represent 
the rate of the boat and the variable c to represent the rate of the current.

c.	 Solve the system of linear equations.

d.	 Use the solution from part c. to write a complete sentence to answer the question 
from the problem.

Writing & Thinking
	 55.	 A two digit number can be written as ab, where a and b are the digits. We do not 

mean that the digits are multiplied, but the value of the number is 10a + b. For 
example, the two digit number 34 has a value of 10 ·  3 + 4. Set up and solve a system 
of equations for the following problem. 
The sum of the digits of a two digit number is 13. If the digits are reversed, then the 
value of the number is increased by 45. What is the number?
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Back substitute y = 30 into one of the original equations.

x

x

� �

�

� �30 100

70 Amount  of 20%

70 gallons of the 20% solution should be added to 30 gallons of the 30% solution. This will 
produce 100 gallons of a 23% solution.

 Now work margin exercise 4.

Margin Exercise Answers
1.  Fergus has invested $5000 at 9% and $5800 at 12%.
2.  He should invest $2500 at 9% and $6500 at 5%.
3.  50 ounces of the 18% solution and 100 ounces of the 12% solution.
4.  96 gallons of the 22% solution and 24 gallons of the 17% solution.

5.5 Exercises
Concept Check

Fill-in-the-Blank. Complete each sentence using information found in this section.

	 1.	 The formula used to calculate interest depends on the frequency of _____ and the 
type of _____.

	 2.	 In the interest formula I = Prt, P stands for the ______.

	 3.	 In the interest formula I = Prt, I stands for the interest _____ or _____.

	 4.	 In the interest formula I = Prt, r stands for the ______ of interest.

	 5.	 In the interest formula I = Prt, t stands for the ______ in years.

	 6.	 When solving a mixture problem, the basic plan is to write a/an ______ that deals 
with only one part of the mixture.

True/False. Determine whether each statement is true or false. If a statement is false, 
explain how it can be changed so that the statement will be true. (Note: There may be 
more than one acceptable change.)

	 7.	 When interest is calculated on an annual basis, we have t = 0 and the formula 
becomes I = Pr.

	 8.	 Problems involving mixture occur in the sciences such as physics and chemistry.

	 9.	 In an interest problem, time can be given in parts of a year.

	 10.	 When two or more items are mixed, the final mixture should satisfy certain 
conditions of percentage of concentration.

Applications
Solve each problem by setting up a system of two equations in two unknowns and 
solving the system. See Examples 1 through 4.

	 1.	 Carmen invested $9000. She invested part in a 6% passbook account and the rest in a 
10% certificate account. If her annual interest was $680, how much did she invest at 
each rate?
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	 2.	 Mr. Brown has $12,000 invested. Part is invested at 6% and the remainder at 8%. 
If the annual interest from the 6% investment is $230 more than the annual interest 
from the 8% investment, how much is invested at each rate?

	 3.	 Ten thousand dollars is invested, part at 5.5% and part at 6%. The annual 
interest from the 5.5% investment is $251 more than the annual interest from the 
6% investment. How much is invested at each rate?

	 4.	 On two investments totaling $9500, Darius lost 3% on one and earned 6% on the 
other. If his net annual receipts were $282, how much was each investment?

	 5.	 Merideth has money in two savings accounts. One rate is 8% and the other is 10%. 
If she has $200 more in the 10% account, how much is invested at 8% if the total 
annual interest is $101?

	 6.	 Money is invested at two rates. One rate is 9% and the other is 13%. If there is $700 
more invested at 9%, find the amount invested at each rate if the total annual interest 
is $239.

	 7.	 Ethan has half of his investments in stock paying an 11% dividend and the other half 
in a debentured stock paying 13% interest. If his total annual interest is $840, how 
much does he have invested?

	 8.	 Betty invested some of her money at 12% interest. She invested $300 more than 
twice that amount at 10%. How much is invested at each rate if her interest income is 
$318 annually?

	 9.	 A company invested some money in a development yielding 24% and $9000 less in 
a development yielding 18%. If the first investment produces $2820 more per year 
than the second, how much is invested in each development?

	 10.	 Victoria invests a certain amount of money at 7% annual interest and three times that 
amount at 8%. If her annual interest income is $232.50, how much does she have 
invested at each rate?

	 11.	 Jamal has a certain amount of money invested at 5% annual interest and $500 more 
than twice that amount invested in bonds yielding 7%. His total annual income from 
interest is $187. How much does he have invested at each rate?

	 12.	 A total of $6000 is invested, part at 8% and the remainder at 12%. How much is 
invested at each rate if the annual interest is $620?

	 13.	 Ms. Merriman has invested $12,000. Part is invested at 9% and the remainder at 
11%. If the interest from the 9% investment is $380 more than the interest from the 
11% investment, how much is invested at each rate?

	 14.	 Eight thousand dollars is invested, part at 15% and the remainder at 12%. If the 
annual interest income from the 15% investment is $66 more than the annual interest 
income from the 12% investment, how much is invested at each rate?

	 15.	 Morgan inherited $124,000 from her uncle. She invested a portion in bonds and 
the remainder in a long-term certificate account. The amount invested in bonds 
was $24,000 less than 3 times the amount invested in certificates. How much was 
invested in bonds and how much in certificates?
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	 16.	 Sang has invested $48,000, part at 6% and the rest in a higher risk investment 
at 10%. How much did she invest at each rate to receive $4000 in interest after 
one year?

	 17.	 A metallurgist has one alloy containing 20% copper and another containing 
70% copper. How many pounds of each alloy must he use to make 50 pounds of a 
third alloy containing 50% copper?

	 18.	 A manufacturer has received an order for 24 tons of a 60% copper alloy. His stock 
contains only alloys of 80% copper and 50% copper. How much of each will he need 
to melt together to fill the order?

	 19.	 A tobacco shop wants 50 ounces of tobacco that is 24% rare Turkish blend. How 
much each of a 30% Turkish blend and a 20% Turkish blend will be needed?

	 20.	 How many liters each of a 40% acid solution and a 55% acid solution must be used 
to produce 60 liters of a 45% acid solution?

	 21.	 A dairy farmer wants to mix a 35% protein supplement and a standard 15% protein 
supplement to make 1800 pounds of a high-grade 20% protein supplement. How 
many pounds of each should he use?

	 22.	 To meet the government’s specifications, a certain alloy must be 65% aluminum. 
How many pounds each of a 70% aluminum alloy and a 54% aluminum alloy will be 
needed to produce 640 pounds of the 65% aluminum alloy?

	 23.	 A butcher shop has ground beef that is 40% fat and extra lean ground beef that is 
only 15% fat. How many pounds of each will be needed to obtain 50 pounds of lean 
ground beef that is 25% fat?

	 24.	 George decides to mix grades of gasoline in his truck. He puts in 8 gallons of regular 
and 12 gallons of premium for a total cost of $55.80. If premium gasoline costs $0.15 
more per gallon than regular, what was the price of each grade of gasoline?

	 25.	 How many grams of pure acid (100% acid) and how many grams of a 40% solution 
should be mixed together to get a total of 30 grams of a 60% solution? 

	 26.	 Dark chocolate made with 100% cacao by weight is mixed with dark chocolate that 
is 60% cacao. How much of each (100% cacao and 60% cacao) should be used to get 
a mixture of 50 pounds of chocolate that is 70% cacao by weight?

	 27.	 Pure salt is to be added to a 4% salt solution. How many ounces of salt and how 
many ounces of the 4% solution should be mixed together to get 60 ounces of a 
20% salt solution?

	 28.	 How many liters each of a 12% iodine solution and a 30% iodine solution must be 
used to produce a total mixture of 90 liters of a 22% iodine solution?

	 29.	 A candymaker is making truffles using a mixture of a melted dark chocolate that is 
72% cocoa and milk chocolate that is 42% cocoa. If she wants 6 pounds of melted 
chocolate that is 52% cocoa, how much of each type of chocolate does she need?

	 30.	 A dairy supplier needs 360 gallons of milk containing 4% butterfat. How many 
gallons each of milk containing 5% butterfat and milk containing 2% butterfat must 
be used to obtain the desired 360 gallons?
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	 31.	  Care guidelines recommend that new body piercings are clearned with a 1% salt 
solution for the first few weeks with the new piercing. You have a 0.5% solution 
and a 5% solution, and you need to make 8 ounces of the 1% solution. How 
much of the 0.5% and 5% solutions will you need? (Round your answers to the 
nearest hundredth.)

	 32.	 A pharmacist has two solutions of alcohol. One is 25% alcohol. The other 
is 45% alcohol. He wants to mix these two solutions to get 36 ounces that 
is 30% alcohol. How many ounces of each of these two solutions should he 
mix together?

	 33.	 Sanjay has $5000 to invest, and he has an option to split the amount between two 
simple interest accounts. Account A is expected to earn 4% interest and Account B is 
expected to earn 9% interest. If he has a goal to make $350 in interest after one year, 
how much should he invest in each account?

a.	 Use a table to set up a system of linear equations to describe the situation. Use 
the variable x to represent the amount invested in Account A and the variable y 
to represent the amount invested in Account B.

b.	 Solve the system of linear equations from part a.

c.	 Write a complete sentence to answer the question from the problem.

d.	 Is it possible for Sanjay to earn more than $350 in interest? If yes, explain how.

	 34.	 You have 3% hydrogen peroxide and 12% hydrogen peroxide. You need 20 ounces 
of 6% hydrogen peroxide. How many ounces of each grade of hydrogen peroxide do 
you need to mix together to obtain the required amount of 6% hydrogen peroxide? 

a.	 Set up a system of linear equations to describe the situation. Use the variable 
x to represent the amount of 3% solution and the variable y to represent the 
amount of 12% solution.

b.	 Solve the system of linear equations.

c.	 Write a complete sentence to answer the question from the problem.

	 35.	 King Nut Company sells freshly roasted nuts. A one-pound bag of broken fancy 
cashews costs $5. A one-pound bag of almonds costs $7.50. The manager wants to 
sell a mixture of the nuts that will cost $6.50 for a one-pound bag. How much of 
each type of nut should he combine to make a one-pound bag of mixed nuts? 

a.	 Write two equations to describe the situation. Use the variable x to represent the 
amount of cashews and the variable y to represent the amount of almonds.

b.	 Solve the system of linear equations.

c.	 Write a complete sentence to answer the question from the problem.

Writing & Thinking
	 36.	 Your friend has $20,000 to invest and decided to invest part at 4% interest and the rest 

at 10% interest. Why might you advise him (or her) to invest all of it

a.	 at 4%?

b.	 at 10%?
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5.6 Exercises
Concept Check

Fill-in-the-Blank. Complete each sentence using information found in this section.

	 1.	 The standard form of a linear equation in three variables is ________________.

	 2.	 Solutions to a linear equation in three variables are called ________ ________.

	 3.	 There can be 0, 1, or a/an ________ number of solutions to a system of three linear 
equations in three variables.

	 4.	 Graphs can be created in three dimensions by using a coordinate system involving 
three mutually perpendicular number lines—the ___-axis, ___-axis, and ___-axis.

	 5.	 The three coordinate axes separate space into eight regions called _______.

	 6.	 If three distinct planes intersect, they will do so in a straight line or in a single _____ 
represented by an ordered triple. 

True/False. Determine whether each statement is true or false. If a statement is false, 
explain how it can be changed so the statement will be true. (Note: There may be more 
than one acceptable change.)

	 7.	 To find the solution for a system of three linear equations in three variables, start by 
choosing two variables and eliminating one equation.

	 8.	 An ordered triple believed to be a solution to a system of three linear equations in 
three variables should be checked in all three original equations.

	 9.	 If two distinct planes intersect, that intersection forms a straight line.

	 10.	 Two distinct planes will always intersect.

Practice

Solve each system of equations. State which systems, if any, have no solution or an 
infinite number of solutions. See Examples 1 through 3.

	 1.	
x y z

x y z

x y z
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� � �
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3 2 4
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	 2.	

x y z

x y z

x y z

� � �
� � � �
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�

�
�

�
�

2 3

6 3 7

2 5 4

	 3.	

2 1

2 3 4 0

4

x y z

x y z
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� � �
� � �
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�
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	 4.	

y z

x y z

x y z
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6

5 4 4

3 5 7

	 5.	

x y z

x y

x y z

� � �
� �
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�

�
�

�
�

2 4

2 1

5 3 2 6

	 6.	

x y z

x z

x y z

� � � �
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�

�
�

�
�

5 6

2 0

6 3 0
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	 7.	

y z

x z

x y

� �
� �
� �

�

�
�

�
�

2

5

5

	 8.	
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	 19.	
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�
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	 20.	
x y z

x y z

x z
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� �

�

�
�

�
�

6 6

2 3 2 8

2 4 3

Applications

Solve.

	 21.	 A florist is creating the bridesmaids’ bouquets for a wedding. Each bouquet will 
cost $92 and have a mixture of 16 flowers consisting of tiger lilies, cream roses, and 
white daisies. The lilies cost $10 each, the roses cost $6 each, and the daisies cost $4 
each. If each bouquet will have as many daisies as it has roses and lilies combined, 
how many of each type of flower will be in the bouquet?

a.	 Write a system of linear equations in three variables to describe the situation. 
Remember that you will have three equations. Use the variable x to represent the 
number of lilies, the variable y to represent the number of roses, and the variable 
z to represent the number of daisies.

b.	 Solve the system of equations from part a.

c.	 Use the solution from part b. to answer the question from the problem statement. 
Write a complete sentence.
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	 22.	 A theater has seats for a theatrical production located on the main floor, the balcony, 
and the mezzanine. For an upcoming musical, main floor tickets cost $60 each, 
balcony tickets cost $45 each, and mezzanine tickets cost $30 each. On opening 
night, the ticket sales totaled $27,600. The box office sold 20 more tickets for the 
main floor than they did for the balcony and mezzanine combined. The number of 
tickets sold for the mezzanine was 40 more than twice the number of tickets sold for 
the balcony. How many of each type of ticket did the box office sell?

a.	 Write a system of linear equations in 
three variables to describe the situation. 
Remember that you will have three 
equations. Use the variable x to represent 
the number of main floor tickets sold, 
the variable y to represent the number of 
balcony tickets sold, and the variable z 
to represent the number of mezzanine 
tickets sold.

b.	 Solve the system of equations from part a.

c.	 Use the solution from part b. to answer the question from the problem statement. 
Write a complete sentence.

	 23.	 The sum of three integers is 67. The sum of the first and second integers is 13 more 
than the third integer. The third integer is 7 less than the first. Find the three integers.

	 24.	 The sum of three integers is 189. The first integer is 28 less than the second. The 
second integer is 21 less than the sum of the first and third integers. Find the 
three integers.

	 25.	 A wallet contains $218 in $10, $5, and $1 bills. There are forty-six bills in all and 
four more fives than tens. How many bills of each kind are there?

	 26.	 Ava has 23 coins in her purse, including nickels, dimes, and quarters. She has two 
more dimes than quarters, and the total value of the coins is $2.50. How many of each 
kind of coin does she have?

	 27.	 The perimeter of a triangle is 73 cm. The longest side is 13 cm less than the sum of 
the other two sides. The shortest side is 11 cm less than the longest side. Find the 
lengths of the three sides.

	 28.	 The sum of the measures of the three angles of a triangle is 180°. In one particular 
triangle, the largest angle is 10° more than three times the smallest angle, and the 
third angle is one-half the largest angle. What are the measures of the three angles? 

	 29.	 At Steve’s Fruit Stand, 4 pounds of bananas, 2 pounds of apples, and 3 pounds of 
grapes cost $16.40. Five pounds of bananas, 4 pounds of apples, and 2 pounds of 
grapes cost $16.60. Two pounds of bananas, 3 pounds of apples, and 1 pound of 

grapes cost $9.60. Find the price per pound of each kind of fruit.

	 30.	 The Tates are having a house built. The cost is split into three parts: the house, the 
lot, and the improvements. The cost of building the house is $16,000 more than three 
times the cost of the lot. The cost of the improvements (the landscaping, sidewalks, 
and upgrades) is one-third the cost of the lot. If the total cost is $159,000, what is the 
cost of each part of the construction?

STAGE

MAIN FLOOR

BALCONY BALCON Y

MEZZANIN
E MEZZANINE
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	 31.	 Kai inherited $100,000 from his aunt and decided to invest in three different 
accounts: savings, bonds, and stocks. The amount in his bond account was $10,000 
more than three times the amount in his stock account. At the end of the first year, the 
savings account returned 5%, the bond 8%, and the stocks 10% for total interest of 
$7400. How much did he invest in each account? 

	 32.	 Summer has saved a total of $30,000 and wants to invest in three different stocks: 
Apple, Netflix, and Amazon.com, Inc. She wants the Apple amount to be $1000 less 
than twice the Netflix amount and the Amazon.com, Inc. amount to be $2000 more 
than the total in the other two stocks. How much should she invest in each stock? 

	 33.	 A chemist wants to mix 9 liters of a 25% acid solution. Because of limited amounts 
on hand, the mixture needs to be created from three different solutions, one with 
10% acid, another with 30% acid, and a third with 40% acid. The amount of the 10% 
solution must be twice the amount of the 40% solution, and the amount of the 30% 
solution must equal the total amount of the other two solutions. How much of each 
solution must be used?

	 34.	 An appliance company makes three versions of their popular stand mixer. The 
standard model has production costs of $100, the deluxe model of $175, and the 
premium model of $250. On any given day the factory line makes 140 mixers and 
spends $21,500 on production costs. If the number of standard mixers made equals 
the sum of the premium and deluxe models made, how many of each kind of mixer 
are made each day?

Writing & Thinking
	 35.	 Is it possible for three linear equations in three unknowns to have exactly two 

solutions? Explain your reasoning in detail.

	 36.	 In geometry, three non-collinear points determine a plane. (That is, if three points 
are not on a line, then there is a unique plane that contains all three points.). 
Find the values of A, B, and C (and therefore the equation of the plane) given 

Ax + By + Cz = 3 and the three points on the plane 0 3 2 0 0 1, , , , ,� � � �  and �� �3 0 3, , .  
Sketch the plane in three dimensions as best you can by locating the three 
given points.

	 37.	 As stated in Exercise 36, three non-collinear points determine a plane. Find 
the values of A, B, and C (and therefore the equation of the plane) given 

Ax + By + Cz = 10 and the three points on the plane 2 0 2 3 1 0, , , , ,�� � �� �  and 

� �� �1 5 4, , .  Sketch the plane in three dimensions as best you can by locating the 
three given points.
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5.7 Exercises
Concept Check
Fill-in-the-Blank. Complete each sentence using information found in this section.

	 1.	 A rectangular array of numbers is called a/an ______ (plural ______).

	 2.	 In a matrix, entries written horizontally form a/an ______ and entries written 
vertically form a/an ______.

	 3.	 The ______ of a matrix is the number of rows by the number of columns. 

	 4.	 A matrix that is made up of the coefficients of the variables of a system of linear 
equations is called a/an________ matrix.

	 5.	 A matrix that is made up of the coefficients of the variables and the constant terms of 
a system of linear equations is called a/an ______ matrix.

	 6.	 Interchanging equations, multiplying an equation by a constant, and adding like 
terms of two equations are known as ____________ operations. 

True/False. Determine whether each statement is true or false. If a statement is false, 
explain how it can be changed so that the statement will be true. (Note: There may be 
more than one acceptable change.)

	 7.	 A matrix that has 3 rows and 5 columns is a 5 × 3 matrix.

	 8.	 A matrix with the same number of rows as columns, such as a 3 × 3 matrix, is called 
a square matrix.

	 9.	 Interchanging two equations in a system of linear equations will change the solution 
of the system.

	 10.	 In a system of linear equations, adding like terms of one equation to another equation 
will not change the solution of the system.

Practice
Write the coefficient matrix and the augmented matrix for the given systems of linear 
equations. See Examples 1 and 2.

	 1.	 2 2 13

5 10

x y

x y

� �
� �
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�
�

	 2.	 x y

x y
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w x y z
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�
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Write the system of linear equations represented by each of the augmented matrices. 
Use x, y, and z as the variables.
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3 5 1

1 3 2
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�

�

�
�
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Perform the indicated row operations on the given matrix. See Examples 1 and 2.

	 11.	 1 4

1 7�
�

�
�

�

�
�

a.	 Interchange rows 1 and 2

b.	 Multiply row 2 by −2

	 12.	 3 2 8

1 5 9

��

�
�

�

�
�

a.	 Multiply row 1 by 1
2

b.	 Add −3 times row 2 to row 1

	 13.	 1 3 7

8 2 5

4 1 6
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�
�
�

�
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a.	 Interchange rows 2 and 3

b.	 Add −2 times row 3 to row 2

	 14.	
1 2 3 7

0 2 1 9

0 1 1 4

�
� �

�

�

�
�
�

�

�

�
�
�

a.	 Interchange rows 2 and 3

b.	 Using your answer from part a., 
add 2 times row 2 to row 3.

Use the Gaussian elimination method to solve the given system of linear equations. See 
Examples 3 and 4.
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� � � �
� � �
� � �

�

�
�

�
�

2 1

3 4 2 0

4

	 23.	

x y z

x y z

x y z

� � �
� � �
� � �

�

�
�

�
�

2 3

2 5

2 3 2 3

	 24.	

x y z

x y z

x y z

� � �
� � �
� � �

�

�
�

�
�

3 2

2 1

4 7 5

	 25.	

x y z

x z

x y z

� � � �
� �

� � �

�

�
�

�
�

5 6

2 0

6 3 0

©HAWKES LEARNING



417 5.7  Exercises

	 26.	

x y z

x y z

x y z

� � � �
� � �

� � � �

�

�
�

�
�

3 4

3 2 1

2 2 13

	 27.	

x y z

x y z

x y z

� � �
� � �
� � �

�

�
�

�
�

2 5

2 2 4 5

3 3 6 8

	 28.	

2 5 9

3 2 0

3 2 10 4

x y z

x y z

x y z

� � � �
� � �
� � �

�

�
�

�
�

	 29.	
x y z

x y z

x y z

� � � �
� � �
� � �

�

�
�

�
�

5 2 7

4 7

2 7 7

	 30.	

2 5 2

4 3 2

3 6

x y z

x y z

x y z

� � � �
� � � �
� � �

�

�
�

�
�

	 31.	
3 4 11

2

2 4

x z

x y

y z

� �
� � �
� � �

�

�
�

�
�

	 32.	

y z

x y

x z

� �
� �
� �

�

�
�

�
�

2

5

5

 Use your graphing calculator to solve the systems of linear equations. See Example 5.

	 33.	
x y

x y

� � �
� � �

�
�
�

4

2 3 12

	 34.	
2 3 1

5 19

x y

x y

� �
� � �

�
�
�

	 35.	
x y z

x y z

x y z

� � �
� � �

� � � �

�

�
�

�
�

10

2 10

2 2 14

	 36.	

2 2 2

4 1

3 4

x y z

x y z

x y z

� � �
� � �
� � � �

�

�
�

�
�

	 37.	

2 3 18

4 5 7

6 8

y z

x y

x z

� � �
� � �
� �

�

�
�

�
�

	 38.	

w x y z

w x y z

w x y z

y z

� � � �
� � � � �

� � � � �
� �

�

�
�
�

�
�
�

0

2

3 3 11

2 6

	 39.	

x y z

x y z

x y z

� � �
� � �
� � �

�

�
�

�
�

3 0

2 2 2

5

	 40.	

x y z

x y z

x y z

� � � �
� � � �
� � �

�

�
�

�
�

2 2 13

2 5

6

Applications

Set up a system of linear equations that represents the information and solve the 
system using Gaussian elimination. See Example 4.

	 41.	 The sum of three integers is 169. The first integer is twelve more than the second 
integer. The third integer is fifteen less than the sum of the first and second integers. 
What are the integers?

	 42.	 A pizzeria sells three sizes of pizzas: small, medium, and large. The pizzas sell for 
$6.00, $8.00, and $9.50, respectively. One evening they sold 68 pizzas for a total of 
$528.00. If they sold twice as many medium-sized pizzas as large-sized pizzas, how 
many of each size did they sell? 
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	 43.	 Caroline bought a pound of bacon, a dozen eggs, and a loaf of bread. The total cost 
was $8.52. The eggs cost $0.94 more than the bacon. The combined cost of the bread 
and eggs was $2.34 more than the cost of the bacon. Find the cost of each item.

	 44.	 An investment firm is responsible for investing $250,000 from an estate according 
to three conditions in the will of the deceased. The money is to be invested in three 
accounts paying 6%, 8%, and 11% interest. The amount invested in the 6% account 
is to be $5000 more than the total invested in the other two accounts, and the total 
annual interest for the first year is to be $19,250. How much is the firm supposed to 
invest in each account?

	 45.	 Maurice is looking at his options for colleges. He can only borrow $13,125 a year 
for tuition. The community college in town does not offer every class he needs, and 
he cannot afford to attend the university full time. The university charges $2500 per 
credit hour (u) and the community college charges $625 per credit hour (c). In order 
to finish his degree on time, Maurice must take 12 credit hours per semester for both 
fall and spring semesters, but not for the summer semester.

a.	  Write the system of equations that represents this situation.

b.	  Write the system as a matrix.

c.	  How many hours at each school can he take?

	 46.	 You and 14 of your friends are planning a spring-break trip. There are three concerts 
happening in different locations all on the same night, and everyone wants to attend 
one concert. The group has $617 to spend on the 15 tickets and $195 to spend on 
transportation to the concerts. For concert x, tickets cost $46 and transportation per 
person is $15. For concert y, tickets cost $35 and transportation per person is $12. 
For concert z, tickets are $40 and transportation per person is $10. 
Consider the following system of equations.

x y z

x y z

x y z

� � �
� � �
� � �

15

46 35 40 617

15 12 10 195

a.	 What is the dimension of the augmented matrix?

b.	 Set up augmented matrix.

c.	 Solve the system of equations using Gaussian elimination.

Writing & Thinking
	 47.	 Suppose that Gaussian elimination with a system of three linear equations in three 

unknowns results in the following triangular matrix. Discuss how you can use back 
substitution to find that the system has an infinite number of solutions and these 
solutions satisfy the equation x + 5y = 6. (Hint: Solve the second equation for z.)

1 2 1 4

0 3 1 2

0 0 0 0

��

�

�
�
�

�

�

�
�
�
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Step 3:	 Press  MATRIX again and on the NAMES menu, choose [A] 3x3. 
Press  and press .

Step 4:	 Press  and the display will appear with the solution, det .A� � � �67

Now work margin exercise 5.
Margin Exercise Answers
1. a.  −18;  b.  −8;  c.  0   2. a.  4 8

7 6-
;   b.  4 0

1 3-
;   c.  4 8

1 2-
   3.  a.  26  b.  175   4. −7;   5. 229

5.8 Exercises
Concept Check

Fill-in-the-Blank. Complete each sentence using information found in this section.

	 1.	 In a/an _____ matrix, the number of rows is equal to the number of columns.

	 2.	 A determinant is indicated by closing the array of real numbers between two 
_____ _____.

	 3.	 Every determinant with real-number entries simplifies to a/an _____ value.

	 4.	 One method of evaluating a 3 × 3 determinant is called _____ by minors.

	 5.	 When evaluating a 3 × 3 determinant, each minor is multiplied by its corresponding 
entry and the value ___ or ___.

True/False. Determine whether each statement is true or false. If a statement is false, 
explain how it can be changed so the statement will be true. (Note: There may be more 
than one acceptable change.)

	 6.	 A 2 × 2 determinant has three rows and three columns. 

	 7.	 To find the value of a 3 × 3 determinant, you need to find the value of several 
2 × 2 determinants.

	 8.	 A minor of a13 of a determinant is found by deleting the third row and the 
first column.
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Practice
Find the determinant of each 2 × 2 matrix. See Example 1.

	 1.	 A �
�

�
�

�

�
�

2 7

4 3

	 2.	 A �
�

�
�

�

�
�

7 3

8 5

	 3.	 A �
�
�

�
�

�

�
�

1 3

2 5

	 4.	 A �
�

�

�
�

�

�
�

7 2

3 6

	 5.	 A �
� �
�

�
�

�

�
�

6 3

11 5

	 6.	 A �
�

�

�
�

�

�
�

2 3

3 4

	 7.	 A �
�

�
�

�

�
�

9 4

4 7

	 8.	 A �
�
�

�

�
�

�

�
�

3 4

8 6

Given the following determinant, find the minor of each chosen entry. See Example 2. 

det A� � �
�

�
3 5 9
2 0 7
4 1 1

	 9.	 a31

	 10.	 a12

	 11.	 a32

	 12.	 a23

Evaluate the value of each 3 × 3 determinant. See Example 3.

	 13.	
0 1 2

3 5 7

3 4 1

-
-

-

	 14.	
1 0 1

2 3 5

6 3 4

-
-

-

	 15.	
1 1 2

2 5 7

6 4 1

-
- -

	 16.	
2 1 3

5 9 4

7 6 2

- -

-

	 17.	
2 1 3

3 4 5

1 7 2

	 18.	
-

- -
3 2 1

1 4 1

2 5 3

	 19.	
2 1 1

4 3 2

1 5 5

-

	 20.	
6 7 1

0 3 3

4 1 5-

	 21.	
3 1 1

2 4 1

1 1 2

- -

-

	 22.	
2 3 2

1 1 5

0 5 1

-

Solve for the variable. See Example 4.

	 23.	
1 3 4

2 3

1 3 5

1x =

	 24.	
� �

�
�

�
2 1 1

1 1

4 3 2

7x

	 25.	
�

� � �
2 0

0 4 8

6 1 3

16

x

	 26.	
5 3 2

1 0

2 1 1

3

�
�

�
�x
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	 27.	
�

�
� �

4 1 3

2

0 5 3

28x x

	 28.	
1

2 2 1

1 3 2

0

x x

�
�

�

	 29.	
x x 1

1 5 0

0 1 2

15

�
� �

	 30.	
3 1 2

1 4

2 0

38

�
�x

x

The equation 
x y
x y
x y

1
1
1

01 1

2 2

=  is an equation of a line passing through two points 

P x y1 1 1,� �  and P x y2 2 2, .� �  Find an equation in standard form for the line determined by 

the following pairs of points.

	 31.	 3 2 1 4, , ,� � �� �

	 32.	 �� � � �2 1 5 3, , ,

	 33.	 4 4 0 6, , ,�� � � �

	 34.	 1 3 2 1, , ,� � � �� �

The area of a triangle having the vertices P x y P x y P x y1 1 1 2 2 2 3 3 3, , , , ,� � � � � �and  is given by 

the absolute value of the expression 1
2

1
1
1

1 1

2 2

3 3

x y
x y
x y

.  Draw the triangle with the given 

points as vertices and then find the area of the triangle.

	 35.	 3 1 1 1 5 2, , , , ,� � �� � � �

	 36.	 4 0 5 2 7 1, , , , ,� � �� � � �

	 37.	 �� � � �� � �� �1 3 4 1 3 2, , , , ,

	 38.	 1 5 1 2 3 0, , , , ,� � � �� � � �

Use a graphing calculator to find the value of each determinant.

	 39.	
3 4 6

2 4 1

7 9 1

-
-
-

	 40.	
2 1 3 5 3 4

2 6 5 0 1 2

1 0 3 4 6 3

. . .

. . .

. . .

-

-

	 41.	

1 6
1

2
5 9

0 7
3

4
1 7

5 0 8 2 4 1

. .

. .

. . .

-

-

	 42.	
-

-
-

10 15 25

0 7 5

16 12 8

Writing & Thinking
	 43.	 Explain in your own words the position the three points P x y P x y1 1 1 2 2 2, , , ,� � � �  

and P x y3 3 3,� � if the expression 
1

2

1

1

1

1 1

2 2

3 3

x y

x y

x y

 has a value of 0. (Hint: Refer to the 

discussion before Exercise 35.)

	 44.	 Suppose that in a 2 × 2 determinant two rows are identical. What will be the value 
of this determinant? Give two specific examples and a general example to back up 
your conclusion.
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	 45.	 Suppose that in a 3 × 3 determinant one row is all 0s. What will be the value of 
this determinant? Give two specific examples and a general example to back up 
your conclusion.

	 46.	 In each part, give two specific examples and a general example to back up 
your conclusion.

a.	 Suppose that in a 2 × 2 determinant two rows (or columns) are switched. 
How will the value of this new determinant relate to the value of the 
original determinant?

b.	 Suppose that in a 3 × 3 determinant two rows (or columns) are switched. 
How will the value of this new determinant relate to the value of the 
original determinant?
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Dy � � �
�

�
� �
�

�
�

�
�
�

� �� � � � � � � �

1 7 3

2 4 3

5 5 0

1
4 3

5 0
7

2 3

5 0
3

2 4

5 5

1 15 7 15 3 10

�� �90

Dz � � �
� �

�
� �
� �

�
�
�

�
�
�

� �� � � � � � �

1 1 7

2 1 4

5 2 5

1
1 4

2 5
1

2 4

5 5
7

2 1

5 2

1 3 1 10 7 1��
� �6

Applying Cramer’s rule, we can solve for x, y, and z.

x
D

D
x� �

�
�

�
18

18
1,   y

D

D
y� �

�
�

�
90

18
5,  and  z

D

D
z� �

�
�

�
6

18

1

3

Therefore, the solution to the system is 1 5
1

3
, , .

�
�
�

�
�
�

Now work margin exercise 4.

The determinants shown in Examples 3 and 4 are expanded by the first row. However, 
you should remember that any row or column can be used in the expansion as long as the 
corresponding adjustments in the + and − signs are used with the minors. This may be 
particularly useful when a row or column has one or more 0s because multiplication by 0 
will always give 0, and this will reduce the time needed for the expansion.

Margin Exercise Answers

1.   ��
�
�

�
�
�

2

5

11

5
,    2.  2 3,�� �    3.  D = 0, so Cramer’s Rule cannot be used.   4.  5 2 1, ,�� �

5.9 Exercises
Concept Check

Fill-in-the-Blank. Complete each sentence using information found in this section.

	 1.	 Cramer’s Rule is a method of solving systems of linear equations using _______.

	 2.	 Cramer’s Rule can be used if D ___ 0.

	 3.	 Cramer’s Rule can be used when there is a/an _____ solution.

True/False. Determine whether each statement is true or false. If a statement is false, 
explain how it can be changed so the statement will be true. (Note: There may be more 
than one acceptable change.)

	 4.	 The numerators of both the x- and y-values in the solution are equal to the value of 
the determinant of the coefficient matrix.

	 5.	 When using Cramer’s Rule to solve a system of three linear equations, you can 
expand the 3 × 3 determinant across any row or down any column.
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Practice

Use Cramer’s Rule to solve the system of linear equations, if possible. If the determinant 
of the coefficient is zero, solve the system using addition or substitution to determine 
whether the system has no solution or infinitely many solutions. See examples 1 
through 4.

	 1.	
2 5 7

3 2 6

x y

x y

� � �
� �

�
�
�

	 2.	
3 5 17

3 15

x y

x y

� �
� �

�
�
�

	 3.	
6 4 5

3 8 0

x y

x y

� �
� �

�
�
�

	 4.	
3 4 24

2 11

x y

x y

� �
� �

�
�
�

	 5.	
3 1

9 3 2

x y

x y

� �
� � �
�
�
�

	 6.	
4 8 12

3 6 9

x y

x y

� �
� �

�
�
�

	 7.	
12 4 3

10 3 7

x y

x y

� �
� � �
�
�
�

	 8.	
4 9 2

8 15 3

x y

x y

� �
� �

�
�
�

	 9.	
2 3 4

3 4 5

x y

x y

� �
� �

�
�
�

	 10.	
5 2 7

2 3 4

x y

x y

� �
� �

�
�
�

	 11.	
7 3 9

4 8 11

x y

x y

� �
� �

�
�
�

	 12.	
5 9 3

11 6 12

x y

x y

� �
� �

�
�
�

	 13.	
6 13 21

5 12 18

x y

x y

� �
� �

�
�
�

	 14.	
10 7 15

13 4 11

x y

x y

� �
� �

�
�
�

	 15.	
8 9 14

15 6 7

x y

x y

� � �
� �

�
�
�

	 16.	
17 5 21

4 3 6

x y

x y

� �
� �

�
�
�

	 17.	
0 8 0 3 4

0 9 1 2 5

. .

. .

x y

x y

� �
� �

�
�
�

	 18.	
0 4 0 7 3

0 5 6

. .

.

x y

x y

� �
� �

�
�
�

	 19.	
1 6 4 5 1 5

0 4 1 2 3 1

. . .

. . .

x y

x y

� �
� �

�
�
�

	 20.	
2 3 1 8 4 6

0 8 1 4 3 2

. . .

. . .

x y

x y

� �
� �

�
�
�

	 21.	

x y z

x y z

x y z

� � � �
� � �

� � �

�

�
�

�
�

2 7

2 0

3 5 8 13

	 22.	

2 3 0

5 2 9

10 5 3 4

x y z

x y z

x y z

� � �
� � �
� � �

�

�
�

�
�

	 23.	

5 4 17

4

10 8 2 11

x y z

x y z

x y z

� � �
� � �

� � � �

�

�
�

�
�

	 24.	

9 10 2

2 6 4

3 3 1

x y

x z

y z

� �
� �

� � �

�

�
�

�
�

	 25.	

2 3 4

2 6

2 14

x y z

x y z

x y z

� � � �
� � � �

� � �

�

�
�

�
�

	 26.	

2 3 4

2 1

2 9

x y z

x y z

x y z

� � �
� � �
� � �

�

�
�

�
�

	 27.	

3 2 5

2 2 4

5 3 9

x y z

x y z

x y z

� � �
� � �
� � �

�

�
�

�
�

	 28.	

8 3 2 15

3 5 4

2 3 7

x y z

x y z

x y

� � �
� � � �

� � �

�

�
�

�
�

	 29.	

2 3 1

5 2 2

2 5 2

x y z

x y z

x y z

� � �
� � �
� � �

�

�
�

�
�

	 30.	

2 3 2 5

2 2 1

5 1

x y z

x y z

x y z

� � � �
� � � �
� � �

�

�
�

�
�

Applications

Set up a system of linear equations, then solve the system using Cramer’s Rule. (Hint: 
Remember to write the equations in standard form before using Cramer’s Rule.)

	 31.	 The three sides of a triangle are related as follows: the perimeter is 43 feet, the 
second side is 5 feet more than twice the first side, and the third side is 3 feet less 
than the sum of the other two sides. Find the lengths of the three sides of the triangle.
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	 32.	 Joel loves candy bars and ice cream. Each candy bar contains 5 grams of fat and 280 
calories, and each serving of ice cream contains 10 grams of fat and 150 calories. 
How many candy bars and how many servings of ice cream did he eat the week that 
he consumed 85 grams of fat and 2300 calories from these two foods?

	 33.	 A financial advisor has $6 million to invest for her clients. She chooses, for one 
month, to invest in mutual funds and technology stocks. If the mutual funds earned 
2% and the stocks earned 4% for a total of $170,000 in earnings for the month, how 
much money did she invest in each type of investment?

	 34.	 A farmer plants corn, wheat, and soybeans and rotates the planting each year on his 
500-acre farm. In one particular year, the profits were: $120 per acre for corn, $100 
per acre for wheat, and $80 per acre for soybeans. He planted twice as many acres 
with corn as with soybeans. How many acres did he plant with each crop that year, if 
he made a total profit of $51,800?

Writing & Thinking
	 35.	 Describe the benefits of using Cramer’s Rule over solving a system of linear 

equations with the addition or substitution methods.
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Example 4	 Graphing Systems of Linear Inequalities

Use a graphing calculator to graph the system of linear inequalities: 
2 4

2 0

x y

x y

� �
� �

�
�
�Solution

Step 1:	 First, solve each inequality for y: 
y x

y x

� � �
�

�
�
�

2 4

2
Note: Solving 2 0x y� �  for y can be written as 2x y≤  and then as y x≥ 2 .

Step 2:	 �Press the  key and enter both 
functions and the corresponding 
symbols as they appear here. 
Remember, to shade your graphs, 
position the cursor over the 
slash next to Y

1
 (or Y

2
) and press 

 repeatedly until the desired 
graphing symbol is displayed.

Step 3:	 �Press . The graph should appear as shown. The solution is the cross-
hatched region and the points on the line 2x − y = 0, where x < 1.

Now work margin exercise 4.

Margin Exercise Answers
1. 

x

y

y ≥ 2

x − y < 4

   2. 

x

y

x + 2y < 3

3x + y ≥ −6

   3. 

x

y

y <−3xy >−3x − 4

   4. 

x

y

y + 4x < 7

y − 2x ≥ −5

5.10 Exercises
Concept Check
Fill-in-the-Blank. Complete each sentence using information found in this section.

	 1.	 To check the graph of a system of linear inequalities, a/an ____-_____ should be 
chosen to determine whether or not it satisfies both inequalities.

	 2.	 When graphing an inequality such as y > mx + b, the line y = mx + b is called the 
________ line.

	 3.	 If a boundary line is included in the solution, the half-plane is ______.

	 4.	 When a boundary line is not included in the solution, the half-plane is ____.

	 5.	 If the boundary lines are parallel, there are ___ possible types of solutions. 

	 6.	 The solution set of a system of two linear inequalities consists of the points in the 
______ of the two half-planes and portions of the boundary lines.

	 4.	Use a TI-84 Plus graphing 
calculator to graph the 
following system of 
linear inequalities.

		  y x

y x

� � �
� �

�
�
�

2 5

4 7
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True/False. Determine whether each statement is true or false. If a statement is false, 
explain how it can be changed so the statement will be true. (Note: There may be more 
than one acceptable change.)

	 7.	 When boundary lines are parallel, the system of linear inequalities has no solution.

	 8.	 If two half-planes overlap, that region is the union of the graphs.

	 9.	 Half-planes are the graphs of linear inequalities.

	 10.	 If the graphs of two linear inequalities have no intersection, then the system has no 
solution. 

Practice

Solve the systems of two linear inequalities graphically. See Example 1 through 3.

	 1.	
y

x

�
� �

�
�
�

2

3

	 2.	
2 5 0

2

x

y

� �
�

�
�
�

	 3.	
x

y x

�
� � �

�
�
�

3

2

	 4.	
y

y x

� �
� �

�
�
�

5

5
 

	 5.	
x

x y

�
� �

�
�
�

3

2 7

	 6.	
2 4

1

x y

y

� �
� �

�
�
�

	 7.	
x y

x

� �
�

�
�
�

3 3

5

	 8.	
3 2 8

0

x y

y

� �
�

�
�
�

	 9.	
x y

x y

� �
� �

�
�
�

0

3 2 4

	 10.	
y x

x y

� �
� � �

�
�
�

2

2

	 11.	
3 10

5 6

x y

x y

� �
� �

�
�
�

	 12.	
y x

x y

� �
� � � �
�
�
�

3 1

3 1

	 13.	
3 4 7

2 1

x y

y x

� � �
� �

�
�
�

	 14.	
2 3 0

8 3 36

x y

x y

� �
� �

�
�
�

	 15.	
x y

x y

� �
� �

�
�
�

4

2 3 3

	 16.	
2 3 12

3 2 13

x y

x y

� �
� �

�
�
�

	 17.	
x y

x y

� �
� �

�
�
�

0

2 6

	 18.	
y x

y x

� �
� �

�
�
�

2 3

2

	 19.	
x y

x y

� �
� �

�
�
�

3 9

5

	 20.	
x y

x y

� � �
� � �

�
�
�

2

2 1

	 21.	
y x

x y

� �
� � �

�
�
�

3

5

	 22.	
y x

x y

� �
� � �

�
�
�

2 5

3 2 3

	 23.	
y x

y x

� �
� � �

�
�
�

2

2 6

	 24.	
y x

y x

� �
� �

�
�
�

4

2

 Use a graphing calculator to solve the systems of linear inequalities. See Example 4.

	 25.	
y

x y

�
� �

�
�
�

0

3 5 10

	 26.	
y

x y

�
� �

�
�
�

0

3 11

	 27.	
4 3 6

3 3

x y

x y

� �
� �

�
�
�

	 28.	
3 2 15

2 5 10

x y

x y

� �
� �

�
�
�

 

	 29.	
3 4 6

3 2 12

x y

x y

� � �
� �

�
�
�

	 30.	
3 2 2

2 11

y x

x y

� �
� �

�
�
�

	 31.	
x y

x y

� �
� � �

�
�
�

8

3 2 6

	 32.	
x y

x y

� �
� �

�
�
�

7

2 8

	 33.	
y x

y x

�
� �

�
�
� 2 1

	 34.	
x y

x y

� � �
� �

�
�
�

2

4 16
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Applications

Solve.

	 35.	 Barbara’s Bombtastic Bakery sells cookie bouquets where the price depends on 
the arrangement. Each completed bouquet arrangement needs to weigh less than 
5 pounds for shipping purposes. The small cookies weigh 0.1 pounds and the large 
cookies weigh 0.3 pounds. The flower pot and Styrofoam weigh 1.2 pounds. The cost 
of each arrangement needs to be less than $30. The small cookies cost $1 each and 
the large cookies cost $2 each. (The cost of the flower pot and foam are included in 
the cookie prices.)

a.	 Write two linear inequalities to describe the situation. Use the variable x to 
represent the number of small cookies and the variable y to represent the number 
of large cookies in a bouquet.

b.	 Graph the two linear inequalities on the same coordinate plane. 

c.	 Describe the solution set for the situation.

d.	 Do any of the values in the solution set not make sense in the context of the 
problem? Explain why or why not.

	 36.	 Robin is planning a charity ball to raise money for her favorite charity. There are two 
different ticket options. The VIP option includes dinner, dancing, and cocktails for 
$150 per ticket. The regular option includes dancing and cocktails for $75 per ticket. 
Robin wants to make at least $14,000 in ticket sales. The ballroom that is being used 
for the charity event has a maximum capacity of 150 people. 

a.	 Write two linear inequalities to describe the situation. Let the variable x 
represent the number of VIP tickets sold and let the variable y represent the 
number of regular tickets sold.

b.	 Graph the two linear inequalities on the same coordinate plane. 

c.	 Describe the solution set for the situation.

d.	 Can Robin reach her sales goal if she only sells tickets for the regular option? 
Explain why or why not.

Writing & Thinking
	 37.	 Graph the inequalities and explain how you can tell that there is no solution.

y x

y x

� �
� �

�
�
�

2 5

2 3
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6.1 Exercises
Concept Check

Fill-in-the-Blank. Complete each sentence using information found in this section.

	 1.	 The quotient rule for exponents says that when dividing two powers with the same 
base, keep the base and ________ the exponents.

	 2.	 The product rule for exponents says that when multiplying two powers with the same 
base, keep the base and ________ the exponents.

	 3.	 An expression is considered simplified if each base appears only once and each base 
has only _________ exponents.

	 4.	 The expression 00 is __________.

	 5.	 For all real values of a, a1 = ___.

	 6.	 For all real values of a, a0 = ___.

True/False. Determine whether each statement is true or false. If a statement is false, 
explain how it can be changed so the statement will be true. (Note: There may be more 
than one acceptable change.)

	 7.	 If a constant does not have an exponent written, it is assumed that the exponent is 0.

	 8.	 If a is a nonzero real number and n is an integer, then a-n = -an.

	 9.	 Since the product rule is stated for integer exponents, the rule is also valid for 0 and 
negative exponents.

	 10.	 When using the quotient rule, you should subtract the smaller exponent from the 
larger exponent.

Practice

Simplify each expression. The final form of the expressions with variables should contain 
only positive exponents. Assume that all variables represent nonzero numbers. See 
Examples 1 though 7.

	 1.	 3 32 ⋅

	 2.	 7 72 3⋅

	 3.	 8 83 0⋅

	 4.	 5 50 2⋅

	 5.	 3 1-

	 6.	 4 2-

	 7.	 5 2-

	 8.	 6 3-

	 9.	 �� � �� �2 2
4 0

	 10.	 �� � �� �4 4
3 0

	 11.	 3 23� �

	 12.	 6 32� �

	 13.	 � � �4 53

	 14.	 � � �2 33

	 15.	 3 2 3�� �

	 16.	 4 3 2�� �

	 17.	 � � ��3 5 2

	 18.	 � � ��5 2 2

	 19.	 x x2 3⋅

	 20.	 x x3 ⋅

	 21.	 y y2 0⋅

	 22.	 y y3 8⋅

	 23.	 x-3

	 24.	 y -2
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	 25.	 2 1x-

	 26.	 5 4y -

	 27.	 - -8 2y

	 28.	 - -10 3x

	 29.	 5 6 4x y-

	 30.	 x y0 2-

	 31.	 3 0 0x y+

	 32.	 5 30 0y x-

	 33.	 7

7

3

	 34.	
9

9

5

2

	 35.	 10

10

3

4

	 36.	 10

105

	 37.	 2

2

3

6

	 38.	
5

5

7

4

	 39.	
x

x

4

2

	 40.	
x

x

6

3
 

	 41.	
x

x

3

	 42.	
y

y

7

2

	 43.	
x

x

7

3

	 44.	
x

x

8

3

	 45.	
x

x

-2

2

	 46.	
x

x

-3

	 47.	 x

x

4

2-

	 48.	
x

x

5

1-

	 49.	
x

x

-

-

3

5

	 50.	
x

x

-

-

4

1

	 51.	
y

y

-

-

2

4

	 52.	
y

y

3

3-

	 53.	 3 3 0x x⋅

	 54.	 3 4y y⋅

	 55.	 x x x3 2 1� � �

	 56.	 x x x� � �3 0 2

	 57.	 4 93 0x x� �� �

	 58.	 5 32 4x x� �� �

	 59.	 �� �� �2 72 3x x

	 60.	 3 63 2y y� � �� �

	 61.	 �� �� �4 35x x

	 62.	 6 54 5y y� �� �

	 63.	
8

2

3

2

y

y

	 64.	
12

3

4x

x

	 65.	
9

3

5

3

y

y

	 66.	
-10

2

5x

x

	 67.	
-8

4

4

2

y

y

	 68.	
12

3

6

3

x

x-

	 69.	
x x

x

� �1 2

3

	 70.	
x x

x

�
�

3

3

	 71.	
10 10

10

4 3

2

� �

�

	 72.	
10 10

10

1

2

� �

	 73.	 9 2 0
x� �

	 74.	 �� ��2 3 5 0
x y

	 75.	 9 22 3 3 4x y x y� � �� �

	 76.	 �� � �� ��3 5 2 3xy x y

	 77.	
-8

4

2 4

3 2

x y

x y

	 78.	
- -

-

8

4

2 4

2 2

x y

x y

	 79.	 3 42 4 5a b ab c� �� �
	 80.	 �� �� ��6 43 4 2 8a b a b

	 81.	
36

9

5 0

5 3

a b c

a b- - -

	 82.	
7

28

2 2

0 2

x y

x yz

-

-

	 83.	
25 3

15

6 2

4

y y

xy

� �

	 84.	
12 18

36

2 4

2 5

a a

a b

�

�

�

 Use a graphing calculator to evaluate each expression. Round quotients to the 
nearest ten-thousandth, if necessary. See Example 8.

	 85.	 2 16
0

.� �

	 86.	 �� �5 06
2

.

	 87.	 1 6
2

.� ��

	 88.	 2 5
4

.� ��
	 89.	 6 4 2 3

4 2
. .� � � �

	 90.	 �� � � �148 21 3
2 2

. .
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Applications

Solve.

	 91.	 Rylee wants to move all her files to a new hard drive that has 212 GB of storage on 
it. She wants to designate the same amount of storage for each of 24 projects. How 
much storage should be assigned to each project? Write your answer as a power of 
two. 

	 92.	 Trey is studying patterns in bacteria. For a positive test result in his experiment, 
bacteria must grow in population at a minimum rate of 32 in 24 hours. If the initial 
population of the bacteria is 35 and his final measurement after 24 hours is 38, should 
he mark the test as positive or negative?

	 93.	 A molecule being studied under a powerful microscope is cubic in shape. What is the 
volume of the molecule if the length of one side is 10−8 cm?

	 94.	 A hurricane caused flooding in a home at the rate of 23 ft3 per hour. If that home has a 
storage closet that is 21 feet wide, 23 feet long, and 24 feet high, how long will it take 
the storage closet to fill with water? Write your answer as a power of 2.

	 95.	 A conference center needs an array of gift bags set up for a meeting. There will be 
25 gift bags per row and 24 rows of gift bags. The delivery truck can hold 29 gift bags 
per load. How many deliveries will the truck need to make in order to supply the gift 
bags needed?

	 96.	 A local children’s convention receives donations of 28 bags of candy for use as gifts 
for attendees. The convention has 27 children attending. How many bags of candy 
will each child receive?

	 97.	 Molly buys land that is 34 yards wide and 35 yards long. What is the area of the land? 
Write your answer as a power of 3.

	 98.	 Samuel wants to buy grass seed to plant in his yard. His lawn is 26 feet wide and 
27 feet long. Each bag of grass seed will cover 210 square feet. How many bags of 
seed should he purchase? Write your answer as a power of 2.

	 99.	 Barbara’s Bombtastic Bakery makes petit four glaces, 
which are small bite‑sized cakes. Each cake is in the 
shape of a cube that has a side length of 2x, where x is 
a positive length which varies depending on the 
cake flavor.

a.	 Write an expression using exponents to find the 
volume of the petit four glaces. Do not simplify.

b.	 Which exponential rule will you need to use to 
simplify the expression from part a.?

c.	 Simplify the expression from part a. 

d.	 If x = 2 cm, determine the volume of the petit four glaces using the expression 
from part c.

2x

2x

2x
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	100.	 A strain of the influenza virus is spreading throughout a community and the number 
of confirmed cases of the flu doubles every day. On day 0 (the initial day) of the 
outbreak, 1 person has the virus. On day 1 of the outbreak, 1 ∙ 2 = 2 people will have 
the virus. On day 2 of the outbreak, 1 ∙ 2 ∙ 2 = 1 ∙ 22 = 4 people will have the virus.

a.	 Write an exponential expression to describe how many people will have 
influenza virus on day 5. Write as a power of 2 and simplify.

b.	 Write an exponential expression to describe how many people would have the 
virus on day n if 3 people had the virus on day 0 of the outbreak. Write the 
expression in exponential form and simplify.

c.	 Use the expression from part b. to determine the number of people that will have 
the virus on day 5 of the outbreak if 3 people had the virus on day 0?

	101.	 A standard hard drive has 238 bytes of data. 1 gigabyte is equivalent to 230 bytes. 

a.	 Write an exponential expression to determine how many gigabytes are 
equivalent to 238 bytes?

b.	 Simplify the expression from part a. to determine how many gigabytes are in 
238 bytes.

c.	 What rule of exponents did you use to simplify part b.?

©HAWKES LEARNING



466 Chapter 6  Exponents and Polynomials

A complete summary of the rules for exponents includes the following eight rules.

Summary of the Rules for Exponents
The following rules are true for any nonzero real numbers a and b and integers 
m and n.

1.	 The exponent 1: a a= 1

2.	 The exponent 0: a 0 1=

3.	 The product rule: a a am n m n� � � 

4.	 The quotient rule: 
a

a
a

m

n
m n� �  

5.	 Negative exponents: a
a

n
n

� �
1

.

6.	 Power rule: a am n mn� � � .

7.	 Power of a product: ab a b
n n n� � � .

8.	 Power of a quotient: 
a

b

a

b

n n

n

�
�
�

�
�
� � . 

PROPERTIES

Margin Exercise Answers

1. a.  x15   b. 
1
12x

  c. 
1
15y

  d. 
1

3

1

9

1

7296 3
 or  or    2. a.  16 2x   b.  x y7 7   c.  81 2 2a b   d. 

1
3 3a b

 		

e. 
x

y

6

8    3. a. 
x

y

7

7   b. 
25

36
  c. 

27
3a

  d.  x3

216
   4. a. 

-27 3

9

x

y
  b. 

16 2

2

b

a
   5. 

y

x

15

30
   6. 

64

225 18 2x y
 

6.2 Exercises
Concept Check

Fill-in-the-Blank. Complete each sentence using information found in this section.

	 1.	 Moving any term from the numerator to the denominator, or vice versa, changes the 
sign of the corresponding _________.

	 2.	 A power of a quotient (in fraction form) is found by raising both the __________ and 
the _________ to that power.

	 3.	 To find the value of a power raised to a power, _________ the exponents and ______ 
the base.

	 4.	 A power of a product can be found by ______ each factor to that power.

	 5.	 In an expression such as -x2, we know that -1 is understood to be the ______ of x2.
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True/False. Determine whether each statement is true or false. If a statement is false, 
explain how it can be changed so the statement will be true. (Note: There may be more 
than one acceptable change.)

	 6.	 Taking the reciprocal of a fraction changes the sign of any exponent in the fraction.

	 7.	 For an exponent to refer to −7 as the base, −7 must be in parentheses.

	 8.	 When simplifying an expression with exponents, the rules for exponents must be 
used in a specific order or the answer will vary.

	 9.	 The expression −82 simplifies to −64.

Practice

Use the rules for exponents to simplify each of the expressions. Assume that all 
variables represent nonzero real numbers. See Examples 1 through 6.

	 1.	 -34

	 2.	 -52

	 3.	 -24

	 4.	 -202

	 5.	 �� �10
6

	 6.	 �� �4
6

	 7.	 a3 2� �
	 8.	 b2 4� ��

	 9.	 x�� �5 2

	 10.	 x� �� �2 3

	 11.	 24 2� ��

	 12.	 2 3 2� �� �
	 13.	 3

2
y� �

	 14.	 ab� �4

	 15.	 �� �4
2

xy

	 16.	 3 2 2
x�� �

	 17.	 xy� ��6

	 18.	 a b3 2 3�� �
	 19.	 6 3 2

x� �

	 20.	 �� �3 4 2
x

	 21.	 4 3 2 3
�� �x

	 22.	 7 2 2 4
y �� �

	 23.	 5 2 1x y�� �
	 24.	 � � �3 7 2 0

xy

	 25.	 � � �� �
2 3 5 2 3

x y

	 26.	 � � �� �
4 5 3 1

x y

	 27.	 a

b
�
�
�

�
�
�

4

	 28.	
x

2

3
�
�
�

�
�
�

	 29.	
2

3

2
�
�
�

�
�
�

	 30.	
a

4

3
�
�
�

�
�
�

	 31.	
x

y

�

�
�

�

�
�

6

	 32.	
2

5

2
�
�
�

�
�
�

	 33.	
3

3
x

y

�

�
�

�

�
�

	 34.	
��

�
�

�

�
�

4
2

2
x

y

	 35.	
6 3

5

0
m

n

�

�
�

�

�
�

	 36.	
3 2

3

2
x

y

�

�
�

�

�
�

	 37.	
��

�
�

�

�
��

2 2

2

2
x

y

	 38.	
2

5

2
x

y

�

�
�

�

�
�

�

	 39.	
x

y

�

�
�

�

�
�

�2

	 40.	
2

1
a

b
�
�
�

�
�
�

�

	 41.	
3

2

1
x

y�

�
�

�
�

�

�
�

	 42.	
4 2

3

3
a

b�

�
�

�
�

�

�
�

	 43.	
��

�
�

�

�
�

�
3
2

3

xy

	 44.	
5 3 2
xy

y

�

�
�

�

�
�

	 45.	 m n

mn

2 3 2
�

�
�

�

�
�
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	 46.	
2 3

2

4
ab

b

�

�
�

�

�
�

	 47.	
��

�
�

�

�
�

�
72 2

3

1
x y

y

	 48.	
2 4

2

3
ab

b

�

�
�

�

�
�

�

	 49.	
5 3

2

2
x y

y

�

�
�

�

�
�

	 50.	
2 2

3

4
x y

y

�

�
�

�

�
�

�

	 51.	
x y

y

3 1

2

2��

�
�

�

�
�

	 52.	
2 2 1

2

3
a b

b

��

�
�

�

�
�

	 53.	
6 5

2 2

2
y

x y�
�

�
�

�

�
�

	 54.	
3 4

2 4

3
x

x y� �

�

�
�

�

�
�

	 55.	
7 2 2

1 2

x y

xy

�

�

� �
� �

	 56.	
�� �
� ��

5

3

3 4 2

3 2

x y

x y

	 57.	
3

6

2 1 2

1 3

x y

x y

� �

� �

� �
� �

	 58.	
2

5

3 3

2 2

x

y

� �

� �

� �
� �

	 59.	
4 6

9 2

2 5

1

x x

y y

�

�

� �� �
� �� �

	 60.	
5 3

25 6

2 1 2

3 2

x x

y y

� �� �
� �� �

�

�

	 61.	
3

4

2

9

3

2 3

1 3 1

3 1

2
xy

x y

x y

x y�

� �

� �

�

�
�

�

�
�

�

�
�

�

�
�

	 62.	
5

6

5

2

4 2

4 3

2 3 4

2 2 2

3
a b

a b

a b

a b

�

�

�

� � �

�

�
�

�

�
�

�

�
�

�

�
�

	 63.	 6

4

2

12

4 2

1 4 3 2

1 2 3

2 2 1

2
x yz

x y z

xyz

x y z

� �

� � �

� � �

�

�
�

�
�

�

�
�

�

�
�

�

�
�

	 64.	 3

3

7

7

5 5 3 1

2

2 1 4 2

2 3 2

2� �

�

� � �

� � �

�
�

�
�

�

�
�

�

�
�

�

�
�

a b c

abc

a bc

a bc

 Use a graphing calculator to evaluate each expression. Round quotients to the 
nearest ten-thousandth, if necessary.

	 65.	 2 12 2
.� �

	 66.	 1 4 2 5
. �� �

	 67.	 3 8
4

. x� �

	 68.	 5 2 2 3
. x� �

	 69.	
8 1

1 7

2
.

.
�
�
�

�
�
�

	 70.	
2 3

4 5

3
.

.
�
�
�

�
�
�
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Example 5	 Application: Scientific Notation and Calculators

A light-year is the distance light travels in one year. Use a graphing calculator to find the 
length of a light-year in scientific notation if light travels 186,000 miles per second.

Solution

60 1
60 1
24 1
365 1

seconds minute
minutes hour
hours day
days year

=
=

=
=

	� Multiplication gives the following display on your calculator.

Thus, a light-year is 5.865696 × 1012, or 5,865,696,000,000 miles (5 trillion, 865 billion, 
696 million miles).

Now work margin exercise 5.

Margin Exercise Answers
1. a.  6 39 107. ×   b.  2 45 10 6. � �    2. a.  1 8 10 5. � �   b.  1 2 108. ×    3.  4 816 1024. ×  particles    
4. a.  7 4E   b.  6 12E    5.  2 592 13. E  meters

6.3 Exercises
Concept Check

Fill-in-the-Blank. Complete each sentence using information found in this section.

	 1.	 In scientific notation, decimal numbers are written as a product of a number greater 
than or equal to ______ and less than ______, and an integer power of 10.

	 2.	 In scientific notation, there is/are ______ digit(s) to the left of the decimal point.

	 3.	 The exponent of a number written in scientific notation tells how many places the 
______ ______ is to be moved and in what direction.

True/False. Determine whether each statement is true or false. If a statement is false, 
explain how it can be changed so the statement will be true. (Note: There may be more 
than one acceptable change.)

	 4.	 The exponent in the number 1.4 × 104 indicates that the decimal point should be 
moved 4 places to the right.

	 5.	 The exponent in the number 2.5 × 10−3 indicates that the decimal point should be 
moved 3 places to the right.

	 6.	 The number 3.53 × 105 is less than 8.72 × 10−4.

	 7.	 The number 4000 written in scientific notation is 0.4 × 104.

	 5.	If light travels 3 108×  
meters per second, how 
many meters does light 
travel in one day?
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Practice

Write the following numbers in scientific notation. See Example 1.

	 1.	 86,000

	 2.	 927,000

	 3.	 0.0362

	 4.	 0.0061

	 5.	 18,300,000

	 6.	 376,000,000

	 7.	 0.0000000002368

	 8.	 1,030,000,000

	 9.	 0.0000009

	 10.	 0.0000000571

	 11.	 0.0000000000328

	 12.	 845,300,000

Write the following numbers in decimal form.

	 13.	 4 2 10 2. � �

	 14.	 8 35 10 3. � �

	 15.	 7 56 106. ×

	 16.	 1 002 107. � �

	 17.	 6 132 105. � �

	 18.	 8 515 108. ×

	 19.	 3 067 1010. ×

	 20.	 9 374 107. ×

	 21.	 7 205 109. ×

	 22.	 4 1011×

	 23.	 6 91 10 6. � �

	 24.	 7 408 109. � �

First write each of the numbers in scientific notation. Then perform the indicated 
operations and leave your answer in scientific notation. See Example 2.

	 25.	  300 · 0.00015

	 26.	   0.000024 · 40,000	

	 27.	  0.0003 · 0.0000025

	 28.	  0.00005 · 0.00013

	 29.	 23,400,000,000 ∙ 5,500,000,000

	 30.	 7,800,000,000 ∙ 0.00000081

	 31.	 3900

0 003.

	 32.	
4800

12 000,

	 33.	 125

50 000,

	 34.	
0 0046

230

.

	 35.	
0 0000000000013

0 000000026

.

.

	 36.	
0 02 3900

0 013

.

.

⋅

	 37.	
0 0084 0 003

0 21 60

. .

.

⋅
⋅

	 38.	
0 005 6503 3

0 0011 2500

. .

.

⋅ ⋅
⋅

	 39.	
5 4 0 003 50

15 0 0027 200

. .

.

⋅ ⋅
⋅ ⋅

	 40.	
0 00000000039 15 000 000 000

8 000 000 0 0000000013

. , , ,

, , .

⋅
⋅

	 41.	
1 4 10 922

3 5 10 2 0 10

2

3 6

.

. .

�� �� �
�� � �� �

�

	 42.	
4300 3 0 10

1 5 10 860 10

2

3 2

� � �� �
�� � �� �� �

.

.

	 43.	
25 3 75 10

0 4 10 75 10

5

11 7

� � �� �
�� � �� �

�

�

.

.
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	 44.	
1 1 10 342 10

171 10 55 10

4

11 14

.

. .

�� � �� �
�� � �� �� �

	 45.	
1 4 10 7 10

40

7 13. �� � �� ��

	 46.	
1 16 10 72 10

58 10 2 4 10

8 12

13 15

. .

.

�� � �� �
�� � �� ��

	 47.	
1 95 10 2650 7 56 10

15 10 1 3 10

5 10

6 13

. .

.

�� �� � �� �
�� � �� �
�

�

	 48.	
88 1 048 10

3 2 10 13 75 10 2 10

5

7 4

� � �� �
�� � �� � �� �

�.

. .

 Use your calculator (set in scientific notation mode) to evaluate each expression. 
Leave the answer in scientific notation. See Example 4.

	 49.	 90 000 0 0003, .÷

	 50.	 0 0081 9000. ÷

	 51.	 400 175 000 5000 3000� � �,

	 52.	 7000 6000 200 450 000� � � ,

	 53.	 9 12 10 304 1013 9. .� � � �

	 54.	 1 989 10 6 12 106 5. .� � ��

	 55.	 4 10 175 10 5 1 10 3 01 106 7 8 6�� � �� � � �� � �� �. . .

	 56.	 2 37 10 4 10 1 45 10 5 107 9 8 8. .�� � �� � � �� � �� �� � � �

	 57.	
5 6 0 003 5000

15 0 0028 20

. .

.

⋅ ⋅
⋅ ⋅

	 58.	
0 0006 660 40 4

0 00011 3600

. .

.

⋅ ⋅
⋅

	 59.	
5 6 10 3 10 51 10

1 5 10 2 8 10 2 10

7 13 11

10 8 6

. .

. .

�� � �� � �� �
�� � �� � �� �

�

� �

	 60.	
6 10 66 10 404 10

11 10 3 6 10

11 6 7

6 6

�� � �� � �� �
�� � �� �

�

�

. .

.

Applications

Solve.

	 61.	 The mass of a hydrogen atom is approximately 
0.00000000000000000000000167 grams. Write this number in scientific notation.

	 62.	 The circumference of the earth is approximately 1,580,000,000 inches. Express this 
circumference in scientific notation.

	 63.	 There are approximately 6 × 1013 cells in an adult human body. Express this number 
in decimal form.
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	 64.	 The world population is approximately 7.5 × 109 people. Write this number in 
decimal form.

	 65.	 The mass of the earth is about  
5,980,000,000,000,000,000,000,000,000 grams. Write this number in 
scientific notation.

	 66.	 One year is approximately 31,500,000 seconds. Express this time in 
scientific notation.

	 67.	 One light-year is approximately 9 46 1015. ×  meters. The distance to a certain star is 
4.3 light-years. How many meters is this?

	 68.	 Light travels approximately 3 × 1010 centimeters per second. How many centimeters 
would this be per minute? Per hour? Express your answers in scientific notation.

	 69.	 The mass of an atom of gold is approximately 3.27 × 10−22 grams. What would be the 
mass of 2000 atoms of gold? Express your answer in scientific notation.

	 70.	 An ounce of gold contains 5 × 1022 atoms. All the gold ever taken out of the earth is 
estimated to be 3.0 × 1031 atoms. How many ounces of gold is this?

	 71.	 There are 8.64 × 104 seconds in a day. How many seconds are in 30 days? Express 
this time in scientific notation.

	 72.	 A scientist measured that his sample weighed 0.0000023 grams. He wrote the value 
as 2.3 × 106 g on a report. Did he write the value correctly in scientific notation? If 
not, what should it be?

	 73.	 A scientist calculated that her experiment consumed 520,000 joules (J) of energy. She 
wrote the value as 52 × 104 J on a report of the experiment. Did she write the value 
correctly in scientific notation? If not, what should it be?

	 74.	 A molecule of table salt weighs approximately 9.704 × 10−23 grams. What would be 
the weight of 4,000,000 molecules of table salt?

a.	 Write 4,000,000 in scientific notation.

b.	 Write an expression to find the weight of 4,000,000 molecules of table salt.

c.	 Simplify the expression from part b.

d.	 What does the answer from part c. mean? Write a complete sentence.
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Example 6	 Evaluating Polynomials

Rewrite the polynomial expression f x x( ) � �6 13 by substituting for x as indicated by the 

function notation f a2 1�� � .

Solution

Substitute 2a + 1 for x throughout the polynomial.

f

a

a

a a2 1 2 16 13

12 6 13

12 19

� �� � � � � �
� � �
� �

Now work margin exercise 6.

Completion Example Answers
2.  −2x2 + 4x + 6; second-degree polynomial   5.  5 6 10 103 3 45 18 53

2� � � � � � � � � �

Margin Exercise Answers

1. a.  9 2x ;  second-degree monomial  b.  9 52x x- ;  second-degree binomial  c.  4
8

3
83 2y y� � ;   

third-degree trinomial  d.  4 82x - ;  second-degree binomial  e.  not a polynomial   
2.  13 2 43 2x x� � ;  third-degree trinomial    3.  23   4.  −6   5.  68   6.  24a − 35

6.4 Exercises
Concept Check
Fill-in-the-Blank. Complete each sentence using information found in this section.

	 1.	 If the terms in a polynomial are written so that the exponents on the variable decrease 
in order from left to right, it is said that the expression is in ____________ order.

	 2.	 A monomial or an indicated sum or difference of monomials is known as 
a/an _________.

	 3.	 In a polynomial, the coefficient of the term of the largest degree is called the 
_________ coefficient.

	 4.	 Monomials may not have fractional or _________ exponents.

	 5.	 A polynomial with two terms is called a/an ________.

	 6.	 A trinomial is a polynomial with ___ terms.

True/False. Determine whether each statement is true or false. If a statement is false, 
explain how it can be changed so the statement will be true. (Note: There may be more 
than one acceptable change.)

	 7.	 A nonzero constant is a monomial with no degree.

	 8.	 A polynomial with four terms is a quadrinomial.

	 9.	 A monomial is a polynomial with one term.

	 10.	 A polynomial must have at least two terms.

	 6.	Rewrite the polynomial 

expression f x x� � � �8 27  
by substituting for x as 
indicated by the function 

notation f a3 1�� �.
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Practice
Identify each expression as a monomial, binomial, trinomial, or not a polynomial.

	 1.	 3 4x

	 2.	 5 2 12y y� �

	 3.	 8 73x -

	 4.	 - -2 2x

	 5.	 14 2 67a a- -

	 6.	 17 5
2

3 2x x+

	 7.	 6 53 2 3a a a� � �

	 8.	 � � �3 2 94 2y y

	 9.	
1

2

2

5
3x x-

	 10.	
5

8

2

3
5 4x x+

Simplify the polynomials. Write the polynomials in descending order and state the 
degree and type of each polynomial. Then, state the leading coefficient. See Examples 1 
and 2.

	 11.	 y y+ 3

	 12.	 4 2 2x x x� �

	 13.	 x x x3 23 2� �

	 14.	 3 8 82x x x� �

	 15.	 x x x x4 2 2 44 2� � �

	 16.	 2 6 5 2� � �y y

	 17.	 � � � �x x x x3 36 6

	 18.	 11 3 2 72 2x x x� � �

	 19.	 6 2 7 35 2 3 2a a a a� � �

	 20.	 2 3 2 4 2 52 2 2 2x x x x� � � � �

	 21.	 4 8 2 82 3 2y y y y� � �

	 22.	 2 9 1 2x x x� � � �

	 23.	 5 3 2 1 32 2 2y y y� � � �

	 24.	 13 6 9 42 2x x x x- - -

	 25.	 7 3 2 5 13 2 3x x x x x� � � � �

	 26.	 � � � � � �3 7 2 5 45 3 2 2y y y y y

	 27.	 x x x x x x4 4 23 2 5 10� � � � � �

	 28.	 a a a a a a3 2 3 22 6 3 2 7 3� � � � � �

	 29.	 2 4 6 92 3x x x x+ + +

	 30.	 15 2 10 2 163 2 2y y y y y� � � � �

Find the values of the functions as indicated. See Examples 3 through 5.

	 31.	 Given f x x� � � �3 10 , find

		  a.	 f 2� �
		  b.	 f �� �2

		  c.	 f 0� �

	 32.	 Given g x x� � � � �4 7, find

		  a.	 g �� �3

		  b.	 g 6� �

		  c.	 g 0� �

	 33.	 Given p x x x� � � � �2 14 3,  find p �� �1 .

	 34.	 Given h x x x� � � � � �5 8 72 ,  find h �� �3 .

	 35.	 Given f x x x x� � � � � �3 9 10 113 2 ,  find f 3� �.

	 36.	 Given f y y y y� � � � � �3 25 6 2,  find f 2� �.

	 37.	 Given p y y y y� � � � � � �4 5 12 13 2 ,  find p �� �10 .
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	 38.	 Given h a a a a� � � � � �3 24 2,  find h �� �5 .

	 39.	 Given p a a a a� � � � �2 3 84 2 ,  find p �� �1 .

	 40.	 Given g x x x x� � � � � �8 2 6 74 3 2 ,  find g �� �2 .

	 41.	 Given g x x x x� � � � � �5 3 2,  find g �� �2 .

	 42.	 Given p x x x x x x x� � � � � � � � �3 2 3 2 16 5 4 3 2 ,  find p 1� �.

A polynomial function is given. Rewrite the polynomial function by substituting for the 
variable as indicated in the given function notation.

	 43.	 Given p x x x x x� � � � � �3 5 8 94 3 2 ,  find p a� �.

	 44.	 Given p x x x x� � � � � �6 5 10 35 2 ,  find p c� �.

	 45.	 Given f x x� � � �3 5,  find f a�� �2 .

	 46.	 Given f x x� � � � �4 6,  find f a�� �2 .

	 47.	 Given g x x� � � �5 10, find g a2 7�� �.

	 48.	 Given g x x� � � � �4 8,  find g a3 1�� �.

Applications
Solve.

	 49.	 A car on an amusement park ride starts with an initial velocity (or initial speed) of 
5 feet per second and accelerates at a rate of 15 feet per second squared. The speed of 
the car during the ride can be modeled by the polynomial p(x) = 15x + 5, where x is 
the time, in seconds, since the car started moving. 

	 a.	 Identify the degree of the polynomial.

	 b.	 Determine how fast the car is moving after 0 seconds.

	 c.	 Determine how fast the car is moving after 3 seconds.

	 d.	 Determine how fast the car is moving after 6 seconds.

	 50.	 A ball is thrown from the top of a building towards the ground with an initial 
velocity (or initial speed) of 12 feet per second. The force of gravity causes the ball 
to accelerate at a rate of 32 feet per second squared. The distance of the ball from the 
top of the building can be modeled by the polynomial p(x) = 12x + 32x2 where x is 
the time, in seconds, since the ball was thrown.

	 a.	 Identify the degree of the polynomial.

	 b.	 Determine how far the ball is from the top of the building at 1 second.

	 c.	 Determine how far the ball is from the top of the building at 2 seconds.

	 d.	 Determine how far the ball is from the top of the building at 3 seconds.
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	 51.	 Chelsea is competing in a double-elimination softball tournament, which means that 
a team is eliminated once they lose two games. If the winning team goes undefeated, 
the total number of games played will be G(t) = 2t − 1, where t is the number of 
teams participating in the tournament.

	 a.	 Identify the degree of the polynomial.

	 b.	 Determine how many games will be played if 5 teams are participating.

	 c.	 Determine how many games will be played if 6 teams are participating.

	 d.	 Determine how many games will be played if 15 teams are participating.

	 52.	 Max runs a no-kill dog shelter. To help manage finances for the upcoming year, Max 
uses data from the previous years to construct a mathematical model that can predict 
the number of dogs the shelter will have during each month of the upcoming year. 
The model he constructs is D(x) = x2 − 12x + 80, where x is the number of the month 
of the year (this means that January = 1, February = 2, etc.).

	 a.	 Identify the degree of the polynomial.

	 b.	 How many animals are predicted to be in the shelter in January?

	 c.	 How many animals are predicted to be in the shelter in July?

	 d.	 How many animals are predicted to be in the shelter in December?

	 53.	 The value of a car starts to depreciate the moment you drive it off of the car 
dealership’s lot. After two years, the approximate value of a car that originally costs 
$25,000 is calculated by V = $25,000x2, where x is the average percent that the car 
retains its value per year. Cars that are well taken care of and driven sparingly will 
retain more value than cars that are poorly maintained and driven frequently.

a.	 Suppose that a car that is well maintained and rarely driven will retain an 
average of 90% of its value each year. What will be the approximate value of the 
car after 2 years?

b.	 Suppose that a car that is not well maintained will retain an average of 80% of 
its value each year. What will be the approximate value of the car after 2 years?

	 54.	 Forensic scientists can use a simple formula to approximate the time of death. This 
formula is based on the average body temperature of humans being 37 °C and the 
fact that a deceased body will lose an average of 1.5 °C per hour until the body 
temperature matches the temperature of the surrounding environment. The formula is 

f t t� � � �37 1 5. ,  where t is the time in hours since death.

a.	 What is the approximate body temperature of a person that died 4 hours ago?

b.	 What is the approximate body temperature of a person that died 14 hours ago?

c.	 If the temperature of the environment in which the body was found was 20 °C, 
would it be reasonable for the body temperature to be the temperature from 
part b.? Explain why or why not.
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	 55.	 A sled going down a hill has an initial speed of 5 feet per second and a constant 
acceleration of 1 foot per second squared. The distance of the sled in feet from the top 

of the hill can be modeled by the polynomial d t t t� � � �5 1
2

2,  where t is the time in 
seconds after the sled leaves the top of the hill.

a.	 Determine the distance the sled is from the top of the hill after 2 seconds.

b.	 Determine the distance the sled is from the top of the hill after 4 seconds.

c.	 Determine the distance the sled is from the top of the hill after 8 seconds.

d.	 Does the distance that the sled travels double when the time doubles? Explain 
why or why not.

	 56.	 Camilla is creating square baby quilts. She determines that the sale price of each 

quilt should be p x x x� � � � � � �$ . $ . $ ,1 80 4 0 50 152  where x is the side length of 
each square blanket in feet, $1.80 is the cost per square foot of material, $0.50 is the 
cost per foot of border material, and $15 is the amount of profit Camilla wants to 
make on each blanket.

a.	 How much will a blanket that has a side length of 3 feet cost?

b.	 How much will a blanket that has a side length of 4 feet cost?

	 57.	 The value of an automobile depreciates linearly over time. A new 2018 Mercedes 
E300 sells for $52,950 and its value, V, after t years is given by the equation 
V t� �52 950 3500, . Find the value of the 2018 Mercedes in 2020 (e.g. after 2 years), 
and then in 2026.

	 58.	 PDQ Tennis Shoe Co. follows a profit model of P x x� � �3 15 22 ,  where P is the 
profit in hundreds of dollars after selling x hundred pairs of tennis shoes. Find each 
of the profits for PDQ after selling 100 pairs, 500 pairs, and 1000 pairs of tennis 
shoes. What does a negative value for profit represent?

	 59.	  The number of protozoa in a biology laboratory experiment is given by the 

polynomial function p t t t t� � � � �0 04 03 24 3 2. . ,  where p is the number of protozoa 
after t hours. Determine the number of protozoa after 4 hours. What is the number of 
protozoa after 2 days? (Round both values to the nearest whole number.)

	 60.	 The percent p of material retained by a student x days after hearing a lecture is given 

by the polynomial function p x x� � � �100 5 2.  What percent of the material is still 
remembered by a student 4 days after hearing the lecture?

Writing & Thinking
	 61.	 Tony was classifying expressions for a homework assignment. He said that 

7y2 + 12y − 3 was a polynomial. Was he correct or not? Justify your answer.

	 62.	 Jeanne thought that 10a − 9 + 6a2 was in descending order. Explain Jeanne’s error 
and what the correct descending order should be.
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First-degree polynomials are also called linear polynomials, second-degree polynomials are 
called quadratic polynomials, and third-degree polynomials are called cubic polynomials. 
The related functions are called linear functions, quadratic functions, and cubic functions, 
respectively.

	 63.	  Use a graphing calculator to graph the following linear functions. (See 
Section 4.5 to review graphing functions on a graphing calculator.)

a.	 p x x� � � �2 3

b.	 p x x� � � � �3 1

c.	 p x x� � � 1

2
	 64.	  Use a graphing calculator to graph the following quadratic functions.

a.	 p x x� � � 2

b.	 p x x x� � � � �2 6 9

c.	 p x x� � � � �2 2

	 65.	  Use a graphing calculator to graph the following cubic functions.

a.	 p x x� � � 3

b.	 p x x x� � � �3 4

c.	 p x x x� � � � �3 22 5

	 66.	 Make up a few of your own linear, quadratic, and cubic functions and graph these 
functions with your calculator. Using the results from Exercises 63, 64, and 65, and 
your own functions, describe in your own words:

a.	 the general shape of the graphs of linear functions.

b.	 the general shape of the graphs of quadratic functions.

c.	 the general shape of the graphs of cubic functions.
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6.5 Exercises
Concept Check

Fill-in-the-Blank. Complete each sentence using information found in this section.

	 1.	 To find the difference between two polynomials, first change the _____ of each term 
in the second polynomial.

	 2.	 If there are multiple grouping symbols within an algebraic expression, begin working 
on the ________ pair of symbols first. 

	 3.	 To add two or more polynomials, combine ____ terms.

	 4.	 A negative sign written in front of a polynomial in parentheses indicates the ______ 
of the entire polynomial.

	 5.	 To simplify algebraic expressions, apply the rules for order of operations just as if 
the ______ were numbers and proceed to combine like terms.

	 6.	 Like terms have the same ______ raised to the same ______.

True/False. Determine whether each statement is true or false. If a statement is false, 
explain how it can be changed so the statement will be true. (Note: There may be more 
than one acceptable change.)

	 7.	 When subtracting one polynomial from another polynomial, only the first term of the 
polynomial is subtracted.

	 8.	 To simplify polynomials that are being added and subtracted, combine like terms.

	 9.	 The terms 6a2 and 7a2 are not like terms because they don’t have the 
same coefficient.

	 10.	 Absolute value bars and radical signs are not considered grouping symbols.

Practice

Find the indicated sums. See Examples 1 through 3.

	 1.	 2 5 1 2 32 2x x x x� �� � � � �� �
	 2.	 x x x x2 23 8 3 2 4� �� � � � �� �
	 3.	 x x x x2 27 7 4� �� � � �� �
	 4.	 x x x2 22 3 5� �� � � �� �

	 5.	 2 1 12 2x x x x� �� � � � �� �
	 6.	 3 5 4 2 62 2x x x x� �� � � � �� �
	 7.	 � � �� � � � �� �2 3 9 3 2 82 2x x x x

	 8.	 x x x x2 26 7 3 1� �� � � � �� �
	 9.	 � � �� � � � �� � � �� �4 2 1 3 2 82 2x x x x x

	 10.	 8 5 2 3 9 4 2 62 2 2x x x x x� �� � � � � �� � � �� �
	 11.	 x x x x x x2 2 32 1 3 2 2 4 8� �� � � � �� � � � �� �
	 12.	 x x x x x x3 2 3 22 9 5 2 4 1� �� � � � �� � � � �� �
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	 13.	 x x

x x

2

2

4 4

2 3 1

� �

� � �

	 14.	 2 4 3

3 9 2

2

2

x x

x x

� �

� �

	 15.	 x x x

x x x

3 2

3 2

3

2 2 4

� �

� � � �

      

	 16.	 4 5 11

2 2 3 6

3 2

3 2

x x

x x x

� �

� � �

	 17.	 7 5 6

3 4 11

3 2 5 2

3 2

2

3 2

x x x

x x

x x x

� � �

� � �

� � � �

	 18.	 x x x

x x

x x

3 2

2

3 2

5 7 3

4 3 9

4 2 2

� � �

� �

� �

	 19.	 x x

x x

x x x

3 2

2

3 2

3 4

7 2 1

6

� �

� �

� �

	 20.	 x x

x x

x x

3 2

3

3 2

2 5

2 9

2 14

� �

� � �

� �

Find the indicated differences. See Examples 4 through 6.

	 21.	 2 4 8 3 22 2x x x x� �� � � � �� �
	 22.	 3 7 6 2 52 2x x x x� �� � � � �� �
	 23.	 x x x x2 29 2 4 3 4� �� � � � �� �

	 24.	 6 11 2 4 2 72 2x x x x� �� � � � �� �
	 25.	 2 10 3 22 2x x x x� �� � � � � �� �
	 26.	 7 4 9 2 92 2x x x x� �� � � � � �� �

	 27.	 x x x x x x4 3 2 4 3 28 2 5 2 10 2 11� � �� � � � � �� �
	 28.	 x x x x x x3 2 3 24 3 7 3 2 1� � �� � � � � �� �
	 29.	 � � � � �� � � � � � �� �3 2 7 6 12 9 4 14 3 2 4 3 2x x x x x x x x

	 30.	 2 3 2 5 3 2 5 6 15 3 2 5 3 2x x x x x x x x� � � �� � � � � � �� �
	 31.	 9 5 13 6 62 2x x x�� � � � �� �
	 32.	 8 9 4 3 22 2x x x�� � � � �� �
	 33.	 3 2 8 1 5 3 3 104 3 3 2x x x x x x� � �� � � � � �� �
	 34.	 x x x x x x5 3 2 5 36 3 5 2 8 5 17� � �� � � � � �� �
	 35.	 14 6 9

8 9

2

2

x x

x x

� �

� � �� �

	 36.	 9 3 2

4 5 1

2

2

x x

x x

� �

� � �� �

	 37.	 5 8 11

3 2 4

4 2

4 2

x x

x x

� �

� � � �� �

	 38.	 11 5 13

3 5 2

2

2

x x

x x

� �

� � � �� �

	 39.	 x x

x x x

3 2

3 2

6 3

2 3 7

� �

� � � � �� �

	 40.	 3 9 17

5 2 6

3

3 2

x x

x x x

� �

� � � �� �
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Simplify each of the following expressions. See Examples 7 and 8.

	 41.	 5 2 3 3 7x x x� �� � � �� �

	 42.	 � �� � � �� � �4 6 8 2 3x x x

	 43.	 11 3 2 1 5� � �� ��� ��x x

	 44.	 2 9 4 3 2� � �� ��� ��x x

	 45.	 8 2 4 3 5x x x� � �� � ��� ��

	 46.	 17 3 6 2 3 9� � � �� � ��� ��x x

	 47.	 3 5 7 2 63 2 2x x x� � �� � ��
�

�
�

	 48.	 10 8 5 3 2 73 2 2x x x� � �� � ��
�

�
�

	 49.	 2 4 8 2 7 32 2x x x�� � � � � �� � ��
�

�
�

	 50.	 � � �� � ��� �� � �� �6 3 4 2 9 52 2x x x

	 51.	 2 3 8 2 5 7x x x x� �� � � �� ��� �� � �� �

	 52.	

	 53.	 x x2 1 2 4 3�� � � � �� ��� ��

	 54.	 4 3 2 3 52�� � � �� � ��� ��x x

	 55.	 � �� � � � �� ��� ��x x x5 6 2 4

	 56.	 2 2 1 5 2 3x x x�� � � � �� ��� ��

Complete the following word problems.

	 57.	 Find the sum of 4 32x x-  and 6 5x + .

	 58.	 Subtract 2 42x x-  from 7 53x x+ .

	 59.	 Subtract 3 1x �� �  from 5 2 3x �� �.

	 60.	 Find the sum of 10 2 3 5x x� �� �  and 3 4 16x �� � � .

	 61.	 Subtract 3 4 22x x� �  from the sum of 4 12x x� �  and 6x − 5.

	 62.	 Subtract � � �2 6 122x x  from the sum of 2 3 12x x� �  and x x2 13 2� � .

	 63.	 Add 5 8 13x x� �  to the difference between 2 14 33x x� �  and x x2 6 5+ + .

	 64.	 Add 2 4 13 2x x+ +  to the difference between � � �x x2 10 3 and x x x3 22 4+ + .

Applications

Solve.

	 65.	 A manufacturer estimates that it costs 2x3 + 4x2 − 35 dollars to create the amount 
of items it would take to fill a box which has a side length of x feet. The warehouse 
manager determines it will cost 1.50x3 + 5 dollars to store each box for one month. 

a.	 Add the two polynomials to determine the manufacturing and storage costs for 
each box of items for one month.

b.	 The warehouse manager knows that each box will be stored for an average 
of 3 months. Determine the cost to produce a box of items and store it for 
3 months.

c.	 If the box has a side length of 4 feet, use the expression from part b. to 
determine how much will it cost to create and store a box of items for 3 months.

3 10 3 8 3 2 1x x x x� �� � � �� ��� �� � �� �
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	 66.	 Carson has two loans, a loan for his car and a home equity loan that he used for 
home improvements. The car loan is for $15,000 and Carson plans to make monthly 
payments of $500 per month. The home improvement loan is for $9000 and Carson 
plans to make monthly payments of $300.

a.	 Write an algebraic expression to describe the value of the car loan after 
x months.

b.	 Write an algebraic expression to describe the value of the home equity loan after 
x months.

c.	 Add together the two algebraic expressions to determine the remaining loan 
amount to be paid after x months for both loans combined.

d.	 How much will Carson still owe on both loans after 10 months?

	 67.	 A company estimates that the revenue from selling x items is 58x dollars and the cost 
of producing x items is 31x + 40 dollars.

a.	 The company’s profit is defined as revenue minus cost. Find the expression that 
models the profit of producing and selling x items.

b.	 What is the profit from producing and selling 12 items?

	 68.	 Keri’s gym membership costs $30 a month plus $6 for every class she takes. To cut 
back on her spending, she is thinking of switching to a gym that costs $20 a month 
plus $4 for every class she takes.

a.	 Write an algebraic expression that describes how much Keri is currently paying 
per month if she takes x classes.

b.	 Write an algebraic expression that describes how much Keri would pay per 
month at the new gym if she took x classes.

c.	 Write an algebraic expression that describes Keri’s savings per month if she 
switches gyms.

d.	 How much would Keri save the first month if she switches gyms and takes 
10 classes?

Writing & Thinking
	 69.	 Explain, in your own words, how to subtract one polynomial from another.

	 70.	 Give two examples that show how the sum of two binomials might not be 
a binomial.
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Completion Example 11	 Using the FOIL Method

Use the FOIL method to multiply the binomials: x x�� � �� �11 3 2

Solution�

x x x x�� � �� � � � � �� � � � � �11 3 2 11 11                         

                            

� �
� � �x x2

Now work margin exercise 11.

Completion Example Answers
2.  3 3 3 3 36 1512 52 2 22 4 3 2x x xx x x x x� � � � �� � � � �

4.  3 8 3 3 8 8

15 12 40 32 15

5 4 5 4 5 4 5 4
2

x x xx x x x

x x x x

� �� � � � �� � � � � � � � � �

� � � � � 22 52 32� �x

11.  x x x xx x� � � � � � � � � � � � � �� �3 2 3 2 3 31 2211 11 2

Margin Exercise Answers
1.  � � �18 6 183 2x x x    2.  30 15 607 5 3x x x� �    3.  12 3 92x x� �    4.  7 23 202x x- -

5.  12 28 2 23 2x x x� � �    6.  x x x4 216 16 4� � �    7.  12 27 63 2x x x+ +    8.  x x x3 25 12 36� � �

9.  3 25 282x x+ +    10.  8 18 102x x� �    11.  10 58 722x x� �

6.6 Exercises
Concept Check

Fill-in-the-Blank. Complete each sentence using information found in this section.

	 1.	 The ____________ property is used to find the product of a monomial with 
a polynomial.

	 2.	 When multiplying two polynomials, the distributive property is applied by 
multiplying each ___ of one polynomial by each ___ of the other.

	 3.	 In the case of the product of two binomials, a mnemonic device called the ____ 
method is useful.

	 4.	 The FOIL method stands for First, _______, Inside, ______.

	 5.	 When multiplying polynomials, the last step is to combine ____ terms, if possible.

True/False. Determine whether each statement is true or false. If a statement is false, 
explain how it can be changed so the statement will be true. (Note: There may be more 
than one acceptable change.)

	 6.	 The distributive property can only be used to multiply a monomial and a polynomial.

	 7.	 The product of (a + b) and (c + d) is ac + bd.

	 8.	 The FOIL method is a way to remember one specific order that the distributive 
property can be applied.

	11.	Use the FOIL method to 
multiply the binomials:

		  2 8 5 9x x�� � �� �
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Practice

Multiply and simplify, if necessary. 

	 1.	 � �� �3 2 52 3x x x

	 2.	 5 4 62 2x x� �� �
	 3.	 4 3 15 2x x x� �� �
	 4.	 9 2 53 3 2x x x x� �� �
	 5.	 � � �� �1 8 25y y

	 6.	 � � �� �7 2 3 14 2y y

	 7.	 � � �� �4 2 33 5 4x x x x

	 8.	 � � �� �2 24 3 2x x x x

	 9.	 5 5 23 2x x x� �� �
	 10.	 � � �� �2 5 42 3x x x

	 11.	 a a a a2 5 42 5 1� � �� �
	 12.	 7 5 2 13 3 2t t t t� � � �� �
	 13.	 x x�� � �� �4 3

	 14.	 x x�� � �� �7 5

	 15.	 a a�� � �� �6 8

	 16.	 x x�� � �� �2 4

	 17.	 x x�� � �� �2 1

	 18.	 x x�� � �� �7 8

	 19.	 3 4 5t t�� � �� �

	 20.	 � �� � �� �4 6 7x x

	 21.	 x x x�� � �� �3 8

	 22.	 t t t�� � �� �4 7

	 23.	 2 1 4x x�� � �� �

	 24.	 3 1 4x x�� � �� �

	 25.	 6 1 3x x�� � �� �

	 26.	 8 15 1x x�� � �� �

	 27.	 2 3 2 3x x�� � �� �

	 28.	 3 5 3 5t t�� � �� �

	 29.	 4 1 4 1x x�� � �� �

	 30.	 5 2 5 2x x�� � �� �

	 31.	 y y y�� � � �� �3 42

	 32.	 2 1 7 22x x x�� � � �� �
	 33.	 3 7

5

x

x

�
�

	 34.	 2 6

3

x

x

+
+

	 35.	 x x

x

2 3 1

5 9

� �
�

	 36.	 8 3 2

2 7

2x x

x

� �
� �

	 37.	 2 3 5

2 3

2

2

x x

x x

� �

� �

	 38.	 6 8

2 5 6

2

2

x x

x x

� �

� �

	 39.	 3 4 2x x�� � �� �

	 40.	 t t�� � �� �6 4 7

	 41.	 2 5 1x x�� � �� �

	 42.	 5 3 4a a�� � �� �

	 43.	 7 1 2x x�� � �� �

	 44.	 x x�� � �� �2 3 8

	 45.	 2 1 3 8x x�� � �� �

	 46.	 3 7 2 5x x�� � �� �

	 47.	 2 3 2 3x x�� � �� �
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	 48.	 5 2 5 2y y�� � �� �

	 49.	 x x�� � �� �3 42

	 50.	 y y2 2 4�� � �� �

	 51.	 2 7 2 7x x�� � �� �

	 52.	 3 4 3 4x x�� � �� �

	 53.	 x x x�� � � �� �1 12

	 54.	 x x x�� � � �� �2 2 42

	 55.	 7 2 7 2a a�� � �� �

	 56.	 5 6 5 6a a�� � �� �

	 57.	 x x x�� � �� �3 5

	 58.	 x x x�� � �� �8 2

	 59.	 2 1 3 2x x x�� � �� �

	 60.	 3 1 2 3x x x�� � �� �

	 61.	 2 3 12x x x�� � � �� �
	 62.	 3 1 92x x x�� � � �� �
	 63.	 x x x�� � �� � �� �1 2 3

	 64.	 t t t�� � �� � �� �1 2 3

	 65.	 a a a a2 21 1� �� � � �� �
	 66.	 y y y y2 22 2� �� � � �� �
	 67.	 t t2 2

3 2� �� �
	 68.	 a a2 2

4 1� �� �

Simplify.

	 69.	 3 2 1 2 2 1x x x�� � � �� �

	 70.	 x x x3 4 7 3 4�� � � �� �

	 71.	 3 3 5 5 3 5a a a�� � � �� �

	 72.	 6 1 5 1x x x�� � � �� �

	 73.	 5 2 7 2 2 7x x x� �� � � � �� �

	 74.	 y y y2 21 1 1�� � � �� �
	 75.	 x x x x x2 23 2 2 3 2� �� � � � �� �
	 76.	 4 1 3 12 2x x x x x� �� � � � �� �

	 77.	 y y y y�� � �� � � �� � �� �6 6 5 5

	 78.	 y y y y�� � �� � � �� � �� �2 2 1 1

	 79.	 2 1 5 4 4a a a a�� � �� � � �� � �� �

	 80.	 x x x x�� � �� � � �� � �� �4 2 1 3 2

	 81.	 x x x x�� � �� � � �� � �� �3 5 3 2

	 82.	 t t t t�� � �� � � �� � �� �3 3 2 2

	 83.	 2 3 1 2 2a a a a�� � �� � � �� � �� �

	 84.	 4 3 4 2 3 1t t t t�� � �� � � �� � �� �

Applications

Solve.

	 85.	 A graphic artist is designing a poster to advertise an upcoming event. The only 
restrictions regarding the poster size is that it must have a length of 3x inches and a 
width of 2x + 5 inches. Find a simplified expression for the area of the poster.

	 86.	 Armon works for a company that ships artwork worldwide. The size of each item 
varies, but all of the art is on square canvases. Armon’s job is to make the wooden 
shipping crates for each piece of art. In order to protect the artwork, each crate must 
be 10 inches deep. The crate must also be 10 inches wider and 12 inches taller than 
the artwork. Letting x represent the length of one side of the artwork, find the volume 
of the rectangular shipping crate.
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	 87.	 Theodore and Sarah have a small business selling custom-made T-shirts. They 
currently sell 150 shirts per month and charge $10 per T-shirt. Sarah thinks they can 
increase their revenue by increasing their selling price, but Theodore knows from 
experience that each $1 increase in price will decrease the number of T-shirts they 
sell by 8 shirts per month. Find an expression for the total monthly revenue Theodore 
and Sarah’s business can generate if they change the selling price of their T-shirts. 
Let x represent number of $1 increases in the price of the T-shirts.

	 88.	 The smallest plot of land that you can rent at a community garden is 3 feet long by 
4 feet wide. 

a.	 Suppose you want to rent a plot of land that is x feet longer than the smallest 
available plot. What would the area of this plot of land be?

b.	 Suppose you want to rent a plot of land that is x feet wider than the smallest plot 
with a length of 3 feet. What would the area of this plot of land be?

c.	 Suppose you want to rent a plot of land that is x feet longer and x feet wider than 
the smallest plot of land. What would the area of this plot of land be?

	 89.	 Lee is making a box. He starts with a piece of cardboard that is 14 inches by 
20 inches. He cuts a square with side length x from each corner of the box.

20 in.

14 in.

x x

xx
xx

xx

a.	 Write a polynomial function A x� �  to represent the area of the cardboard that 
remains after the corners are cut out.

b.	 When the sides of the box are folded up, what will be the side lengths of the 
base of the box?

c.	 Write a polynomial function B x� �  to represent the area of the base of the box 
when the sides are folded up.

d.	 The height of the box will be x inches. Write a polynomial function V x� �  to 
determine the volume of the box.

	 90.	 The glass portion of a sliding glass door has a ratio of height to width of 2 : 1. The 
framework around the window adds 8 inches to the width of the door and 10 inches 
to the height.
a.	 Write a polynomial expression to represent the width of the door, including the 

framework. Use the variable x to represent the width of the door.

b.	 Write a polynomial expression to represent the height of the door, including 
the framework.

c.	 Write a polynomial expression for the total area of the window, including 
the framework.
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Writing & Thinking
	 91.	 We have seen how the distributive property is used to multiply polynomials.

	 a.	 Show how the distributive property can be used to find the following product. 

				    (Hint: 75 = 70 + 5 and 93 = 90 + 3)

	 b.	 �In the multiplication algorithm for multiplying whole numbers (as in the product 
above), we are told to “move to the left” when multiplying. For example:

75

93

15
21

45

63

×

  

  

    

		  Why are the 21 and 45 moved one place to the left in the alignment?

		  When 9 and 7 are multiplied, we move the 63 two places left. Why?

75
93×
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Completion Example Answers

2.  4 9 16 81
2 2 2x x� � � � � � �    4.  3 10 3 10 9 60 1002

2 2 2x x x x� � � � � � � � � � �

Margin Exercise Answers
1. a.  x2 36-   b.  16 92y -   c.  x8 9-    2.  4 364x -    3. a.  9 30 252x x+ +   b.  16 16 42x x� �
c.  4 32 642x x� �   d.  4 8 46 3y y� �    4.  25 20 42x x� �

6.7 Exercises
Concept Check

Fill-in-the-Blank. Complete each sentence using information found in this section.

	 1.	 When two binomials are in the form of the sum and difference of the same term, the 
product is called the __________ of two squares.

	 2.	 When the two binomials being multiplied together are the same, that product is 
called the ______ of a binomial.

	 3.	 The result of squaring a binomial is a/an ________.

	 4.	 Trinomials that are the result of squaring binomials are called ________ 
square trinomials.

True/False. Determine whether each statement is true or false. If a statement is false, 
explain how it can be changed so the statement will be true. (Note: There may be more 
than one acceptable change.)

	 5.	 When two binomials are in the form of the sum and difference of the same term, the 
product will be a trinomial.

	 6.	 When the two binomials being multiplied together are the same, the product will be 
a trinomial.

	 7.	 Perfect square trinomials result from squaring a binomial sum or a 
binomial difference.

	 8.	 When finding the product of two binomials that are in the form of the sum and 
difference of the same two terms, the FOIL method and the difference of two squares 
formula will produce different results.

Practice

Find each product and identify any that are either the difference of two squares or a 
perfect square trinomial. See Examples 1 through 4.

	 1.	 x �� �7
2

	 2.	 x �� �5
2

	 3.	 x x�� � �� �4 4

	 4.	 x x�� � �� �8 8

	 5.	 x x�� � �� �3 3

	 6.	 x x�� � �� �6 6

	 7.	 x x�� � �� �9 9

	 8.	 x x�� � �� �12 12

	 9.	 2 3 1x x�� � �� �
	 10.	 3 1 2 5x x�� � �� �

	 11.	 3 4
2

x �� �
	 12.	 3 1

2
x �� �

	 13.	 5 2 5 2x x�� � �� �
	 14.	 2 1 2 1x x�� � �� �
	 15.	 3 2 3 2x x�� � �� �

©HAWKES LEARNING



508 Chapter 6  Exponents and Polynomials

	 16.	 3
2

�� �x

	 17.	 8 8�� � �� �x x

	 18.	 5 5�� � �� �x x

	 19.	 4 5 4 5x x�� � �� �
	 20.	 11 11�� � �� �x x

	 21.	 5 9 5 9x x�� � �� �
	 22.	 9 2 9 2x x�� � �� �
	 23.	 4

2
�� �x

	 24.	 3 7
2

x �� �
	 25.	 2 7 2 7x x�� � �� �
	 26.	 6 5 6 5x x�� � �� �
	 27.	 5 2 2 32 2x x�� � �� �
	 28.	 4 7 2 12 2x x�� � �� �
	 29.	 1 7

2
�� �x

	 30.	 2 5
2

�� �x

Find each product.

	 31.	 5 5�� � �� �x x

	 32.	 3 3�� � �� �x x

	 33.	 x x2 21 1�� � �� �
	 34.	 x x2 25 5�� � �� �
	 35.	 x x2 23 3�� � �� �
	 36.	 x x3 38 8�� � �� �
	 37.	 x3 2

2�� �
	 38.	 x2 2

4�� �

	 39.	 3 2 3 2x x�� � �� �
	 40.	 3 1 3 1x x�� � �� �
	 41.	 4 3 4 3x x�� � �� �
	 42.	 8 5 8 5x x�� � �� �
	 43.	 5 3 5 3x x�� � �� �
	 44.	 3 4 3 4x x�� � �� �
	 45.	 6 5

2
x �� �

	 46.	 7 2
2

x �� �

 Use a calculator as an aid in multiplying the binomials.

	 47.	 x x�� � �� �1 4 1 4. .

	 48.	 x x�� � �� �2 1 2 1. .

	 49.	 x �� �2 5
2

.

	 50.	 x �� �1 7
2

.

	 51.	 x x�� � �� �2 15 215. .

	 52.	 x x�� � �� �1 36 136. .

	 53.	 x �� �1 24
2

.

	 54.	 x �� �1 45
2

.

	 55.	 1 42 96
2

. .x �� �
	 56.	 0 46 071

2
. .x �� �

	 57.	 114 35 11 4 3 5. . . .x x�� � �� �
	 58.	 2 5 114 13 16 9. . . .x x�� � �� �
	 59.	 126 68 74 15 3. . . .x x�� � �� �
	 60.	 3 4 6 34 6. .x x�� � �� �

Applications

Solve.

	 61.	 A square is 30 inches on each side. A square that is x inches on each side is cut from 
each corner of the 30-inch square. 

	 a.	 Represent the area of the remaining portion of the 

square in the form of a polynomial function A x� �.
	 b.	 Represent the perimeter of the remaining portion of the 

square in the form of a polynomial function P x� �.

x
x x

x

x x
x x

30 in.

30 in.
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	 62.	 A rectangle has sides x �� �3  feet and 

x �� �5  feet. If a square that is x feet on each 
side is cut from the rectangle, represent the 
remaining area in the form of a polynomial 

function A x� �.

	 63.	 In the case of binomial probabilities, if x is the probability of success in one trial of 

an event, then the expression f x x x� � � �� �15 14 2
 is the probability of 4 successes in 

6 trials where 0 ≤ x ≤ 1.

a.	 Represent the expression f x� �  as a single polynomial by multiplying the 
polynomials. 

b.	 If a fair coin is tossed, the probability of heads occurring is 1
2 .  That is, x = 1

2 .  
Find the probability of 4 heads occurring in 6 tosses.

	 64.	 The Americans with Disabilities Act requires sidewalks to be x feet wide in order for 
wheelchairs to fit on them. At the bottom, the Empire State Building is 425 feet long 
and 190 feet wide and a regulation sidewalk surrounds the building.

a.	 Represent the area covered by the 
building and the sidewalk in the 
form of a polynomial function. 

b.	 Represent the area covered by 
just the sidewalk in the form of a 
polynomial function.

	 65.	 A rectangular piece of cardboard that is 10 inches by 15 inches has squares of length 
x inches on a side cut from each corner. (Assume that 0 < x < 5.)

a.	 Represent the remaining area in the 
form of a polynomial  

function A x� �.
b.	 Represent the perimeter of the 

remaining figure in the form of a 
polynomial function P x� �.

c.	 If the flaps of the cardboard are folded up, an open box is formed. Represent 
the volume of this box in the form of a polynomial function V x� �.  (Note: 

Volume = length × width × height.)

	 66.	 The world’s largest single aquarium 
habitat, located at the Georgia 
Aquarium, is 284 feet long, 126 feet 
wide, and 30 feet deep. Another 
aquarium is attempting to make a tank 
that is x feet longer, wider, and deeper. 
Represent the volume of the new 

tank as a polynomial function V x� �.  
(Note: The volume of the aquarium is 
the product of its length, width, and height, V = lwh.)

(x + 3) ft

x ft

x ft

(x + 5) ft

x ft

x ft

x ft

x ft

190 ft

425 ft

(425 + 2x) ft

(190 + 2x) ft

10 in.

15 in.

x in.
x in.

x in.
x in.

x in.
x in.

x in.
x in.

284 ft

30 ft

126 ft

x ft

x ft

x ft
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	 67.	 Lee is making a box. He starts with a piece of cardboard that is 20 inches by 
20 inches. He cuts a square with side length x from each corner of the box.

20 in.

20 in.

x

x

x

x
x x

x x

a.	 Write a polynomial function A x� �  to represent the area of the cardboard that 
remains after the corners are cut out.

b.	 When the sides of the box are folded up, what will be the side lengths of the 
base of the box?

c.	 Write a polynomial function B x� �  to represent the area of the base of the box 
when the sides are folded up.

d.	 The height of the box will be x inches. Write a polynomial function V x� �  to 
determine the volume of the box.

Writing & Thinking
	 68.	 A square with sides of length x �� �5  can be broken up as shown in the diagram. The 

sums of the areas of the interior rectangles and squares is 

equal to the total area of the square: x �� �5
2
.  Show how 

this fits with the formula for the square of a sum. 5x

5

x

52

5 x

5x

x2
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Example 4	 Using Long Division (Terms Missing)

Simplify 
x x x

x x

4 2

2

9 3 5

2

� � �
� �

 using the division algorithm.

Solution

Note that 0 is written as a placeholder for any missing powers of the variable. In this way, 
like terms are easily aligned vertically.

Note that the remainder is of 
smaller degree than the divisor.

)x x x x x x

x x

x x x

x x x
x x

2 4 3 2

2

4 3 2

3 2

3 2

2 0 9 3 5

8

2

7 3
2

� � � � � �
� �

� � �� �
� �

� � �

  

xx

x x
x x

x

� �
� �

� � �� �
�

8 5 5
8 8 16

3 11

2

2

Thus, the quotient is x x2 8+ +  and the remainder is 3x − 11.

In the form Q
R

D
+ ,  we can write x x

x

x x
2

2
8

3 11

2
� � �

�
� �

.

Now work margin exercise 4.

Margin Exercise Answers

1. a.  6 2 34 3x x� �   b. 
5

2
3 4

3
2y

y- -    2.  3 1
7

6 4
2x x

x
� � �

�
   3.  2 3 92x x� �

4.  7 14 32
55

2
2x x

x
� � �

�

6.8 Exercises
Concept Check

Fill-in-the-Blank. Complete each sentence using information found in this section.

	 1.	 Fractions in which the numerator and denominator are polynomials are called 
__________ expressions.

	 2.	 When polynomials are divided, if the remainder is 0, then both the divisor and 
quotient are ________ of the dividend.

	 3.	 To divide a polynomial by a monomial, divide each term in the __________ by the 
monomial denominator and then _______ each fraction.

	 4.	Simplify 7 4 9

2

3x x

x

� �
�

 

using the division algorithm.

©HAWKES LEARNING



516 Chapter 6  Exponents and Polynomials

	 4.	 The division algorithm with polynomials tells us that for 
P

D
Q

R

D
� � ,  where P is the 

________, D is the ________, Q is the quotient, and R is the remainder.

	 5.	 When dividing polynomials, the denominator (or divisor) can never equal _____.

True/False. Determine whether each statement is true or false. If a statement is false, 
explain how it can be changed so the statement will be true. (Note: There may be more 
than one acceptable change.)

	 6.	 When dividing polynomials, any remainder must be of smaller degree than 
the divisor.

	 7.	 The first step in the division algorithm is to align the polynomials in ascending order.

	 8.	 To aid in organization and clarity when dividing polynomials, it is best to fill in any 
missing powers with ones.

	 9.	 The process followed when dividing two polynomials is called the division algorithm 
with polynomials.

Practice

Express each quotient as a sum (or difference) of fractions and simplify, if possible. See 
Example 1.

	 1.	
8 16 24

8

3 2y y y

y

� �

	 2.	
18 24 36

6

4 3 2

2

x x x

x

+ +

	 3.	
34 51 17

17

5 4 3

3

x x x

x

� �

	 4.	
14 28 12

2

4 3 2

2

y y y

y

+ +

	 5.	
110 121 11

11

4 3 2x x x

x

� �

	 6.	
15 30 45

15

7 6 3

3

x x x

x

� �

	 7.	
� � �56 98 35

14

4 3 2

2

x x x

x

	 8.	
108 72 63

18

6 5 4

4

x x x

x

� �

	 9.	
16 56 120 64

16

6 5 4 3

3

y y y y

y

� � �

	 10.	
20 14 21 42

4

5 4 3 2

2

y y y y

y

� � �

Divide by using the division algorithm. Write the answers in the form Q
R
D

+ , where the 

degree of R is less than the degree of D. See Examples 2 through 4.

	 11.	
x x

x

2 2 20

4

� �
�

	 12.	
x x

x

2 9 5

1

� �
�

	 13.	
6 11 3

2 1

2x x

x

- -
-

	 14.	
10 16 5

5 3

2x x

x

+ +
+

	 15.	
21 25 3

7 1

2x x

x

� �
�

	 16.	
15 14 11

3 4

2x x

x

- -
-
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	 17.	
x x

x

2 12 27

3

� �
�

	 18.	
x x

x

2 12 35

5

� �
�

	 19.	
x x x

x

3 29 8 3

8

� � �
�

	 20.	
x x x

x

3 26 8 5

2

� � �
�

	 21.	
4 2 3 1

2

3 2x x x

x

� � �
�

	 22.	
3 6 8 5

1

3 2x x x

x

� � �
�

	 23.	
x x

x

3 6 3

7

� �
�

	 24.	
2 3 2

1

3x x

x

� �
�

	 25.	
2 5 6

2

3 2x x

x

� �
�

	 26.	
4 13

1

3 2x x

x

� �
�

	 27.	
21 41 13 5

3 5

3 2x x x

x

+ + +
+

	 28.	
6 7 14 8

3 2

3 2x x x

x

� � �
�

	 29.	
2 7 10 6

2 3

3 2x x x

x

� � �
�

	 30.	
6 4 5 7

2

3 2x x x

x

� � �
�

	 31.	
x x x

x

3 2 10 10

4

- - -
-

	 32.	
2 3 7 4

2 1

3 2x x x

x

� � �
�

	 33.	
10 11 12 9

5 3

3 2x x x

x

� � �
�

	 34.	
6 19 3 7

6 1

3 2x x x

x

� � �
�

	 35.	
2 7 2

4

3x x

x

� �
�

	 36.	
2 4 9

3

3 2x x

x

� �
�

	 37.	
9 19 9

3 2

3x x

x

� �
�

	 38.	
4 8 9

2 3

3 2x x x

x

- -
-

	 39.	
6 11 25

2 5

3 2x x

x

+ +
+

	 40.	
16 7 12

4 3

3x x

x

+ +
+

	 41.	
x x x x

x

4 3 23 2 2

3

� � � �
�

	 42.	
x x x x

x

4 3 24 3

6

� � � �
�

	 43.	
x x x

x

4 22 3 5

2

� � �
�

	 44.	
3 2 2 1

1

4 3 2x x x

x

� � �
�

	 45.	 x x

x

4 2 3
1
2

� �

�

	 46.	 x x

x

3 22 1
2
3

� �

�

	 47.	
3 5 7 9

2

3 2

2

x x x

x

+ + +
+

	 48.	
2 2 3 6 1

2 3

4 3 2

2

x x x x

x

� � � �
�

	 49.	
x x x

x

4 3

2

4 1

4

� � �
�

	 50.	
2 8 3 2

5

4 3 2

2

x x x x

x

� � � �
�
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	 51.	
6 5 8 3

3 2 1

3 2

2

x x x

x x

� � �
� �

	 52.	
x x x

x x

3 2

2

9 20 38

3 5

� � �
� �

	 53.	
3 7 5 2

1

4 3 2

2

x x x x

x x

� � � �
� �

	 54.	
2 10 3 1

3 1

4 3 2

2

x x x x

x x

� � � �
� �

	 55.	
x x

x x

4

2

3 7

2 3

� �
� �

	 56.	
3 4 3

1

4 2

2

x x

x x

� �
� �

	 57.	
x

x

3 27

3

-
-

	 58.	
x

x

3 125

5

+
+

	 59.	
x

x

6 1

1

�
�

	 60.	
x

x

6 1

1

-
-

	 61.	
x

x

5 1

1

�
�

	 62.	
x

x

6 1

1

+
+

	 63.	 x x x

x

5 3

1
2

� �

�

	 64.	 x x

x

4 32 4
4
5

� �

�

Applications

Solve.

	 65.	 A moving company uses a box that has a volume of x3 − 2x2 − 13x − 10 cubic inches.

a.	 If the height of the box is x + 2, what is the area of the base of the box?

b.	 If the height of the box is x + 1, what is the area of the base of the box?

	 66.	 A rectangular garden requires a volume of top soil modeled by the equation 
200x3 + 350x2 + 150x, where x is the depth in inches of top soil needed.

a.	 Determine an expression for the area of the garden.
(Hint: Volume = length ⋅ width ⋅ height and Area = length ⋅ width.)

b.	 If the width of the garden is 10x + 10 inches, use the expression from part a. to 
find an expression for the length of the garden.

c.	 If the depth of soil needed is 3 inches, find the volume of top soil that needs to 
be purchased for the garden.

d.	 Determine how many cubic feet of top soil is needed by dividing the answer 
from part c. by 1728 in.3. Round your answer to the nearest tenth.  
(Note: 1 cubic foot = 12 in. ∙ 12 in. ∙ 12 in. = 1728 in.3 ) 

e.	 If the top soil comes in bags that contain 0.75 cubic feet of soil, how many bags 
will need to be purchased?

f.	 If the cost of the top soil is $2.10 per bag (including tax), what will be the total 
cost of the top soil needed for the garden?
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Writing & Thinking
	 67.	 Suppose that a polynomial is divided by 3 2x �� �  and the answer is given as 

x x
x

2 2 4
20

3 2
� � �

�
.  

What was the original polynomial? Explain how you arrived at this conclusion.

	 68.	 Suppose that a polynomial is divided by x �� �5  and the answer is given as 

x x
x

2 3 2
6

5
� � �

�
.   

What was the original polynomial? Explain how you arrived at this conclusion.

	 69.	 Given that P x x x x� � � � � �2 8 10 153 2 .

a.	 Find P 2� �  then divide P x� �  by x − 2.

b.	 Find P �� �1  then divide P x� �  by x + 1.

c.	 Find P 4� �  then divide P x� �  by x − 4. 

		  Do you see any pattern in the values of P a� �  for x = a and the remainders you 
found in the division process?
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Solution

− −
− − −

−

3 3 10 5 0 125

9 3 24 72

3 1 8 24 53 Remainder = ( )−3P

Thus, P �� � �3 53.

Now work margin exercise 3.

Example 4	 Using the Remainder Theorem and Synthetic Division

Use synthetic division to show that x �� �6  is a factor of P x x x x� � � � � �3 214 53 30.

Solution

6 1 14 53 30

6 48 30

1 8 5 0

− −
−

− Remainder = ( )6P

Thus, the remainder is P 6 0� � �  and x �� �6  is a factor of P x� �.

Note: The coefficients in the quotient tell us that x x2 8 5� �  is also a factor of P x� �.

Now work margin exercise 4.

Margin Exercise Answers

1. a.  3 2
1

1
2x x

x
� �

�
  b.  x x x

x
3 2 3 4

3

3
� � � �

�
   2.  P 3 8� � �    3. P �� � �2 3     

4.  2 1 1 2 16

2 6 16

1 3 8 0

-

6.9 Exercises
Concept Check

Fill-in-the-Blank. Complete each sentence using information found in this section

	 1.	 Synthetic division can be used to divide polynomials when the divisor of a rational 
expression is a first-degree _________ with leading coefficient 1.

	 2.	 Synthetic division involves omitting the _________ entirely and writing only 
certain coefficients.

	 3.	 If a polynomial P(x) is divided by (x - c) then the _________ will be P(c).

	 4.	 When performing synthetic division, you first write only the _________ of the 
dividend and the ______ of the constant in the divisor.

	 4.	Use synthetic division to 
show that (x − 2) is a factor 

of P(x) = x3 + x2 + 2x − 16.
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	 5.	 Synthetic division results in a quotient that is a polynomial of ____ degree less than 
the dividend, along with the remainder.

True/False. Determine whether each statement is true or false. If a statement is false, 
explain how it can be changed so the statement will be true. (Note: There may be more 
than one acceptable change.)

	 6.	 Synthetic division can be used to divide a polynomial by 2x + 3.

	 7.	 At the end of the synthetic division process, the constants on the bottom line are the 
coefficients of the quotient and the remainder.

	 8.	 Synthetic division can be used to find the value of a polynomial for a particular value 
of x.

	 9.	 Synthetic division is only used when the divisor is a first-degree polynomial of the 
form (x + c) or (x − c).

Practice

Divide the following expressions using synthetic division. a. Write the answer in the 
form Q+ R

D  where R is a constant. b. In each exercise, D = x c .�� �  State the value of c 
and the value of P c .� �  (Assume P x� �  is the numerator of the fraction.) See Examples 1 
through 3.

	 1.	
x x

x

2 12 27

3

� �
�

	 2.	
x x

x

2 12 35

5

� �
�

	 3.	
x x x

x

3 24 1

8

� � �
�

	 4.	
x x x

x

3 26 8 5

2

� � �
�

	 5.	
4 2 3 1

2

3 2x x x

x

� � �
�

	 6.	
3 6 8 5

1

3 2x x x

x

� � �
�

	 7.	
x x

x

3 6 3

7

� �
�

	 8.	
2 7 2

4

3x x

x

� �
�

	 9.	
2 4 9

3

3 2x x

x

� �
�

	 10.	
4 13

1

3 2x x

x

� �
�

	 11.	
x x x x

x

4 3 23 2 2

3

� � � �
�

	 12.	
x x x x

x

4 3 24 3

6

� � � �
�

	 13.	
x x x

x

4 22 3 5

2

� � �
�

	 14.	
3 2 2 1

1

4 3 2x x x x

x

� � � �
�

	 15.	 x x

x

4 2 3
1
2

� �

�

	 16.	 x x

x

3 22 1
2
3

� �

�

	 17.	
x

x

5 1

1

-
-

	 18.	 x x x

x

5 3

1
2

� �

�

	 19.	 x x

x

4 32 4
4
5

� �

�

	 20.	
x

x

6 1

1

+
+
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Applications

Solve.

	 21.	  The minimum temperature for plants to grow in a certain model greenhouse 
can be modeled by the function T(x) = 0.000027x3 - 0.004144x2 + 0.145x + 39.757, 
where T is the degrees in Fahrenheit and x is the number of days since seeds were 
planted. Use synthetic division to find the minimum temperature after 15 days. 
Round your answer to the nearest tenth.

	 22.	 A moving company uses a box that has a volume of x3 + 7x2 - 6x - 72 cubic inches.

a.	 If the height of the box is x + 4, what is the area of the base of the box?

b.	 If the height of the box is x - 3, what is the area of the base of the box?

Collaborative Learning
	 23.	 With the class divided into teams of 3 or 4 students, each team should develop 

answers to the following questions and be prepared to discuss the answers in class.

a.	 First, use long division to divide the polynomial P x x x x� � � � � �2 8 10 153 2  

by 2x − 1. Then, use synthetic division to divide the same polynomial by x - 1
2 .  

Do the same process with two or three other polynomials and divisors. Next 
compare the corresponding long and synthetic division answers and explain how 
the answers are related.

b.	 Use the results from part a. and explain algebraically the relationship of the 
answers when a polynomial is divided (using long division) by ax − b and (using 

synthetic division) by x b
a- .

c.	 Show how the remainder theorem should be restated if x − c is replaced by 
ax − b.
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5 6 3 10 5 3 6 10

5 3 2 3 5

xy uv vy ux xy vy uv ux

y x v u v x

� � � � �� � � �� �
� �� � � � �� �
� yy u

y u

x v x v

x v

5 3 5 3

5 3

2

2

�� � �� �
�� �

�

� �� �
Note: 5 3 3 5x v v x� � � �

 

Now work margin exercise 11.

Margin Exercise Answers
1. a.  5  b.  50xy   2. a.  7 3n �� �   b.  y y3 3�� �   c.  9 1 6x x�� �    3.  Not factorable    

4.  � � �� �9 22a a a    5. a.  10 1 3xy y�� �   b.  2 82ab a�� �   c.  5 3 42xz z z x� �� �    

d.  � � �� �3 4 52 2b d bd    6. a.  2 22x y x�� � �� �   b.  x u y�� � �� �6 1    7.  x y�� � �� �2 6     

8.  x y�� � �� �3 2    9.  Not factorable   10.  x y x�� � �� �1    11.  4 3 2 3x w y z�� � �� �

7.1 Exercises
Concept Check

Fill-in-the-Blank. Complete each sentence using information found in this section.

	 1.	 The result of multiplication is called the ______ and the numbers or expressions 
being multiplied are called _______ of the product.

	 2.	 The reverse of multiplication with polynomials is called _______.

	 3.	 GCF stands for ______ ______ ______. The GCF of a set of numbers is the 
________ positive integer that is a factor of all numbers in the set.

	 4.	 Factoring polynomials with four or more terms can sometimes be accomplished by 
_______ terms and using the distributive property. 

	 5.	 If the leading coefficient in a polynomial is a negative number, you may choose to 
factor out the _______ of the GCF.

True/False. Determine whether each statement is true or false. If a statement is false, 
explain how it can be changed so the statement will be true. (Note:  There may be more 
than one acceptable change.)

	 6.	 When finding the GCF of a polynomial, you need to consider only the coefficients.

	 7.	 An expression is factored completely if none of its factors can be factored.

	 8.	 One way to find the GCF of a set of numbers is to use the prime factorization of 
each number.

	 9.	 Binomials cannot be factored out of algebraic expressions.
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Practice

Find the GCF for each set of terms. See Example 1.

	 1.	 10 15 20, ,� �

 	 2.	 25 30 75, ,� �

 	 3.	 16 40 56, ,� �

 	 4.	 30 42 54, ,� �

	 5.	   9 14 22, ,� �

 	 6.	 44 66 88, ,� �

	 7.	 30 403 5x x,� �
	 8.	 15 254y y,� �

	 9.	 8 16 203 4 2a a a, ,� �
 	 10.	 36 48 60xy xy xy, ,� �

	 11.	 26 39 522 2 2 2ab a b a b, ,� �
	 12.	 28 14 422 3 3 2 2c d c d cd, ,� �
	 13.	 45 752 2 2 2 3x y z xy z,� �
	 14.	 21 28 355 4 3 3 4 3 3 4 2a b c a b c a b c, ,� �

Simplify each expression.

	 15.	
x

x

7

3

	 16.	
x

x

8

3

	 17.	
-8

2

3

2

y

y

	 18.	
12

2

2x

x

	 19.	
9

3

5

2

x

x

	 20.	
-10

2

5x

x

	 21.	
4

2

3 2x y

xy

	 22.	
21

3

4 3

2

x y

xy-

Complete the factoring of the polynomial as indicated.

	 23.	 3 27 3 9m m� � � ��

	 24.	 2 18 2 9x x� � � ��

	 25.	 5 30 5 62x x x x� � � ��

	 26.	 6 24 6 43 2 2y y y y� � � ��

	 27.	 13 13 13 12ab ab ab b� � � ��

	 28.	 8 4 4 2 12x y xy xy x� � � ��

	 29.	

	 30.	

Factor each polynomial by finding the GCF (or –1 · GCF ). See Examples 2 through 5. 

	 31.	 11x − 121

	 32.	 14x + 21

	 33.	 16 123y y+

	 34.	 � �3 62x x

	 35.	 −6ax + 9ay

	 36.	 4ax − 8ay

	 37.	 10 252x y xy-

	 38.	 16 144 2x y x y-

	 39.	 � �18 22 2y z yz

	 40.	 - -14 142 3 2x y x y

	 41.	 8 32 82y y� �

	 42.	 5 15 52x x- -

	 43.	 2 32xy xy x- -

	 44.	 ad ad a2 10 25+ +

� � � � � � �� �15 20 5 5 3 1 12 2xy x y xy xy y

� � � � � � ��9 3 6 3 3 2123 2 2m m m m m
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	 45.	 8 12 42 3 2 2m x m y m z� �

	 46.	 36 45 242 4 2 3 2 2t x t x t x� �

	 47.	 - - -56 98 354 3 3 4 2 5x z x z x z

	 48.	 34 51 174 6 3 5 5 4x y x y x y� �

	 49.	 15 24 324 2 6 6 7 3x y x y x y� �

	 50.	 - - -3 6 92 4 3 4 2 3x y x y x y

Factor each expression by factoring out the common binomial factor. See Example 6.

	 51.	 7 3 2 32y y y�� � � �� �

	 52.	 6 7 5 7a a a�� � � �� �

	 53.	 3 4 4x x x�� � � �� �

	 54.	 2 5 52x x x�� � � �� �

	 55.	 4 2 23x x x�� � � �� �

	 56.	 9 1 1a x x�� � � �� �

	 57.	 10 2 3 7 2 3y y y�� � � �� �

	 58.	 a x b x�� � � �� �5 5

	 59.	 a x b x�� � � �� �2 2

	 60.	 3 10 5 10a x b x�� � � �� �

Factor each of the polynomials by grouping. If a polynomial cannot be factored, write  
“not factorable.”  See Examples 7 through 11.

	 61.	 bx + b + cx + c

	 62.	 3x + 3y + ax + ay

	 63.	 x x x3 23 6 18+ + +

	 64.	 2 14 3 213 2z z z� � �

	 65.	 10 5 22a az a z� � �

	 66.	 x x xy y2 4 6 24� � �

	 67.	 3x + 3y − bx − by

	 68.	 ax + 5ay + 3x + 15y

	 69.	 5xy + yz − 20x − 4z

	 70.	 x − 3xy + 2z − 6zy

	 71.	 z az a2 23 3+ + +

	 72.	 x x y y2 25 5� � �

	 73.	 6ax + 12x + a + 2

	 74.	 4xy + 3x − 4y − 3

	 75.	 xy + x + y + 1

	 76.	 xy + x − y − 1

	 77.	 10 2 7 352xy y yz xz� � �

	 78.	 7 3 2 32xy y x x� � �

	 79.	 3xy − 4uy − 6vx + 8uv

	 80.	 xy + 5vy + 6ux + 30uv

	 81.	 3ab + 4ac + 2b + 6c

	 82.	 24y − 3yz + 2xz − 16x

	 83.	 6ac − 9ad + 2bc − 3bd

	 84.	 2ac − 3bc + 6ad − 9bd

Applications

Solve.

	 85.	 Bonnie volunteers to bring bags of candy to her child’s class for the Halloween party 
this year. She buys one bag of candy A containing 150 pieces of candy, one bag of 
candy B containing 180 pieces of candy, and one bag of candy C containing 330 
pieces of candy. She needs to use all the candy to create identical treat bags. How 
many treat bags can Bonnie make so that each one has the same number and variety 
of candy? How many of each type of candy will be in each bag?
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	 86.	 The area of a rectangular photo can be represented by the polynomial 15x2 + 5x. 

a.	 If x = 2 inches, find the area of the photo.

b.	 Factor the polynomial to find a variable expression for the length and width of 
the photo.

c.	 If x = 2 inches, use the answer from part b. to find the length and the width of 
the photo.

d.	 Find the area of the photo by multiplying the length and width values from 
part c.

e.	 Are the answers from parts a. and d. the same? Explain why or why not.

	 87.	 A circus performer is shot vertically into the air with an initial velocity of 48 feet per 
second. The height of the performer above the ground in feet can be described by the 
polynomial 48x − 16x2 after x seconds.

a.	 Find the height of the circus performer after 2 seconds.

b.	 Factor the polynomial 48x − 16x2.

c.	 Use the factored form of the polynomial from part b. to find the height of the 
circus performer after 2 seconds.

d.	 Are the answers from parts a. and c. the same? Explain why or why not.

Writing & Thinking
	 88.	 Explain why the GCF of −3x2 + 3  is 3 and not −3.
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Completion Example Answers
3.  y y�� � �� �8 2    5.  5 55 36 9 42a a a a� �� � � �� � �� �

Margin Exercise Answers
1.  x x�� � �� �3 7    2.  x x�� � �� �5 4    3.  x x�� � �� �3 2    4. a.  7 1 6y y y�� � �� �    

b.  11 3 1xy x x�� � �� �    5.  6 4 2x x�� � �� �

7.2 Exercises
Concept Check

Fill-in-the-Blank. Complete each sentence using information found in this section.

	 1.	 To factor a trinomial that has 1 as its leading coefficient, find two factors of the 
________ term whose sum is the coefficient of the ________ term.

	 2.	 When listing all the pairs of factors for a particular term, the ______-______-
_______ method is being used.

	 3.	 When factoring trinomials with leading coefficient 1, if the constant is __________, 
then both factors have the same sign.

	 4.	 If the leading coefficient of a trinomial is not one, the first step in factoring is to look 
for a/an ______ monomial factor to factor out.

	 5.	 When factoring trinomials with leading coefficient 1, if the constant term is negative, 
then the factors of that constant have __________ sign(s).

True/False. Determine whether each statement is true or false. If a statement is false, 
explain how it can be changed so the statement will be true. (Note: There may be more 
than one acceptable change.)

	 6.	 In a trinomial such as x2 − 5x + 4, one would need to find two factors of 4 whose sum 
is negative 5.

	 7.	 In factoring a trinomial with leading coefficient 1, if the constant term is negative, 
then both factors must be negative.

	 8.	 The first step in factoring a trinomial is to look for a common monomial factor.

	 9.	 For a trinomial with leading coefficient 1, if no pair exists whose product is the 
constant and whose sum is the middle term’s coefficient, then the trinomial is 
not factorable.

Practice

List all pairs of integer factors for each given integer. Remember to include negative 
integers as well as positive integers.

	 1.	 15

	 2.	 12

	 3.	 20

	 4.	 30
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	 5.	− 6

	 6.	− 7

	 7.	 16

	 8.	 18

	 9.	− 10

	 10.	− 25

Find the pair of integers whose product is the first integer and whose sum is the second 
integer.

	 11.	 12, 7

	 12.	 25, 26

	 13.	− 14, −5

	 14.	− 30, −1

	 15.	− 8, 7

	 16.	− 40, 6

	 17.	 36, −12

	 18.	 16, −10

	 19.	 20, −9

	 20.	 4, −5

Complete each factorization as indicated.

	 21.	 x x x x2 6 5 5 1� � � �� �� ��

	 22.	 y y y y2 7 6 1 6� � � �� �� ��

	 23.	 p p p p2 9 10 1 10� � � �� �� ��

	 24.	 m m m m2 4 45 5 9� � � �� �� ��

	 25.	 a a a a2 12 36 6 6� � � �� �� ��

	 26.	 n n n n2 2 3 3 1� � � �� �� ��

Completely factor each trinomial. If a trinomial cannot be factored, write “not 
factorable.” See Examples 1 through 5.

	 27.	 x2 − x − 12

	 28.	 x2 − 6x − 27

	 29.	 y2 + y − 30

	 30.	 x2 + 6x − 36

	 31.	 m2 + 3m − 1

	 32.	 x2 + 3x − 18

	 33.	 x2 − 8x + 16

	 34.	 a2 + 10a + 25

	 35.	 x2 + 7x + 12

	 36.	 a2 + a + 2

	 37.	 y2 − 3y + 2

	 38.	 y2 − 14y + 24

	 39.	 x2 + 3x + 5

	 40.	 y2 + 12y + 35

	 41.	 x2 − x − 72

	 42.	 y2 + 8y + 7

	 43.	 z2 − 15z + 54

	 44.	 a2 + 4a − 21

	 45.	 x3 + 10x2 + 21x

	 46.	 x3 + 8x2 + 15x

	 47.	 5x2 − 5x − 60

	 48.	 6x2 + 24x + 18

	 49.	 10y3 − 10y2 − 60y

	 50.	 7y3 − 70y2 + 168y

	 51.	 4p4 + 36p3 + 32p2

	 52.	 15m5 − 30m4 + 15m3

	 53.	 2x4 − 14x3 − 36x2

	 54.	 3y6 + 33y5 + 90y4

	 55.	 2x2 − 2x − 72

	 56.	 3x2 − 18x + 30
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	 57.	 2a4 − 8a3 − 120a2

	 58.	 2a4 + 24a3 + 54a2

	 59.	 3y5 − 21y4 − 24y3

	 60.	 4y5 + 28y4 + 24y3

	 61.	 x3 − 10x2 + 16x

	 62.	 x3 − 2x2 − 3x

	 63.	 5a2 + 10a − 30

	 64.	 6a2 + 24a + 12

	 65.	 20a4 + 40a3 + 20a2

	 66.	 6x4 − 12x3 + 6x2

Applications

Solve.

	 67.	 The area of a triangle is 
1

2
 the product of its base and 

its height. If the area of the triangle shown is given by 

the function A x x x� � � �
1

2
242 ,  find representations 

for the lengths of its base and its height (where the 
base is longer than the height).

	 68.	 The area of a triangle is 1

2
 the product of its base and its height. If the area of the 

triangle shown is given by the function 

A x x x� � � �
1

2
142 ,  find representations for the lengths of 

its base and its height (where the height is longer than 
the base).

	 69.	 The area of the rectangle shown is given by the 

polynomial function A x x x� � � �4 202 .  If the 
width of the rectangle is 4x, what is the length?

	 70.	 The area of the rectangle shown is given by the 

polynomial function A x x x� � � � �2 11 24. If 

the length of the rectangle is x �� �8 , what is 
the width?

	 71.	 A ball is thrown upward from an initial height of 96 feet with an initial velocity of 
16 feet per second. After t seconds, the height of the ball can be described by the 
polynomial −16t2 + 16t + 96.

a.	 What is the height of the ball after 3 seconds?

b.	 Completely factor the polynomial −16t2 + 16t + 96.

c.	 Use the factored form of the polynomial from part b. to find the height of the 
ball after 3 seconds.

d.	 Are the answers from parts a. and c. the same? Why do you think this is?

A(x) =     x2 + 24x1
2

A(x) =     x2 + 14x1
2

4x A x x x� � � �4 202

x + 8

A x x x� � � � �2 11 24
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	 72.	 A large call center determines that the average number of calls they receive per hour 
of the day can be modeled by the polynomial −x2 + 25x − 100, where x is the hour of 
the day, 1 through 24.

a.	 Factor the polynomial completely.

b.	 If the average number of calls at a certain time of day equals 26, write an 
equation using the polynomial given to demonstrate this fact.

c.	 Rewrite the equation in part b. so that all terms are on the left side of the 
equation and zero is on the right.

d.	 Factor the expression on the left side of the equation from part c.

Writing & Thinking
	 73.	 Discuss, in your own words, how the sign of the constant term determines what signs 

will be used in the factors when factoring trinomials.
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Completion Example 6	 Factoring Trinomials

�Completely factor each trinomial. Be sure to begin by looking for the greatest 
common factor.

a.	 15 38 72x x+ +

b.	 4 6 1082y y� �

Solution�

a.	 15 38 7 5 32x x x x� � � �� � �� �                 

b.	 4 6 108 2

2 2

2 2y y y y

y

� � � � �� �
� �                    � � �� �y

Now work margin exercise 6.

Completion Example Answers
6. a.  5 31 7x x�� � �� �   b.  2 2 22 3 54 9 62y y y y� �� � � �� � �� �

Margin Exercise Answers
1. a.  x x�� � �� �6 2   b.  4 7 2 3u u�� � �� �    2. a.  4 2 1 1x x x�� � �� �   b.  7 3 7 12x x x� �� �     

3.  3 2 4a a�� � �� �    4.  3 2 4 5b b�� � �� �    5.  7 2 3x x�� � �� �    6. a.  5 3 7x x�� � �� �   

b.  3 4 8 3x x�� � �� �

7.3 Exercises
Concept Check

Fill-in-the-Blank. Complete each sentence using information found in this section.

	 1.	 When using the trial-and-error method to factor a trinomial of the form ax2 + bx + c, 
you first need to list all possible combinations of ___________ of a and c, in their 
respective “First” and “Last” positions, according to the FOIL method.

	 2.	 The second step is to check the sums of the ______ in the O and I positions in the list 
until you find the sum to be c. 

	 3.	 If none of these sums is c, the trinomial is not ______.

	 4.	 Look at the ___________ term to determine what signs to use for the constants in 
the factors.

	 5.	 When using the ac-method of factoring, you need to find two integers whose 
_________ is ac and whose _____ is b.

	 6.	 The ac-method of factoring uses the __________ method. 

	 6.	Completely factor each 
trinomial. Be sure to begin 
by looking for the greatest 
common factor.

		  a.	 5 32 212x x- -

		  b.	 24 87 362x x� �

Note
No matter which method you 
use (the ac‑method or the 
trial‑and‑error method), factoring 
trinomials takes time. With 
practice, you will become more 
efficient with either method. 
Make sure to be patient and 
observant.
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True/False. Determine whether each statement is true or false. If a statement is false, 
explain how it can be changed so the statement will be true. (Note: There may be more 
than one acceptable change.)

	 7.	 A trinomial is factorable if the middle term is the difference of the inner and outer 
products of two binomials.

	 8.	 The trial-and-error method of factoring a trinomial follows the same steps as the 
FOIL method of multiplication. 

	 9.	 The first step in the ac-method of factoring is to rewrite the middle term.

	 10.	 Factoring can be checked by multiplying the factors and verifying that the product 
matches the original polynomial.

Practice

Completely factor each polynomial. If a polynomial cannot be factored, write “not 
factorable.” See Examples 1 through 6.

	 1.	 x x2 5 6+ +

	 2.	 x x2 6 8� �

	 3.	 2 3 52x x- -

	 4.	 3 4 72x x- -

	 5.	 6 11 52x x+ +

	 6.	 4 11 62x x� �

	 7.	 � � �x x2 3 2

	 8.	 - - -x x2 5 6

	 9.	 x x2 3 10- -

	 10.	 x x2 11 10� �

	 11.	 � � �x x2 13 14

	 12.	 � � �x x2 12 36

	 13.	 x x2 8 64+ +

	 14.	 x x2 2 3+ +

	 15.	 � � �2 3 2x x x

	 16.	 - - -2 33 2y y y

	 17.	 4 3 12t t- -

	 18.	 2 3 22x x- -

	 19.	 5 62a a- -

	 20.	 3 4 12a a+ +

	 21.	 7 5 22x x� �

	 22.	 4 23 152x x+ +

	 23.	 8 10 32x x- -

	 24.	 6 23 212x x+ +

	 25.	 9 3 202x x- -

	 26.	 4 40 252x x+ +

	 27.	 12 38 202x x� �

	 28.	 12 12 32b b� �

	 29.	 3 7 22x x� �

	 30.	 7 11 62x x- -

	 31.	 9 6 12x x� �

	 32.	 4 4 12x x+ +

	 33.	 6 7 22y y+ +

	 34.	 12 7 122y y- -

	 35.	 x x2 46 45� �

	 36.	 x x2 6 16� �

	 37.	 3 9 52x x+ +

	 38.	 5 7 22a a� �

	 39.	 8 22 122a b ab b� �

	 40.	 12 50 83 2m n m n mn� �
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	 41.	 x x2 1+ +

	 42.	 x x2 2 2+ +

	 43.	 16 8 12x x� �

	 44.	 3 11 42x x- -

	 45.	 64 48 92x x� �

	 46.	 9 12 42x x� �

	 47.	 6 2 202x x� �

	 48.	 12 15 32y y� �

	 49.	 10 35 302x x+ +

	 50.	 24 4 42y y� �

	 51.	 � � �18 72 82x x

	 52.	 7 5 34 3 2x x x� �

	 53.	 � � �45 30 1202y y

	 54.	 � � �12 22 42m m

	 55.	 12 60 752x x� �

	 56.	 32 502y +

	 57.	 6 9 63 2x x x� �

	 58.	 � � �5 40 602y y

	 59.	 12 108 2433 2x x x� �

	 60.	 30 51 93 2a a a+ +

	 61.	 9 9 93 3 2 3 3x y x y xy+ +

	 62.	 48 354 1262x y xy y� �

	 63.	 48 100 483 2xy xy xy� �

	 64.	 24 72 2432 2 2a x a x x+ +

	 65.	 21 98 564 3 2y y y� �

	 66.	 72 306 1893 2a a a� �

Writing & Thinking
	 67.	 It is true that 2 10 12 2 6 2 2 4 32x x x x x x� � � �� � �� � � �� � �� �.  Explain how the 

trinomial can be factored in two ways. Is there some kind of error?

	 68.	 It is true that 5 5 30 5 15 22x x x x� � � �� � �� �.  Explain why this is not the completely 
factored form of the trinomial.

	 69.	 The volume of an open box is found by cutting equal squares (x inches on a side) 
from a sheet of cardboard that is 5 inches by 25 inches. The function representing 

this volume is V x x x x� � � � �4 60 1253 2 ,  where 0 < x < 2.5. Factor this function 
and use the factors to explain, in your own words, how the function represents the 
volume.  
(Note: Volume of a box = length × width × height.)

5 in.

25 in.

x
x

x

x

x

x

x x
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Solution

a.	 x

x x x

x

x x x

3 3 3

2 2

2

8

2 2 4

2

2 2 2

� � �

� �� � � � �� �
� �� � � �� �

Note: Remember that the second polynomial is not a perfect square trinomial and 
cannot be factored.

b.	 x y

x y

x

x x x

y

y y y

6 3 3 3

2 2

2

2

2 2 2

64

4

4

4 4 4

� � � � � � �

� �� � � � � � � � ��
��

�
��

� �� � xx x y y4 2 24 16� �� �
c.	 Factor out the GCF first. Then factor the difference of two cubes.

16 250 2 8 125

2

2

2

2 2 2

5

5 5

12 12

3 3

2

4

4 4

y y

y

y y

� � �� �
� � � ��

��
�
��

� �� � � � � � � yy

y y y

4 2

4 8 4

5

2 2 5 4 10 25

� � ��
��

�
��

� �� � � �� �

Now work margin exercise 4.

Margin Exercise Answers
1. a.  7 7 7a x x�� � �� �   b.  y y3 310 10�� � �� �    2. a.  Not factorable  b.  5 9 42x �� �     

3. a.  z �� �20
2

  b.  y �� �7
2

  c.  3 3
2

z x y�� �   d.  y z y z� �� � � �� �4 4     

4. a.  y y y�� � � �� �3 3 92   b.  2 4 22 2 2 4y x y x y x�� � � �� �   c.  6 2 5 4 10 254 8 4x x x�� � � �� �

7.4 Exercises
Concept Check

Fill-in-the-Blank. Complete each sentence using information found in this section.

	 1.	 Factoring a perfect square trinomial gives a square __________.

	 2.	 In a perfect square trinomial, both the first and last terms must be perfect ______.

	 3.	 If the first term of a perfect square trinomial is x2, and the last term is of the form a2, 
then the middle term must be of the form _____ or _____.

	 4.	 The formula for factoring the difference of cubes is x3 − a3 = __________.

	 5.	 The formula for factoring the sum of two cubes is x3 + a3 = __________.

	 6.	 The first 6 perfect cubes are 1, 8, ___, ___, ___, and ___.
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True/False. Determine whether each statement is true or false. If a statement is false, 
explain how it can be changed so the statement will be true. (Note: There may be more 
than one acceptable change.)

	 7.	 The expression x2 + 20x +100 is a perfect square trinomial.

	 8.	 When factoring polynomials, always look for a common monomial factor first.

	 9.	 The sum of two squares, (x2 + a2), is factorable.

	 10.	 Sixty-four is a perfect square and a perfect cube.

Practice

Completely factor each of the given polynomials. If a polynomial cannot be factored,  
write “not factorable.” See Examples 1 through 4.

	 1.	 x2 25-

	 2.	 y 2 121-

	 3.	 81 2- y

	 4.	 25 2- z

	 5.	 2 1282x -

	 6.	 3 1472x -

	 7.	 4 644x -

	 8.	 5 1254x -

	 9.	 y 2 100+

	 10.	 4 492x +

	 11.	 y y2 16 64� �

	 12.	 z z2 18 81+ +

	 13.	 � �4 1002x

	 14.	 � �12 34x

	 15.	 9 252x -

	 16.	 4 492x -

	 17.	 y y2 10 25� �

	 18.	 x x2 12 36+ +

	 19.	 4 4 12x x� �

	 20.	 49 14 12x x� �

	 21.	 25 30 92x x+ +

	 22.	 9 12 42y y+ +

	 23.	 16 40 252x x� �

	 24.	 9 12 42x x� �

	 25.	 4 643x x-

	 26.	 50 83x x-

	 27.	 2 32 1283 2x y x y xy+ +

	 28.	 3 30 752x y xy y� �

	 29.	 y y2 6 9+ +

	 30.	 y y2 4 4+ +

	 31.	 x x2 20 100� �

	 32.	 25 10 12x x� �

	 33.	 x x y y4 2 210 25+ +

	 34.	 16 84 2 2x x y y+ +

	 35.	 x3 125-

	 36.	 x3 64-

	 37.	 y3 216+

	 38.	 y3 1+

	 39.	 x y3 327+

	 40.	 8 13x +

	 41.	 x y2 264+

	 42.	 3 813x +

	 43.	 4 323x -

	 44.	 64 273 3x y+

	 45.	 54 23 3x y-

	 46.	 3 3754 3x xy+

	 47.	 x y y3 4+

	 48.	 x y x4 3 -

	 49.	 x y x y2 2 2 5-

	 50.	 2 162 2 3x x y-

	 51.	 24 814 4x y xy+

	 52.	 x y6 364-

	 53.	 x y6 9-

	 54.	 64 12x +

	 55.	 27 3 6x y+

	 56.	 x z3 364+

	 57.	 8 3 3x y+

	 58.	 x y3 3125+

	 59.	 8 83y -

	 60.	 36 363x +

	 61.	 9 2 2x y-

	 62.	 x y2 24-

	 63.	 x y4 416-
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	 64.	 81 14x -

	 65.	 x y�� � �
2

81

	 66.	 x y�� � �2 25
2

	 67.	 x xy y2 22 36� �� � �

	 68.	 x xy y2 24 4 25� �� � �

	 69.	 16 8 12 2x x y� �� � �

	 70.	 x y y2 2 6 9� � �� �

Solve.

	 71.	 a.	�	� Represent the area of the shaded region of 
the square shown below as the difference of 
two squares.

		  b.	� Use the factors of the expression in part a. to 
draw (and label the sides of) a rectangle that 
has the same area as the shaded region.

	 72.	 a.	�	� Use a polynomial function to represent the 
area of the shaded region of the square.

		  b.	� Use a polynomial function to represent the 
perimeter of the shaded figure.

Writing & Thinking
	 73.	 a.	�	� Show that the sum of the areas of the rectangles and squares in the figure is a 

perfect square trinomial.

		  b.	� Rearrange the rectangles and squares in the form of a square and represent its 
area as the square of a binomial.

x

xy y y

y

x in.

2 in.

2 in.

x + 6 cm

3 cm

3 cm
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	 74.	 Compound interest is interest earned on interest. If a principal P is invested and 
compounded annually (once a year) at a rate of r, then the amount, A1  accumulated 
in one year is   A1  = P + Pr. 

In factored form, we have A1  = P + Pr = P r1�� �.  

At the end of the second year the amount accumulated is A P Pr P Pr r2 � �� � � �� � .

a.	 Write the expression for A2
 in factored form similar to that for A1 .

b.	 Write an expression for the amount accumulated in three years, A3 , in 
factored form.

c.	 Write an expression for An  the amount accumulated in n years.

d.	 Use the formula you developed in part c. and your calculator to find the amount 
accumulated if $10,000 is invested at 6% and compounded annually for 
20 years.

	 75.	 You may have heard of (or studied) the following rules for division of an integer by 3 
and 9:

1.	 An integer is divisible by 3 if the sum of its digits is divisible by 3.

2.	 An integer is divisible by 9 if the sum of its digits is divisible by 9.

The proofs of both 1. and 2. can be started as follows.

Let abc represent a three-digit integer.

Then 

now you finish the pr

abc a b c
a b c

� � �
� �� � � �� � �
�

100 10
99 1 9 1

ooofs� �

Use the pattern just shown and prove both 1. and 2. for a four-digit integer.
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7.5 Exercises
Concept Check

Fill-in-the-Blank. Complete each sentence using information found in this section.

	 1.	 If a trinomial is not a perfect square trinomial, you can try factoring it by using the 
______________ method or the ___-method.

	 2.	 When factoring a polynomial with two terms, check to see if it is of the form of the 
sum or difference of two _________ or two _________.

	 3.	 Factoring can be checked by multiplying the factors. The product should be the 
________ expression.

	 4.	 If there are four terms when factoring, consider factoring by __________.

	 5.	 When factoring, always look for a common ______ factor first.

True/False. Determine whether each statement is true or false. If a statement is false, 
explain how it can be changed so the statement will be true. (Note: There may be more 
than one acceptable change.)

	 6.	 You should always start by checking the number of terms when factoring 
a polynomial.

	 7.	 If a trinomial is to be factored, the trial-and-error or ac-methods can be used.

	 8.	 If there are four terms in a polynomial, it cannot be factored.

Practice

Completely factor each of the given polynomials. If a polynomial cannot be factored, 
write “not factorable.”

	 1.	 m m2 7 6+ +

	 2.	 a a2 4 3� �

	 3.	 x x2 11 18+ +

	 4.	 y y2 8 15+ +

	 5.	 x2 100-

	 6.	 n n2 8 12� �

	 7.	 m m2 6- -

	 8.	 y 2 49-

	 9.	 a a2 2 24+ +

	 10.	 - - -x x2 12 35

	 11.	 64 12a -

	 12.	 49 42x +

	 13.	 x x2 10 25+ +

	 14.	 x x2 3 10� �

	 15.	 x x2 9 36� �

	 16.	 x x2 16 64+ +

	 17.	 3 12 362a a� �

	 18.	 � � �2 24 702y y

	 19.	 � � �5 70 2402x x

	 20.	 7 14 1682t t� �

	 21.	 64 49 2+ t

	 22.	 3 1472x -

	 23.	 x x x3 24 12- -

	 24.	 3 15 183 2n n n+ +

	 25.	 112 2 22 3a a a- -

	 26.	 200 20 42 3x x x� �

	 27.	 16 1003x x-

	 28.	 48 273x x-

	 29.	 � � �3 17 102x x

	 30.	 2 7 32x x+ +

	 31.	 6 11 42x x� �

	 32.	 12 32 52x x� �

	 33.	 12 62m m� �
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	 34.	 6 352t t� �

	 35.	 4 14 62x x� �

	 36.	 � � �4 18 202x x

	 37.	 8 6 352x x� �

	 38.	 12 5 32x x� �

	 39.	 20 21 542x x- -

	 40.	 21 102x x- -

	 41.	 14 11 15 2� �x x

	 42.	 24 3 2� �x x

	 43.	 � � �8 22 152a a

	 44.	 63 40 122x x- -

	 45.	 20 9 202y y� �

	 46.	 35 62x x- -

	 47.	 18 15 22x x� �

	 48.	 12 47 112x x� �

	 49.	 � �150 962x

	 50.	 252 175 3x x-

	 51.	 12 60 752n n- -

	 52.	 - - -12 2 703 2x x x

	 53.	 21 13 23 2a a a- -

	 54.	 13 120 1003 2x x x+ +

	 55.	 36 21 303 2x x x� �

	 56.	 63 3 302 3x x x- -

	 57.	 16 52 223 2x x x� �

	 58.	 24 4 1603 2y y y- -

	 59.	 75 10 120 2+ +m m

	 60.	 144 10 503 2x x x- -

	 61.	 xy y x� � �3 4 12

	 62.	 2 10 5xz x z+ + +

	 63.	 x xy x y2 2 6 12� � �

	 64.	 2 6 5 152y yz y z+ + +

	 65.	 � � � �x x x3 28 5 40

	 66.	 2 14 3 213 2x x x� � �

	 67.	 x3 125+

	 68.	 y3 1000-

	 69.	 x y x4 3 4-

	 70.	 x y x6 3 3-

	 71.	 8 276 6a b+

	 72.	 a b9 364+

	 73.	 x y6 3 125-

	 74.	 x y3 3 216+

	 75.	 x x x3 27 9 63� � �

	 76.	 x x x5 45 4 20� � �

	 77.	 9 62 2
x y� �� �

	 78.	 x a�� � �2 25
2 2

	 79.	 y y x2 220 100 49� �� � �
	 80.	 t t s2 222 121 16� �� � �
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7.6 Exercises
Concept Check

Fill-in-the-Blank. Complete each sentence using information found in this section.

	 1.	 When solving quadratic equations by factoring, it is necessary to have one side of the 
equation equal to _____.

	 2.	 The zero-factor law states that if the product of two or more factors equals zero, then 
at least one of the factors must be ______.

	 3.	 The factor theorem states that if x = c is a root of a polynomial equation in the form 
P(x) = 0, then x − c is a/an ______ of the polynomial P(x). 

	 4.	 In general, a quadratic equation has two solutions. If the two solutions are the same 
number, the equation is said to have a/an ________ solution or root.

	 5.	 Solutions can be checked by _____________ them one at a time for x in 
the equation.

	 6.	 Second-degree polynomials are called ____________ polynomials.

True/False. Determine whether each statement is true or false. If a statement is false, 
explain how it can be changed so the statement will be true. (Note: There may be more 
than one acceptable change.)

	 7.	 When solving quadratic equations by factoring, it is important that all of the 
coefficients are integers.

	 8.	 The standard form for a quadratic equation is ax2 + bx = c.

	 9.	 Not all quadratic equations can be solved by factoring.

	 10.	 All quadratic equations have two distinct solutions. 

Practice

Solve each equation. See Example 1.

	 1.	 x x�� � �� � �3 2 0

	 2.	 x x�� � �� � �5 2 0

	 3.	 2 9 2 0x x�� � �� � �

	 4.	 x x�� � �� � �7 3 4 0

	 5.	 0 3 3� �� � �� �x x

	 6.	 0 10 10� �� � �� �x x

	 7.	 x x�� � �� � �5 5 0

	 8.	 x x�� � �� � �5 5 0

	 9.	 2 2 0x x �� � �

	 10.	 3 3 0x x �� � �

	 11.	 x �� � �6 0
2

	 12.	 5 9 0
2

x �� � �

 Solve each equation by factoring. See Examples 2 through 9.

	 13.	 x x2 3 4 0� � � 	 14.	 x x2 7 12 0� � �
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	 15.	 x x2 12 0� � �

	 16.	 x x2 11 18 0� � �

	 17.	 0 32� �x x

	 18.	 0 32� �x x

	 19.	 x x2 8 6� �

	 20.	 x x2 30� �

	 21.	 2 2 24 02x x� � �

	 22.	 9 63 90 02x x� � �

	 23.	 0 2 5 32� � �x x

	 24.	 0 2 32� � �x x

	 25.	 3 4 4 02x x� � �

	 26.	 3 8 5 02x x� � �

	 27.	 2 7 42x x� �

	 28.	 4 8 32x x� � �

	 29.	 � � �2 3 82x x

	 30.	 6 2 72x x� � �

	 31.	 4 12 9 02x x� � �

	 32.	 25 60 36 02x x� � �

	 33.	 8 5 2x x=

	 34.	 15 3 2x x=

	 35.	 9 36 02x � �

	 36.	 4 16 02x � �

	 37.	 5 10 52x x� �

	 38.	 2 4 62x x� �

	 39.	 8 32 322x x� �

	 40.	 6 18 242x x� �

	 41.	
x2

9
1=

	 42.	
x2

2
8=

	 43.	
x

x
2

5
10 0� � �

	 44.	
2

3
2

20

3
02x x� � �

	 45.	
x

x
2

8

3

2
0� � �

	 46.	
x

x
2

6

1

2
3 0� � �

	 47.	 x x2 1

4
0� � �

	 48.	
x

x
2

3
2 3 0� � �

	 49.	 x x x3 28 6� �

	 50.	 x x x3 2 30� �

	 51.	 6 7 23 2x x x� � �

	 52.	 3 8 23 2x x x� �

	 53.	 0 1002� �x

	 54.	 0 1212� �x

	 55.	 3 75 02x � �

	 56.	 5 45 02x � �

	 57.	 x x2 8 16 0� � �

	 58.	 x x2 14 49 0� � �

	 59.	 3 18 272x x� �

	 60.	 5 10 52x x� �

	 61.	 x �� � �1 4
2

	 62.	 x �� � �3 1
2

	 63.	 x �� � �5 9
2

	 64.	 x �� � �4 16
2

	 65.	 x x�� � �� � �4 1 6

	 66.	 x x�� � �� � �5 3 9

	 67.	 27 2 4� �� � �� �x x

	 68.	 � � �� � �� �1 2 4x x

	 69.	 x x x�� � � �� �7 3 4
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	 70.	 x x x�� � � �� �9 6 3

	 71.	 3 1 2 1x x x�� � � �� �

	 72.	 2 1 3 1x x x�� � � �� �

	 73.	 x x x2 1 6 2�� � � �� �

	 74.	 3 3 2 2 1x x x�� � � �� �

Find a polynomial equation with integer coefficients that has the given roots. See 
Example 10.

	 75.	 y = 3, y = −2

	 76.	 x = 5, x = 7

	 77.	 x x� � � �5
1

2
,

	 78.	 x x� � �
1

4
1,

	 79.	 x x= =
1

2

3

4
,

	 80.	 y y= =
2

3

1

6
,

	 81.	 x = 0, x = 3, x = −2

	 82.	 y = 0, y = −4, y = 1

	 83.	 y = −2, y = 3, y = 3 (3 is a 
double root.)

	 84.	 x = −1, x = −1, x = −1 (−1 is a 
triple root.)

Applications
Solve.

	 85.	 A ball is dropped from the top of a building that is 784 feet high. The height of the 
ball above ground level is given by the polynomial function h(t) = −16t2 + 784, 
where t is measured in seconds.

a.	 How high is the ball after 3 seconds? 
5 seconds?

b.	 How far has the ball traveled in 3 seconds? 
5 seconds?

c.	 When will the ball hit the ground? Explain 
your reasoning in terms of factors.

	 86.	 A tennis ball is dropped from a building. The position of the ball after t seconds 

is given by the polynomial function s t t� � � � �4 9 4902. , where s is the height in 
meters of the ball.

a.	 Find s 0� �.  What does this value represent in the context of this problem? 

b.	 How high is the tennis ball 2 seconds after it has been dropped? 

c.	 How long before the tennis ball hits the ground?

	 87.	 A ball is thrown upward from an initial height of 96 feet with an initial velocity of 
16 feet per second. After t seconds, the height of the ball can be described by the 
equation h = −16t2 + 16t + 96.

a.	 What happens when h = 0?

b.	 Rewrite the equation with h = 0.

c.	 Solve the equation by factoring.

d.	 What does the answer to part c. mean?

e.	 Do both solutions from part c. make sense in the context of the problem? 
Explain why or why not.

h(t) = −16t 2 + 784

3 seconds

5 seconds784 ft

©HAWKES LEARNING



583 7.6  Exercises

	 88.	 Robin is putting the finishing touches on a quilt. The quilt is currently 80 inches long 
by 60 inches wide, and she plans to add a border around the quilt. The width of the 
border on the sides will be twice the width of the border on the top and bottom of 
the quilt.

a.	 If x is the width of the border in inches that will be added to the top and bottom 
of the quilt, write an expression for the length and width of the quilt with the 
border added.

b.	 Write a simplified expression to find the area of the quilt with the border added.

c.	 Robin has a total of 5712 square inches of fabric to use for the back of the quilt. 
Use the expression from part b. to write an equation to describe the total area of 
the back of the quilt.

d.	 Solve the quadratic equation from part c. by factoring.

e.	 Do both of the solutions from part d. make sense in the context of the problem?

f.	 What is the total length and width of the quilt?

	 89.	 We know that the area of a circle is proportional to the square of the radius. In fact, if 

the radius of a circle is r, then the area of the circle is A r= p 2.  Let’s determine how 
the area is changed when we double the radius.

a.	 Find the area of the circle for a radius of 1 in.

b.	 Find the area of the circle for a radius of 2 in.

c.	 Find the area of the circle for a radius of 4 in.

d.	 Find the area of the circle for a radius of 8 in.

e.	 Do you see the pattern? If you double the radius, by how many times does the 
area increase?

	 90.	 The St. Louis Arch is not quite in the shape of a parabola, but it can be closely 

modeled with the polynomial function h x x x� � � � � �0 007 0 003 6252. . ,  where x and 

h x� �  are both measured in feet and the center of the arch lies along the y‑axis.

a.	 Find h 0� �.  What does this mean in this context?

b.	 Find h 100� �.  What does this mean in this context?

c.	 Find h 300� �.  Use this value to approximate the total distance between the two 
points at which the arch hits the ground.

d.	 Use your graphing calculator to sketch the graph and find the x-intercepts (to 
the nearest integer). What is the actual distance between the two points at which 
the arch hits the ground? (rounded to the nearest foot) (Note: See Section 4.5 to 
review finding x-intercepts by using a graphing calculator.)

Writing & Thinking
	 91.	 When solving equations by factoring, one side of the equation must be 0. Explain 

why this is so.

	 92.	 In solving the equation x x�� � �� � �5 4 6,  why can’t we just put one factor equal to 
3 and the other equal to 2? Certainly 3 2 6� � .
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7.7 Exercises
Concept Check

Fill-in-the-Blank. Complete each sentence using information found in this section.

	 1.	 Once an application problem has been read and understood, you should assign a 
_______ to the _______ quantities.

	 2.	 After an application problem has been solved, it is important to ______ the solution 
with the problem to make sure the answer makes sense.

	 3.	 Even integers are ___________ if each is 2 more than the previous even integer.

	 4.	 The formula (or equation) related to the Pythagorean Theorem is __________.

	 5.	 Integers are consecutive if each is ___ more than the previous integer.

	 6.	 Two consecutive odd integers can be represented by n and ____.

True/False. Determine whether each statement is true or false. If a statement is false, 
explain how it can be changed so the statement will be true. (Note: There may be more 
than one acceptable change.)

	 7.	 The Pythagorean Theorem states that if the two legs of a right triangle are added, the 
sum will equal the hypotenuse.

	 8.	 The expressions n, n + 1, and n + 2 can represent three consecutive integers.

	 9.	 The Pythagorean Theorem can be used with any triangle.

	 10.	 The three numbers −10, −8, and −6 are consecutive even integers.

Applications

Write a quadratic equation for each of the following word problems. Then solve the 
word problem. Remember to check each solution with the wording of the original 
problem to make sure it is reasonable. See Examples 1 through 7.

	 1.	 One number is eight more than another. Their product is −16. What are the numbers?

	 2.	 One number is 10 more than another. If their product is −25, find the numbers.

	 3.	 The square of an integer is equal to seven times the integer. Find the integer.

	 4.	 The square of an integer is equal to twice the integer. Find the integer.

	 5.	 If the square of a positive integer is added to three times the integer, the result is 28. 
Find the integer.

	 6.	 If the square of a positive integer is added to three times the integer, the result is 54. 
Find the integer.

	 7.	 One number is three more than another. Their product is 40. Find the numbers.

	 8.	 One positive number is three more than twice another. If the product is 27, find 
the numbers.
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	 9.	 One positive number is five more than another. The sum of their squares is 53. What 
are the numbers?

	 10.	 One number is five less than another. The sum of their squares is 97. Find 
the numbers.

	 11.	 The difference between two positive integers is 4. If the smaller is added to the 
square of the larger, the sum is 38. Find the integers.

	 12.	 One positive number is 3 more than twice another. If the square of the smaller is 
added to the larger, the sum is 51. Find the numbers.

	 13.	 The product of a negative integer and 5 less than twice the integer equals the integer 
plus 56. Find the integer.

	 14.	 Find a positive integer such that the product of the integer with a number three less 
than the integer is equal to the integer increased by 32.

	 15.	 The product of two consecutive positive integers is 72. Find the integers.

	 16.	 Find two consecutive integers whose product is 110.

	 17.	 Find two consecutive positive integers such that the sum of their squares is 85.

	 18.	 Find two consecutive positive integers such that the sum of their squares is 145.

	 19.	 The product of two consecutive odd integers is 63. Find the integers.

	 20.	 The product of two consecutive even integers is 80. Find the integers.

	 21.	 Find two consecutive positive integers such that the square of the second integer 
added to four times the first is equal to 41.

	 22.	 Find two consecutive negative integers such that 6 times the first plus the square of 
the second equals −14.

	 23.	 Find three consecutive positive integers such that twice the product of the two 
smaller integers is 88 more than the product of the two larger integers.

	 24.	 Find three consecutive odd integers such that the product of the first and third is 1 
more than 4 times the second.

	 25.	 Four consecutive integers are such that, if the product of the first and third is 
multiplied by 6, the result is equal to the sum of the second and the square of the 
fourth. What are the integers?

	 26.	 Find four consecutive even integers such that the square of the sum of the first and 
second is equal to 60 less than twice the product of the third and fourth.

	 27.	 The length of a rectangle is twice the width. The area is 72 square inches. Find the 
length and width of the rectangle.

	 28.	 The length of a rectangle is three times the width. If the area is 147 square 
centimeters, find the length and width of the rectangle.

	 29.	 The length of a rectangle is four times the width. If the area is 64 square feet, find the 
length and width of the rectangle.
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	 30.	 The length of a rectangle is five times the width. If the area is 180 square inches, find 
the length and width of the rectangle.

	 31.	 The width of a rectangle is 4 feet less than the length. The area is 45 square feet. Find 
the length and width of the rectangle.

	 32.	 The length of a rectangular yard is 3 meters greater than the width. If the area of the 
yard is 54 square meters, find the length and width of the yard.

	 33.	 The height of a triangle is 4 feet less than the base. The area of the triangle is 16 
square feet. Find the length of the base and the height of the triangle.

	 34.	 The base of a triangle exceeds the height by 5 meters. If the 
area is 12 square meters, find the length of the base and the 
height of the triangle.

	 35.	 The base of a triangle is 6 inches greater than the height. If the area is 20 square 
inches, find the length of the base.

	 36.	 The base of a triangle is 3 feet less than the height. The area is 9 square feet. Find 
the height.

	 37.	 The perimeter of a rectangle is 32 inches. The area of the rectangle is 48 square 
inches. Find the dimensions of the rectangle.

	 38.	 The area of a rectangle is 24 square centimeters. If the perimeter is 20 centimeters, 
find the length and width of the rectangle.

	 39.	 An orchard has 140 apple trees. The number of rows exceeds the number of trees per 
row by 13. How many trees are there in each row?

	 40.	 One formation for an army drill team is rectangular. The number of members in 
each row exceeds the number of rows by 3. If there is a total of 108 members in the 
formation, how many rows are there?

	 41.	 A theater can seat 144 people. The number of rows is 7 less than the number of seats 
in each row. How many rows of seats are there?

	 42.	 An empty field on a college campus is being used for overflow parking for a football 
game. It currently has 187 cars in it. If the number of rows of cars is six less than the 
number of cars in each row, how many rows are there?

	 43.	 The parking garage at Baltimore-Washington International Airport contains 8400 
parking spaces. The number of cars that can be parked on each floor exceeds the 
number of floors by 1675. How many floors are there in the parking garage?

	 44.	 One bookshelf in the public library can hold 175 books. The number of books on 
each shelf exceeds the number of shelves by 18. How many books are on each shelf?

	 45.	 The length of a rectangle is 7 centimeters greater than the width. If 4 centimeters are 
added to both the length and width, the new area would be 98 square centimeters. 
Find the dimensions of the original rectangle.

	 46.	 The width of a rectangle is 5 meters less than the length. If 6 meters are added 
to both the length and width, the new area will be 300 square meters. Find the 
dimensions of the original rectangle.

h

h+5
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	 47.	 Susan is going to fence in a rectangular flower garden in her back yard. She has 50 
feet of fencing, and she plans to use the house as the fence on one side of the garden. 
If the area is 300 square feet, what are the dimensions of the flower garden?

	 48.	 A rancher is going to build a corral with 52 yards of fencing. He is planning to use the 
barn as one side of the corral. If the area is 320 square yards, what are the dimensions?

	 49.	 A telephone pole is to have a guy wire attached to its top and anchored to the ground at 
a point that is at a distance 34 feet less than the height of the pole from the base. If the 
wire is to be 2 feet longer than the height of the pole, what is the height of the pole?

	 50.	 Lucy is standing next to the the General Sherman tree in Sequoia National Park, 
home of some of the largest trees in the world. The distance from Lucy to the base 
of the tree is 71 meters less than the height of the tree. If the distance from Lucy 
to the top of the tree is 1 meter more than the height of the tree, how tall is the 
General Sherman?

	 51.	 A Christmas tree is supported by a wire that is 1 foot longer than the height of the 
tree. The wire is anchored at a point whose distance from the base of the tree is 49 
feet shorter than the height of the tree. What is the height of the tree?

	 52.	 An architect wants to draw a rectangle with a diagonal of 13 inches. The length of 
the rectangle is to be 2 inches more than twice the width. What dimensions should 
she make the rectangle?

	 53.	 Incline mats, or triangle mats, are offered with different levels of incline to help 
gymnasts learn basic moves. As the name may suggest, two sides of the mat are right 
triangles. If the height of the mat is 28 inches shorter than the length of the mat and the 
hypotenuse is 8 inches longer than the length of the mat, what is the length of the mat?

	 54.	 Bill uses mirrors to augment the “laser experience” 
at a laser show. At one show, he places three mirrors, 
A, B, C, in a right triangular form. If the distance 
between A and B is 15 m more than the distance 
between A and C, and the distance between B and C 
is 15 m less than the distance between A and C, what 
is the distance between mirror A and mirror C?

	 55.	 A support wire is attached x feet from the top of a 17-foot pole to protect the pole 
during a blizzard. The other end of each wire is attached to a stake x feet from the 
base of the pole. The wire used is 13 feet long.

a.	 Draw a diagram to describe the situation. Be sure to label the figure with the 
known information.

b.	 Use the Pythagorean Theorem to write an equation that describes the situation. 
Do not simplify.

c.	 Simplify the equation from part b. and solve for x.

d.	 Do both solutions from part b. make sense in this situation? That is, do they both 
result in a positive distance on the pole and a positive distance from the pole?

e.	 What do the answers from part b. mean? (You should have two answers.)

f.	 Which answer from part d. seems like the better option? Write an explanation 
for your choice.

A

CB

  x +15 x

x − 15
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	 56.	 A family wants to fence in a rectangular area of their yard next to the house so their 
dog can play outside without being on a leash. One side of the fenced-in area will be 
along the side of the house, so they will only need to fence in three sides. The family 
decides to fence in an area of 4000 square feet and they purchase 180 feet of fencing. 
What are the dimensions of the fenced in area?

a.	 Draw a diagram to represent the situation. Use the variable x to label the two 
sides of the fence which will have the same length.

b.	 Write an expression involving x to represent the length of the third side of 
the fence.

c.	 Write an equation to represent the area of the fenced‑in yard.

d.	 Solve the equation from part c.

e.	 Do both solutions make sense in the context of the problem?

f.	 What are the possible dimensions of the fenced-in yard?

�The demand for a product is the number of units of the product x that consumers are 
willing to buy when the market price is p dollars. The consumers’ total expenditure 
for the product S is found by multiplying the price times the demand. S px�� � Solve the 
following consumer demand questions.

	 57.	 During the summer at a local market, a farmer will sell 8 588p +  pounds of peaches 
at p dollars per pound. If he sold $900 worth of peaches this summer, what was the 
price per pound of the peaches?

	 58.	 On a hot afternoon, fans at a stadium will buy 490 40- p  drinks for p dollars each. If 
the total sales after a game were $1225, what was the price per drink?

	 59.	 When fishing reels are priced at p dollars, local consumers will buy 36 − p fishing 
reels. What is the price if total sales were $320?

	 60.	 A manufacturer can sell 100 − 2p lamps at p dollars each. If the receipts from the 
lamps total $1200, what is the price of the lamps?

Writing & Thinking
	 61.	 The pattern in Kara’s linoleum flooring is in the shape  

of a square 8 inches on a side with right triangles (with 
legs whose lengths are x inches) placed on each side of 
the original square so that a new larger square is 
formed. What is the area of the new square? Explain 
why you do not need to find the value of x.

x in.

8 i
n.

x in.

x in. x in.

x in. x in.

x in. x in.

8 i
n.

8 i
n.

8 i
n.
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b.	 Looking at the graphs, we see that the graph of the absolute value is above the line 

y = 8 on the intervals �� �� �, .1 5  and 6 5. , .�� �  Thus, the interval �� �� �� �� �, . . ,1 5 6 5  

is the solution set for 2 5 8x � � .

Now work margin exercise 4.
Margin Exercise Answers
1. x ≈ 4.06   2. x = −1 and x ≈ 0.33   3.  x = 1 and x ≈ 3.67   4. a.  1 367, .� �   b.  ��� �� �� �, . ,1 367

7.8 Exercises
Concept Check

Fill-in-the-Blank. Complete each sentence using information found in this section.

	 1.	 The _______ of a function are the values of x at the points where the graph of the 
function crosses the x-axis.

	 2.	 If a factor of a function occurs twice, we say that the corresponding zero is of 
multiplicity ____.

	 3.	 If the graph is not fully visible on the screen of a graphing calculator, you must 
update the ____________ setting.

	 4.	 Cubic functions have ____ distinct zeros, ____ distinct zeros, or 1 distinct zero.

True/False. Determine whether each statement is true or false. If a statement is false, 
explain how it can be changed so the statement will be true. (Note: There may be more 
than one acceptable change.)

	 5.	 To find the zeros of a function, we determine where x = 0.

	 6.	 A nonconstant linear function can have at most two zeros.

	 7.	 Quadratic functions have 2 distinct zeros or none.

	 8.	 The trace command on a graphing calculator will find exact solutions.

Practice

Use a graphing calculator to solve (or estimate the solutions of) each equation. Find any 
approximations accurate to the nearest hundred. See Examples 1 through 3.

	 1.	 x2 4 0� �

	 2.	 x2 9 0� �

	 3.	 x2 2 0� �

	 4.	 x2 15 0� �

	 5.	 x x2 4 12� �

	 6.	 x x2 6 7� �

	 7.	 x x2 2 11 0� � �

	 8.	 3 6 02x x� � �

	 9.	 � � � �x x2 3 8 0

	 10.	 � � � �2 4 5 02x x

	 11.	 2 2 02x x� � �

	 12.	 3 15 2x x� �

	 13.	 3 92x x� �

	 14.	 x x3 22 5� �

	 15.	 5 3 3x x� �

	 16.	 x x x3 22 4 6� � �

	 17.	 x x x�� � �� � �1 3 0

	 18.	 x x x�� � �� � �� � �2 1 4 0
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	 19.	 x x x�� � �� � �� � �3 1 5 0

	 20.	 x x x�� � �� � �� � �2 1 6 0

	 21.	 2 8 7 1 93 2x x x� � � �

	 22.	 3 4 103 2x x� � �

	 23.	 � � � �x x x3 24 5

	 24.	 x x4 210 0� �

	 25.	 x x4 23=

	 26.	 x x x4 3 2 0� � �

	 27.	 x x2 1

12
5� �

	 28.	 2 3 11x � �

	 29.	 2 1 7x � �

	 30.	 3 2 7x � �

	 31.	 4 1 19x � �

	 32.	 2 1 1x x� � �

	 33.	 x x� � �3 2

	 34.	
x

2
1

3

2
� �

	 35.	
x

x
5

1� �

	 36.	 x x� � �2 5

	 37.	 � � �3
1

2

2

3
x

	 38.	 0 7 3 11 10. x � � � �

	 39.	 � � �
1

2
5 43x

	 40.	 7 1 2x � � �

Use a graphing calculator to solve (or estimate the solutions of) each inequality. Write 
your answers in interval notation. See Example 4.

	 41.	 x > 6

	 42.	 x ≤ 3

	 43.	 x � �3 1

	 44.	 x � �5 2

	 45.	 x � �4 2

	 46.	 3 8 4x � �

	 47.	 x � � �2 10 17

	 48.	 x � � �4 2 10

	 49.	
x

3
1 2� �

	 50.	
x

4
3 1� �

	 51.	 � � �
1

2
3 5x

	 52.	 � � � �2 1 3 20( )x

Writing & Thinking
	 53.	 Use a graphing calculator and three graphs to solve the inequality 1 4 5� � �x .  

Write the answer in interval notation. Explain how you might solve this 
inequality algebraically.

	 54.	 Explain algebraically and graphically (using a graphing calculator) why the 

inequality 2 1 5x � � �  has no solution.
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Common Error 
“Divide out” only common factors.

Wrong Solution

4

8

8

8

x +

     is not a common factor.

                 

    

x

x

x

x

2 9

3

3

3

−

−

and are not common factors  .

Correct Solution

4 8

8

2

4

4

8
2

x x�
�

�� �

    is a common factor.

x

x

x

x

x

x

2 9

3

3

3

3

3

�
�

�
�

�

� � �� �
�� �

    is a common factor.

CAUTION

Margin Exercise Answers

1. a.  x ≠
1

5
  b.  x ≠ 3 4,   c.  no restrictions   2. a.  -

4

11
  b.  -

1

8
    

3. a. 
2

5
3; x ≠   b. 

x

x
x

�

�
� �

4

5
5 5; ,   c.  � �1 5; x

8.1 Exercises
Concept Check

Fill-in-the-Blank. Complete each sentence using information found in this section.

	 1.	 The technical name for a fraction with integers in the numerator and denominator is 
_________ number.

	 2.	 To simplify a rational expression, divide out any common _______ from the 
numerators and denominators.

	 3.	 When a numerator and denominator are multiplied by the same number, this is an 
example of the ___________ principle of rational expressions.

	 4.	 Values that make an expression undefined cannot be used and are called 
____________ on the variable.

	 5.	 The rules for rational expressions are the same as those for _________ in arithmetic.

	 6.	 The denominator of a rational expression can never equal _______.
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True/False. Determine whether each statement is true or false. If a statement is false, 
explain how it can be changed so the statement will be true. (Note: There may be more 
than one acceptable change.)

	 7.	 A simplified rational expression cannot have any common factors other than 1 and 
−1 in both the numerator and denominator.

	 8.	 The difference between a rational number and a rational expression is that a rational 
expression generally has polynomials in the numerator and/or denominator.

	 9.	 While a rational number cannot have a zero denominator, a rational expression can 
have a zero denominator.

	 10.	 If a denominator is x + 5, it is defined for all values except 5.

Practice

Reduce each expression to lowest terms. State any restrictions on the variable(s). See 
Examples 1 and 3.

	 1.	 9

12

2 3

4

x y

xy

	 2.	 18

27

4

2

xy

x y

	 3.	 20

30

5

2 3

x

x y

	 4.	 15

20

4

3 2

y

x y

	 5.	 x

x x2 3-

	 6.	 3

52

x

x x+

	 7.	 7 14

2

x

x

-
-

	 8.	 4 2

2 4

-
-

x

x

	 9.	 9 3

4 12

-
-

x

x

	 10.	 2 8

16 4

x

x

-
-

	 11.	 6 4

3 2

2x x

xy y

+
+

	 12.	 1 3

4 12

+
+

y

x xy

	 13.	 x x

x x

2

2

6

5 6

�
� �

	 14.	 x y

x xy

2 2

23 3

�
�

	 15.	 x x

x

2

2

4 21

9

- -
-

	 16.	 x x

x

2

2

11 18

4

� �
�

	 17.	 xy y x

y

� � �
�

3 2 6

42

	 18.	 3 14 24

18 9 2

2

2

x x

x x

� �
� �

	 19.	
x x

x y xy

2 5 14

5 2 10

� �
� � �

	 20.	 x x

x x

2

2

10 24

2 28

� �
� �

Evaluate each rational expression for the given value of the variable. See Example 2.

	 21.	
x

x
x

�
�

3

3
5

2
;

	 22.	
2 1

3 2
1

x

x
x

�
�

�;

	 23.	
5

4
3

2

2

x

x
x

�
� �;

	 24.	
3 4

25
3

2

y

y
y

�
�

�;

	 25.	
2 5

1
0

2

2

x x

x
x

�
�

�;

	 26.	
n

n n
n

3

2 5 6
1

� �
� �;

	 27.	
2 7

8 12
2

2

m

m m
m

�
� �

�;

	 28.	
� �
�

� �
x

x
x

3

3
10;

	 29.	 �
�
�

�
15

15
1000

x

x
x;

	 30.	 �
�
�

�
16

16
20

2

x

x
x;
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Applications

Solve.

	 31.	 The cost of renting a party room with tables, chairs, and simple decorations is $200 
plus $15 per person attending. 

a.	 Write a rational expression that represents the total price per person for renting 
the party room, where x is the number of people attending.

b.	 What is the price per person to rent the party room if 10 people are attending?

c.	 Determine which values of the variable will make the rational expression from 
part a. undefined.

d.	 Considering the context of the given problem, are there any additional 
restrictions on the variable? If so, explain why these restrictions are in place.

	 32.	 Amelia wants to join the Fit4Life gym, a local gym that offers a variety of different 
fitness classes. At Fit4Life gym, it costs $85 for a lifetime membership, and then 
you pay $8 per class. They are currently running a special where you get the first 10 
classes for free.

a.	 Write a rational expression that represents the average price per class where x is 
the number of classes Amelia takes.

b.	 What is the price per class after taking 100 classes?

c.	 Determine which values of the variable will make the rational expression from 
part a. undefined.

d.	 Considering the context of the given problem, are there any additional 
restrictions on the variable? If so, explain why these restrictions are in place.

	 33.	 Columbus High School plans to buy scientific calculators for use in their Earth 
Science classes. If they buy the calculators in bulk from Math Supplies Plus, the 
cost per calculator depends on how many calculators are purchased. The cost per 

calculator c is determined by the equation c
x

x
�

�� �
�

4 60

20
,  where x is the number of 

calculators purchased.

a.	 Find the cost per calculator if only 1 calculator is purchased.

b.	 Find the cost per calculator if 50 calculators are purchased.

c.	 Find the cost per calculator if 100 calculators are purchased.

d.	 What trend do you notice about the cost per calculator as the number of 
calculators purchased increases?

e.	 For what values of the variable is the price per calculator function undefined?

f.	 Considering the context of the equation, are there any additional restrictions on 
the variable? If so, explain why these restrictions are in place.
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	 34.	 An annuity is a type of savings account that you put money into after equal periods 

of time to reach a goal amount. Annuities are a type of investment that is generally 
used to meet long‑term savings goals such as college funds or retirement funds. The 
future value of an annuity is determined by the equation

FV P
r

r

n

�
�� � ��

�
�
�

�

�
�
�

1 1
,

		  where FV is the future value of the annuity, P is the size of the periodic payment, 
r is the interest rate, and n is the number of payments or times the interest 
is compounded.

a.	 Determine the future value of an annuity if the monthly payment is $100, the 
interest rate is 3%, and the payments are made for 60 months. Round your 
answer to the nearest cent.

b.	 Determine the future value of an annuity if the monthly payment is $200, the 
interest rate is 3%, and the payments are made for 60 months. Round your 
answer to the nearest cent.

c.	 What was the total amount of money paid into the annuity from part a.?

d.	 What was the total amount of money paid into the annuity from part b.?

e.	 The regular payment in part b. is double the regular payment in part a. Is the 
future value from part b. double the future value from part a.? Why do you think 
this is?

	 35.	 The area of a rectangle (in square feet) is represented 

by the polynomial function A x x x� � � � �4 4 152 . 

If the length of the rectangle is 2 3x �� �  feet, find a 
representation for the width.

	 36.	 The area of a rectangle (in square feet) is 
represented by the polynomial function 

A x x x� � � � �3 102 .  If the length of 

the rectangle is 3 5x �� �  feet, find a 
representation for the width.

Writing & Thinking
	 37.	 a.		 Define the term rational expression.

	 b.	 Give an example of a rational expression that is undefined for x = –2 and x = 3 
and has a value of 0 for x = 1. Explain how you determined this expression.

	 c.	 Give an example of a rational expression that is undefined for x = −5 and never 
has a value of 0. Explain how you determined this expression.

	 38.	 Write the opposite of each of the following expressions.

a.	 3 − x

b.	 2x − 7

c.	 x + 5

d.	 −3x − 2

A(x) = 4x 2 − 4x − 15

2x + 3

A(x ) = 3x 2 − x − 10

3x + 5
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4. 
x x

x
x

2 30

3 3
3 2 5

� �

�
� �

� �
; , ,    5. 

x

x
x

�
� �

1
0 3; ,    6. 

1

4 2x y
   7.  -

x

y2    8. 
x x

x

2

2

8 15

3 1

� �

�� �
    

9. 
x

x

�

�

4

4

8.2 Exercises
Concept Check
Fill-in-the-Blank. Complete each sentence using information found in this section.

	 1.	 To multiply two or more rational expressions, first completely ______ each 
numerator and denominator.

	 2.	 To divide any two rational expressions, multiply the first fraction by the _________ 
of the second fraction (the divisor).

	 3.	 After a rational expression has been reduced, it is typical to multiply out the 
_________ and leave the ___________ in factored form.

	 4.	 Remember that no rational expression can have a denominator with a value 
of _______.

	 5.	 When multiplying rational expressions, multiply the ______ and multiply the 
_______, keeping the expressions in factored form.

True/False. Determine whether each statement is true or false. If a statement is false, 
explain how it can be changed so the statement will be true. (Note: There may be more 
than one acceptable change.)

	 6.	 The reciprocal of x

x + 3
 is - -x

x

3
.

	 7.	 Dividing rational expressions is similar to dividing fractions.

	 8.	 There are no restrictions on the denominator 12x2.

	 9.	 Because 4

16

2x

x
 reduces to x

4
,  there are no restrictions on the denominator.

Practice

Perform the indicated operations and reduce to lowest terms. Assume that no 
denominator has a value of 0.

	 1.	 3

4

6

27

2 2

2

ax

b

b

x y
⋅

	 2.	 18

5

30

9

3

2

3

4

x

y

y

x
⋅

	 3.	 24

25

10

18

3

2

5x

y

y

x
⋅

	 4.	 16

3

21

10

8

11

9

7

x

y

y

x
�
�

	 5.	 x

x x

x

x

2

2

9

2

2

3

�
�

�
�
�

	 6.	 16 9

3 15

6

4 3

2

2

x

x x x

�
�

�
�

	 7.	 x x

x x

x

x

2

2

2 3

3 1

� �
�

�
�

	 8.	 4 16

16

4
2

x

x

x

x

�
�

�
�
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	 9.	 x x

x x

2

2

6 16

64

1

2

� �
�

�
�

	 10.	 4

4 4

3

2

2

2

�
� �

�
�

x

x x x

	 11.	 x x

x x

x

x

2

2

5 6

4

4

3

� �
�

�
�
�

	 12.	 2 3

4

2 8

1

2

2

x x

x x

x

x

� �
�

�
�
�

	 13.	
2 10

3 5 2

6 42

2 2

x x

x x

x

x

�
� �

�
�

	 14.	 x

x

x x

x

�
�

�
� �
�

3

16

3 4

12

2

2

	 15.	
x

x x

x x

x x2

2

27 12

2 24

7 6� �
�

� �
� �

	 16.	
x x

x

x x

x x

2 2

2

2 3

5

5 14

6

� �
�

�
� �
� �

	 17.	 8 2

2

4

3 4

2

2 2

� �
�

�
�

� �
x x

x x

x

x x

	 18.	 3 21

49

5 4

3 4

2

2

2

2

x x

x

x x

x x

�
�

�
� �
� �

	 19.	
x y

x xy y

x y

x xy y

�� �
� �

�
�

� �
2

5 6

2

4 4

2

2 2 2 2

	 20.	 4 6

3 10

4 12

5 6

2

2

2

2

x x

x x

x x

x x

�
� �

�
� �
� �

	 21.	
2 5 2

3 8 4

3 2

4

2

2

2

3

x x

x x

x x

x x

� �
� �

�
� �
�

	 22.	
x x

x x

x x

x x

2

2

2

2

5

4 12 9

6 7 3

10 25

�
� �

�
� �

� �

	 23.	 x

x

x x

x x

�
�

�
� �
� �

2

1

2 1

22

2

2

	 24.	 x

x

x x

x x

2 2

2

9

2 16

6 16

5 6

�
�

�
� �
� �

	 25.	
x

x

x x

x x

�
�

�
� �
� �

2

5

7 10

4 4

2

2

	 26.	
2 7 3

9

3 8 3

6 1

2

2

2

2

x x

x

x x

x x

� �
�

�
� �
� �

	 27.	
12

9

42

9

4

2 3

x y

xy

x y

x y
÷

	 28.	
35

24

15

84

3

3

4 3

4

xy

x y

x y

xy
÷

	 29.	
45

21

40

112

4

2 2

4

5

xy

x y

x

xy
÷

	 30.	
x

x

x- -3

15

4 12

5
÷

	 31.	
x

x

x

x x

�
�

�
�

1

6 6

2 2
2

÷

	 32.	
7 14 4

2

2

3

x

x

x

x

- -
÷

	 33.	 6 54 32

4 2

x

x

x

x

- -
÷

	 34.	 x

x

x

x

2 25

6 30

5�
�

�
÷

	 35.	 2 1

2

10 5

6 122

2

2

x

x x

x x

x x

�
�

�
�

÷

	 36.	 x

x x

x

x x

�
� �

�
� �

3

3 4

2

22 2
÷

	 37.	 6 7 3

1

2 3

1

2

2

x x

x

x

x

- -
-

-
-

÷

	 38.	
x

x x

x x

x x

2

2

2

2

9

2 7 3

3

2 11 5

�
� �

�
� �

÷

	 39.	
x x

x x

x x

x x

2

2

2

2

6 9

4 3

2 7 3

3 2

� �
� �

� �
� �

÷

	 40.	
x x

x x

x

x

3 2

2

22

11 28

4

7

+
+ + +

÷

	 41.	
2 1

4

4 1

162

2

2

x

x x

x

x

�
�

�
�

÷

	 42.	
x x

x x

x x

x x

2

2

2

2

4 4

5 6

2 8

7 12

� �
� �

� �
� �

÷

	 43.	
x x

x x

x x

x x

2

2

2

2

6

6 8

4 3

5 4

� �
� �

� �
� �

÷

	 44.	
x x

x x

x x

x x

2

2

2

2

12

6 25 9

6 8

3 17 6

� �
� �

� �
� �

÷
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	 45.	
6 5 1

4 3

3 2 1

3 2 1

2

3 2

2

2

x x

x x

x x

x x

� �
�

� �
� �

÷

	 46.	
8 2 15

3 13 4

2 5 3

6 1

2

2

2

2

x x

x x

x x

x x

� �
� �

� �
� �

÷

	 47.	
3 13 14

4 3

6 35

4 5 6

2

3 2

2

2

x x

x x

x x

x x

� �
�

� �
� �

÷

	 48.	
3 2

9 4

9 6 8

9 16

2

2

2

2

x x

x

x x

x

�
�

� �
�

÷

	 49.	 x x

x x

x x

x

2

2

28 15

9 14

4 21

1

� �
� �

� �
�

÷

	 50.	 6 11 10

2 3

5 2

3 5 2

2

2

3 2

2

� �
� �

�
� �

x x

x x

x x

x x
÷

	 51.	 x

x x

x x

x

x

x x

�
� �

�
�
�

�
�

� �
6

7 6

3

3

9

4 32

2 2

2

	 52.	

	 53.	

	 54.	

	 55.	
2 5 2

4 2 6 3

2 3 6

2 9 9

2

2

x x

xy y x

xy y x

y y

� �
� � �

� � �
� �

÷

	 56.	 2 12 6

2 24

2 11 5

5 4 202

2xy x y

y y

x x

xy y x

� � �
� �

�
� �

� � �

Applications

Solve

	 57.	 Erik is building a cubby bookshelf; that is, a bookshelf divided into storage holes 
(cubbies) instead of shelves. He wants the height of the bookshelf to be x2 - 3x - 10 and 
the width to be x2 + 5x + 6. Each cubby hole in the bookshelf will have a height of x + 3 
and a width of x - 5. 

a.	 Write a rational expression to determine how many cubbies high the bookshelf 
will be.

b.	 Write a rational expression to determine how many cubbies wide the bookshelf 
will be.

c.	 Multiply the rational expressions from parts a. and b. (and reduce to lowest 
terms) to obtain a rational expression that gives the total number of cubbies in 
the entire bookshelf.

	 58.	 The station manager at WSTB The AlterNation is planning a giveaway for the 
month.  
The monthly budget for the station is decided by the expression 60x2 + 330x + 360 
and the budget is split evenly between x + 3 things, including the giveaway. During 
the giveaway, the prizes will be given to every x + 3 caller. The station usually 
receives 5x2 + 65x + 180 calls during giveaways. 

a.	 Write a rational expression to determine how much of the budget will go to 
the giveaway.

b.	 Write a rational expression to determine how many callers will win prizes during 
the giveaway.

c.	 Find the rational expression used to determine the average amount the radio 
station can spend per prize by dividing the expression from part a. by the 
expression from part b. and reducing to lowest terms.

3 11 10

2 6

2 3

2 1

2 3

3 2 5

2

2

2

2

x x

x x

x x

x

x

x x

� �
� �

�
� �
�

�
�

� �

x x

x x

x x

x x

x x

x x

3 2

2

2

2

2

2

3

7 12

2 7 4

2

4 5

2 1

�
� �

�
� �
�

�
� �
� �

x x

x x

x x

x x

x x

x x

2

2

2

2

2

2

2 3

10 21

6 5

7 8

56

3 40

� �
� �

�
� �
� �

�
� �
� �
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Solution

The denominator on the right is already factored and we see that we need to multiply by 

1
1

1
�

�� �
�� �

x x

x x
 to get the equivalent expression with the desired denominator.

2

9

2

3 3

2 1

3 3 1

1

12

2
x

x

x

x x

x x

x x x x

x x

x x�
�

�� � �� �
� �

�� �
�� � �� � �� �

�� �
�� �

Now work margin exercise 7.

Margin Exercise Answers

1.  200   2. 
5

6
   3. 

21

20
   4.  5 92x �� �    5.  4 2 1 2 1

2
y y y� �� � � �    6.  −6x   7.  9 32x x �� �

8.3 Exercises
Concept Check

Fill-in-the-Blank. Complete each sentence using information found in this section.

	 1.	 The least common multiple (LCM) of two or more whole numbers is the ______ 
number that is a multiple of each of these numbers.

	 2.	 If two or more fractions have the same denominator, add the numerators and ______ 
the denominator.

	 3.	 When finding the LCM, the first step is to find the ______ ______ of each number.

	 4.	 To find a rational expression equivalent to a given rational expression P

Q
,  choose R 

so that Q ∙ R is the desired ______.

	 5.	 When adding fractions with different denominators, you need to change each fraction 
into a/an ______ fraction with the denominator equal to the LCD of the fractions.

True/False. Determine whether each statement is true or false. If a statement is false, 
explain how it can be changed so the statement will be true. (Note: There may be more 
than one acceptable change.)

	 6.	 When adding fractions with different denominators, add the denominators.

	 7.	 The fraction 
R

R
 is equivalent to 1.

	 8.	 The least common denominator (LCD) is the least common multiple of 
the denominators.

	 9.	 When finding the LCM of a set of polynomials, you only find the factors of any 
numerical terms.
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626 Chapter 8  Rational Expressions and Rational Equations

Practice

Find the least common multiple (LCM) of each set of numbers. See Example 1. 

	 1.	 15, 25, 30

	 2.	 18, 21, 63

	 3.	 16, 24, 27

	 4.	 35, 45, 63

	 5.	 20, 30, 40, 50

	 6.	 44, 55, 121

	 7.	 5, 10, 15, 20, 30

	 8.	 24, 36, 48, 54

Find the indicated sums and reduce, if possible. See Examples 2 and 3. 

	 9.	
5

17

6

17
+

	 10.	
3

25

7

25
+

	 11.	 5

8

7

8
+

	 12.	 5

6

5

6

1

6
+ +

	 13.	
1

2

7

10
+

	 14.	
7

10

1

5

3

10
+ +

	 15.	
1

2

1

10

1

6
+ +

	 16.	
2

15

7

15

2

45

1

30
+ + +

	 17.	
11

18

13

54

5

27
+ +

	 18.	
3

4

9

10

7

20

1

2
+ + +

Find the least common multiple (LCM) of each set of polynomials. See Examples 4 and 5.

	 19.	 x x2 25 7 35� �,

	 20.	 x x x2 14 49 9 63� � �,

	 21.	 6 24 3 12 5 20y y y- - -, ,

	 22.	 20 32 15 24 45 72y y y+ + +, ,

	 23.	 x x x2 29 6 9� � �,

	 24.	 2 50 10 252 2x x x� � �,

	 25.	 y y- -3 3,

	 26.	 22 22- -x x,

	 27.	 x x2 144 24 2- -,

	 28.	 30 3 20 1002� � �y y y,

	 29.	 x x x x2 212 9 20� � � �,

	 30.	 x x x x2 23 2 7 6� � � �,

	 31.	 x x xy y x2 5 14 2 3 6� � � � �,

	 32.	 y y xy x y2 4 3 3 5 15� � � � �,

	 33.	 2 72 9 182 2x x x� � �,

	 34.	 5 5 30 3 9 62 2x x x x� � � �,

	 35.	 2 10 12 60

3 21 182

xy y x

y y

� � �

� �

,

	 36.	 8 8 3 32 2 2x y x xy x y� � � �,

	 37.	 x x x x2 3 24 2 4 8� � � �,

	 38.	 x x x x2 3 225 5 5� � � �,
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Write a rational expression on the right equivalent to the given rational expression on 
the left. See Examples 6 and 7.

	 39.	
7

2 3 4 2 3x x�
�

�� �
?

	 40.	 2

4 2 42 2

x

x x x x�
�

�� �
?

	 41.	 11

2 6 6 3 3x x x�
�

�� � �� �
?

	 42.	 5

7 10 35 10 10x x x�� �
�

�� � �� �
?

	 43.	 3

4 4

x

x x x�
�

�� �
?

	 44.	 4

5 5 52x x x x x�
�

�� � �� �
?

	 45.	 y

y y y y y

�
�

�
�� � �� �

1

5 2 3 52

?

	 46.	

	 47.	
x

x x x

�
�

�
�� � �� �

1

1 1 32 2

?

	 48.	 x

x x x

�
�

�
�� � �� �

5

6 6 52 2

?

x

x x x x x

�
� �

�
�� � �� � �� �

3

2 1 2 1 1 3 22

?
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15

16 4

3

4

15

4 4 4

3

4

4

42x

x

x

x

x x x

x

x

x

x

x

x

x

�
�

�
�

�
�

�
�� � �� �

�
�

� �
�
�

�
�� �
�� �

� 44

4

15 4 3 4

4 4

15 4 7 122 2

� �
�� �

�

�
� �� � � �� � �� �

�� � �� �

�
� � � �

x

x x x x

x x

x x x x�� �

� � �

�� � �� �

�
� �

�� � �� �

�
�

�� � �� �

x x

x x x x

x x

x

x x

4 4

15 4 7 12

4 4

3 11

4 4

2 2

Now work margin exercise 7.

Completion Example Answers

3.  LCD � � �

�
�

�
�

�

� �� �
� �
�� �� �

�
� �
�� �� �

�
� � �

y y

y

y

y

y

y yy

y y

5 6

6

6

5

5

6 3

5

3

6

2

;

yy

y y

y y

y y

�

� �
� �
� �

� �
� �� �

�
� �� �

15

6 5

9 15

6 5

2

6. 
x

x

x

x x

x

x

x

x x x x� �
�
�

�
� �

�
� �� �� �

�
� �
�� �� �

�
� � �

� �� �
�
� ��2 1

1

1

1

2 1

1

2 1

1

2 ��

Margin Exercise Answers

1. a. 
1

5
5 5

x
x

�
� �; ,   b. 

3

5
5 3

x
x

�
� � �; ,    2. a. 

x x

x x

2 6 6

3 2

� �

� �� �� �   b. 
x x

x x

2

2

2 25

5 5

� �

� �� � � �

3. 
s s

s s

2 5 12

3 1

� �

� �� �� �    4. a. 
x y

x y

�

�

2

3
  b. 

x

x

�

�

5

3
  c. 

x

x

�

�

5

4
   5. a. 

x

x

+

+

18

6
  b. 

15 13 4

3

2 2

2

x xy y

x y x y

� �

� �� � � �

c. 
� � �

� �� �� �
x x

x x

2 2 12

6 3
  d. 

11 17

2 1 3

y

x y y

�

� � �� �� �� �    6. 
� �

�� �
4 1

1
2

x

x
   7. 

8 1

5 5

y

y y

�

� �� �� �

8.4 Exercises
Concept Check

Fill-in-the-Blank. Complete each sentence using information found in this section.

	 1.	 To add rational expressions with a common denominator, proceed just as with 
fractions: add the __________ and keep the common ___________.

	 2.	 When finding the LCM for a set of polynomials, the first step is to _______ 
each polynomial.

	 3.	 Next, form the product of all factors that appear, using each factor the ______ 
number of times it appears in any one polynomial.

	 4.	 To add rational expressions with different denominators, first find the _______.
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636 Chapter 8  Rational Expressions and Rational Equations

	 5.	 Then, rewrite each fraction in a/an ____________ form with the LCD as 
the denominator.

	 6.	 The final step when adding or subtracting rational expressions is to ______, 
if possible.

True/False. Determine whether each statement is true or false. If a statement is false, 
explain how it can be changed so the statement will be true. (Note: There may be more 
than one acceptable change.)

	 7.	 The LCM of a set of denominators is called the least common denominator.

	 8.	 With polynomials, it is most common to place negative signs in the denominator.

	 9.	 As with addition, when subtracting rational expressions with different denominators, 
the first step is to find the LCM of the denominators.

	 10.	 You should not use parentheses when subtracting rational expressions.

Practice
Perform the indicated operations and reduce, if possible. Assume that no denominator 
has a value of 0.

	 1.	 3

4

12

4

x

x x+
+

+

	 2.	 7

5

35

5

x

x x+
+

+

	 3.	 x

x

x

x

�
�

�
�
�

1

6

13

6

	 4.	 3 1

2 6

11

2 6

x

x

x

x

�
�

�
�
�

	 5.	 3 1

5 2

2 1

5 2

x

x

x

x

+
+

+
+
+

	 6.	 x

x

x

x

2 3

1

4

1

+
+

+
+

	 7.	 x

x x

x

x x

�
� �

�
�

� �
5

2 1

3

2 12 2

	 8.	 2 5

4

3 1

4

2

2 2

x

x

x

x

�
�

�
�
�

	 9.	 13

7

1

7-
-

-x x

	 10.	 6

6

36

6

x

x x�
�

�

	 11.	 3

4

16

4

x

x

x

x�
�

�
�

	 12.	 20

10

3

10x x-
-

-

	 13.	 x

x x

x

x x

2

2 2

2

12

1

12

�
� �

�
�

� �

	 14.	 10

6

5

62 2x x

x

x x� �
�

� �

	 15.	 x

x

x

x

2

2 2

2

4

4 2

4

�
�

�
�
�

	 16.	 2 5

2 1

4 2

2 12 2

x

x x

x

x x

�
� �

�
�
� �

	 17.	 x

x

x

x

�
�

�
�
�

3

7 2

2 1

14 4

	 18.	 3 1

4 10

4

2 5

x

x

x

x

�
�

�
�
�

	 19.	 5

3 92x

x

x�
�

�

	 20.	 x

x x

x

x

�
� �

�
�

1

3 10 52

	 21.	 x

x x�
�

�1

4

2

	 22.	 x

x

x

x

�
�

�
�
�

1

3 1

8 4

2

	 23.	 x

x x

�
�

�
�

2

3

4

3

	 24.	 x

x

x

x

�
�

�
�

1

4

3

5

	 25.	 x

x

x

x

�
�

�
�
�

2

3 9

2 1

2 6

	 26.	 x

x

x

x4 8

3 2

3 6�
�

�
�
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	 27.	 3

6

2

362

x

x

x

x�
�

�

	 28.	 4

5

2 3

4 52x

x

x x�
�

�
� �

	 29.	 4 1

7

1

8 72

x

x

x

x x

�
�

�
�

� �

	 30.	 3 4

20

2

52

x

x x x

-
- -

-
-

	 31.	 4

3 28

3

6 72 2

x

x x x x� �
�

� �

	 32.	 3

2 1 9 82 2

x

x x

x

x x� �
�

� �

	 33.	
3 4

2 23 30

5

2 19 242 2

x

x x

x

x x

�
� �

�
�

� �

	 34.	
x

x x x x

�
� �

�
� �

1

3 2

6

6 82 2

	 35.	 4 1

5 4

2 7

11 282 2

x

x x

x

x x

�
� �

�
�

� �

	 36.	 7 3

5 27 36

3 2

5 22 242 2

x

x x

x

x x

�
� �

�
�

� �

	 37.	 x

x x

x

x x

�
� �

�
�

� �
6

7 3 4

7

7 18 82 2

	 38.	 x

x x x x

�
� �

�
� �

10

5 4

4

6 82 2

	 39.	 x

x x

x

x x

�
� �

�
�
� �

3

4 5 6

4 10

2 102 2

�	 40.	 2 1

8 37 15

2

8 11 32 2

x

x x

x

x x

�
� �

�
�

� �

	 41.	 3

4

7

4

3

162

x

x

x

x

x

x�
�

�
�

�
�

	 42.	 x

x

x

x

x

x�
�

�
�

�
�
�3

1

3

4

9

2

2

	 43.	 � �
�
�

�
�

� �
1

2

5

3

1

5 62

x

x

x

x x

	 44.	 � �
�
�

�
�

� �
4

1 2

6

1

4 12

2

2

x

x

x

x x

	 45.	 2

4

3

3 2

1

22 2 2x x x

x

x x�
�

� �
�

�
� �

	 46.	 5

3 2

4

6 8

6

5 42 2 2x x x x x x� �
�

� �
�

� �

	 47.	 x

x x

x

x x

x

x x2 2 24 21

1

8 7

3

2 3� �
�

�
� �

�
� �

	 48.	 3

4 5

2

3 17 10

3

3 22 2 2

x

x x x x x x� �
�

� �
�

� �

	 49.	 3 9

5 4

49

12

3 21

2 32 2 2

x

x x x x

x

x x

�
� �

�
� �

�
�

� �

	 50.	 5 22

8 15

4

4 3

6

6 52 2 2

x

x x x x x x

+
+ +

+
+ +

+
+ +

	 51.	 x

xy x y

x

xy x y� � �
�

�
� � �2 2

2

1

	 52.	 4

3 3

2

2 3 6

x

xy x y

x

xy y x� � �
�

�
� � �

	 53.	 3

2 3 6 2 152

y

xy x y

x

x x� � �
�

� �

	 54.	 2

4 2 8

5

3 42xy x y

y

y y� � �
�

� �

	 55.	
x

x

x x

x x

�
�

�
� �
� �

6

2 1

3 4

2 3 1

2

2

	 56.	
2 5

2 2

2 5

12

2

3 2

x

x

x x

x x x

�
�

�
� �

� � �

	 57.	
x

x x x

x x

x x

�
� � �

�
� �
� �

1

3 3

5 8

8 93 2

2

4 2

	 58.	
x

x x x

x

x x x

�
� � �

�
�

� � �
4

5 6 30

7

2 6 123 2 3 2

	 59.	
x

x x

x

x x

x

x x

�
� �

�
� �

�
� �

6

3 10 3

2

2 3

6

3 2 12 2 2

	 60.	 x

x x

x

x x

x

x x

�
� �

�
� �

�
� �

1

2 1

2

2 5 2

2

22 2 2
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Applications

Solve.

	 61.	 A landscaper is hired to place large flowering bushes along the borders of a botanical 
garden. The property is in the shape of a rectangle that measures 7x2 + 3 feet long by 
4x2 + 5 feet wide. The bushes are to be placed every x + 2 feet across the width of the 
property and every x - 2 feet along the length of the property.

a.	 Write a rational expression to determine how many bushes will go along one 
length of the property.

b.	 Write a rational expression to determine how many bushes will go along one 
width of the property.

c.	 Use the rational expressions from parts a. and b. to create a rational expression 
to determine how many bushes will be needed to line the entire property.

	 62.	 Two teams of set designers are jointly creating a set for a scene in a movie. In one hour, 
the first team can create 1

x  of the set and the second team can create 1
2 3x-  of the set. If 

the two teams work together, how much of the set will be completed in one hour? 

	 63.	 Three janitors work the night shift at the local hospital. Working alone, it takes 
Marla three more hours than it takes Tom, and it takes Bob twice as long as it takes 
Marla. So in one hour, Tom can clean 1

x
 of the building, Marla can clean 1

3x+  of the 
building, and Bob can clean 1

2 6x+
 of the building. If all three janitors work together, 

how much of the building can they clean in one hour?

	 64.	 Anna’s average running speed is three times faster than her walking speed. Since 

time =
distance

rate
,  the time it takes Anna to run 30 km is 30

3x  and the time it takes 

Anna to walk 30 km is 30
x .  Find the difference between Anna’s walking time and 

running time for the 30 km.

	 65.	 A car and a truck are both traveling to the same destination. The car is traveling 15 

mph more than twice the speed of the truck. (Use the formula time =
distance

rate
.)

a.	 Write a rational expression to describe the time it will take the truck to travel 
100 miles.

b.	 Write a rational expression to describe the time it will take the car to travel 
100 miles.

c.	 Find a rational expression to describe the difference in travel time between the 
truck and the car for the 100 miles.
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	 66.	 During Expedition 34 to the International Space Station, three crew members are 
tasked with unloading supplies from the SpaceX Dragon spacecraft. In one hour, 
Chris Hadfield can unload 1

x
 of the supplies, Thomas Marshburn can unload 1

4x+  
of the supplies, and Oleg Novitskiy can unload 1

2x-
 of the supplies. If they work 

together, what portion of the supplies will they unload in one hour?

a.	 Find the sum of the fractions of the supplies each crew member can unload in 
one hour.

b.	 If x = 10, what fraction of the supplies will be unloaded after one hour?

c.	 When x = 10, will more than half of the supplies be unloaded in one hour? 
Explain your answer.

	 67.	 Barbara’s Bombtastic Bakery was a cupcake shop when it first opened up. The 
bakery space that Barbara rented came with most of the equipment that was needed, 
such as a commercial oven and a display case. This meant that she only had to buy 
a mixer for $5000, cupcake pans for $250, and various utensils for $500. Barbara 
estimated that the ingredients for each cupcake would cost $0.35.

a.	 What was the total amount that Barbara spent on equipment to bake 
the cupcakes?

b.	 The total cost to bake the cupcakes is equal to the sum of the total amount spent 
on equipment plus the total amount spent on ingredients. Create a function 

C x� �  to describe the total cost to bake the cupcakes and use the variable x to 
represent the number of cupcakes baked.

c.	 The average cost to bake each cupcake is calculated by dividing the total cost by 

the number of cupcakes baked. Create a formula A x� �  to describe the average 
cost to create each cupcake.

d.	 After Barbara’s Bombtastic Bakery’s first week of business, Barbara baked a 
total of 950 cupcakes. What was the average cost to bake each cupcake after the 
first week? Round your answer to the nearest cent.

e.	 After one month of business, Barbara baked a total of 3500 cupcakes. What was 
the average cost to bake each cupcake after the first month? Round your answer 
to the nearest cent.

Writing & Thinking
	 68.	 Discuss the steps in the process you go through when adding two rational 

expressions with different denominators. That is, discuss how you find the least 
common denominator when adding rational expressions and how you use this LCD 
to find equivalent rational expressions that you can add.
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C �Simplifying Complex 
Algebraic Expressions

A complex algebraic expression is an expression that involves rational expressions and 
more than one operation. In simplifying such expressions, the rules for order of operations 
apply. As with complex fractions, the objective is to simplify the expression so that it is 
written in the form of a single reduced rational expression.

Example 6	 Simplifying Complex Algebraic Expressions

Simplify the following expression.

4

3 3 3

�
�

�
�

�
�

x

x

x

x

x

x

Solution

The rules for order of operations indicate that the division is to be done first, followed by 
the addition.

4

3 3 3

4

3 3

3

4

3

3

3
4 3

3

�
�

�
�

�
�

�
�
�

�
�

�
�

�
�
�

�
�
�

�
� � �

�

x

x

x

x

x

x

x

x

x

x

x

x

x

x

x

x
x x

x

��
�
1

3x

Now work margin exercise 6.

Margin Exercise Answers

1. 
1

3y
   2. 

�

�� �
6

6
2

x
   3.  -9xy    4. 

�

�� �
6

6
2

x
   5.  -9xy    6. 

x

x

+

+

2

4

8.5 Exercises
Concept Check

Fill-in-the-Blank. Complete each sentence using information found in this section.

	 1.	 The goal in simplifying complex fractions is to create a reduced 
________ expression.

	 2.	 There are two methods of simplifying complex fractions. One method begins by 
simplifying the __________ and the _________ into single rational expressions.

	 3.	 A second method of simplifying complex fractions requires that the ___ of all 
denominators be found.

	 4.	 In a complex fraction, the large fraction bar is a symbol of ___________.

	 6.	Simplify the 
following expression.

6

4 4 4x

x

x

x

x�
�

�
�

�

	@ Math Tip
Pay close attention to the 
order of operations when 
simplifying complex 
algebraic expressions. It 
may be tempting to add 
the numerators of the first 
two terms in Example 6 
since they share a common 
denominator. However, this 
would give us the wrong 
solution since division 
between the second and third 
terms needs to happen first.
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	 5.	 An expression that involves rational expressions and more than one operation is 
called a/an ________ ________ expression.

	 6.	 A fraction in which the numerator and/or denominator are fractions or are the sums 
and/or differences of fractions is considered a/an _______ fraction.

True/False. Determine whether each statement is true or false. If a statement is false, 
explain how it can be changed so the statement will be true. (Note: There may be more 
than one acceptable change.)

	 7.	 When simplifying complex fractions, the answer should always be reduced to 
lowest terms.

	 8.	 Complex fractions are those fractions in which only the denominator consists of one 
or more fractions itself.

	 9.	 Sometimes finding the LCM of all denominators is an important first step for 
simplifying complex fractions.

	 10.	 The LCM of the denominators of 2

6x -
 and x

6
 is 6.

Practice

Simplify the following complex fractions. See Examples 1 through 5.

	 1.	

2
3
5
6

2

2

x

y
x

y

	 2.	

6
5

10

2

2

x

y
x

y

	 3.	

12
7
3
2

3

2

5

x

y
x

y

	 4.	

9
7
3
14

2

3

x

y
xy

	 5.	

x

x
x

x

�

�

3
2

2 1
4 2

	 6.	

x

x
x

x

�

�

2
6

3
3 2

	 7.	

2 1

2
3

x

x

x

�

�

	 8.	
2

3

42

-

-
x

x

x

	 9.	

3 1
2

1
2

x x

x

+

+

	 10.	

3 5
2

1
4

x x

x

+

+

	 11.	
1

1

1
1

2

�

�

x

x

	 12.	

2
1

4
12

y

y

�

�

	 13.	

1 1
3
6

2

x x
x

x

+

+

	 14.	

3 6

2

2

2

x x
x

x

-

-

	 15.	

7 14

1 4

2

3

x x

x x

-

-

	 16.	

x

x

x

x
3

1
9

1
27 9

2

2

+

+

	 17.	

1
3

1

1
2

1

�

�

x

x

	 18.	

x

y

y x

-

-

1
3

6 2

	 19.	

2 3
4

3
2

5
3

x y

x y

�

�

	 20.	

4
3

5

1
3

3
x y

y

�

�

	 21.	
1

1

1

2

�
�

�

�

x

x

	 22.	 x

x

�

�

�
�

3

1

1

1

	 23.	
1

1 1x y� ��

	 24.	 x y

x y

-
-- -2 2

	 25.	
x y

x y

� ��
�

1 1

	 26.	 y x

x y

� ��
�

2 2

	 27.	 x y

x y

� �

� �

�
�

1 1

1 1
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	 28.	 x y

x y

� �

� �

�
�

1 1

2 2

	 29.	

4
1

1
1

3

x

x

-

-
-

	 30.	
x

x

x

�
�

�

3
4

1
1

	 31.	
1

4
3

1
2

1

�
�

�
�

x

x

	 32.	
1

4
2 3

1
1

�
�

�
�

x
x

x

	 33.	
1 1

x h x
h

�
�

	 34.	

1 1
2 2

x h x

h

�� �
�

	 35.	
2

1
2

1
�

�
�
�
�

�
�
� � ��

�
�

�
�
�

x h x
h

	 36.	

1
3

1
32 2

x h x

h

�� �
�

�

�
�
�

�

�
�
�
� ��
�
�

�
�
�

	 37.	 x y
x y

x y

2 24

1
2
�

�
�
�

	 38.	 8 2
4 1

2

2 2x y
x

x y

-
-

-
-

	 39.	

x

x

x

x
x

x

x

x

�
�

�
�
�

�
�

�
�
�

1
1

1
1

1
1

1
1

	 40.	

1
1

1
1

1
1

1
1

2

2

x x

x x

�
�

�

�
�

�

	 41.	
x

x x
x

x x

�
�

�

�
�

�

4
1

1

1
2

3

	 42.	
1

1 2

2
2

1

x

x

x
x

x x

�
�

�

�
�

�

Simplify the following complex algebraic expressions. See Example 6.

	 43.	 1

1

3

2

4

1x x

x

x�
� �

�

	 44.	 4 2

2

2

52x x x

x
�

�
�
�

	 45.	
8 3

4

4 5

x x

x

x
��

�
�

�
�
� �

�

	 46.	 2 5

3 2 6x x

x

x
�

�
�
�
�

�
�
� � �

	 47.	 x

x x

x

x�
�

�
�
�

1

3

1

2

	 48.	 x

x

x

x

x

x

�
�

�
�

�
�3

2 2

3
2

	 49.	 x

x

x

x x

x

x

�
�

�
�

� �
�

�
�

1

4

6

3 4

4

12

	 50.	 x

x x

x

x x�
�

�
�

�
� �3

3

5

2

3 102
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Applications

Solve.

	 51.	  To calculate the average rate of a two-part commute, where each part is the same 
distance, the following formula is used.

2

1 2

d
d

r

d

r
+

		  In the formula, d is the commute distance traveled one way, r1 is the rate, or speed, 
during the first part of the trip, and r2 is the rate during the second part of the trip.

a.	 Simplify the expression.

b.	 Calculate the average rate of the trip if you can travel 35 miles per hour during 
the first part of the trip and 60 miles per hour during the second part of the trip. 
Round your answer to the nearest tenth.

c.	 Use the answer from part b. and the formula d = rt to calculate how long the 
commute took if the total distance of the trip was 80 miles. Round your answer 
to the nearest tenth.

	 52.	 The average percent yield (APY) of an annuity is the annual interest rate earned in a 
given year that accounts for the effects of compounding. The APY acts as the interest 
rate for a simple interest account and is larger than the stated interest rate on the 
compound interest account. The formula to calculate the APY on an annuity after 2 
years is

APY � ��
�
�

�
�
� �1

2
1

2
r

,

		  where r is the stated interest rate.

a.	 Simplify the expression for APY and write as a single rational expression.

b.	 Using the original formula, calculate the APY for an annuity whose interest rate 
is 6%. Do not round.

c.	 Using the expression in part a., calculate the APY for an annuity whose interest 
rate is 6%. Do not round.

d.	 Does the result from part c. match the result from part b.? Explain why or 
why not.

e.	 How much larger is the APY than the interest rate? 

f.	 Why do you think the APY is larger than the interest rate? Write a 
complete sentence.

Writing & Thinking
	 53.	 Some complex fractions involve the sum (or difference) of complex 

fractions. Beginning with the outermost denominator, simplify each of the 
following expressions.

a.	 1
1

1
1

1
1

1 1

+
+

+
+

b.	 2
1

2
1

2
1

2 1

-
-

-
-

c.	 x
x

x
x

+
+

+
+

1
1

1
1
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Because the length of a side cannot be negative, the only acceptable solution is x = 10. Thus, 

QR=10.Substituting 10 for x gives AB� � �10 4 6.

Now work margin exercise 8.

Completion Example Answers

6. 

Restrictions: x

x
x

x
x

x

x x
x x

�

�� �� � �
�

� �� �� � � �
�� � �

�

� �

5 1

1 15
1

5
3 1

5 1

,

�� �
� �� �� � � �

�

�� � � � � � � � � �� �
� �

�

� �

� �

x
x

x

x x x

x x

x

x x

x x

5
2

5

5 2

5

1

3 1 1

3 12 22 2

2 1 2

1

� �
� �

�
�
�

x

x x

x

Margin Exercise Answers

1. a.  x = 11   b.  x = 16   2.  225 miles   3.  x x� � � � �7 2 0 4 3, , ; ,    4.  x x� �0 2
2

5
, ;

5.  x � �5 0 5, , ; no solution    6.  y y� � �5 2
1

7
, ;    7.  l

SA wh

h w
�

�

�

2

2 2
   8.  x = 9

8.6 Exercises
Concept Check
Fill-in-the-Blank. Complete each sentence using information found in this section.

	 1.	 A comparison of two numbers by division is called a/an ________. 

	 2.	 An equation stating that two ratios are equal is called a/an ________.

	 3.	 Solutions that are not actually solutions of the original equation are called 
__________ solutions.

	 4.	 One method of solving proportions is to clear the equation of ______ by first 
multiplying both sides of the equation by the LCD.

	 5.	 Rational expressions may contain ______ in either the numerator, the denominator, 
or both.

	 6.	 When solving an equation containing rational expressions, multiply both sides of the 
equation by the LCD and ______.

x x

x x

x x

x x

2 4 60 0

10 6 0

10 0 6 0

10

� � �

�� � �� � �
� � � �

� �
or

                ��6
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True/False. Determine whether each statement is true or false. If a statement is false, 
explain how it can be changed so the statement will be true. (Note: There may be more 
than one acceptable change.)

	 7.	 An equation that involves the sum of rational expressions is also a proportion.

	 8.	 Multiplying by an LCD can cause extraneous roots.

	 9.	 A proportion is properly written if the numerators agree in type and the denominators 
agree in type.

	 10.	 When checking the solutions in the original equation, any solution that gives a 0 
denominator cannot be checked.

Practice
State any restrictions on x, and then solve the proportions. See Example 1.

	 1.	 4

7

5

3

x x
�

�

	 2.	 3 1

4

2 1

3

x x�
�

�

	 3.	 10 5

2x x
�

�

	 4.	 8

3

12

2 3x x�
�

�

	 5.	
4

4

2

3x x�
�

�

	 6.	 3

5

6

2x x�
�

�

	 7.	
x

x

x

x

�
�

�2

5

6

3

	 8.	 x

x

x

x

�
�

�4

3

2

5

	 9.	 5 2

6

11

4

x

x

�
�

�

	 10.	 x

x

�
�

�
9

3 2

5

8

State any restrictions on x, and then solve the equations. See Examples 3 through 6.

	 11.	
5

4

1

2

3

16

x
� � �

	 12.	
x

6

1

42

1

7
� �

	 13.	
3 1

6

3

4

7

12

x x�
�

�
�

	 14.	
x x�

�
�

�
2

3

3

5

13

15

	 15.	
2

4

5 2

12

8 2

5

�
�

�
�

�x x x

	 16.	
4 1

5

2 3

2

2

4

x x x�
�

�
�

�

	 17.	
2

3

1

4

1

6x x
� �

	 18.	
1 8

21

3

7x x
� �

	 19.	
3

5

1

5

3

4x x
� �

	 20.	
3

8

7

10

1

5x x
� �

	 21.	
3

4

1

2

7

8

1

6x x
� � �

	 22.	
5

3

1

2

7

9

5

6x x
� � �

	 23.	
2

4 1

4

92x x x�
�

�

	 24.	
3

4 1

4
2x x x�

�
�

	 25.	
9

6

5

2 32x x x�
�

�

	 26.	
�
�

�
�

9

5

8

4 92x x x

	 27.	
x

x x�
�

�
�

4

4

2 1
1

	 28.	
x

x x�
�

�
�

3

1

2
1
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	 29.	
x

x

x

x

�
�

�
�
�

�
2

1

2

4
2

	 30.	
3 2

4

2 5

1
5

x

x

x

x

�
�

�
�
�

�

	 31.	 2

4 1

1

1

3

1x x x�
�

�
�

�

	 32.	
x

x x

x

x

�
�

�
�

�
�
�

2

4

3

2 1

7

4

	 33.	
x

x

x

x

x

x x

�
�

�
�
�

�
� �

2

3

3

2

2

5 6

2

2

	 34.	
x

x

x

x x

x

x�
�

� �
�

�
�4

12

20

1

52

	 35.	
3 5

3 2

8 16

3 4 4

2

22

x

x

x

x x

x

x

�
�

�
�
� �

�
�
�

	 36.	
3 5

3 2

4 2

3 8 4

4

22

x

x

x

x x

x

x

�
�

�
�
� �

�
�
�

	 37.	
3

3 1

1

1

4

2 1x x x�
�

�
�

�

	 38.	
2

1

4

2 3

4

5x x x�
�

�
�

�

Solve each of the formulas for the specified variable. Assume no denominator has a 
value of 0. See Example 7.

	 39.	 S
a

r
�

�1
; solve for r (formula for the sum of an infinite geometric sequence)

	 40.	 z
x x

s
�

�
; solve for x (formula used in statistics)

	 41.	 z
x x

s
�

�
; solve for s (formula used in statistics)

	 42.	 a a n dn � � �� �1 1 ;  �solve for d (formula for the nth term in an arithmetic sequence)

	 43.	 m
y y

x x
�

�
�

1

1

; solve for y (formula for the slope of a line)

	 44.	 v
d d

t tavg �
�
�

2 1

2 1

; solve for d2 (formula for mean velocity)

	 45.	 1 1 1

1 2R R Rtotal

� � ; solve for Rtotal (formula used in electronics)

	 46.	 1 1 1

1 2x t t
� � ; solve for x (formula used in mathematics)

	 47.	 A = P + Pr; solve for P (formula used for compound interest)

	 48.	 y
ax b

cx d
�

�
�

; solve for x (formula used in mathematics)

The following exercises show pairs of similar triangles.  Find the lengths of the sides 
labeled with variables. See Example 8.

	 49.	 ∆JKL ∼ ∆JTB	

	

L

3x

25

x

3T
B

J

K

	

	 50.		  ∆QRP ∼ ∆TUS

	

R

4x

4

x
T

PQ

9

U

S
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	 51.	 ∆ABC ∼ ∆RST

	

A

S

TR
C

B

6

4
y

y −10

	 52.	 ∆FED ∼ ∆FGH

		

D

F
x

8

5

G

HE

x + 6

	 53.	 ∆SUT ∼ ∆PRQ 

		

R

2y

y − 4

y

T

P Q
16

U

S

	

	 54.	 ∆ABC ∼ ∆DEC

	

B

D

x
4

x + 6
C

EA

3x

	 55.	 In the parallelogram ABCD, AB = CD = 10 in. Diagonal AC = 12 in. The point M on 

AB  is 6 in. from A. Point P is the intersection of DM  with AC . The triangles APM 

and CPD are similar.  (Symbolically, ∆APM ∼ ∆CPD.) What are the lengths of AP  

and PC ?

B

D C

A

P

M

 

	 56.	 If, in the same parallelogram discussed in Exercise 55, the point P is the point of 

intersection of the two diagonals, AC  and DB , what are the lengths of AP  and 

PC ?

B

D C

A

P
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Applications

Solve.

	 57.	 Making a statistical analysis, Ana found 3 defective computers in a sample of 
20 computers. If this ratio is consistent, how many defective computers does she 
expect to find in a batch of 2400 computers?

	 58.	 At the Bright-As-Day light bulb plant, 3 out of each 100 bulbs produced are 
defective. If the daily production is 4800 bulbs, how many are defective?

	 59.	 A university has a ratio of 1 professor for every 23 students. If there are 1600 faculty 
members at the university, how many students are enrolled there?

	 60.	 New York Yankees player Didi Gregorius has a recorded batting average of 15 hits 
for every 50 times at bat. If he maintains this average, how many at-bats will he need 
to achieve 111 hits? (Round to the nearest whole number.)

	 61.	 On a map of Maryland, one inch represents 4 miles. If there are 8.5 inches between 
Baltimore, MD, and Washington, DC, how far are the two cities from each other?

	 62.	 A floor plan is drawn to scale in which 1 inch represents 4 feet. What size will the 
drawing be for a room that is 30 feet by 40 feet? (Hint: Set up two proportions.)

	 63.	 The recipe for Nestle Tollhouse Chocolate Chip Cookies calls for 2 cups of chocolate 
chips to make 5 dozen cookies. If you want to bake 17 dozen cookies, how many 
cups of chocolate chips do you need?

	 64.	 The instructions for Never-Ice Antifreeze states that 4 quarts of antifreeze are needed 
for every 10 quarts of radiator capacity. If Sal’s car has a 22-quart radiator, how 
many quarts of antifreeze will it need?

	 65.	 An architect is to draw plans for a city park. He intends to use a scale of 1
2  inch to 

represent 25 feet. How many inches will be needed to use for the length and width of 
a rectangular playing field that is 50 yards by 125 yards? (Note: 1 yard = 3 feet.)

	 66.	 A test driver wants to increase the speed of the car he is driving by 3 miles per hour 
every 2 seconds. However, he can only check his speed every 5 seconds because he 
is busy with other tasks during the test drive.

a.	 By how much should he increase his speed in 5 seconds?

b.	 If he starts checking his speed at 40 miles per hour, how fast should he be going 
after 10 seconds?

	 67.	 Jack and Diane are decorating a nursery room for their baby, which will be born in a 
few months. In one hour, Jack can get 1

6  of the nursery done and Diane can get 1
12  

of the nursery done. If they work together, they can get 1
x  of the nursery done in one 

hour. Determine how many hours it will take Jack and Diane to decorate the nursery 
if they work together by solving the equation 1

6
1

12
1� � x

 for x.
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	 68.	 A local print shop has a big order of pamphlets to print, so they decide to use two of 
their printers for the one job. The newer printer can print the pamphlets four times as 
fast as the older printer. That means in one hour, the newer printer can complete 1

x  of 
the print job and the older printer can complete 1

4x  of the print job. Working together, 
the printers can complete the job in 4 hours. Determine how many hours it would 
take the newer printer to print all of the pamphlets by itself by solving the equation 
1 1

4
1
4x x� �  for x.

	 69.	 Two groups of civil engineers are surveying an area to prepare for the construction 
of a shopping center. The first group is full of new college graduates, and it will 
take them four more hours than it takes the second group, which is full of seasoned 
professionals. The second group can complete the job in x hours. This means that 
in one hour, the first group can complete 1

4x+  of the job and the second group can 
complete 1

x  of the job. Working together, they can complete the surveying job in 
15
4  hours. Determine how many hours it would take each team to complete the job 

individually by solving the equation 1
4

1 4
15x x� � �  for x.

	 70.	 Terrence and Alicia are competing in a marathon where the average running speed 
is x kilometers per hour. Terrence is running 2 kilometers per hour slower than 
the average running speed. Alicia is running 2 kilometers per hour faster than the 
average running speed. After a certain amount of time, Terrence ran 4 kilometers and 
Alicia ran 6 kilometers.

a.	 Determine the speed of the average runner by solving the equation 4
2

6
2x x� ��  

for x.

b.	 What was Terrence’s average running speed?

c.	 What was Alicia’s average running speed?

d.	 How long did it take Terrence to run 4 kilometers and Alicia to run 6 kilometers?

	 71.	 A team of gardeners is making two flower beds that are in the shape of similar 
triangles outside of an art museum. The apprentice gardener wasn’t completely 
paying attention to the instructions given by the master gardener. All that he can 
remember is that the flower beds are isosceles triangles, the base of the small triangle 
is 3 feet wide, one side of the larger triangle is 16 feet long, and the base of the large 
triangle is three times the side length of the small triangle. The apprentice gardener 
needs to determine the unknown dimensions of the triangles.

a.	 Use the figure to write an equation to show that the side lengths are proportional.

b.	 Solve the equation from part a. for x.

c.	 Do any of the solutions from part b. not make sense in the context of the 
problem? If yes, explain why.

d.	 What are the lengths of the unknown sides of the triangles?

L B

K

J

T

16

3

3x

x
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Writing & Thinking
In simplifying rational expressions, the result is a rational or polynomial expression. 
However, in solving equations with rational expressions, the goal is to find a value (or 
values) for the variable that will make the equation a true statement. Many students confuse 
these two ideas. To avoid confusing the techniques for adding and subtracting rational 
expressions with the techniques for solving equations, simplify the expression in part a. and 
solve the equation in part b. Explain, in your own words, the differences in your procedures. 
Assume no denominator has a value of 0.

	 72.	 a.	 10 31

1

4

1x x

x

x
�

�
�

�

		  b.	 10 31

1

4

1x x

x

x
�

�
�

�

	 73.	 a.	 �
�

�
�

�
4

16 2 8

1

42x

x

x

		  b.	 �
�

�
�

�
4

16 2 8

1

42x

x

x

	 74.	 a.	 3

4

5

2

2

22

x

x x x�
�

�
�

�

		  b.	 3

4

5

2

2

22

x

x x x�
�

�
�

�

	 75.	 a.	 7

5

2

4

3

5x x x
�

�
�

		  b.	 7

5

2

4

3

5x x x
�

�
�

	 76.	 a.	 2

9

2

9

1

2x x�
�

�
�

		  b.	 2

9

2

9

1

2x x�
�

�
�
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210 210

3
4

210 70
4

210 70
4

210 70 4

140 4

35

1

r r

r r

r r
r

r

r

r

r r

� �

� �

� � � � �

� �
�
�

005 3� r

The difference between their times is 4 hours.

Check

Time for freight train = 
210

35
6= hours

Time for passenger train = 
210

105
2= hours

6 − 2 = 4 hours difference in time

The freight train travels 35 mph, and the passenger train travels 105 mph.

Now work margin exercise 6.

Margin Exercise Answers

1. 
5

8
   2. 

36

5

1

5
 hours or 7  hours   3.  It takes the mom 

9

2
4

1

2
 hours, or  hours,and her son 

takes 9 hours.   4.  The pool will drain in 
20

3

2

3
 hours, or 6  hours.   5.  2 mph    

6.  Commercial airplane: 360 mph; Private airplane: 180 mph

8.7 Exercises
Concept Check
Fill-in-the-Blank. Complete each sentence using information found in this section.

	 1.	 For problems involving work, you should represent what part of the work is done in 
one _____ of _____.

	 2.	 To solve any word problem, begin by _______ the problem carefully, possibly even 
several times.

	 3.	 Once a potential solution for a word problem has been found, _____ the solution 
with the original problem to make sure it makes sense.

	 4.	 The formula that relates distance, rate, and time is d = rt. This formula can be 
manipulated to represent the formula for rate, which is ______.

	 5.	 When solving word problems, it may be helpful to draw a/an ______ or set up 
a/an ______ as a visual aid.

Speed of the passenger train.

Speed of the freight train.
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True/False. Determine whether each statement is true or false. If a statement is false, 
explain how it can be changed so the statement will be true. (Note: There may be more 
than one acceptable change.)

	 6.	 The first step in solving application problems is to assign a variable to the 
unknown value.

	 7.	 If the total amount of work took 5 hours to do, then 1
5

 of the work can be done in 
one hour.

	 8.	 If you know the distance and rate, you can use the formula t = d – r to represent time.

Applications

Solve.

	 1.	 The sum of two numbers is 117, and they are in the ratio of 8 to 5. Find the 
two numbers.

	 2.	 If 4 is subtracted from a certain number and the difference is divided by 2, the result 
is 1 more than 1

5
 of the original number. Find the original number.

	 3.	 What number must be added to both the numerator and denominator of 16
21  to make 

the resulting fraction equal to 5
6 ?

	 4.	 Find the number that can be subtracted from both the numerator and denominator of 
the fraction 69

102  so that the result is 5
8

.

	 5.	 The denominator of a fraction exceeds the numerator by 7. If the numerator is 
increased by 3 and the denominator is increased by 5, the resulting fraction is equal 
to 1

2
. Find the original fraction.

	 6.	 The numerator of a fraction exceeds the denominator by 5. If the numerator is 
decreased by 4 and the denominator is increased by 3, the resulting fraction is equal 
to 4

5 . Find the original fraction.

	 7.	 One number is 3
4

 of another number. Their sum is 63. Find the numbers.

	 8.	 The sum of two numbers is 24. If 2
5  of the larger number is equal to 2

3  of the smaller 

number, find the numbers.

	 9.	 One number exceeds another by 5. The sum of their reciprocals is equal to 19 
divided by the product of the two numbers. Find the numbers.

	 10.	 One number is 3 less than another. The sum of their reciprocals is equal to 7 divided 
by the product of the two numbers. Find the numbers.

Solve the following word problems. Remember to check each solution with the wording 
of the original problem to make sure it is reasonable.

	 11.	 It takes Rosa, traveling at 30 mph, 30 minutes longer to go a certain distance than it 
takes Melody traveling at 50 mph. Find the distance traveled.

	 12.	  It takes a plane, flying at 450 mph, 25 minutes longer to travel a certain distance 
than it takes a second plane to fly the same distance at 500 mph. Find the distance.
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	 13.	 Kira needs 4 hours to complete the yard work. Her husband, Zackary, needs 6 hours 
to do the work. How long will the job take if they work together?

	 14.	  In 1921, automated wrapping machines were used to aid in the wrapping of 
Hershey Kisses® in the Hershey chocolate factory. The machine could wrap the 
candies 100 times faster than a person could. Together the machine and the person 
could wrap a crate full of Hershey Kisses® in 5 minutes. How long would it take each 
of them working alone?

	 15.	 Ben’s secretary can address the weekly newsletters in 4 1
2  hours. Charlie’s secretary 

needs only 3 hours. How long will it take if they both work on the job?

	 16.	 Working together, Greg and Cindy can clean the snow from the driveway in 
20 minutes. It would have taken Cindy 36 minutes working alone. How long would 
it have taken Greg alone?

	 17.	 A carpenter and his partner can put up a patio cover in 3 3
7  hours. If the partner 

needs 8 hours to complete the patio alone, how long would it take the carpenter 
working alone?

	 18.	  Beth can travel 208 miles in the same length of time it takes Anna to travel 
192 miles. If Beth’s speed is 4 mph greater than Anna’s, find both rates.

	 19.	 Charles can bike 32 miles in the same amount of time that his twin brother Chase 
can bike 24 miles. If Charles bikes 2 mph faster than Chase, how fast does each 
man bike?

	 20.	  A commercial airliner can travel 750 miles in the same amount of time that it 
takes a private plane to travel 300 miles. The speed of the airliner is 60 mph more 
than twice the speed of the private plane. Find the speed of each aircraft.

	 21.	 Gabriela drives her car 350 miles and has an average of a certain speed. If the 
average speed had been 9 mph less, she could have traveled only 300 miles in the 
same length of time. What was her average speed?

	 22.	 A family travels 18 miles down river and returns. It takes 8 hours to make the round 
trip. Their rate in still water is twice the rate of the river’s current. How long will the 
return trip take?

	 23.	 Cruise ships travel 5 times faster than sailboats (in optimal wind conditions). If 
it takes 16 hours longer for a sailboat (with optimal wind conditions) to travel 
100 miles from Charleston, SC, to Savannah, GA, what is the speed of each boat?

	 24.	 An airplane can fly 650 mph in still air. If it can travel 2800 miles with the wind in 
the same time it can travel 2400 miles against the wind, find the wind speed.

	 25.	 A one-engine plane can fly 120 mph in still air. If it can fly 490 miles with a tailwind 
in the same time that it can fly 350 miles against a headwind, what is the speed of the 
wind? (Note: A tailwind increases the speed of the plane and a headwind decreases 
the speed of the plane.)

	 26.	 Using a small inlet pipe, it takes 9 hours to fill a pool. Using a large inlet pipe, it only 
takes 3 hours. If both are used simultaneously, how long will it take to fill the pool?
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	 27.	 An inlet pipe on a swimming pool can be used to fill a pool in 36 hours. The drain 
pipe can be used to empty the pool in 40 hours. If the pool is 2

3  filled using the inlet 
pipe and then the drain pipe is accidentally opened, how long from that time will it 
take to fill the pool?

	 28.	 A contractor hires two bulldozers to clear the trees from a 20-acre tract of land. 
One works twice as fast as the other. It takes them 3 days to clear the tract working 
together. How long would it take each of them alone?

	 29.	 John, Raul, and Denny, working together, can clean their bait and tackle store in 
6 hours. Working alone, Raul takes twice as long to clean the store as John does. 
Denny needs three times as long as John does. How long would it take each man 
working alone?

	 30.	 Francois rode his jet ski 36 miles downstream and then 36 miles back. The round 
trip took 5 1

4  hours. Find the speed of the jet ski in still water and the speed of the 
current if the speed of the current is 1

7  the speed of the jet ski.

	 31.	 Momence, IL, is 12 miles upstream on the same side of the river from Kankakee, 
IL, on the Kankakee River. A motorboat that can travel 8 mph in still water 
leaves Momence and travels downstream toward Kankakee. At the same time, 
another boat that can travel 10 mph leaves Kankakee and travels upstream toward 
Momence. Each boat completes the trip in the same amount of time. Find the rate of 
the current.

	 32.	 Samantha rides the ski lift to the top of Blue Mountain, a distance of 13
4

 kilometers 
(a little more than 1 mile). She then skis directly down the slope. If she skis five 
times as fast as the lift travels and the total trip takes 45 minutes, find the rate at 
which she skis.

	 33.	 A local print shop has a big order of pamphlets to print, so they decide to use two 
of their printers for the one job. The newest printer can print the pamphlets four 
times as fast as the old printer. Working together the printers can complete the job 
in 4 hours. How many hours would it take each printer to print all of the pamphlets 
by itself?

a.	 Use the table to set up a rational equation to describe the situation. Use the 
variable x to represent the time it takes the newest printer to complete the job.

  Printer Time of Work (in Hours) Part of Work Done in 1 Hour
Newest
Old

  Together

b.	 Solve the equation from part a. for x.

c.	 Use the solution from part b. to answer the question in the problem statement.
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	 34.	 The Winston family is moving to another state. The family is driving to their new 
house in a car and all of their belongings are in a moving truck. The car is traveling at 
speed that is 9 miles per hour faster than the speed of the truck. After a certain amount 
of time, the family’s car traveled 350 miles and the moving truck traveled 300 miles. 
What are the speeds of the car and the truck? Use the table to set up a rational equation 
to describe the situation. Use the variable x to represent the rate of the truck.

Distance (d ) ÷ Rate (r ) = Time t d
r

���
�
�

�
�
�

Car

Truck

a.	 Solve the equation from part a. for x.

b.	 Use the solution from part b. to answer the question in the problem statement.

c.	 If the Winston family’s new home is 378 miles away, how long will it take the 
car and the truck to make the trip?

Writing & Thinking
	 35.	 If n is any integer, then 2n is an even integer and 2n + 1 is an odd integer. Use these 

ideas to solve the following problems.

a.	 Find two consecutive odd integers such that the sum of their reciprocals is 12
35.

b.	 Find two consecutive even integers such that the sum of the first and the 
reciprocal of the second is 9

4 .
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Margin Exercise Answers
1.  y = 4   2.  15 cm   3.  y = 2   4.  173 pounds   5.  z = 648   6.  400 feet   7.  200 cubic inches   
8.  8000 pounds

8.8 Exercises
Concept Check

Fill-in-the-Blank. Complete each sentence using information found in this section.

	 1.	 If two variables are inversely proportional, an increase in the value of one variable 
must be accompanied by a/an _________ in the other.

	 2.	 If a variable varies (directly or inversely) with more than one other variable, this 
variation is said to be a/an ___________ variation.

	 3.	 When two variables vary directly, an increase in one variable indicates a/an 
________ in the other.

	 4.	 When two variables vary so that their product is constant, the two variables 
vary ________.

	 5.	 If there is a combined variation that is all direct variation, it is a/an ______ variation.

	 6.	 The letter k often represents the constant of _________.

True/False. Determine whether each statement is true or false. If a statement is false, 
explain how it can be changed so the statement will be true. (Note: There may be more 
than one acceptable change.)

	 7.	 The number of hamburgers eaten varies inversely with calories consumed.

	 8.	 The equation y k
x=  represents direct variation.

	 9.	 Distance and time varies directly, which means they are directly proportional.

	 10.	 The circumference of a circle varies directly with its radius.

Practice

Use the information given to find the unknown value. See Examples 1, 3, and 5.

	 1.	 If y varies directly as x, and y = 3 when x = 9, find y if x = 7.

	 2.	 If y is directly proportional to x2, and y = 3 when x = 2, what is y when x = 8?

	 3.	 If y varies inversely as x, and y = 5 when x = 8, find y if x = 20.

	 4.	 If y is inversely proportional to x, and y = 5 when x = 4, what is y when x = 2?

	 5.	 If y varies inversely as x2, and y = −8 when x = 2, find y if x = 3.

	 6.	 If y is inversely proportional to x3, and y = 40 when x = 1
2 ,  what is y when x =  1

3 ?

	 7.	 If y is directly proportional to the square root of x, and y = 6 when x =  1
4 ,  what is y 

when x = 9?
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	 8.	 If y is directly proportional to the square of x, and y = 80 when x = 4, what is y when 
x = 6?

	 9.	 z varies jointly as x and y, and z = 60 when x = 2 and y = 3. Find z if x = 3 and y = 4.

	 10.	 z varies jointly as x and y, and z = −6 when x = 5 and y = 8. Find z if x = 12 and 
y = 15.

	 11.	 z varies jointly as x and y2, and z = 63 when x = 5 and y = 3. Find z if x = 10
3  and 

y = 2.

	 12.	 z varies jointly as x2 and y, and z = 20 when x = 2 and y = 3. Find z if x = 4 and 

y = 7
10.

	 13.	 z varies directly as x and inversely as y2. If z = 5 when x = 1 and y = 2, find z if x = 2 
and y = 1.

	 14.	 z varies directly as x3 and inversely as y2. If z = 24 when x = 2 and y = 2, find z if 
x = 3 and y = 2.

	 15.	 z varies directly as  x  and inversely as y. If z = 24 when x = 4 and y = 3, find z if 
x = 9 and y = 2.

	 16.	 z varies directly as x2 and inversely as y . If z = 108 when x = 6 and y = 4, find z if 
x = 4 and y = 9.

	 17.	 s varies directly as the sum of r and t and inversely as w. If s = 24 when r = 7 and 
t = 8 and w = 9, find s if r = 9 and t = 3 and w = 18.

	 18.	 s varies directly as r and inversely as the difference of t and u. If s = 36 when r = 12 
and t = 9 and u = 6, find s if r = 18 and t = 11 and u = 8.

	 19.	 L varies jointly as m and n and inversely as p. If L = 6 when m = 7 and n = 8 and 
p = 12, find L if m = 15 and n = 14 and p = 10.

	 20.	 W varies jointly as x and y and inversely as z. If W = 10 when x = 6 and y = 5 and 
z = 2, find W if x = 12 and y = 6 and z = 3.

Applications

Solve.

	 21.	 The distance a free-falling object falls is directly proportional to the square of the 
time it falls (before it hits the ground). If an object fell 256 feet in 4 seconds, how far 
would it have fallen by the end of 5 seconds?

	 22.	 The length a hanging spring stretches varies directly with the weight placed on the 
end. If a spring stretches 5 in. with a weight of 10 lb, how far will the spring stretch 
if the weight is increased to 12 lb?

	 23.	 The total price (P) of gasoline purchased varies directly as the number of gallons 
purchased. If 10 gallons are purchased for $23.40, what will be the price of 
15 gallons?
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	 24.	  Research shows that the value of gold and the value of the dollar are inversely 
proportional. In 2016, gold cost $1200 per ounce and the dollar had a rating of 93 on 
the US dollar index. In 2017, the cost of gold was $1300 per ounce. What was the 
2017 rating of the dollar? (Round your answer to the nearest hundredth.)

	 25.	 The circumference of a circle varies directly as the diameter. A circular pizza pie with 
a diameter of 1 foot has a circumference of 3.14 feet. What will be the circumference 
of a pizza pie with a diameter of 1.5 feet?

	 26.	 The area of a circle varies directly as the square of its radius. A circular pizza pie 
with a radius of 6 in. has an area of 113.04 in.2 What will be the area of a pizza pie 
with a radius of 9 in.?

	 27.	 Several triangles have the same area. In this set of triangles, the height and base are 
inversely proportional. In one such triangle, the height is 5 m and the base is 12 m. 
Find the height of the triangle in this set with a base of 10 m.

	 28.	  If an astronaut weighs 250 pounds 
on the surface of the earth, what will the 
astronaut weigh 150 miles above the earth? 
Assume that the radius of the earth is 4000 
miles, and round to the nearest tenth. (See 
Example 4.)

	 29.	  The elongation (E) in a wire when a mass (m) is hung at its free end varies jointly 
as the attached mass and the length (l) of the wire and inversely as the cross-sectional 
area (A) of the wire. The elongation is 0.0055 cm when a mass of 120 g is attached 
to a wire 330 cm long with a cross-sectional area of 0.4 cm2. Find the elongation if a 
mass of 160 g is attached to the same wire.

	 30.	  When a mass of 240 oz is suspended by a wire 
49 in. long whose cross-sectional area is 0.035 in.2, 
the elongation of the wire is 0.016 in. Find the 
elongation if the same mass is suspended by a 28 in. 
wire of the same material with a cross-sectional 
area of 0.04 in.2 (See Exercise 29.)

	 31.	 The safe load (L) of a wooden beam supported 
at both ends varies jointly as the width (w) and 
the square of the depth (d) and inversely as the 
length (l). A beam 4 in. wide, 6 in. deep, and 12 ft 
long supports a load of 4800 lb safely. What is the 
safe load of a beam of the same material that is 
6 in. wide, 10 in. deep, and 15 ft long?

	 32.	 A wooden beam 2 in. wide, 8 in. deep, and 14 ft long holds up to 2400 lb. What load 
would a beam 3 in. wide, 6 in. deep, and 15 ft long, of the same material, support? 
(See Exercise 31.)

240 oz

49 inches
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	 33.	 The gravitational force of attraction (F) between two bodies varies directly as the 
product of their masses (m1 and m2) and inversely as the square of the distance (d) 
between them. The gravitational force between a 5-kg mass and a 2-kg mass 1 m 

apart is 1 5 10 10. � �  N.  Find the force between a 24-kg mass and a 9-kg mass that are 
6 m apart. (N represents a unit of force called a Newton.)

	 34.	 In Exercise 33, what is the force if the distance between the 24 kg mass and the 9 kg 
mass is cut in half?

	 35.	 The total price (P) of gasoline purchased varies directly as the number of gallons 
purchased. If 10 gallons are purchased for $39.80, what will be the price of 
15 gallons?

	 36.	 The distance that an object falls is directly proportional to the square of the time 
that has passed since the object started to fall. A rock falls a distance of 64 feet in 2 
seconds. How long will it take the rock to fall a distance of 100 feet?

	 37.	 For a certain type of wooden beam that carries a load at its center, the safe load (SL) 
varies jointly as the width w and the cube of the depth (d) and inversely as the square 
of the length (l). A wooden beam that is 4 inches wide, 6 inches deep, and 12 feet 
long can safely support a load of 2400 pounds. 

a.	 Set up the variation equation.

b.	 Determine the constant of variation.

c.	 How much weight can a wooden beam that is 5 inches wide, 6 inches deep, and 
10 feet long safely support?

Solve the following lifting force problems.

Lifting Force
The lifting force (or lift) (L) in pounds exerted by the 
atmosphere on the wings of an airplane is related to 
the area (A) of the wings in square feet and the speed 
(or velocity) (v) of the plane in miles per hour by the 
formula L = kAv2, where k is the constant of variation. 

	 38.	 If the lift is 9600 lb for a wing area of 120 ft2 at a speed of 80 mph, find the lift of the 
same wing at a speed of 100 mph.

	 39.	 The lift for a wing of area 280 ft2 is 34,300 lb when the plane is traveling at 210 mph. 
What is the lift if the speed is decreased to 180 mph?

	 40.	 The lift for a wing with an area of 144 ft2 is 10,000 lb when the plane is traveling at 
150 mph. What is the lift if the speed is decreased to 120 mph?

	 41.	 A plane traveling 140 mph with wing area 195 ft2 has 12,500 lb of lift exerted on the 
wings. Find the lift for the same plane traveling at 168 mph.
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Solve the following pressure problems.

Pressure
Boyle’s Law states that if the temperature of a gas 
sample remains the same, the pressure (P) of the 

gas is related to the volume (V) by the formula 

P =
k

V
, where k is the constant of variation. 

	 42.	 A pressure of 1600 lb per ft2 is exerted by 2 ft3 of air in a cylinder. If a piston is 
pushed into the cylinder until the pressure is 1800 lb per ft2, what will be the volume 
of the air? Round to the nearest tenth.

	 43.	 The volume of gas in a container is 300 cm3 when the pressure on the gas is 
20 g per cm2. What will be the volume if the pressure is increased to 30 g per cm2?

	 44.	 The pressure in a canister of gas is 1360 g per in.2 when the volume of gas is 5 in.3 If 
the volume is reduced to 4 in.3, what is the pressure?

	 45.	 A scuba diver is using a diving tank that can hold 6 liters of air. If the tank has a 
pressure rating of 220 bar when full, what is the pressure rating when the volume of 
gas is 4 liters?

Solve the following electricity problems.

Electricity
The resistance (R) (in ohms), in a wire is given by the 

formula R =
kL

d 2
,  where k is the constant of variation, 

L is the length of the wire and d is the diameter.

	 46.	 The resistance of a wire 500 ft long with a 
diameter of 0.01 in. is 20 ohms. What is the 
resistance of a wire 1500 ft long with a diameter of 0.02 in.?

	 47.	 The resistance is 2.6 ohms when the diameter of a wire is 0.02 in. and the wire is 
10 ft long. Find the resistance of the same type of wire with a diameter of 0.01 in. 
and a length of 5 ft.

	 48.	 Tristan’s car stereo uses a 5-ft audio wire with diameter 0.025 in. and resistance of 
1.6 ohms. What is the resistance of 8 ft of the same type of audio wire?

	 49.	 Nicole purchased a spool of wire with diameter 0.01 in. for the speakers in her home 
audio system. If the resistance of 15 ft of this wire is 6 ohms, what is the resistance 
of 25 ft of the wire?
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Solve the following lever problems.

Levers
If a lever is balanced with weight on opposite sides of its balance point, then the following 
proportion exists:

W

W
=

L

L
W L =W L1

2

2

1
1 1 2 2or

where L + L = L1 2 ,  the total length of the lever.

	 50.	 How much weight can be raised at one end of a bar 8 ft long by the downward force 
of 60 lb when the balance point is 1

2
 ft from the unknown weight?

	 51.	 Where should the balance point of a bar 12 ft long be located if a 120-lb force is to 
raise a load weighing 960 lb?

	 52.	 Find the location of the balance point of a 25-ft board that can raise a 300-lb package 
with a downward force of 75 lb.

	 53.	 How much weight can be raised on one end of a 17-meter board by 90 kilograms, if 
the balance point is 5 meters from the unknown weight?

Writing & Thinking
	 54.	 Explain, in your own words, the meaning of the following terms. 

a.	 Direct variation

b.	 Joint variation

c.	 Inverse variation

d.	 Combined variation

	 Discuss an example of each type of variation that you have observed in your daily life.
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9.1 Exercises
Concept Check

Fill-in-the-Blank. Complete each sentence using information found in this section.

	 1.	 In a radical expression that appears to have no index, the index is understood to 
be ___.

	 2.	 When a number is multiplied by itself, the product is said to be that 
number’s ______.

	 3.	 To reverse the process of squaring, find the ______ ______ of the number.

	 4.	 If a is a nonnegative real number, then a  is the ________ square root of a.

	 5.	 In 102, the symbol  is called the _______ sign and 102 is the _________.

	 6.	 Square roots of negative numbers are not ____ numbers.

True/False. Determine whether each statement is true or false. If a statement is false, 
explain how it can be changed so the statement will be true. (Note: There may be more 
than one acceptable change.)

	 7.	 If a number is squared and the principal square root of the result is found, that square 
root is always equal to the original number.

	 8.	 There is no real number that can be a square root of a negative number.

	 9.	 The index is the number underneath the radical sign.

	 10.	 The cube root of −27 is a real number.

Practice

Simplify the following square roots and cube roots. See Examples 1, 2, and 4.

	 1.	 9

	 2.	 49

	 3.	 81

	 4.	 36

	 5.	 289

	 6.	 121

	 7.	 169

	 8.	 361

	 9.	 13

	 10.	 10003

	 11.	 1253

	 12.	 3433

	 13.	 2163

	 14.	 5123

	 15.	
1

4

	 16.	
9

16

	 17.	
27

64
3

	 18.	
1

8
3

	 19.	 0 04.

	 20.	 0 0081.

	 21.	 - 100

	 22.	 - 144

	 23.	 - 0 0016.

	 24.	 - 0 000004.

	 25.	 -273

	 26.	 -643

	 27.	 -1253

	 28.	 7293

©HAWKES LEARNING



696 Chapter 9  Roots, Radicals, and Complex Numbers

	 29.	
9

25
	 30.	

25

81

Estimates of radicals are given (rounded to the nearest ten-thousandth). Show that 
these are reasonable estimates. See Example 3.

	 31.	 74 8 6023≈ .

	 32.	 18 4 2426≈ .

	 33.	 32 5 6569≈ .

	 34.	 110 10 4881≈ .

In each of the following problems, determine the symbol, <, >, or =, that makes the 
statement true.

	 35.	 16 273 

	 36.	 64 1253  

	 37.	 36 3433 

	 38.	 125 643

	 39.	 4 4 

	 40.	 4 83 

	 41.	 343 493  

	 42.	 25 273 

Use your knowledge of square roots and cube roots to determine whether each 
number is rational, irrational, or not a real number.

	 43.	 4

	 44.	 17

	 45.	 169

	 46.	 83

	 47.	
2

9

	 48.	 -
1

4

	 49.	 -36

	 50.	 -273

	 51.	 - 1253

	 52.	 -10

	 53.	 1 68.

	 54.	 5 29.

	Ǟ Use a calculator to find the value of each radical expression rounded to the nearest 
ten-thousandth. See Example 5.

	 55.	 39

	 56.	 150

	 57.	 6 23.

	 58.	 9 6.

	 59.	
1

5

	 60.	
3

8

	 61.	 4 5

	 62.	 6 3

	 63.	 -2 17

	 64.	 -3 6

	 65.	 183

	 66.	 263

	 67.	 2 153

	 68.	 3 113
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Applications

Use the formula s V= 3 ,  which relates the length of the sides of a cube and the volume 
V, to answer the following questions.

	 69.	  The volume of a puzzle cube is 250 cubic inches. What is the length of one side? 
Round your answer to the nearest hundredth.

	 70.	 Three cubic blocks of different volumes were stacked on top of each other. The top 
block was 216 cubic centimeters. The middle block was 343 cubic centimeters, and 
the bottom block was 512 cubic centimeters. How tall was the stack of blocks?

Solve.

	 71.	 The area of a square tile is 16 square inches.

a.	 How long are the sides of the square tile?

b.	 How many tiles would be needed for a four-foot-long and four-inch-high 
backsplash in a newly designed bathroom?

	 72.	  Margaret needs to put a new gutter on one side of her roof. The shape of her roof 
is made up of two right triangles that are on opposite sides of a square. If the area of 
the square is 3600 ft2 and the base of each of the triangles is 80 ft, what is the total 
length of the gutter she’ll need to replace?

A = 3600 ft2

80 ft

	 73.	 The volume of a volleyball is 523.33 cubic inches. Find the diameter of the ball using 

p = 3.14. Round your answer to the nearest inch. (Note: For a sphere, V r=
4

3
3p .)

	 74.	 The volume of a child’s building block is 64 cubic centimeters. 

a.	 Assuming the building block is a perfect cube, find the length of each side of 
the block.

b.	 If a child stacks 5 blocks directly on top of each other, find the height of the 
structure that is created.

	 75.	  A pastry chef is making a batch of mini petit fours, which are little cakes, in the 
shape of cubes. To keep the nutritional value of each petit four consistent, the bakery 
manager wants each one to have a volume of 100 cm3. What should the side length 
be, to the nearest hundredth, for each petit four? (Note: For volume of a cube, V = s3 
where s = side length.)
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	 76.	  Isaac Newton fell asleep under an apple tree thinking about math. While he 
was sleeping, a squirrel knocked an apple off of a branch of the tree. The equation 

t
d

=
2

9 8.
 can be used to find the time t in seconds it takes for the apple to drop a 

certain distance d, where d is in meters. Round all answers to the nearest hundredth.

a.	 If the apple was connected to a branch 2 m above Newton’s head, how long 
would it take before the apple hit Newton’s head?

b.	 If the squirrel knocked a second apple off a branch that was 5 m above Newton’s 
head, how long would it take before the apple hit Newton’s head?

c.	 Suppose the second apple missed Newton’s head and landed on the ground 
instead. If Newton’s head was 0.8 m above the ground, how long would it take 
for the apple to hit the ground?

	 77.	  A person’s Body Mass Index (BMI) is determined by the formula B
m

h
=

2
 where 

B is the BMI, m is the person’s mass in kilograms, and h is the person’s height in 

meters. Having a BMI between 18.5 and 25 is considered optimal. To find a person’s 

height based on their BMI and mass, the formula can be rearranged to h
m

B
= .  

Round all answers to the nearest tenth.

a.	 Elias has a mass of 60.7 kg and a BMI of 21. What is Elias’s height?

b.	 Fatima has a mass of 69.0 kg and a BMI of 27. What is Fatima’s height?

c.	 Tobias has a mass of 69.0 kg and a BMI of 21. What is Tobias’s height?

	 78.	  A square flower garden covers an area of 68 square feet.

a.	 What is the approximate length of each side of the square? Round your answer 
to the nearest tenth.

b.	 Use the answer from part a. to determine the amount of edging material needed 
to create a border around the flower garden.

c.	 The edging material costs $1.39 per foot. How much will the amount of edging 
material from part b. cost? Round your answer to the nearest cent.
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	 79.	  Barbara’s Bombtastic Bakery is installing a corner display stand for custom 
decorated cakes. The top of the display stand is designed in the shape of a right 
triangle, as shown.

3 ft

3 ft

a.	 What is the length of the longest side of the display stand? Round your answer 
to the nearest tenth.

b.	 The top of the display has a decorative edge around all three sides to prevent the 
cakes from falling off. How much edging is required for the display?

c.	 If the top of the display stand is to be covered by square tiles that have a side 
length of 6 inches, how many tiles will be needed?

	 80.	  A glass company makes a paperweight in the shape of a cube that has a volume 
of 91.125 cubic inches.

a.	 What is the length of each side of the cube?

b.	 What is the area of the base of the cube?

c.	 What is the surface area of the cube?

Writing & Thinking
	 81.	 Discuss, in your own words, why the square root of a negative number is not a 

real number.

	 82.	 Discuss, in your own words, why the cube root of a negative number is a negative 
number.
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b.	 � � � � � �40 8 5 2 54 133 3 123 3 4 3x y x y xy xy xy

8 is a perfect cube and the exponents on the variables are separated so that one exponent on each 
variable is divisible by 3.

c.	 250 125 2 5 28 113 6 93 2 23 2 3 2 23a b a b a b a b a b� � �

125 is a perfect cube and the exponents on the variables are separated so that one exponent on 
each variable is divisible by 3.

Now work margin exercise 4.

Margin Exercise Answers

1. a.  7 2   b.  3 5   c. 
2 3

5
   2. a.  6z   b.  5 3b   c.  3 5cd    3. a.  4 4x   b.  10xy xy    

c.  2 34 6x y   d. 
5 9

4

z

y
   4. a.  2 63z   b.  -3 32 4 23a b a   c.  7 22 3 23x y y

9.2 Exercises
Concept Check

Fill-in-the-Blank. Complete each sentence using information found in this section.

	 1.	 A cube root is considered in simplest form when the radicand has no perfect cube as 
a/an _______.

	 2.	 When simplifying with cube roots, look for variables with exponents that are 
multiples of ___.

	 3.	 To find the square root of an expression with even exponents, divide the exponents 
by ___.

	 4.	 A square root is in simplest form when the radicand has no _______ ______ as 
a factor.

	 5.	 If a and b are positive real numbers, then ab =  ____.

	 6.	 If a and b are positive real numbers, then 
a

b
=  ____.

True/False. Determine whether each statement is true or false. If a statement is false, 
explain how it can be changed so the statement will be true. (Note: There may be more 
than one acceptable change.)

	 7.	 Any variable term with an exponent of 5 has a perfect cube factor within that 
variable term.

	 8.	 The simplest form of a radical expression can be found by using prime factorization.

	 9.	 If x is a real number, then x x2 = .

	 10.	 The term 7 6 23b c  is in simplified form.
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Practice

Simplify each of the following radical expressions. Assume that all variables represent 
positive real numbers.

	 1.	 12

	 2.	 - 45

	 3.	 288

	 4.	 - 63

	 5.	 - 72

	 6.	 98

	 7.	 - 56

	 8.	 162

	 9.	 - 125

	 10.	 - 121

	 11.	 1

4

	 12.	
32

49

	 13.	 -
11

64

	 14.	 -
125

100

	 15.	
28

25

	 16.	
147

100

	 17.	 36 2x

	 18.	 49 2y

	 19.	 8 3x

	 20.	 18 5a

	 21.	 24 11 2x y

	 22.	 20 15 3x y

	 23.	 125 3 6x y

	 24.	 8 5 4x y

	 25.	 - 18 2 2x y

	 26.	 - 32 4 8x y

	 27.	 12 2 3ab c

	 28.	 45 2 3 4a b c

	 29.	 75 4 6 8x y z

	 30.	 200 2 2 2x y z

	 31.	
5

9

4x

	 32.	 -
7

16

6

4

y

x

	 33.	
32

81

5

16

a

b

	 34.	
75

121

8

12

x

y

	 35.	
200

289

8x

	 36.	
32

169

15 10x y

	 37.	 2163

	 38.	 13

	 39.	 563

	 40.	 723

	 41.	 -13

	 42.	 -1253

	 43.	 -1283

	 44.	 -2503

	 45.	 125 43 x

	 46.	 64 123 a

	 47.	 -8 83 x

	 48.	 -512 53 a

	 49.	 72 6 43 a b

	 50.	 108 93 ab

	 51.	 216 6 53 x y

	 52.	 64 9 23 x y

	 53.	 24 5 7 93 x y z

	 54.	 250 6 9 153 x y z

	 55.	
81

6

3

	 56.	
192

10

3

	 57.	
375

8
3

	 58.	
-48

125
3

	 59.	 125

27

12

6
3

y

x

	 60.	 x z

y

6 3

9
3

64
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Applications
Use the following two formulas associated with electricity to answer Exercises 61-64. 

I
P
R

=

E PR= 	

P = power (in watts) 
I = current (in amperes) 
E = voltage (in volts) 
R = resistance (in ohms, Ω)

	 61.	 What is the current in amperes of a light bulb that produces 150 watts of power and 
has a 25 Ω resistance?

	 62.	 If a light bulb has a resistance of 30 Ω and produces 90 watts of power, what is its 
current in amperes?

	 63.	 How many volts of electricity would Meghan need to produce 48 Ω of resistance 
from a 300 watt lamp?

	 64.	 A 5000 Ω resistor is rated at 2.5 watts. What is the maximum voltage of electricity 
that should be connected across it?

	 65.	  A nut company is determining how to package their new type of party mix. The 
marketing department is experimenting with different-sized cans for the party mix 

packaging. The designers use the equation r
V

h
=

p
 to determine the radius of the 

can for a certain height h and volume V. The company decides they want the can to 

have a volume of 1200p cm3. Keep your answers in simplified radical form.

a.	 Find the radius of the can if the height is 12 cm. 

b.	 Find the radius of the can if the height is 10 cm. 

c.	 Find the radius of the can if the height is 8 cm. 

Writing & Thinking
	 66.	 Under what conditions is the expression a  not a real number?

	 67.	 Explain why the expression y3  is a real number regardless of whether y > 0, 
y < 0,  or y = 0.
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Step 4:	 Press .

The display should appear as follows.   

Now work margin exercise 5.

Margin Exercise Answers

1. a.  6  b.  2  c.  −3  d.  0.2  e.  not a real number   2. a.  x25
  b.  8 67 z   c.  - b54   d.  x

5

7   e.  3
1

2s   

f.  -5
1

4    3. a.  x
7

12   b. 
1

2

9a
  c.  81

4

5b   d. 
z

2

9

8
  e.  not a real number  f.  4   4. a.  x10   b.  x34    

c.  x x3    5. a.  256  b.  22.52722735

9.3 Exercises
Concept Check

Fill-in-the-Blank. Complete each sentence using information found in this section.

	 1.	 The expression an  is called a/an __________ expression, and n is called 
the __________.

	 2.	 In the expression - 35 ,  the coefficient is ___ and the index is ___.

	 3.	 The expression a would be rewritten as _____ in exponential notation.

	 4.	 An equivalent way to write a
m

n  is an

m1� �  or ______.

	 5.	 The expression a
1

3  can be written as ____ in radical notation.

	 6.	 For nth roots, if b an= ,  then b = ____.

True/False. Determine whether each statement is true or false. If a statement is false, 
explain how it can be changed so the statement will be true. (Note: There may be more 
than one acceptable change.)

	 7.	 The same rules for exponents apply to both integer exponents and rational exponents.

	 8.	 If the cube root of 7 were to be converted into exponential notation it would be 73 .  

	 9.	 Any expression to the power 0, such as x4
0� � ,  is equal to 1.

	 10.	 The expression y
1

2  can be rewritten in radical notation as y 2 .
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Practice
Write an equivalent expression using radical notation. See Example 2.

	 1.	 8
1

3

	 2.	 5
1

2

	 3.	 -x
1

6

	 4.	 4
3

4y

	 5.	 2
2

5z� �

Write an equivalent expression using exponential notation. See Example 2.

	 6.	 3

	 7.	 137

	 8.	 4 23 x

	 9.	 -93

	 10.	 16 25 x

Simplify each numerical expression. See Example 3.

	 11.	 9
1

2

	 12.	 121
1

2

	 13.	 100
1

2
-

	 14.	 25
1

2
-

	 15.	 -64
3

2

	 16.	 �� �64
3

2

	 17.	 �� �64
1

3

	 18.	 �� �64
1

3

	 19.	 ��
�
�

�
�
�

4

25

1

2

	 20.	 ��
�
�

�
�
�

4

25

1

2

	 21.	
9

49

1

2�
�
�

�
�
�

	 22.	
225

144

1

2�
�
�

�
�
�

	 23.	 64
2

3

	 24.	 8
2

3
-

	 25.	 �� ��216
1

3

	 26.	 �� �125
1

3

	 27.	
8

125

1

3�
�
�

�
�
�

�

	 28.	 ��
�
�

�
�
�

�
16

81

3

4

	 29.	 ��
�
�

�
�
�

1

32

2

5

	 30.	 27

64

2

3�
�
�

�
�
�

	 31.	 3 16
3

4�
�

	 32.	 2 25
1

2�
�

	 33.	 -
-

100
3

2

	 34.	 -
-

49
5

2

	 35.	
1

32

2

5

3

�
�
�

�
�
�

�

�
�
�

�

�
�
�

�

	 36.	 �� ��
��

�
��
�

27
2

3

2

	Ǟ Use a graphing calculator to find the value of each numerical expression accurate to 
the nearest ten-thousandth, if necessary. See Example 5.

	 37.	 25
2

3

	 38.	 81
7

4

	 39.	 100
7

2

	 40.	 100
1

3

	 41.	 250
5

6

	 42.	 2000
2

3

	 43.	 24
3

4
-

	 44.	 18
3

2
-

	 45.	 729

	 46.	 638

	 47.	 0 00254 .

	 48.	 0 000325 .

	 49.	 36004

	 50.	 45006

	 51.	 35 45 .

	 52.	 1 810 .
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Simplify each algebraic expression. Assume that all variables represent positive real 
numbers. Leave the answers in exponential notation. See Example 3.

	 53.	 2
1

3

3

x� �

	 54.	 3
1

2

4

x� �

	 55.	 9 4
1

2a� ��

	 56.	 16 3
1

4a� ��

	 57.	 8 2
1

2x x⋅

	 58.	 3 3
2

3x x⋅

	 59.	 5 2
1

3

1

2a a a� �
�

	 60.	 a a a
2

3

3

5 0� �
�

	 61.	 x

x

3

4

1

6

	 62.	 a

a

2

3

1

9

	 63.	 x

x

2

5

1

10
-

	 64.	 a

a

1

2

2

3
-

	 65.	 a a

a

3

4

1

8

2

⋅

	 66.	 x x

x

2

3

4

3

2

⋅

	 67.	
a a

a

1

2

3

4

1

2

�
�

�

	 68.	 x x

x

2

3 1

3

2

-

-

	 69.	
a b

a b

3

2

4

5

1

2 2-

	 70.	 a b

a b

3

4

1

3

3

2

1

6

-

	 71.	 2
1

2

1

3

3

x y� �

	 72.	 a a
1

2

1

3

6� �

	 73.	 4
3

4

1

5

2

x y
�

�� �
	 74.	 81 8 2

1

4a b� �� �

	 75.	 �� ��x y z3 6 6
2

3

	 76.	 9 2 4 3
3

2x y z� �� �

	 77.	
x y

z

2 3

4

1

2� �
�

�
�

�

�
�

	 78.	
27 3 6

9

1

3a b

c

�

�
�

�

�
�

�

	 79.	 16 4 3

4

3

4a b

c

��

�
�

�

�
�

	 80.	 ��

�
�

�

�
��

27 2 3

3

1

3a b

c

	 81.	
x y

x y

1

4

1

2

3

1

2

1

4

� �

	 82.	
x y

x y

1

2

1

3

2

3 1

� ��
�

	 83.	
8

5

2
1

3

1

3

1

2

2

x y

x y

� �
� �

�

�

	 84.	
25

2

4 1
1

2

1

5

3

5

3

a b

a b

�� �
� �
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	 85.	 a b

a b

ab

a b

�

� �

�

�

�
�
�

�

�

�
�
�
�
�

�

�
�
�

�

�

�
�
�

3
1

3

1

2

1

2 1

2

2

3 1

1

2

	 86.	
x y

x y

x y

x y

2
1

3

1

2

3

2

1

2 1

2

2

3

1
3

4

2
�

�

�
�
�

�

�

�
�
�
�
�

�

�
�
�

�

�

�
�
�

�

�

	 87.	
27

25 16

1

2

1

3

1

2

1

2

1

2

1

6

1

3

1

2

xy

x y

x y

x y

� �
� �

�
� �
� ��

	 88.	
4

7

49

64

6
1

2

2 3 1

4 3
1

2

3 6
2

3

a b

a b

a b

a b

�

�

�

�

� �
� �

�
� �
� �

Simplify each expression by first changing it into an equivalent expression with rational 
exponents. Rewrite the answer in simplified radical form. Assume that all variables 
represent positive real numbers. See Example 4.

	 89.	 x x⋅ 3

	 90.	 x x23 35⋅

	 91.	
y

y

34

6

	 92.	
x

x

43

4

	 93.	
x x

x

23 65

3

	 94.	
a a

a a

4

3

	 95.	 y3

	 96.	 x5

	 97.	 x33

	 98.	 a

	 99.	 7
515 a� �

	100.	 3
721 x� �

	101.	 x34

	102.	 x345

	103.	 a bc4 23
15� �

	104.	 a b c3 64
12� �

Applications

Solve.

	105.	 According to Kepler’s Law of Periods, the square of the orbital period of a planet 
is directly proportional to the cube of the semi-major axis of its orbit, or the cube of 
the planet’s maximum distance from the sun. Writing this relationship as an equation 

solved for the period of a planet gives us p d=
3

2  where p is the orbital period of a 
planet represented in Earth years and d is the planet’s semi-major axis represented in 
astronomical units (AU). Using the given equation, if the planet Mercury has a semi-
major axis of 0.39 AU, what is the orbital period of Mercury in Earth years? Round 
your answer to the nearest hundredth.
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	106.	 The orbital period of Saturn is about 29.5 Earth years.

a.	 Solving Kepler’s Law of Periods (see Exercise 105) for the planet’s maximum 

distance from the sun, gives the equation d p=
2

3 . Use this equation to calculate 
the maximum distance away from the sun that Saturn reaches in astronomical 
units. Round your answer to the nearest hundredth.

b.	 Given that Earth’s semi-major axis is 1 AU, about how many times further from 
the sun does Saturn travel than Earth?

	107.	 The width of a rectangle is 6423  ft and the length is 216
2

3  ft. What is the area of 
the rectangle?

	108.	  The motion of a simple pendulum is represented by the following equation, 
where T = the pendulum period, L = length, and g = acceleration of gravity. 

T
L

g
= 2p

		  If the length of the pendulum is 320
2

3  meters and the acceleration of gravity is equal 
to 9.8 meters per seconds squared, what is the period of the pendulum? Use p = 3.14 
and round your answer to the nearest hundredth.

	109.	  A crew of construction workers are disassembling the inside of a building 
and dropping things into dumpsters at the base of the building. The equation 

v
d

a �
� �64

2

1

2

 is used to find the average velocity, or speed, in feet per second of an 

object that has fallen a distance of d feet.

a.	 What is the average velocity, to the nearest hundredth, of a lighting fixture that 
fell 25 feet?

b.	 What is the average velocity, to the nearest hundredth, of a ceiling tile that fell 
80 feet?

	110.	  Isaac Newton fell asleep under an apple tree thinking about math. While he 

was sleeping, a squirrel knocked an apple off of a branch of the tree. The equation 

v d� � �19 8
1

2.  can be used to find the velocity v, in meters per second, of the apple 
after dropping a distance d, where d is in meters.

a.	 If the apple was connected to a branch 2 m above Newton’s head, what was the 
velocity of the apple, to the nearest hundredth, when it hit Newton’s head?

b.	 If the squirrel knocked a second apple off a branch that was 5 m above Newton’s 
head, what was the velocity of the apple, to the nearest hundredth, when it hit 
Newton’s head?

c.	 Suppose the second apple missed Newton’s head and landed on the ground 
instead. If Newton’s head was 0.8 m above the ground, what was the velocity of 
the apple, to the nearest hundredth, when it hit the ground?
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	 111.	 An amusement park is creating signs to indicate the velocity of the roller coaster car 
on certain hills of the most popular rides. A roller coaster car gains kinetic energy as 
it goes down a hill. The velocity, or speed, of an object in kilometers per hour (kph) 

can be determined by V
k

m
� �
�
�

�
�
�

2
1

2
,  where k is the kinetic energy of the object in 

joules (J) and m is the mass of the object in kilograms (kg).

a.	 For the most popular roller coaster, the car has a mass of 300 kg and the car has 
a kinetic energy of 375,000 J on the first hill. What velocity does the car obtain 
on the first hill?

b.	 For the second most popular roller coaster, the car has a mass of 350 kg and the 
car has a kinetic energy of 70,000 on the first hill. What velocity does the car 
obtain on the first hill?

Writing & Thinking
	112.	 Is a a5 ⋅  the same as a 25 ? Explain why or why not.

	113.	 Assume that x represents a positive real number. Describe what kind of number the 
exponent n must be for xn to mean

a.	 a product.

b.	 a quotient.

c.	 1.

d.	 a radical expression.
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Completion Example Answers

2. a.  3 5 1 76 6� �� � �   b.  1 8 4 3 9 7� �� � � � � � �a b a b     

4. a.  6 3 6 3 18 12 213 2 7� � � � �   b.  x xx x x x� � � � � � � � � � � � � �� �4 4 4 328 8

Margin Exercise Answers
1. a.  9 3a   b.  5 5 3 3+   c.  - 93 x    2. a.  6 7   b.  2 7 3x -    3. a.  15  b.  13 2 13-    

c.  8 3 5+   d.  3z − 5  e.  5 5 4 5 1x x� � �    4. a.  4 30 20-   b.  s s� �2 63    5. a.  11.0711  

b.  7

9.4 Exercises
Concept Check

Fill-in-the-Blank. Complete each sentence using information found in this section.

	 1.	 Like radicals have the same _____ and radicand or they can be simplified so that 
they do.

	 2.	 Sometimes two or more radicals that do not appear to be like radicals can be 
_________ so that they are like radicals.

	 3.	 To find the product of two binomials that contain radical terms, you can use the 
______ method.

True/False. Determine whether each statement is true or false. If a statement is false, 
explain how it can be changed so the statement will be true. (Note: There may be more 
than one acceptable change.)

	 4.	 The radicals a  and a3  are like radicals.

	 5.	 The radicals 3 a  and a  are like radicals.

	 6.	 The sum 4 3 8 5+  cannot be simplified.

Practice

Simplify the following radical expressions. Assume that all variables represent positive 
real numbers. See Examples 1 and 2.

	 1.	 3 2 5 2+

	 2.	 7 3 2 3-

	 3.	 4 11 3 11-

	 4.	 6 5 5+

	 5.	 8 10 11 10-

	 6.	 6 17 9 17-

	 7.	 4 3 9 33 3+

	 8.	 11 14 6 143 3-

	 9.	 6 11 5 11 2 11- -

	 10.	 7 6 7 2 7� �

	 11.	 a a a� �4 2

	 12.	 2 3 7x x x� �

	 13.	 5 3x x x� �

	 14.	 6 10xy xy xy� �
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724 Chapter 9  Roots, Radicals, and Complex Numbers

	 15.	 3 2 5 3 2 3 2� � �

	 16.	 5 4 2 5 6� � �

	 17.	 2 7 6a b a b� � �

	 18.	 4 3 2 2x x y x� � �

	 19.	 6 4 7 23 3 3 3x y x y� � �

	 20.	 5 9 10 43 3 3 3x y y x� � �

	 21.	 12 27+

	 22.	 32 18-

	 23.	 3 5 45-

	 24.	 2 7 5 28+

	 25.	 3 54 8 23 3+

	 26.	 2 128 5 543 3� �

	 27.	 50 18 3 12- -

	 28.	 2 48 54 27� �

	 29.	 2 20 45 36� �

	 30.	 18 2 12 5 2� �

	 31.	 8 2 3 27 72� � �

	 32.	 80 8 45 50� � �

	 33.	 5 16 4 24 2503 3 3� � �

	 34.	 192 2 128 813 3 3� � �

	 35.	 6 2 8x x-

	 36.	 5 3 2 12x x+

	 37.	 5 2 18y y y y-

	 38.	 9 16x xy x xy-

	 39.	 4 3 12 2 27x xy x xy x xy- -

	 40.	 x x x x x x32 50 2 18� �

	 41.	 36 813 3x x+

	 42.	 4 92 2a b a b+

	 43.	 16 253 4 3 4x y x y-

	 44.	 72 18 212 15 12 15 12 15x y x y x y+ +

	 45.	 12 27 310 20 10 20 10 20x y x y x y� �

	 46.	 8 1000123 123a a+

	 47.	 � � �27 12524 63 24 63x y x y

	 48.	 27 8 64153 153 153a b a b a b+ +

	 49.	 � � �16 16 549 123 12 93 3 63x y x y x y

	 50.	 54 8 313 33 23 63 13 33x y x y x y+ +

Multiply the following radical expressions and then simplify the results. Assume that all 
variables represent positive real numbers. See Examples 3 and 4.

	 51.	 2 3 4 2�� �
	 52.	 2 7 7 3 2�� �
	 53.	 3 18 2⋅

	 54.	 2 10 5⋅

	 55.	 � �2 6 8

	 56.	 2 15 5 6⋅

	 57.	 3 2 2 12�� �

	 58.	 2 3 6�� �
	 59.	 y x y�� �2

	 60.	 x x y�� �3

	 61.	 3 2 5 2�� � �� �
	 62.	 6 2 6 2�� � �� �
	 63.	 3 8 3 1x x�� � �� �
	 64.	 6 2 4 2�� � �� �x x
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	 65.	 2 7 4 7 3�� � �� �
	 66.	 5 3 2 2 3 7�� � �� �
	 67.	 5 2 2

2

�� �
	 68.	 2 5 3 2

2

�� �
	 69.	 2 3 5 3�� � �� �
	 70.	 6 5 6 2�� � �� �
	 71.	 x x�� � �� �6 3 6

	 72.	 11 3 11 2 3�� � �� �

	 73.	 3 7 5 3 7 5�� � �� �
	 74.	 7 2 7 2x x�� � �� �
	 75.	 x y�� �5

2

	 76.	 3
2

x y�� �
	 77.	 x � �� �3 5

2

	 78.	 x � �� �2 3
2

	 79.	 4 2 3
2

� �� �x

	 80.	 6 4 1
2

� �� �x

	Ǟ Use a graphing calculator to evaluate each expression. Round your answers to the 
nearest ten-thousandth, if necessary. See Example 5.

	 81.	 13 75-

	 82.	 5 67-

	 83.	 900 2 56+ .

	 84.	 1600 1 69- .

	 85.	 7 8 7 8�� � �� �
	 86.	 8 5 8 5�� � �� �
	 87.	 2 3 5 2 10 3 5�� � �� �
	 88.	 6 5 5 7 3 2 6�� � �� �

Explain the error(s) made in each solution below.

	 89.	 16 48 16 48

64

8

� � �

�
�

 	 90.	 � � � � �

� �
�

125 98 125 98

27

3

3 3 3

3

Applications

Solve.

	 91.	 For a complete radio circuit, d g h� �2 2 ,  where d equals the visual horizon 
distance and g and h are the heights of the radio antennas at the respective stations. 
What is d when g = 75 ft and h = 85 ft?

	 92.	 Mary is making a tile decoration for 
her wall. Using square tiles of different 
sizes, Mary created one decoration that 
is five tiles across, with sides touching. 
The first tile is 10 in.2, the second is 
20 in.2, the third is 30 in.2, the fourth is 20 in.2, and the fifth is 10 in.2 What is the 
length of the decoration?

10 in.2 

20 in.2 20 in.2 

10 in.2 

30 in.2 
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	 93.	 Josue earns 32t  dollars when he works t hours. His roommate, Eric, earns 18t  
dollars when he works t hours. 

a.	 Find an expression that represents the total income that the two roommates earn 
after they each work t hours. 

b.	 Find an expression that represents how much more money Josue will earn than 
Eric after they each work t hours. 

	 94.	 The city planning committee is looking for places to build a community garden. 

One lot up for consideration has a length of 
8 2+ b

a
 and a width of 

6 5+ b

a
.  

If a = 3 yards and b = 7 yards, what is the area of this lot? Leave your answer in 
simplified radical form.

	 95.	 The owner of an apple orchard has a field of new trees that are growing and 
producing more apples each year. He wants to determine the average growth 
rate, or percentage increase, in the amount of apples produced by these trees over 
time. The amount of growth varies each year, so he decides to find the geometric 
mean, or average. The formula g a b� �  is used to find the geometric mean of 
two numbers.

a.	 Over two years, the growth rate was 180% and 120%. Find the average growth 
rate for these two years. Leave your answer in simplified radical form.

b.	 Over two years, the growth rate was 8x3% and 9x5%. Find the average growth 
rate for these two years. Leave your answer in simplified radical form.

	 96.	 A simple diamond-shaped kite is created from wooden dowel rods and nylon cloth. A 
diagram for the kite is shown.

5 in.

12 in.

20 in.

a

b

a.	 Determine the length of side a. Write your answer in simplified radical form.

b.	 Determine the length of side b. Write your answer in simplified radical form.

c.	 Calculate the perimeter of the kite. Write your answer in simplified radical form.
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9.5 Exercises
Concept Check

Fill-in-the-Blank. Complete each sentence using information found in this section.

	 1.	 The objective in simplifying a rational fraction is to find an equivalent fraction that 
has no radicals in the _____________.

	 2.	 To rewrite a fraction without irrational numbers in the denominator is to 
_____________ the denominator.

	 3.	 Calculations of sums and differences are much easier if the denominators are 
_____ expressions.

	 4.	 The product of the conjugates a + b and a − b is the difference of 
two _____________.

	 5.	 To rationalize a denominator containing a sum or difference that involves a square 
root, multiply both the numerator and the denominator by the _____________ of the 
denominator. 

	 6.	 The conjugate of _________ is 6+ x.  

True/False. Determine whether each statement is true or false. If a statement is false, 
explain how it can be changed so the statement will be true. (Note: There may be more 
than one acceptable change.)

	 7.	 The conjugate of y - 5  is y + 5.

	 8.	 To rationalize the denominator, multiply only the denominator by an expression that 
will result in a denominator with no radicals.

	 9.	 To rationalize a fraction whose denominator is a3 ,  you would need to multiply the 

numerator and the denominator by a3 .

	 10.	 The fraction 
2

3
 is in simplest form.

Practice
Rationalize the denominator and simplify, if possible. Assume that all variables 
represent positive real numbers.

	 1.	
5

2

	 2.	
7

5

	 3.	
-3

7

	 4.	
-10

2

	 5.	
6

3

	 6.	
8

2

	 7.	
18

2

	 8.	
25

3

	 9.	
27

3

x

x

	 10.	
45

5

y

y

	 11.	
ab

ab9

	 12.	
5
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	 13.	
4

3

	 14.	
3

8

	 15.	
9

2

	 16.	
3

5

	 17.	
1

x

	 18.	
x

y

	 19.	
2x

y

	 20.	
x

y4

	 21.	
2

2y

	 22.	
-10

3 5

	 23.	
21

5 7

	 24.	
x

x5

	 25.	
-2

5 2

y

y

	 26.	
35

4

3

3

	 27.	
10

9

3

3

	 28.	 -
2

3y

	 29.	 -
25

3x

	 30.	 8

5 2

x

y

	 31.	
4

3 2

x

y

	 32.	
16

2

2

3

y

y

	 33.	
24

6 2

b

b

	 34.	 2

27

3

2
3

y

x

	 35.	
7

2 4
3

x

y

	 36.	
6

25

43

2 43

a

a b

	 37.	
x

xy

53

3 9

	 38.	
24

9

3

3

x

	 39.	 11

4
3

	 40.	
3

8

3

2
3

x

y

	 41.	
5

3

3

43

a

b

	 42.	
7

16

4

2 4
3

x

x y

	 43.	 a

ab

53

3 4

	 44.	
3

1 2+

	 45.	
2

6 2-

	 46.	
-

-
11

3 4

	 47.	
1

5 3-

	 48.	
7

3 2 2-

	 49.	
-

-
6

5 3 2

	 50.	
11

2 3 1+

	 51.	
�

�

3

2 5

	 52.	
2

7 4+

	 53.	
7

1 3 5-

	 54.	
�

�

3 3

6 3

	 55.	
1

3 5-

	 56.	
-
-
4

7 3

	 57.	
�
�
5

2 3

	 58.	
7

2 5+

	 59.	
4

1x +

	 60.	
-

-
7

3x

	 61.	
5

6 + y

	 62.	
x

x + 2

	 63.	
8

2 3x +

	 64.	
3

2 5

x

x -

	 65.	
4

5 3

y

y -

	 66.	
3

2 3

x

x+

	 67.	
3

x y-

	 68.	
4

2 x y+

	 69.	
x

x y+ 2

	 70.	
y

x y- 3

	 71.	
3 1

3 2

�

�

	 72.	
2 4

5 2

�

�

	 73.	
5 2

5 3

�

�

	 74.	
1 3

3 3

�

�

	 75.	
x

x

�

�

1

1

	 76.	
x

x

�

�

4

3

	 77.	
x

x y

+

+

2

3

	 78.	
3

2

�
�
x

x y
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Identify the error(s) made in the following attempt to rationalize a denominator.

	 79.	 y

y

y

y

y

y

y y

y

y y

y

3 3

3

3

3

3

3

3

2

2

2

�
�

�
�

�
�

�
�� �

�

�
�

�

Applications

Solve.

	 80.	 Officers often need to recreate events that happen during accidents while they 
investigate, especially determining the initial speed of a car at the time of an 

accident. One way to do this is to use the formula 
s

l
k= ,  where s is the initial 

speed of the vehicle in mph, l is the length of the skid marks left in feet, and k is a 
constant that depends on the driving conditions at the time of the accident. 

a.	 Rationalize the denominator of the formula.

b.	 A driver claims that he was driving the speed limit, 55 mph, at the time of an 
accident. The skid marks on the road measured 176 feet. Officers estimate 
that the driving condition constant k based on the conditions at the time of the 

accident is 24. Based on the formula, is the driver’s claim correct? If not, 
what was the driver’s initial speed before the accident?

	 81.	 The radius of a cylinder can be expressed in terms of its volume and its height by 

r
V

h
=

p
.  Rationalize the denominator of this formula.

	 82.	 A company that sells computers learns that their income can be represented by 

the equation I
p

p
�

�
6500

10
 dollars when they sell their computers for p dollars. 

Rationalize the denominator of this equation.

	 83.	 An intern at NASA needs to construct a cylinder to be used as a fuel cell for a 
scale model of a rocket. Her instructions are to make a fuel cell with a volume of 
200p cm3. To find the radius of the fuel cell for a certain height h and volume V, she 

uses the equation r
V

h
=

p
.  Keep all answers in simplified radical form.

a.	 Find the radius of the fuel cell if the height is 12 cm.

b.	 Find the radius of the fuel cell if the height is 15 cm.

c.	 Find the radius of the fuel cell if the height is 24 cm.
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	 84.	  The formula r
A

P
� �1 is used to determine the interest rate r of on an 

investment of initial value P that has a value of A after two years. 

a.	 Rationalize the denominator of the fraction in the formula.

b.	 Find the interest rate on an investment with initial value $1000 that has a value 
of $1102.50 after 2 years.

	 85.	  A client tells his financial consultant that he has $6000 to invest and would like to 
earn $615 on his investment after 2 years. The client needs to know what the average 
interest rate of the investment will need to be to meet his expectations. The financial 
consultant can use the formula A P r� �� �1 2  to find the future amount A of an 
investment with a starting principle P and interest rate r after 2 years.

a.	 Solve the equation for r. Be sure to rationalize any denominators. (Hint: Divide 
both sides by P first and then take the square root of each side.)

b.	 Determine the interest rate that the $6000 would need to be invested at to meet 
the client’s expectations. Be sure to express the rate as a percent.

Writing & Thinking
	 86.	 In your own words, explain how to rationalize the denominator of a fraction containing 

the sum or difference of square roots in the denominator. Why does this work? 
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Margin Exercise Answers

1.  x = −8, 8   2.  y = −2   3.  x � �
1

2
3,    4.  No solution   5.  x =

3

4
   6.  x = 2   7.  x = 9, 25   8.  x = 8

9.6 Exercises
Concept Check

Fill-in-the-Blank. Complete each sentence using information found in this section.

	 1.	 To solve equations with radicals, first _______ one of the radicals on one side of 
the equation.

	 2.	 Next, raise both sides of the equation to the power corresponding to the __________ 
of the radical.

	 3.	 Solve the equation after all ____________ have been eliminated.

	 4.	 When both sides of an equation are raised to a power, a/an __________ solution may 
be introduced.

	 5.	 Once all possible solutions have been found for an equation, those solutions should 
be checked to eliminate any __________ solutions.

True/False. Determine whether each statement is true or false. If a statement is false, 
explain how it can be changed so the statement will be true. (Note: There may be more 
than one acceptable change.)

	 6.	 All radical equations will have two solutions.

	 7.	 If no true statements result when all possible solutions are checked, then there is 
no solution.

	 8.	 When solving equations with radicals, you should only have to raise both sides of the 
equation to a power one time.

	 9.	 A radical expression set equal to a negative value, such as x � � �2 4,  has no 
real solution.

Practice

Solve the following equations. Be sure to check your answers in the original equation.

	 1.	 8 1 5x � �

	 2.	 7 1 6x � �

	 3.	 3 4 5x � � �

	 4.	 4 3 7x � �

	 5.	 6 3� �x

	 6.	 11 5� �x

	 7.	 5 6 8x � �

	 8.	 2 5 1x � � �

	 9.	 5 4 7x � �

	 10.	 3 2 4x � �

	 11.	 x � � �4 6 2

	 12.	 6 4 2 10x � � �
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	 13.	 4 1 4 9x � � �

	 14.	 2 7 5 3x � � �

	 15.	 x x �� � �3 2

	 16.	 x x �� � �5 6

	 17.	 x x2 5 5�� � �

	 18.	 x x3 14 7�� � �

	 19.	 x x� � �6 4

	 20.	 x x� � �7 2 1

	 21.	 x x� � �2 2

	 22.	 x x� � �3 3

	 23.	 x x� � �2 3 6

	 24.	 x x� � �6 2 12

	 25.	 x2 16 3� �

	 26.	 x2 25 12� �

	 27.	 5 5 2 0� � � �x x

	 28.	 x x� � � �2 4 0

	 29.	 2 7 3 3x x� � �

	 30.	 x x� � �3 8 4

	 31.	 2 5 4 1x x� � �

	 32.	 5 1 7x x� � �

	 33.	 3 2 9 10x x� � �

	 34.	 2 2 7� � �x x

	 35.	 2 1 1x x� � �

	 36.	 3 2 4x x� � �

	 37.	 x x� � �2 2 5

	 38.	 2 5 3 9x x� � �

	 39.	 4 3 2 5x x� � �

	 40.	 4 6 3 1x x� � �

	 41.	 3 1 1x x� � �

	 42.	 x x� � �16 2

	 43.	 x x� � � �4 11 1

	 44.	 1 2 13� � � �x x

	 45.	 x x� � � �1 6 1

	 46.	 x x� � � �4 20 2

	 47.	 x x� � �5 5

	 48.	 x x� � �3 3

	 49.	 2 3 1 1x x� � � �

	 50.	 5 18 4 5 6x x� � � �

	 51.	 3 1 4 1x x� � � �

	 52.	 3 4 5 1x x� � � �

	 53.	 5 1 4 1x x� � � �

	 54.	 2 5 2 2x x� � � �

	 55.	 2 1 3 3x x� � � �

	 56.	 2 3 5 1x x� � � �

	 57.	 4 3 23 � � �x

	 58.	 2 9 93 � �x

	 59.	 5 4 43 x � �

	 60.	 7 1 53 x � � �
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Applications

Solve.

	 61.	  When money is invested in an account earning an annual interest rate of r %, 
and the money is left in the account for two years, the interest rate, the principal (the 
initial amount invested), and the value accumulated after two years are related by the 
following formula.

r P A�� � �1

		  In this formula, r is the annual interest rate written as a decimal, A is the accumulated 
value, and P is the principal invested.

a.	 Suppose you originally invested your money at an annual interest rate of 5%, 
and at the end of 2 years, your account contained $2000. How much did you 
initially invest? Round your answer to the nearest cent.

b.	 Solve the formula for the annual interest rate so that you will have a formula for 
the interest rate in terms of the principal invested and the accumulated value.

	 62.	  You want to buy a used car for $8000. You already have $7840 saved up for the car. 
However, the person you are buying the car from has received several offers already. 
The current owner of the car says that he will hold the car for you for one week before 

taking another offer. At your after-school job, you make 1500 10x +  dollars when 

you work x hours. How many hours will you need to work in the next week in order 
to be able to buy the car? (Assume that all money from your after-school job can go 
straight to your car fund.) Round your answer to the nearest whole hour.

	 63.	  The hang time of an athlete can be represented by

t
h

g
= 2

2
,

		  where t is the hang time of the athlete in seconds, h is the height of the jump in feet, 
and g is the acceleration due to gravity. (The gravity constant g can be estimated by 
using 32 ft/sec2.)

a.	 If Michael Jordan had a vertical jump of 48 inches, how long would he be in 
the air?

b.	 A volleyball player has a hang time of 0.866 seconds. How high is this player’s 
vertical leap? Round your answer to the nearest foot.

	 64.	  A company claims their new line of dishware is indestructible, so product testers 
are dropping dinner plates from varying distances to determine the damage that 

happens on impact with the ground. The equation v h= 19 8.  is used to calculate the 
velocity v of the dinner plate in meters per second when it is dropped from a certain 
height h in meters. Round all answers to the nearest hundredth.

a.	 From what height was the dinner plate dropped if its velocity on impact was 
10 m/s?

b.	 From what height was the dinner plate dropped if its velocity on impact was 
25 m/s?

c.	 From what height was the dinner plate dropped its velocity on impact was 
50 m/s?
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	 65.	  Giovanna drops a stone from the highest point of a bridge into the river below. 
When Giovanna dropped the stone, her arm was stretched out 2 m above the bridge. 

The equation t
d

�
�� �10 2

7
 is used to find the time t it takes for a stone to drop a 

distance of d + 2 meters. If it takes the stone 2.5 seconds to hit the water, what is the 

height of the bridge to the nearest hundredth?

	 66.	 A landscaper is designing a pond in the 
shape of a right triangle that has a square 
flower patch along each edge. She knows 
two of the flower patches will have 
side lengths of 5 ft and 13 ft and that 
the remaining flower patch must have a 
side length a that satisfies the equation 
13 52 2� �a .  What is the side length of 

the remaining flower patch?

	 67.	  A farmer fell asleep under a tree in his 
apple orchard while thinking about pie. While he was sleeping, a squirrel knocked 

an apple off of a branch of the tree. The function f d
d� � � 2

9 8.
 can be used to find 

the amount of time in seconds that it takes for the apple to drop a certain distance d, 
where d is in meters. Round your answers to the nearest hundredth.

a.	 If the apple was connected to a branch that was 2 meters above the farmer’s 
head, how long would it take before the apple hit the top of the farmer’s head?

b.	 If the squirrel knocked a second apple off of a branch that was 5 meters above 
the farmer’s head, how long would it take before the apple hit the top of the 
farmer’s head?

c.	 Suppose the second apple missed the farmer’s head and landed on the ground 
instead. If the farmer’s head was 0.8 meters above the ground, how long did it 
take for the apple to hit the ground?

	 68.	  A person’s Body Mass Index (BMI) is determined by the formula B
w

h
=

703
2

,  

where B is the BMI, w is the person’s weight in pounds, and h is the person’s height 
in inches. Having a BMI between 18.5 and 24.9 is considered optimal. A BMI 
between 25 and 29.9 is considered overweight and a BMI over 30 is considered 
obese. A BMI below 18.5 is considered underweight.

a.	 Solve the BMI formula for the variable h.

b.	 How tall is a person who has a BMI of 20 and a weight of 120 pounds? Round 
to the nearest inch.

c.	 To be in the optimal BMI range with a weight of 200 pounds, what range in 
height should a person be? Round to the nearest inch. (Hint: Calculate the 
heights for the endpoints of the BMI range given.)

d.	 How tall is a person whose BMI is 30 and who weighs 150 pounds? Round to 
the nearest inch.

a

5 ft

13 ft
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Note that you may need to adjust the window on your calculator. To adjust the window, use 
the following steps.

Press the  key and the standard window will be displayed. By default, the standard 
window displays a graph with x-values and y-values ranging from −10 to 10 with tic 
marks on the axes every 1 unit. This window can be changed at any time by changing 
the individual numbers or pressing the  key and selecting an option from the menu 
displayed. To return the screen back to the standard dimensions with x-values and y-values 
ranging from −10 to 10, press  and ZStandard. A square screen can be attained by 
pressing zoom and ZSquare or by pressing the window key and setting Xmin = -15 and 
Xmax = 15 to give the x-axis a length of 30 and the y-axis a length of 20 (a ratio of 3:2).

Margin Exercise Answers
1. a.  � ��� 2, )   b.  �� �� �,    2. a.  f (0) = 0, f (2) = 10, f (8) = 20  b.  f (1) = −1, f (2) = 1, f (15) = 3    

3. 

x

y

y x� � �2 1

   4. a.  x y1

7 31072

1 1817

0 12599

2 1817

7 2962

-
-

-
-

.

.

.

.

.

  b. 

x

y

(2, −1.82)

(0, 1.26)
(−1, 1.82)

(−7, 3.11)

(7, −2.96)

9.7 Exercises
Concept Check

Fill-in-the-Blank. Complete each sentence using information found in this section.

	 1.	 A relation is a set of __________ pairs of real numbers.

	 2.	 The set of all second coordinates of a relation is the relation’s _______.

	 3.	 The domain D of a relation is the set of all _____ __________ in the relation.

	 4.	 A/An ____________ is a relation in which each domain element has exactly one 
corresponding range element.

	 5.	 If any _____________ line intersects the graph of a relation at more than one point, 
then the relation is not a/an _____________.

	 6.	 A radical function is a function of the form y g xn� � �  in which the radicand 
contains a/an ________ __________.

True/False. Determine whether each statement is true or false. If a statement is false, 
explain how it can be changed so the statement will be true. (Note: There may be more 
than one acceptable change.)

	 7.	 If a radical function has an index that is an even number, then the domain is the set of 

all x such that g x� � � 0. 

	 8.	 If a radical function has an odd numbered index, the domain is the set of all 
positive numbers.
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	 9.	 Both the domain and the range of a radical function depend on the index.

	 10.	 To graph a radical function, you must be aware of its domain and you should plot at 
least a few points to see the nature of the resulting curve.

Practice

Find each function value as indicated and round decimal values to the nearest ten-
thousandth, if necessary. See Example 2.

	 1.	 Given f x x� � � �2 1,  find

a.	 f 2� �
b.	 f 4� �
c.	 f 24 5.� �
d.	 f 1 5.� �

	 2.	 Given f x x� � � �5 3 ,  find

a.	 f 0� �
b.	 f �� �2

c.	 f ��
�
�

�
�
�

20

3

d.	 f �� �2 4.

	 3.	 Given g x x� � � � 63 ,  find

a.	 g 21� �
b.	 g �� �7

c.	 g �� �14

d.	 g 18� �

	 4.	 Given h x x� � � �43 ,  find

a.	 h 4� �
b.	 h �� �4

c.	 h 3 999.� �
d.	 h �� �2 5.

Use interval notation to indicate the domain of each radical function. See Example 1.

	 5.	 y x� �8

	 6.	 y x� �2 1

	 7.	 y x� �2 5 5.

	 8.	 y x� �1 3

	 9.	 f x x� � � � 43

	 10.	 f x x� � � 63

	 11.	 g x x� � � �6 3

	 12.	 g x x� � � � 4

	 13.	 y x� �2 53

	 14.	 y x� �5 93

Identify the domain, range, and any zeros from the graphs of the following radical 
functions.

	 15.	

1 2 3 4 5−1−2−3−4−5

5

−1

1
2
3
4

−2
−3
−4
−5

x

y

2y x= +

	 16.	

1 2 3 4 5−1−2−3−4−5

5

−1

1
2
3
4

−2
−3
−4
−5

x

y

3y x= − −
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	 17.	

1 2 3 4 5−1−2−3−4−5

5

−1

1
2
3
4

−2
−3
−4
−5

x

y

1 1y x= − + +

	 18.	

1 2 3 4 5−1−2−3−4−5

5

−1

1
2
3
4

−2
−3
−4
−5

x

y

1y x= −

	 19.	

1 2 3 4 5−1−2−3−4−5

5

−1

1
2
3
4

−2
−3
−4
−5

x

y

3y x= +

	 20.	

1 2 3 4 5−1−2−3−4−5

5

−1

1
2
3
4

−2
−3
−4
−5

x

y

2 2y x= − + −

Match the functions given with the graphs of the functions (A) through (F).

	 21.	 y x� � 2

	 22.	 y x� �2

	 23.	 y x� � �3

	 24.	 y x� � �3

	 25.	 y x� � 4

	 26.	 y x� � 4

	 A.	

1 2 3 4 5−1−2−3−4−5

5

−1

1
2
3
4

−2
−3
−4
−5

x

y 	 B.	

1 2 3 4 5−1−2−3−4−5

5

−1

1
2
3
4

−2
−3
−4
−5

x

y
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	 C.	

1 2 3 4 5−1−2−3−4−5

5

−1

1
2
3
4

−2
−3
−4
−5

x

y

	 D.	

1 2 3 4 5−1−2−3−4−5

5

−1

1
2
3
4

−2
−3
−4
−5

x

y

	 E.	

1 2 3 4 5−1−2−3−4−5

5

−1

1
2
3
4

−2
−3
−4
−5

x

y

	 F.	

1 2 3 4 5−1−2−3−4−5

5

−1

1
2
3
4

−2
−3
−4
−5

x

y

Determine at least 5 points for the given function and then sketch the graph of the 
function. See Example 3.

	 27.	 y x� �1

	 28.	 y x� �2 6

	 29.	 f x x� � � � �3 3

	 30.	 h x x� � � � �1

	 31.	 f x x� � � � 23

	 32.	 g x x� � � �63

	 33.	 y x� �3 63

	 34.	 y x� �2 43

	Ǟ Use a graphing calculator to graph each of the functions. See Example 4.

	 35.	 y x� �3 2

	 36.	 y x� �2 3

	 37.	 g x x� � � � 2

	 38.	 f x x� � � 3

	 39.	 f x x� � � � � 4

	 40.	 f x x� � � � �5

	 41.	 y x� � � 23

	 42.	 y x� � �3 43

	 43.	 g x x� � � 23

	 44.	 y x� �43

	 45.	 y x� �2 13

	 46.	 y x� � 73
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Complete the following problems.

	 47.	 Graph the following three radical functions. For each function, state the domain of 
the function using interval notation. Then, describe how the graph of the function 

differs from the graph of f x x� � � .

a.	 f x x� � � 4 b.	 f x x� � � � 4 c.	 f x x� � � � � 4

	 48.	 Graph the following three radical functions. For each function, state the domain of 
the function using interval notation. Then, describe how the graph of the function 

differs from the graph of f x x� � � .

a.	 f x x� � � � b.	 f x x� � � �1 c.	 f x x� � � �1

	 49.	 Using your results from Exercises 47 and 48, discuss any general conclusions you 

can draw from the differences between f x x� � �  and f x ax b c� � � � �� � � .

Applications

Solve.

	 50.	  The hang time of an athlete can be represented by

t
h

g
= 2

2
,

		  where t is the hang time of the athlete in seconds, h is the height of the jump in feet, 
and g is the acceleration due to gravity. (The gravity constant g can be estimated by 
using 32 ft/sec2.)

a.	 Using a graphing calculator, graph this equation. 

b.	 Identify the domain and range of this function. Does this make sense in the 
context of the function? 

c.	 Find the hang time of an athlete with a 24-inch vertical leap. Round your answer 
to the nearest hundredth.

	 51.	  The motion of a simple pendulum is represented by the following equation, 
where T = the pendulum period in seconds, L = length in meters, and g = acceleration 
of gravity. 

T
L

g
= 2p

		  Use g = 9.8 m/s2 and p = 3.14.

a.	 Using a graphing calculator, graph this equation.

b.	 Identify the domain and range of this function. Does this make sense in the 
context of the function? 

c.	 Find the pendulum period of a simple pendulum with length 15 meters. Round 
your answer to the nearest hundredth.
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	 52.	  The relationship between the radius and volume of a cone of height 7 inches is 
as follows.

r
V

�
3

7�

		  In this equation, r is the radius of the cone in inches and V is the volume of the cone 
in cubic inches. Use p = 3.14.

a.	 Using a graphing calculator, graph this equation. 

b.	 Identify the domain and range of this function. Does this make sense in the 
context of the function? 

c.	 Find the radius of a cone whose height is 7 inches and whose volume is 68 cubic 
inches. Round your answer to the nearest hundredth.

Writing & Thinking
	 53.	 The graph of the radical function f x x� � �  is shown with two values of x on the 

x-axis, 3 and 3 + h.

1 2 3 4 5−1

5

−1

1
2
3
4

−2
−3
−4
−5

x

y

6 7 8 9

(3 + h, f(3 + h))

(3, f(3))

3 h 3 + h

a.	 Rationalize the numerator of the expression 
f h f

h

h

h

3 3 3 3�� � � � �
�

� �
 

by multiplying both the numerator and denominator by the conjugate of the 
numerator. Then simplify the resulting expression.

b.	 What do you think this expression represents graphically? (Hint: Two points 
determine a line.)

c.	 Using your results from parts a. and b., what do you see happening on the graph 
if the value of h shrinks slowly to 0?

d.	 Using your analysis from part c., what happens to the value of your simplified 
expression in part a. and what do you think this value represents?

	 54.	 Use your graphing calculator to graph the function g x x x� � � � .  Explain why the 

graph of this function differs from the graph of f x x� � � .
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Example 6	 Simplifying Powers of i

Simplify each power of i.

a.	 i i i i i i i45 44 4 11 111� � � � � � � � � 	 i = 0 + i in standard form.

b.	 i i i i i58 56 2 4 14 2 141 1 1� � � � � � � � �� � � � 	 1 = −1 + 0 i in standard form.

c.	 i
i i

i

i

i

i

i
i� � � � � � �7

7 7 8

1 1

1
	 i = 0 + i in standard form.

Now work margin exercise 6.

Margin Exercise Answers
1. a.  10i  b.  7i  c.  3 2i   d.  6 2i    2. a.  real: 0; imaginary: 5  b.  real: 14; imaginary: 7    

c.  real: ; imaginary: 
6

5

11

5
-   d.  real: −13; imaginary: 0   3. a.  x y� � �10 2 and    

b.  y x� � �1 5 and    4. a.  7 4+ i   b.  -4 2i   c.  28 4+ i   d.  2 26+ i    5. a. 
8

5

16

5
+ i    

b. 
1

9

4 5

9
- i   c.  - -

1

4
i    6. a.  i  b.  −1  c.  1

9.8 Exercises
Concept Check

Fill-in-the-Blank. Complete each sentence using information found in this section.

	 1.	 The square roots of negative numbers are not real numbers but are _______ numbers.

	 2.	 Complex numbers consist of two parts: a/an _______ part and a/an _______ part.

	 3.	 The standard form of a complex number is _______.

	 4.	 Adding and subtracting complex numbers is similar to adding and 
subtracting ___________.

	 5.	 The expressions a + bi and a - bi are _________ of each other.

	 6.	 There are 4 possible values for any power of i: ___, ___, ___, and ___.

True/False. Determine whether each statement is true or false. If a statement is false, 
explain how it can be changed so the statement will be true. (Note: There may be more 
than one acceptable change.)

	 7.	 If a + bi = c + di, then a = d and b = c.

	 8.	 The square root of negative one is one.

	 9.	 The conjugate of 4 - 5i is 4 + 5i.

	 10.	 When i is squared, the product is 1.

	 6.	Simplify each power of i.

		  a.	i37

		  b.	i14

		  c.	i−8
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Practice

Simplify each radical. See Example 1.

	 1.	 -49

	 2.	 -121

	 3.	 - -64

	 4.	 - -169

	 5.	 147

	 6.	 128

	 7.	 2 150-

	 8.	 4 99-

	 9.	 - -2 108

	 10.	 2 175

Find the real part and the imaginary part of each of the complex numbers. See 
Example 2.

	 11.	 4 − 3i

	 12.	
3

4
+ i

	 13.	 � �11 2 i

	 14.	 6 3+  i

	 15.	
3

8

	 16.	
4

7
i

	 17.	
4 7

5

+ i

	 18.	
2

4

- i

	 19.	
2

3
17+  i

	 20.	 � �5
2

2
i

Solve the equations for x and y. See Example 3.

	 21.	 x + 3i = 6 − yi

	 22.	 2x − 8i = −2 + 4yi

	 23.	 2 3� � � �i x yi

	 24.	 5 3 4 i i x yi� � � �

	 25.	 3x + 2 − 7i = i − 2yi + 5

	 26.	 x + yi + 8 = 2i + 4 − 3yi

	 27.	 x + 2i = 5 − yi − 3 − 4i 

	 28.	 2x + 3 + 6i = 7 − yi − 2i

	 29.	 2 + 3i + x = 5 − 7i + yi

	 30.	 11i − 2x + 4 = 10 − 3i + 2yi

Perform the indicated operations and write each result in standard form.  
See Example 4.

	 31.	 2 3 4�� � � �� �i i

	 32.	 7 3 6�� � � �� �i i

	 33.	 4 5 3 2�� � � �� �i i

	 34.	 � �� � � �� �3 2 6 2i i

	 35.	 4 3 2 3�� � � �� �i i

	 36.	 7 5 6 2�� � � �� �i i

	 37.	 8 9 8 5�� � � �� �i i

	 38.	 � �� � � �� �6 2 3i i

	 39.	 5 2 3 4�� � � �� �i i

	 40.	 4 3 2 3�� � � �� �i i

	 41.	 7 6 2�� � � � �� � i i
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	 42.	 11 2 5 7�� � � �� �i i

	 43.	 3 2 5 2�� � � �� �  i i

	 44.	 5 3 1�� � � �� � i i

	 45.	 5 25 7 100� �� � � � �� �
	 46.	 1 36 4 49� �� � � � � �� �

	 47.	 13 3 16 2 4 1� �� � � � � �� �
	 48.	 7 9 3 2 25� �� � � � �� �
	 49.	 4 3 2 1�� � � � �� � � � �� �i i i

	 50.	 � �� � � �� � � �� �2 3 6 2 5i i i

Perform the indicated operations and write each result in standard form. See 
Examples 4 and 5.

	 51.	 8 2 3�� �i

	 52.	 � �� �3 7 4i

	 53.	 5 3 1�� � �� �i i

	 54.	 2 7 6�� � �� �i i

	 55.	 5 7
2

�� �i

	 56.	 3 2
2

�� �i

	 57.	 4 5 4 5�� � �� �  i i

	 58.	

	 59.	  3 5 3 6�� � �� �  i i

	 60.	 2 3 3 2�� � �� �  i i

	 61.	
5

4i

	 62.	
-3

2i

	 63.	
�
�

4

1 2i

	 64.	
7

5 2- i

	 65.	
2

2 5

�
�

i

i

	 66.	
6

3 4

�
�

i

i

	 67.	
2 3

1 5

�
� �

i

i

	 68.	
� �
�
3

7 2

i

i

	 69.	
3 2

3 2

�
�

i

i

	 70.	
6 3

6 3

�
�

i

i

Simplify the following powers of i and write each result in standard form. Assume k is a 
positive integer. See Example 6.

	 71.	 i13

	 72.	 i20

	 73.	 i30

	 74.	 i15

	 75.	 i −3

	 76.	 i−5

	 77.	 i4k

	 78.	 i4k + 2

	 79.	 i4k + 3

	 80.	 i4k + 1

Find the indicated products and simplify.

	 81.	 x i x i�� � �� �3 3

	 82.	 y i y i�� � �� �5 5

	 83.	 x i x i�� � �� �2 2  

	 84.	 2 7 2 7x i x i�� � �� �  

	 85.	 5 2 5 2y i y i�� � �� �
	 86.	 y i y i�� � �� �3 3  

7 2 3 7 2 3�� � �� �  i i
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	 87.	 x i x i�� � ��� �� �� � ��� ��2 6 2 6 

	 88.	 x i x i�� � ��
�

�
� �� � ��
�

�
�1 8 1 8  

	 89.	 y i y i�� � ��� �� �� � ��� ��3 2 3 2  

	 90.	 x i x i�� � ��� �� �� � ��� ��1 5 1 5  

Writing & Thinking
	 91.	 Answer the following questions and give a brief explanation of your answer.

a.	 Is every real number a complex number?

b.	 Is every complex number a real number?

	 92.	 Explain why the product of every complex number and its conjugate is a nonnegative 
real number.

	 93.	 Explain why � � � �4 4 4. What is the correct value of � � �4 4?
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Margin Exercise Answers
1.  x = 2 8,    2.   x � � �6 2 3    3.  ±4i    4.  x � �4 2 3

5. a.  y y y2
2

14 49 7� � � �� �   b.  x x x2
2

9
81

4

9

2
� � � ��

�
�

�
�
�    6.  x � �5 2 14

7.  x i� � �2 7    8.  x � �1 6    9.  y y2 8 25 0� � �    10.  x x2 2 6 0� � �

10.1 Exercises
Concept Check

Fill-in-the-Blank. Complete each sentence using information found in this section.

	 1.	 The zero-factor law states that if the product of two or more factors is __________, 
then at least one of the factors must be _______.

	 2	 When solving quadratic equations, if one side of the equation is a/an __________, 
expression and the other side is constant, it can be solved by taking the square root of 
both sides.

	 3.	 The two equations x c=  and x c� �  can be written as ___________.

	 4.	 When using the square root method, if the squared expression is set equal to a/an 
______ number, then the solution will be nonreal.

	 5.	 Completing the square is the process of adding terms to binomials so that the result 
will be a perfect square ______.

	 6.	 When solving by completing the square, the quadratic equation should have a 
leading coefficient of _____.

True/False. Determine whether each statement is true or false. If a statement is false, 
explain how it can be changed so the statement will be true. (Note: There may be more 
than one acceptable change.)

	 7.	 It’s possible for the roots of a quadratic equation to be nonreal numbers.

	 8.	 The square of a real number can be negative.

	 9.	 The last step of solving a quadratic equation by completing the square is to use the 
square root property.

Practice

Solve the following quadratic equations by factoring. See Example 1.

	 1.	 x x2 11=

	 2.	 x x2 10 16 0� � �

	 3.	 x x2 15 36� � �

	 4.	 2 36 34 02x x� � �

	 5.	 9 6 15 02x x� � �

	 6.	 5 17 62x x� � �

	 7.	 x x x�� � �� � �3 1 4

	 8.	 x x�� � �� � �7 2 6
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	 9.	 2 3 2 1 3 6x x x�� � �� � � � 	 10.	 x x x x�� � �� � � � �2 5 4 3 15 122

Solve the following quadratic equations by using the square root method. Write each 
radical in simplest form. See Examples 2 through 4.

	 11.	 x2 121=

	 12.	 x2 81=

	 13.	 3 1082x =

	 14.	 5 2452x =

	 15.	 x2 35=

	 16.	 x2 42=

	 17.	 x2 25 0� �

	 18.	 x2 81 0� �

	 19.	 x2 62 0� �

	 20.	 x2 75 0� �

	 21.	 3 542x =

	 22.	 5 602x =

	 23.	 9 42x =

	 24.	 4 252x =

	 25.	 x �� � �1 4
2

	 26.	 x �� � �3 9
2

	 27.	 x �� � � �3 4
2

	 28.	 x �� � � �8 9
2

	 29.	 x �� � �1
1

4

2

	 30.	 x �� � � �9
9

25

2

	 31.	 x �� � � �2 7
2

	 32.	 x �� � �8 75
2

	 33.	 5 2 63
2

x �� � �

	 34.	 4 3 125
2

x �� � �

	 35.	 3 4 3 30
2

x �� � � �

	 36.	 2 1 12 60
2

x �� � � �

	 37.	 2 7 24
2

x �� � �

	 38.	 3 11 60
2

x �� � �

	 39.	 3 5 5 25
2

x �� � � � �

	 40.	 2 6 11 25
2

x �� � � �

Add the correct constant to complete the square; then factor the trinomial as indicated. 
See Example 5.

	 41.	 x x2 2
12� � � � �___ _____

	 42.	 y y2 2
14� � � � �___ _____

	 43.	 x x2 2
5� � � � �___ _____

	 44.	 x x2 2
7� � � � �___ _____

	 45.	 y y2 2
� � � � �___ _____

	 46.	 x x2 21

2
� � � � �____ _______

	 47.	 x x2 21

3
� � � � �____ _______

	 48.	 y y2 23

4
� � � � �____ _______

	 49.	 2 4 22 2
x x� � � � �_____ _____

	 50.	 3 18 32 2
x x� � � � �_____ _____

Solve the quadratic equations by completing the square. See Examples 6 through 8.

	 51.	 x x2 4 5 0� � �

	 52.	 x x2 6 7 0� � �

	 53.	 y y2 2 5� �

	 54.	 x x2 3 8� �
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	 55.	 x x2 3 10� �

	 56.	 z z2 4 2� �

	 57.	 x x2 4 45 0� � �

	 58.	 x x2 10 21 0� � �

	 59.	 3 4 02x x� � �

	 60.	 2 6 02x x� � �

	 61.	 x x2 6 10 0� � �

	 62.	 x x2 2 5 0� � �

	 63.	 y y2 10 4� �

	 64.	 x x2 3 4� �

	 65.	 z z2 3 5 0� � �

	 66.	 x x2 5 5 0� � �

	 67.	 x x2 2 0� � �

	 68.	 y y2 3 3 0� � �

	 69.	 x x2 5 2 0� � �

	 70.	 4 7 2 02x x� � �

	 71.	 3 10 5 02x x� � �

	 72.	 3 5 3 02y y� � �

	 73.	 3 6 18 02x x� � �

	 74.	 4 8 16 02x x� � �

	 75.	 2 3 4 2x x� �

	 76.	 2 2 6 2x x� � �

	 77.	 5 15 25 02y y� � �

	 78.	 4 20 32 02x x� � �

	 79.	 3 42y y� �

	 80.	 2 4 92x x� � �

	 81.	 2 8 4 02x x� � �

	 82.	 3 18 12 02x x� � �

Write a quadratic equation with integer coefficients that has the given roots. See 
Examples 9 and 10.

	 83.	 x x� � �7 7,

	 84.	 x x� � �6 6,

	 85.	 x x� � � �1 3 1 3,

	 86.	 z z� � � �3 2 3 2,

	 87.	 y y� � � � � �2 2 5 2 2 5,

	 88.	 x x� � � �1 2 3 1 2 3,

	 89.	 x = 4i, x = −4i

	 90.	 x = 7i, x = −7i

	 91.	 y i y i� � �6 6,

	 92.	 y i y i� � �5 5,

	 93.	 x = 2 + i, x = 2 − i

	 94.	  x = −3 + 2i, x = −3 − 2i

	 95.	 x i x i� � � �1 2 1 2,

	 96.	 x i x i� � � �2 3 2 3,

	 97.	 x i x i� � � � � �5 2 6 5 2 6,

	 98.	 y i y i� � � �4 3 2 4 3 2,

Applications
Solve.

	 99.	 A ball is dropped from the top of a building that is known to be 144 feet high. The 

formula for finding the height of the ball at any time is h t� �144 16 2  where t is 
measured in seconds. How many seconds will it take for the ball to hit the ground?
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	100.	 A ball is dropped from the top of a building that is 784 feet high. The height of the 
ball above ground level is given by the polynomial function h(t) = −16t2 + 784 where 
t is measured in seconds.

a.	 �How high is the ball after 3 seconds? 5 seconds? 

b.	 �How far has the ball traveled in 3 seconds? 5 seconds?

c.	 �When will the ball hit the ground? Explain your reasoning in terms of factors.

	101.	 A tennis ball is dropped from a building. The position of the ball after t seconds is 
given by the polynomial function s(t) = −4.9t2 + 490, where s is the height in meters 
of the ball.

a.	 Find s(0) What does this value represent in the context of this problem?

b.	 How high is the tennis ball 2 seconds after it has been dropped?

c.	 How long before the tennis ball hits the ground?

	102.	 A financial consultant is asked for advice about finances and savings plans. When a 
client invests money, they need to know which interest rate will meet their financial 
goals based on the amount invested. The financial consultant can use the formula 
A = P(r + 1)n to find the future amount A, after n years, of an investment with a 
starting principal P invested at an interest rate of r.

a.	 A client has $3000 to invest and would like to earn $300 on his investment after 
2 years. At what interest rate will the client need to invest his money? Round to 
the nearest hundredth of a percent.

b.	 Another client has $5000 to invest and would like to earn $750 on her 
investment after 2 years. At what interest rate will the client need to invest her 
money? Round to the nearest hundredth of a percent.

	103.	 A local frame shop determines that the revenue function for their custom framing 
service is R(p) = 360p - 4p2, where p is the base price in dollars for each custom 
framing job.

a.	 Set the function equal to 0 and solve for p using the method of completing 
the square.

b.	 What do the solutions from part a. mean?

	104.	 The height of a golf ball that is hit from the ground at a speed of 128 feet per second 
can be modeled with the expression h(t) = −16t2 + 128t, where t is the time in 
seconds after the ball is hit.

a.	 Set the function equal to 0 and solve for t using the method of completing 
the square.

b.	 What do the solutions from part a. mean?.

Writing & Thinking
	105.	 Explain, in your own words, the steps involved in the process of solving a quadratic 

equation by completing the square..
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Solution

b ac

c

c

c

c

2

2

4 0

8 4 1 0

64 4 0

4 64

� �

� � � � �� � �
� �
� � �

 

         

           ��16

Check

x x

x x

x

x

2

2

2

8 0

8 16 0

4 0

4

16� � � � �
� � �

�� � �

� �

   

            

There is only one real solution. Thus, − 4 is a double root.

Now work margin exercise 7.

Example 8	 Understanding the Discriminant

Determine the value(s) for a such that ax2 − 8x + 4 = 0 will have two nonreal solutions. 
(Hint: Set the discriminant less than 0 and solve for a.)

Solution

b ac

a

a

a

2

2

4 0

8 4 4 0

64 16 0

16 64

� �

�� � � � �� � �
� �
� � �

 

         

            a � 4

Now work margin exercise 8.

Margin Exercise Answers

1. 
7 33

2

±
   2. 

3 31

10

± i
   3.  ±3i    4.  x �

�3 13

2
   5.  x �

�
0

5 17

2
,    6. a.  253, there 

are two real solutions. b.  0, there is one real solution, a double root. c.  −36, there are two nonreal 
solutions.  7.  c = 9    8.  a > 16

10.2 Exercises
Concept Check
Fill-in-the-Blank. Complete each sentence using information found in this section.

	 1.	 The general form of a quadratic equation is ____________.

	 2.	 In the quadratic formula, the expression b2 – 4ac is called the ____________.

	 3.	 The quadratic formula is x = _______________.

	 4.	 When using the quadratic formula, the value of a cannot be ______.

	 5.	 To develop the quadratic formula, the general quadratic equation is solved by ______ 
the square.

	 6.	 In the case where the discriminant is zero, there is one real solution, also called a/an 
______ root.

	 8.	Determine the value(s) for 

a such that ax x2 8 1 0� � �  
will have two nonreal 
solutions.

Thus, if a is any real number greater than 4, the 
discriminant will be negative and the equation will have 
two nonreal solutions.
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True/False. Determine whether each statement is true or false. If a statement is false, 
explain how it can be changed so the statement will be true. (Note: There may be more 
than one acceptable change.)

	 7.	 The quadratic formula will always work when solving quadratic equations.

	 8.	 If the discriminant is a perfect square, the quadratic equation is factorable.

	 9.	 When using the quadratic formula, if the discriminant is greater than zero, there are 
infinite solutions.

	 10.	 If the discriminant is less than zero, there is no real solution.

Practice
Find the discriminant and determine the nature of the solutions of each quadratic 
equation. See Examples 6 through 8.

	 1.	 x2 + 6x − 8 = 0

	 2.	 x2 + 3x + 1 = 0

	 3.	 x2 − 8x + 16 = 0

	 4.	 x2 + 3x + 5 = 0

	 5.	 4x2 + 2x + 3 = 0

	 6.	 3x2 − x + 2 = 0

	 7.	 5x2 + 8x + 3 = 0

	 8.	 4x2 + 12x + 9 = 0

	 9.	 100x2 − 49 = 0

	 10.	 9x2 + 121 = 0

	 11.	 3x2 + x + 1 = 0

	 12.	 5x2 − 3x − 2 = 0

Solve each of the quadratic equations using the quadratic formula See Examples 1 
through 4.

	 13.	 x x2 4 4 0� � �

	 14.	 x x2 6 1 0� � �

	 15.	 9 12 4 02x x� � �

	 16.	 4 20 25 02x x� � �

	 17.	 x x2 2 7 0� � �

	 18.	 x x2 2 3 0� � �

	 19.	 2 5 3 02x x� � �

	 20.	 3 7 4 02x x� � �

	 21.	 4 6 1 02x x� � �

	 22.	 2 3 1 02x x� � �

	 23.	 4 6 3 02x x� � �

	 24.	 x x2 5 7 0� � �

Solve the given equations using any of the techniques discussed for solving quadratic 
equations: factoring, completing the square, or using the quadratic formula.

	 25.	 x2 + 3x − 5 = 0

	 26.	 x2 − 7x − 3 = 0

	 27.	 x2 + 4x + 3 = 0

	 28.	 x2 + 14x + 49 = 0

	 29.	 x2 + 8 = 0

	 30.	 x2 − 7 = 0

	 31.	 x2 − 5x + 2 = 0

	 32.	 3x2 + 2x − 2 = 0

	 33.	 16x2 + 8x = −1

	 34.	 6x2 = 5x + 1

	 35.	 3x2 − 4 = 0

	 36.	 4x2 + 9 = 0

	 37.	 9x2 − 12x + 4 = 0

	 38.	 9x2 − 6x + 1 = 0
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	 39.	 2x2 = − 8x − 9

	 40.	 3x2 = 6x − 4

	 41.	 5x2 + 5 = 7x

	 42.	 4x2 − 5x = −3

	 43.	 6x2 + 2x = 20

	 44.	 10x2 + 30 = −35x

	 45.	 3x2 = 18x − 33

	 46.	 2x2 = 16x − 36

	 47.	 x2 + 4x = x − 2x2

	 48.	 3x2 + 4x = 0

	 49.	 x3 − 9x2 + 4x= 0

	 50.	 x3 − 8x2 = 3x2 + 3x

	 51.	 x3 + 3x2 + x = 0

	 52.	 4x3 + 10x2 − 3x = 0

	 53.	 2 1 3 2 6x x x�� � �� � � �

	 54.	 x x�� � �� � � �5 1 3

	 55.	 3 1 2 5x x x�� � �� � � �

	 56.	 x x�� � �� � � �4 2 4

First multiply each side of the equation by the LCD to get integer coefficients and then 
solve the resulting equation. See Example 3.

	 57.	 3 4
1

3
02x x� � �

	 58.	
3

4
2

1

8
02x x� � �

	 59.	 2
2

3

2

9
02x x� � �

	 60.	 2 3
5

4
02x x� � �

	 61.	 1

2

3

4
02x x� � �

	 62.	
2

3

1

3

1

2
02x x� � �

	 63.	
1

4

7

8

1

2
02x x� � �

	 64.	 5

12

1

2

1

4
02x x� � �

	 65.	 Determine the value(s) for c such that x2 − 8x + c = 0 will have two real solutions.

	 66.	 Determine the value(s) for c such that x2 + 5x + c = 0 will have two real solutions.

	 67.	 Determine the value(s) for c such that x2 + 9x + c = 0 will have one real solution.

	 68.	 Determine the value(s) for c such that x2 − 7x + c = 0 will have one real solution.

	 69.	 Determine the value(s) for a such that ax2 − 6x + 3 = 0 will have two nonreal solutions.

	 70.	 Determine the value(s) for a such that ax2 + 4x − 2 = 0 will have two nonreal solutions.

	 71.	 Determine the value(s) for a such that ax2 + x − 9 = 0 will have two real solutions.

	 72.	 Determine the value(s) for a such that ax2 + 6x + 3 = 0 will have two real solutions.

	 73.	 Determine the value(s) for a such that ax2 + 7x + 12 = 0 will have one real solution.

	 74.	 Determine the value(s) for a such that ax2 − 2x + 8 = 0 will have one real solution.

	 75.	 Determine the value(s) for c such that 3x2 + 4x + c = 0 will have two nonreal solutions.

	 76.	 Determine the value(s) for c such that 2x2 + 3x + c = 0 will have two nonreal solutions.
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 Solve the quadratic equations using the quadratic formula and your calculator. 
Write the solutions accurate to the ten-thousandth.

	 77.	 0.02x2 − 1.26x + 3.14 = 0

	 78.	 0.5x2 + 0.07x − 5.6 = 0

	 79.	 2 3 5 02x x� � �

	 80.	 x x2 2 10 10 0� � �

	 81.	 0 3 2 072 02. .x x� � �

	 82.	 4 2 11 03 2 4x x� � �

	 83.	 x2 2 15 15 0� � �

	 84.	 0 05 30 02. x � �

Applications
Solve.

	 85.	  An orange is thrown down from the top of a building that is 300 feet tall with an 
initial velocity of 6 feet per second. The distance of the object from the ground can 
be calculated using the equation d = 300 − 6t − 16t 2, where t is the time in seconds 
after the orange is thrown.

a.	 On a balcony, a cup is sitting on a table located 100 feet from the ground. If the 
orange is thrown with the right aim to fall into the cup, how long will the orange 
fall? Round to the nearest hundredth. (Hint: The distance is 100 feet.)

b.	 If the orange misses the cup and falls to the ground, how long will it take for the 
orange to splatter on the sidewalk? (Hint: What is the height of the orange when 
it hits the ground?)

c.	 Approximately how much longer would it take for the orange to fall to the 
sidewalk than it would for the orange to fall into the cup?

	 86.	  Merida is practicing archery with her recurve bow. Her target is the top of a 3-foot 
tall bale of hay that is 400 feet away. She aims at a 45° angle and shoots the arrow with 
an initial velocity of 140 feet per second. The height of the arrow can be described by 
h = 99t - 16t2 + 5, where 99 is the vertical velocity of the arrow, h is the height of the 
arrow, and t is the time in seconds that passes after the arrow leaves the bow. 

a.	 Solve the equation 3 = 99t - 16t2 + 5 to determine the time in seconds when the 
height of the arrow will be 3 feet. Round your answer to the nearest hundredth.

b.	 When shot at a 45° angle, the horizontal velocity of the arrow is also 99 feet per 
second. Use this velocity to determine how long will it take the arrow to reach the bale 
of hay? Round your answer to the nearest hundredth. (Hint: Use the d = rt formula.)

c.	 Did Merida hit the target, undershoot the target, or overshoot the target? 
(Hint: Compare the answers from part a. and part b.)

Writing & Thinking
	 87.	 Find an equation of the form Ax4 + Bx2 + C = 0 that has the four roots ±2 and ±3. 

Explain how you arrived at this equation.

	 88.	 The surface area of a right circular cylinder can be found 
using the following formula: S = 2πr2 + 2πrh, where r is 
the radius of the cylinder and h is the height. Estimate the 
radius of a circular cylinder of height 30 cm and surface 
area 300 cm2. Explain how you used your knowledge of 
quadratic equations.

h = 30 cm

r
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x x x xx
xx

x x x x

x�� �
�

� � �

� �� � � ��

�� � �� �2
2420

2

2420
11

2420 2420 2 11 2

2 2

��
� � � �

� � �

� � �

� �

2420 2420 4840 11 22

0 11 22 4840

0 2 440

0 2

2

2

2

x x x x

x x

x x

x 22 20

22

2 20

20

� � �� �
�

� �
� �

x

x

x

x or −20 does not fit the conditions. That 
is, the number of people in a club is 
a positive number.

LCD = x (x - 2)

Divide both sides by 11.

Check

Final cost per member = 

Initial cost per member

2420

20
121= $

  = 
2420

22
110= $

$121 − $110 = $11                                             Difference in cost per member

Twenty members rode the bus.

Now work margin exercise 7.

Margin Exercise Answers
1. 6 ft and 8 ft   2.  3 hours   3.  2 mph   4. a.  In 30 seconds  b.  At 5 seconds and at 25 seconds      
5.  8 in. by 8 in. by 1 in.   6.   127.3 ft   7.  20 members attended the championship.

10.3 Exercises
Concept Check

Fill-in-the-Blank. Complete each sentence using information found in this section.

	 1.	 Application problems are designed to teach you to _____ carefully, to ______ 
clearly, and to ______ from English to algebraic expressions and equations.

	 2.	 You must decide on a method of ______ based on the wording of the problem and 
your previous experience and knowledge.

	 3.	 Draw a/an ______ for problems involving geometric figures whenever possible.

True/False. Determine whether each statement is true or false. If a statement is false, 
explain how it can be changed so the statement will be true. (Note: There may be more 
than one acceptable change.)

	 4.	 Application problems will always directly tell you which operations to perform.

	 5.	 The basic formula for distance-rate-time problems is d = rt.
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Applications
Solve.

	 1.	 A rectangle has a length 5 m less than twice its width. If the area is 63 m2, find the 
dimensions of the rectangle.

	 2.	 The length of a rectangle is 2 cm less than 3 times its width. If the area of the 
rectangle is 225 cm2, find the dimensions of the original rectangle.

	 3.	 The difference between two positive numbers is 9. If the smaller number is added to 
the square of the larger number, the result is 147. Find the numbers.

	 4.	 The difference between a positive number and 3 is four times the reciprocal of the 
number. Find the number.  

(Hint: The reciprocal of x is 1
x .)

	 5.	 The Wilsons have a rectangular swimming 
pool that is 10 ft longer than it is wide. 
The pool is completely surrounded by a 
concrete deck that is 6 ft wide. The total 
area of the pool and the deck is 1344 ft2. 
Find the dimensions of the pool.

	 6.	 Each side of a square is increased by 10 cm. The area of the resulting square is 9 times 
the area of the original square. Find the length of the sides of the original square.

	 7.	 If 5 meters are added to each side of a square, the area of the resulting square is four 
times the area of the original square. Find the length of the sides of the original square.

	 8.	 The diagonal of a rectangle is 13 m. The length is 2 m more than twice the width. 
Find the dimensions of the rectangle.

	 9.	 The length of a rectangle is 4 m more than its width. If the diagonal is 20 m, what are 
the dimensions of the rectangle?

	 10.	 An orchard has 2030 trees. The number of trees in each row is 12 more than twice 
the number of rows. How many trees are in each row? 

	 11.	 A rectangular auditorium seats 960 people. The number of seats in each row is 
16 more than the number of rows. Find the number of seats in each row.

	 12.	 An apartment building has the same number of units on each floor. The building has 
five times as many units per floor as number of floors, and there are 405 units total. 
How many floors does the building have?

	 13.	 A farmer fenced in a 198-square-meter portion of his field with 58 meters of fencing. 
What are the length and width of the field? (Hint: The length plus the width is equal 
to half of the perimeter.)

29 − x
x

a.	 Write an equation to express the area of the fenced-in field.

b.	 Solve the equation from part a. for the variable. 

c.	 Use the answer from part b. to determine the length and width of the fenced-in field.

w + 10

w

6
6

6
6 6

6

6
6
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	 14.	 A large U-Haul truck is 8 ft tall. The length of the truck is 4 ft longer than three times 
the width. What are the dimensions of the truck if the volume is 1590 ft3? 

	 15.	 A photograph 9 in. wide and 12 in. long is 
surrounded by a frame of uniform 
thickness. The area of the frame itself, not 
including the center, is 162 in.2 Find the 
thickness of the frame. 

	 16.	 The Mona Lisa is a famous painting by  
Leonardo da Vinci. The painting is 30 in. by 
21 in. It is surrounded by a frame of uniform 
thickness whose area (not including the center) 
is 756 in.2 Find the thickness of the frame. 

	 17.	 A 40-volt generator with a resistance of 4 ohms delivers power externally of 40I − 4I 2 
watts, where I is the current measured in amperes. Find the current needed for the 
generator to deliver 100 watts of power.

	 18.	 Find the current needed for the 40-volt generator in Exercise 17 to deliver 64 watts 
of power. 

	 19.	 Raymond operates a small sign-making business. He finds that if he charges x dollars 
for each sign, he sells 40 − x signs per week. What is the least number of signs he can 
sell to have an income of $336 in one week? 

	 20.	 It costs Mrs. Snow $3 to build a picture frame. She estimates that if she charges x 
dollars each, she can sell 60 − x frames per week. What is the lowest price necessary 
to make a profit of $432 each week? 

	 21.	 Samuel operates a small peanut stand. He estimates that he can sell 600 bags of 
peanuts per day if he charges 50¢ for each bag. He determines that he can sell 20 
more bags for each 1¢ reduction in price.

a.	 What would be his revenue for one day if he charged 48¢ per bag? 

b.	 What should he charge in order to have receipts of $315? 

	 22.	 A sporting goods store owner estimates that if he sells a certain model of basketball 
shoes for x dollars a pair, he will be able to sell 125 − x pairs. Find the price if his 
sales are $3750. Is there more than one possible answer? 

	 23.	 Mr. Prince owns a 15-unit apartment complex. If all units are rented, the rent for each 
apartment is $700 per month. Each time the rent is increased by $70, he will lose 1 
tenant. What is the rental rate if he receives $10,920 monthly in rent? (Hint: Let x 
represent the number of empty units.)

	 24.	 The Ski Club is planning to charter a bus to a ski resort. 
The cost will be $900 and each member will share the cost 
equally. If the club had 15 more members, the cost per 
person would be $10 less. How many are in the club now? 

(Hint: If x = number in club now, 900
x  = cost per person.) 

Area of Frame = 162 sq. in.

9 in.

12 in.
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	 25.	 A motorboat takes a total of 2 hours 
to travel 8 miles downstream and 
4 miles back on a river that is flowing 
at a rate of 2 mph. Find the rate of the 
boat in still water.

Rate Time Distance
Going x ? 200

Returning x − 10 ? 200

	 26.	 A small motorboat travels 12 mph in still water. It takes 2 hours longer to travel 
45 miles going upstream than it does going downstream. Find the rate of the current. 
(Hint: 12 + c = rate going downstream and 12 − c = rate going upstream.)

	 27.	 Recently Mr. and Mrs. Roberts spent their vacation in San Francisco, which is 540 miles 
from their home. Being a little reluctant to return home, the Roberts took 2 hours longer 
on their return trip and their average speed was 9 mph slower than when they were going. 
What was their average rate of speed as they traveled from home to San Francisco?

	 28.	 Lisa traveled to a college that is located 200 miles from the city where she works to 
train customers how to use the software that her company sells. Due to a traffic jam, 
her average speed returning was 10 miles per hour less than her average speed going to 
the college. The total travel time to and from the college was 9 hours. What was Lisa’s 
average speed going to the college?

a.	 Use the table to set up a rational equation to describe the situation. Use the 
variable x to represent the average speed going to the college. (Hint: The sum of 
the times that it took Lisa to travel to and from the college is 9 hours.)

Distance (d  ) ÷ Rate ( r ) = Time t
d
r

=
�

�
�

�

�
�  

Going

Returning

b.	 Solve the equation from part a. Round your answer to the nearest tenth.

c.	 Which solution from part b. makes sense in the context of the situation? Explain 
your reasoning.

d.	 Use the answer from part c. to answer the question from the problem statement.

	 29.	 The Blumin Garden Club planned to give their president a gift of appreciation 
costing $120 and to divide the cost evenly. In the meantime, 5 members dropped out 
of the club. If it now costs each of the remaining members $2 more than originally 
planned, how many members initially participated in the gift buying? 

(Hint: If x = number in club initially, 120
x  = cost per member.)

	 30.	 A manufacturing crew needs to assemble 1000 boxes per day, divided equally among the 
workers. One day, three workers call in sick, and the remaining members each need to 
assemble 75 more boxes than usual. How many workers are on the manufacturing crew?

	 31.	 A rectangular sheet of metal is 6 in. longer than it is wide. A box is to be made by cutting 
out 3 in. squares at each corner and folding up the sides. If the box has a volume of 
336 in.3, what were the original dimensions of the sheet metal? (See Example 5.)

	 32.	 A box is to be made out of a square piece of cardboard by cutting out 2 in. squares 
at each corner and folding up the sides. If the box has a volume of 162 in.3, how big 
was the piece of cardboard? (See Example 5.)
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	 33.	 A woman and her daughter can paint their cabin in 3 hours. Working alone it would 
take the daughter 8 hours longer than it would the mother. How long would it take 
the mother to paint the cabin alone?

	 34.	 Two employees together can prepare a large order in 2 hrs. Working alone, one employee 
takes three hours longer than the other. How long does it take each person working alone?

	 35.	 Two pipes can fill a tank in 8 minutes if both are turned on. If only one is used it would 
take 30 minutes longer for the smaller pipe to fill the tank than the larger pipe. How 
long will it take the smaller pipe to fill the tank?

	 36.	 A farmer and his son can plow a field with two tractors in 4 hours. If it would take 
the son 6 hours longer than the father to plow the field alone, how long would it take 
each if they worked alone?

	 37.	 Jack and Diane are decorating a nursery room for their baby, who will be born in a few 
months. Working together, they can completely decorate the nursery in 4 hours. Working 
alone, it would take Diane 6 hours longer to decorate the nursery than it would take Jack. 
How long would it take Jack and Diane to decorate the nursery by themselves?

a.	 Use the table to set up a rational equation to describe the situation. Use the 
variable x to represent the time it takes Jack to decorate the nursery by himself.

Person(s) Time of Work (in Hours) Part of Work Done in 1 Hour

Jack

Diane

Together

b.	 Solve the equation from part a.

c.	 Which solution from part b. makes sense in the context of the situation? Explain 
your reasoning.

d.	 Use the answer from part c. to answer the question from the problem statement.

	 38.	  A ball is thrown upward with an initial velocity of 32 ft/sec from the edge of a 
cliff near the beach. The cliff is 50 ft above the beach. The height of the ball can be 
found by using the equation h = −16t2 + 32t + 50, where t is measured in seconds.

a.	 When will the ball be 66 feet above the beach?

b.	 When will the ball be 30 feet above the beach?

c.	 In about how many seconds will the ball hit the beach?

	 39.	 The height of a projectile fired upward from the ground with a velocity of 128 ft/sec 
is given by the formula h t t� � �16 1282 .

a.	 When will the projectile be 256 feet above 
the ground?

b.	 Will the projectile ever be 300 feet above the 
ground? Explain.

c.	 When will the projectile be 240 feet above 
the ground?

d.	 In how many seconds will the projectile hit the 
ground?

h

h = --16t2 + 128t
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	 40.	  A ladder is 30 ft long and you 
want to place the base of the ladder 
10 ft from the base of a building. 
About how far up the building (to the 
nearest tenth of a foot) will the 
ladder reach?

	 41.	  A flag pole is on top of a building and is 
held in place by steel cables attached to the top 
of the pole. If one such cable is 40 ft long and 
is attached at a point on the roof of the 
building 20 ft from the base of the flag pole, 
what is the length of the flag pole (to the 
nearest tenth of a foot)?

	 42.	  A landscaper was given the task to create a triangular flower 
garden in the corner of an office building. The landscaper has 
12 feet of low fencing to use as a border along one side of the 
garden. The final garden will have the shape shown in the figure. 
The landscaper needs to know the remaining side lengths of 
the triangle to determine the area he will need to cover with 
fresh topsoil.

a.	 Use the Pythagorean Theorem to set up an equation which describes the 
relationship between the side lengths of the flower garden.

b.	 Solve the equation from part a. for the variable. Round your answer(s) to the 
nearest tenth.

c.	 Which solution from part b. makes sense in the context of the situation? Explain 
your reasoning.

d.	 Use the answer from part c. to determine the area that the landscaper will need 
to cover with topsoil.

Writing & Thinking
	 43.	 Suppose that you are to solve an applied problem and the solution leads to a 

quadratic equation. You decide to use the quadratic formula to solve the equation. 
Explain what restrictions you must be aware of when you use the formula.

30 feet

10 feet

40
 fe

et

40
 fe

et

20 feet20 feet

??

12 ft

90°

x

x
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Example 7	 Solving Higher-Degree Equations

Solve the equation: x3 27 0� �

Solution

The polynomial is the difference of two cubes and can be factored. In this case, complex 
solutions can be found using the quadratic formula.

x

x x x

x x x

x

3

2

2

27 0

3 3 9 0

3 0 3 9 0

3

� �

�� � � �� � �
� � � � �

� Using the quadraticc formula:

or

x

i
i

�
� � � � �

�
� � �

�
� �

� �

3 3 4 1 9

2

3 27

2

3 3 3

2

3

2

3 3

2

2

There are three solutions: x = 3, � �3 3 3

2

i
,  - -3 3 3

2

i
.

Now work margin exercise 7.

Margin Exercise Answers

1.  ± ±1 2 2,    2.  512, -27   3.  ± ±
2

2

2

4
,    4.  -4, 5   5. 

2 5

2

±
   6.  0, ± 5 , ±i 5

7.  6, � �3 3 3i

10.4 Exercises
Concept Check
Fill-in-the-Blank. Complete each sentence using information found in this section.

	 1.	 An equation is in quadratic form when the degree of the ______ term is ______ the 
degree of the first term.

	 2.	 To solve an equation in quadratic form, a/an ______ can be made to clarify 
the problem.

	 3.	 When solving equations in quadratic form by substitution, substitute a/an ______-
degree variable for the variable expression in the middle term.

	 4.	 When solving rational expressions, remember to check the ______ on the variables.

True/False. Determine whether each statement is true or false. If a statement is false, 
explain how it can be changed so the statement will be true. (Note: There may be more 
than one acceptable change.)

	 5.	 Equations in quadratic form can be solved using the quadratic equation or by factoring.

	 6.	 When solving higher-degree equations, you shouldn’t factor out any 
common monomials.

	 7.	Solve each equation:

		  x3 216 0� �
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	 7.	 The LCM of the denominators is used to clear rational expressions of any fractions.

	 8.	 The degree of the first term of an equation in quadratic form must be 2.

Practice
Solve the equations.

	 1.	  x4 − 13x2 + 36 = 0

	 2.	  x4 − 29x2 + 100 = 0

	 3.	  x4 − 9x2 + 20 = 0

	 4.	  y4 − 11y2 + 18 = 0

	 5.	  y4 − 3y2 − 28 = 0

	 6.	  y4 + y2 − 12 = 0

	 7.	  y4 − 25 = 0

	 8.	  4x4 − 100 = 0

	 9.	 2 9 10 0
1

2x x� � �

	 10.	 2 3 1 0
1

2x x� � �

	 11.	 x x3
3

29 8 0� � �

	 12.	 y y3
3

228 27 0� � �

	 13.	 2 3 2 0
2

3

1

3x x� � �

	 14.	 2 6 0
2

3

1

3x x� � �

	 15.	 3 15 18 0
5

3

4

3x x x� � �

	 16.	 2 30 112 02
3

2x x x� � �

	 17.	 x x�� � � �� � �7 5 7 50
2

 

	 18.	 x x�� � � �� � � �1 1 6 0
2

	 19.	 2 3 7 2 3 12 0
2

x x�� � � �� � � �

	 20.	 5 4 2 5 4 8 0
2

x x�� � � �� � � �

	 21.	 x x�� � � �� � � �3 2 3 15 0
2

 

	 22.	 x x�� � � �� � �4 2 4 3
2

	 23.	 2 1 2 1 0
2

x x�� � � �� � �

	 24.	 3 5 3 5 2 0
2

x x�� � � �� � � �

	 25.	  x4 − 2x2 + 2 = 0

	 26.	  x4 − 4x2 + 5 = 0

	 27.	  x4 − 2x2 + 10 = 0

	 28.	  x4 − 6x2 + 13 = 0

	 29.	  x4 − 4x2 + 7 = 0

	 30.	  x4 − 6x2 + 11 = 0

	 31.	  x−2 − 12x−1 + 35 = 0

	 32.	  z−2 − 2z−1 − 24 = 0

	 33.	  3x−2 + x−1 − 24 = 0

	 34.	  2x−2 − 7x−1 + 6 = 0

	 35.	 x x� �
� � �1

1

25 50 0

	 36.	 3 7 2 01
1

2y y� �
� � �

	 37.	  x−4 − 6x−2 + 5 = 0

	 38.	  3x−4 − 5x−2 + 2 = 0

	 39.	  3x−4 + 25x−2 − 18 = 0

	 40.	  2x−4 + 3x−2 − 20 = 0

	 41.	
2

4 1

1

1 1x x

x

x�
�

�
�

�
�

	 42.	
3 2

15

16 3

6

3

5

x x

x

x�
�

�
�

�
�

	 43.	
2

4

12

20

1

52

x

x

x

x x

x

x�
�

� �
�

�
�

	 44.	
x

x

x

x

x

x x

�
�

�
�
�

�
�

� �
1

3

2 1

2

12 2

62

	 45.	
x

x

x

x x

x

x

�
�

�
�
� �

�
�
�

5

3 2

4 2

3 8 4

4

22

	 46.	
x

x

x x

x x

x

x

�
�

�
� �
� �

�
�

5

3 4

16 5 6

3 2 8

4

2

2

2
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	 47.	
4 1

6

3 8 20

2 13 6

3 7

2 1

2

2

x

x

x x

x x

x

x

�
�

�
� �
� �

�
�
�

	 48.	
3 2

3

22 31

12

3 4

32

x

x

x

x x

x

x

�
�

�
�

� �
�

�� �
�

	 49.	
5 10

7

2 1

4
3

x

x

x

x

�� �
�

�
�� �
�

�

	 50.	 2
2

2

3

5
�

�
�

�
�
�

x

x

x

x

	 51.	 x x5 64 0� �

	 52.	 x x5 36=

	 53.	 8 643x =

	 54.	 x3 125 0� �

	 55.	 x x5 21000 0� �

	 56.	 2 54 05 2x x� �

Writing & Thinking
	 57.	 One of the most studied and interesting visual  

and numerical concepts in algebra is the Golden 
Ratio. Ancient Greeks thought (and many people 
still do) that a rectangle was most aesthetically 
pleasing to the eye if the ratio of its length to its 
width is the Golden Ratio (about 1.618). In fact, 
the Parthenon, built by Greeks in the fifth century 
BC, utilizes the Golden Ratio. A rectangle is 
“golden” if its length l and width w satisfy the 

equation 
l

w

w

l w
�

�
.

a.	 By letting w = 1 unit in the equation above, we get the equation 
l

l1

1

1
�

�
.   Solve 

this equation for the positive value of l (which is the algebraic expression for the 
golden ratio).

b.	 Suppose that an architect is constructing a building with a rectangular front 
that is to be 60 feet high. About how long should the front be if he wants the 
appearance of a golden rectangle? (Assume w = 60 feet and that you are looking 
for l.) Round to the hundredths place.

c.	 Consider rectangle A and rectangle B.  Which seems most pleasing to your 
eye? Measure the length and width of each rectangle and see if you chose the 
golden rectangle.

				          

						         Rectangle A				           Rectangle B

	 58.	 Consider the following equation: x x� � �
1
2 6 0 

In your own words, explain why, even though it is in quadratic form, this equation 
has only one solution.

©HAWKES LEARNING



816 Chapter 10  Quadratic Equations and Quadratic Functions

10.5 Exercises
Concept Check

Fill-in-the-Blank. Complete the sentences using information found in this section.

	 1.	 The curved graph of a quadratic function is called a/an ______.

	 2.	 The “turning point” of the graph of a quadratic function is called the ______.

	 3.	 For any real number x, x2 ______ 0.

	 4.	 For all quadratic functions, the ______ is the set of all real numbers.

	 5.	 The ______ of the function y = ax2 depends on the value of a.

True/False. Determine whether each statement is true or false. If a statement is false, 
explain how it can be changed so the statement will be true. (Note: There may be more 
than one acceptable change.)

	 6.	 The graph of a quadratic function is a mirror of itself across the line, or axis, 
of symmetry.

	 7.	 The graph of y = a(x − h)2 is a vertical shift (or vertical translation) of the graph of 
y = ax2.

	 8.	 For a quadratic function of the form y = ax2, the bigger | a | is, the wider the opening 
of the parabola is.

Practice

Solve.

	 1.	 Graph the function y x= 2.  Then, without additional computation, graph the 
following translations.

a.	 y x� �2 2

b.	 y x� �� �3
2

c.	 y x� � �� �1 2

d.	 y x� � �� �5 1
2

	 2.	 Graph the function y x= 2 2.  Then, without additional computation, graph the 
following translations.

a.	 y x� �2 32

b.	 y x� �� �2 4
2

c.	 y x� � �� �2 1
2

d.	 y x� � �� � �2 2 4
2

	 3.	 Graph the function y x= 1
2

2.  Then, without additional computation, graph the 
following translations.

a.	 y x� �
1

2
32

b.	 y x� �� �1

2
2

2

c.	 y x� �
1

2
2

d.	 y x� �� � �
1

2
1 4

2

©HAWKES LEARNING



817 10.5  Exercises

	 4.	 Graph the function y x= 1
4

2.  Then, without additional computation, graph the 
following translations.

a.	 y x� �
1

4
2

b.	 y x� �
1

4
52

c.	 y x� �� �1

4
4

2

d.	 y x� � �� �2
1

4
2

2

For each of the quadratic functions, determine the line of symmetry and the vertex. 
Then, graph the function.

	 5.	 y x� �3 42

	 6.	 y x� �
2

3
62

	 7.	 y x� �7 92

	 8.	 y x� �5 12

	 9.	 y x� � �4 12

	 10.	 y x� � �2 22

	 11.	 y x� � �
3

4
52

	 12.	 y x� �
5

3
32

	 13.	 y x� �� �1 2

	 14.	 y x� �� �1 2

	 15.	 y x� � �� �2

3
4

2

	 16.	 y x� � �� �5 2
2

	 17.	 y x� �� �1

2
5

2

	 18.	 y x� � �� �1

4
3

2

	 19.	 y x� � �� �4 6
2

	 20.	 y x� �� �2 7
2

	 21.	 y x� �� � �2 3 2
2

	 22.	 y x� �� � �4 5 1
2

	 23.	 y x� �� � �
3

4
2 6

2

	 24.	 y x� � �� � �2 1 4
2

	 25.	 y x� �� � �
1

3
1 2

2

	 26.	 y x� � �� � �
3

2
4 1

2

	 27.	 y x� � �� � �3 3 3
2

	 28.	 y x� �� � �5 3 6
2

Writing & Thinking
	 29.	 Explain why the shape of the parabola of a quadratic of the form y = ax2 gets 

narrower as the value of |a| increases. (Hint: Pick two values of a and compare the 
value of y for different values of x.)
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The maximum area occurs at the point where x
b

a
� � � �

�
�

2

240

4
60.

Two sides of the rectangle are 60 feet and the third side is 240 2 60 120� � � �  feet.

The maximum area possible is 60 120 7200� � �  square feet.

Now work margin exercise 6.

Margin Exercise Answers
1.  x = 2; vertex: 2 1, ;�� �  x-int: 1 0 3 0, , , ;� � � �  y-int: 0 3, ;� �
 

x

y

2.  x = 1; vertex: 1 8, ;� �  x-int: 3 0 1 0, , , ;� � �� �  y-int: 0 6, ;� �  

x

y

3.  x = −3; vertex: �� �3 12, ;  x-int: � �� � � �� �3 2 3 0 3 2 3 0, , , ;  y-int: 0 3,� �    

4.  x = 1; vertex: 1 3, ;� �  x-int: none; y-int: 0 4, ;� �  5.  It will take the ball 1.5 sec to reach its 
maximum height of 36 ft. 6.  Two sides of the lot are 90 yards and the third side is 180 yards for a 
maximum area of 16,200 square yards.

10.6 Exercises
Concept Check

Fill-in-the-Blank. Complete each sentence using information found in this section.

	 1.	 Quadratic functions of the form y = a(x − h)2 + k have a/an ______ at (h, k).

	 2.	 The points where a parabola crosses the x-axis, if any, are the x-intercepts. These 
points are also called the ______ of the function.

	 3.	 If the solutions of a quadratic function are nonreal complex numbers, then the graph 
does not cross the ______.

	 4.	 If a > 0, then the parabola opens ______ and (h, k) is the ______ point and the 
y-value k is called the ______ value of the function.

	 5.	 If a < 0, then the parabola opens ______ and (h, k) is the ______ point and the 
y-value k is called the ______ value of the function.

	 6.	 The x-intercepts, or ______, of a function can be found by substituting ______ for y 
and solving the resulting quadratic equation.
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True/False. Determine whether each statement is true or false. If a statement is false, 
explain how it can be changed so the statement will be true. (Note: There may be more 
than one acceptable change.)

	 7.	 Quadratic functions of the form y = a(x − h)2 + k have a line of symmetry at x
b

a
=

2
.

	 8.	 The vertex of a vertical parabola is the lowest point on the parabola.

	 9.	 The maximum or minimum value of a quadratic function written in general form can 

be found by letting x
b

a
� �

2
 and solving for y.

	 10.	 When the solutions to a quadratic function are nonreal, the entire graph lies either 
completely above or below the x-axis.

Practice

Rewrite each quadratic function in the form y a x h k.� �� �2 +  Find the line of 
symmetry, the vertex, the x-intercepts, and the y-intercept. Graph the function. See 
Examples 1 and 2.

	 1.	 y x x� � �2 4 22

	 2.	 y x x� � � �3 12 122

	 3.	 y x x� � �2 2 3

	 4.	 y x x� � �2 4 5

	 5.	 y x x� � �2 6 5

	 6.	 y x x� � �2 8 12

	 7.	 y x x� � �2 8 52

	 8.	 y x x� � �2 12 162

	 9.	 y x x� � � �3 12 92

	 10.	 y x x� � �3 6 12

	 11.	 y x x� � �5 10 82

	 12.	 y x x� � � �4 16 112

	 13.	 y x x� � � �2 5 2

	 14.	 y x x� � �2 3 1

	 15.	 y x x� � �2 7 52

	 16.	 y x x� � �2 32

For each quadratic function use the formula x
b
a

� �
2

 to find the line of symmetry 

and the vertex. Then find the x-intercepts and the y-intercept. Graph the function. See 
Examples 3 and 4.

	 17.	 y x x� � � �3 6 32

	 18.	 y x x� � �2 2 8

	 19.	 y x x� � �2 4 3

	 20.	 y x x� � �2 6 5

	 21.	 y x x� � � �2 8 92

	 22.	 y x x� � �5 10 72

	 23.	 y x x� � �2 2 1

	 24.	 y x x� � �2 8 7

	 25.	 y x x� � � �2 2 2

	 26.	 y x x� � �2 4 62
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Graph the two given functions and answer the following questions: 
	 a. Are the graphs the same? 
	 b. Do the functions have the same zeros? 
	 c. Briefly, discuss your interpretation of the results in parts a. and b.

	 27.	 y x x

y x x

� � �

� � � �

�
�
�

��

2

2

3 10

3 10

	 28.	 y x x

y x x

� � �

� � � �

�
�
�

��

2

2

5 6

5 6

	 29.	 y x x

y x x

� � �

� � � �

�
�
�

��

2 5 3

2 5 3

2

2

	 30.	 y x x

y x x

� � � �

� � �

�
�
�

��

4 15 4

4 15 4

2

2

Use the CALC features of the calculator to find the zeros of the function. (Hint: The 
zero item on the CALC menu will locate the zeros of the function.) Round answers to 
nearest ten-thousandth.

	 31.	 y x x� � �2 2 2

	 32.	 y x x� � �3 12

	 33.	 y x x� � � �2 2 52

	 34.	 y x x� � � �2 2 7

	 35.	 y x x� � �2 3 3

	 36.	 y x x� � � �4 62

Use a graphing calculator to graph each function by pressing  and entering the 
function. Find the coordinates of the maximum as follows. Round answers to nearest 
ten-thousandth.

Step 1:	 Press CALC ( ).

Step 2:	 Press or choose maximum.

Step 3:	 Follow the directions for moving the cursor to Left Bound?, Right 
Bound?, and Guess?. (Press  each time.)

	 37.	 y x x� �4 2

	 38.	 y x x� � �1 2 2

	 39.	 y x x� � � �8 4 2

	 40.	 y x x� � �3 2 2

Use a graphing calculator to graph each function by pressing  and entering the 
function. Find the coordinates of the minimum as follows. Round answers to nearest 
ten-thousandth.

Step 1:	 Press CALC ( ).

Step 2:	 Press or choose minimum.

Step 3:	 Follow the directions for moving the cursor to Left Bound?, Right 
Bound?, and Guess?. (Press  each time.)

	 41.	 y x x� � �2 8 15

	 42.	 y x x� � �2 10 22

	 43.	 y x x� � �2 4 32

	 44.	 y x x� � �3 6 52
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Applications

Use the function h t v t h� � �16 2
0 0� , where h is the height of the object after time t, v0  is 

the initial velocity, and h0  is the initial height. See Example 5.

	 45.	 A ball is thrown vertically upward from the ground with an initial velocity of 112 ft/s.

a.	 When will the ball reach its maximum height?

b.	 What will be the maximum height?

	 46.	 A water rocket is launched from the ground and has an initial velocity of 104 ft/s.

a.	 When will the rocket reach its maximum height?

b.	 What will be the maximum height?

	 47.	 A stone is projected vertically upward from a platform that is 20 feet high at a rate of 
160 feet per second.

a.	 When will the stone reach its maximum height?

b.	 What will be the maximum height?

	 48.	 A cannonball is projected vertically upward from a platform that is 32 feet high at a 
rate of 128 feet per second.

a.	 When will the cannonball reach its maximum height?

b.	 What will be the maximum height?

Solve.

	 49.	 A retailer sells fitness trackers. He estimates that by selling them for x dollars each, 
he will be able to sell 100 − x fitness trackers each month. 

a.	 What price will yield maximum revenue?

b.	 What will be the maximum revenue?

	 50.	 Mrs. Richey can sell 72 picture frames each month if she charges $24 each. She 
estimates that for each $1 increase in price, she will sell 2 fewer frames.

a.	 Find the price that will yield maximum revenue.

b.	 What will be the maximum revenue?

	 51.	 A store owner estimates that by charging x dollars each for a certain lamp, he can sell 
40 − x lamps each week. What price will give him maximum sales revenue?

	 52.	 The band Pumpkin Riot estimates that by selling T-shirts for x dollars each, they can 
sell 250 – 10x T-shirts per show they play. Determine the price per T-shirt that will 
give the band maximum sales revenue.

	 53.	 A nature reserve plans to fence off an area of land to restore balance to the native 
plant and wildlife populations. The fence will be on three sides and form a rectangle, 
with a river along the fourth side. The planning committee determines they have 
enough funds to install 600 yards of fencing.

a.	 What dimensions should the fence have to enclose the maximum area? 

b.	 What is the maximum area that can be enclosed?
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	 54.	 A contractor is to build a six-foot-high brick wall to enclose a rectangular garden. 
The wall will be on three sides of the rectangle while the fourth side is a building. 
The owner wants to enclose the maximum area but only wants to pay for 150 feet of 
wall. What dimensions should the contractor make the garden?

Writing & Thinking
	 55.	 Discuss the following features of the general quadratic function  

y ax bx c� � �2 .

a.	 What type of curve is its graph?

b.	 What is the value of x at its vertex?

c.	 What is the equation of the line of symmetry?

d.	 Does the graph always cross the x-axis? Explain.

	 56.	 Discuss the discriminant of the general quadratic equation ax bx c2 0� � �  and how 
the value of the discriminant is related to the graph of the corresponding quadratic 

function y ax bx c� � �2 .
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Thus, the solution set is the union of two intervals: � �� �� �� �4 1 3, , .

−4 3−1
)( (

10−3−5 −2 2 4 5

Now work margin exercise 11.

Margin Exercise Answers

1.  �� �5 2,    2.  ( , ] ,�� � � ��
��

�
�
�4

1

2
   3.  �� �� �� �1 0 7, ,    4. 

1 21

2

1 21

2

� ��

�
��

�

�
��,    

5.  ∅  (No Solution)   6.  �� �� �� �� �, ,1 5    7.  ( , ]- -6 4    8. 
7

3
5,

�
��

�
�
�    

9.  �� �� �� �� �, ,1 4    10.  �� �1 8508 1 3508. , .    11.  �� �� ��� �, ,4 1 2

10.7 Exercises
Concept Check

Fill-in-the-Blank. Complete each sentence using information found in this section.

	 1.	 Quadratic and rational inequalities can be solved by factoring or using the quadratic 
formula and then analyzing the ______ of the corresponding functions.

	 2.	 The technique of factoring to solve inequalities is based on the idea that for values 
of x on either side of a number a, the ______ for an expression of the form (x − a) 
______.

	 3.	 When solving a polynomial inequality algebraically, mark the points where each 
factor is 0 on the number line. These are the interval ______.

	 4.	 After marking the points on the number line, test one point from each interval to 
determine the ______ of the polynomial expression for all points in that interval.

	 5.	 On a number line, use a/an ______ for an endpoint that is included and a/an ______ 
for an endpoint that is not included.

	 6.	 When solving rational inequalities, mark the points on a number line where each 
factor is 0 or causes the ______ to be 0.

True/False. Determine whether each statement is true or false. If a statement is false, 
explain how it can be changed so the statement will be true. (Note: There may be more 
than one acceptable change.)

	 7.	 When solving a polynomial inequality algebraically, the goal is to get the constants 
on one side of the inequality and to factor the polynomial on the other side.

	 8.	 Test points are used to determine which intervals on the number line satisfy the 
original inequality.

	 9.	 The solution of a polynomial inequality is a single interval.

	 10.	 If an endpoint causes the denominator of a rational inequality to be 0, it should be 
marked with a parenthesis.
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Practice

Solve the quadratic (and higher degree) inequalities algebraically. Write the answers 
in interval notation, and then graph each solution set on a number line. (Note: You 
may need to use the quadratic formula to find endpoints of intervals.) See Examples 1 
through 5.

	 1.	 x x�� � �� � �6 2 0

	 2.	 x x�� � �� � �4 2 0

	 3.	 3 2 5 0x x�� � �� � �

	 4.	 4 1 1 0x x� � �� �� �

	 5.	 x x�� � �� � �7 2 5 0

	 6.	 x x�� � �� � �3 5 3 0

	 7.	 3 1 2 0x x�� � �� � �

	 8.	 x x�� � �� � �4 3 8 0

	 9.	 x x x3 4 5 0�� � �� � �

	 10.	 x x x�� � �� � �� � �1 4 2 5 0

	 11.	 x x2 4 4 0� � �

	 12.	 5 4 12 02x x� � �

	 13.	 2 152x x� �

	 14.	 6 22x x� �

	 15.	 8 10 32x x� �

	 16.	 2 102x x� �

	 17.	 2 5 2 02x x� � �

	 18.	 15 21 18 02y y� � �

	 19.	 6 7 22y y� � �

	 20.	 3 3 102x x� �

	 21.	 4 20 25 02z z� � �

	 22.	 15 11 14 02x x� � �

	 23.	 8 6 352x x� �

	 24.	 7 6 2 3x x x� �

	 25.	 x x x3 22 3� �

	 26.	 x x x3 26 9� �

	 27.	 x x x3 25 4� �

	 28.	 4 32 3x x x� �

	 29.	 x x x�� � �� � �2 2 3

	 30.	 x x x�� � �� � � �4 1 2 2

	 31.	 x x4 25 4 0� � �

	 32.	 x x4 225 144 0� � �

	 33.	 y y4 213 36 0� � �

	 34.	 y y4 213 48 0� � �

	 35.	 x �� � � �1 9 0
2

	 36.	 3 1 16 0
2

x �� � � �

	 37.	 2 3 3 2 3 2 0x x x�� � �� � � �� � �

	 38.	 2 1 3 1 6x x x x�� � �� � � �� � �� �

	 39.	 x x2 2 4 0� � �

	 40.	 x x2 8 14 0� � �

	 41.	 x x2 6 7 0� � �

	 42.	 2 4 3 02x x� � �

	 43.	 3 5 1 02x x� � �

	 44.	 3 8 5 02x x� � �

	 45.	 2 7 43 2x x x� �

	 46.	 2 9 82x x� �

	 47.	 x x2 2 2 0� � �

	 48.	 x x2 3 3 0� � �

	 49.	 2 1 3 2x x� �

	 50.	 6 10 2x x� �
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The graph of a quadratic function is given. Use the information in the graph to solve the 
related equations and inequalities in parts a. through c.

	 51.	 y x x� � �2 7 10

2 4 6 8−2−4−6
3

−3
−6
−9

−12
−15

x

y

10 12 14

−18
−21
−24
−27

(3.5, −22.25)

(0, −10)
7 89

,0
2

 −
  

7 89
,0

2

 +
  

	 a.	 x x2 7 10 0� � �

	 b.	 x x2 7 10 0� � �

	 c.	 x x2 7 10 0� � �

	 52.	 y x x� � �2 5 6

2 4 6 8 10−2−4−6−8−10
2

−2
−4
−6
−8

−10

x

y

−12

−16
−18

(−6, 0) (1, 0)

(−2.5, −12.25)

(0, −6)

	 a.	 x x2 5 6 0� � �

	 b.	 x x2 5 6 0� � �

	 c.	 x x2 5 6 0� � �

	 53.	 y x x� � � �2 4 5

1 2 3 4 5−1−2−3−4−5

5

1
2
3
4

−1 x

y

6
7
8
9(−2, 9)

(0, 5)

(1, 0)(−5, 0)

	 a.	 � � � �x x2 4 5 0

	 b.	 � � � �x x2 4 5 0

	 c.	 � � � �x x2 4 5 0

	 54.	 y x x� � � �3 6 152

1 2 3 4 5−1−2−3−4−5

10

2
4
6
8

−2
x

y

12
14
16
18(−1, 18)

(0, 15)

( )1 6,0− − ( )1 6,0− +

	 a.	 � � � �3 6 15 02x x

	 b.	 � � � �3 6 15 02x x

	 c.	 � � � �3 6 15 02x x

Solve the rational inequalities algebraically. Write the answers in interval notation, and 
then graph each solution set on a number line. See Examples 6 through 8.

	 55.	
x

x

�
�

4

2
0

	 56.	
x

x �
�

4
0

	 57.	
x

x

�
�

6
0

2

	 58.	
3

1
0

2x

x �
�

	 59.	
x

x

�
�

�
3

9
0

	 60.	
2 3

4
0

x

x

�
�

�

	 61.	
3 6

2 5
0

x

x

�
�

�

	 62.	
4 3

2 4
0

�
�

�
x

x

	 63.	
x

x

�
�

�
5

7
1

	 64.	
2 3

1
2

x

x

�
�

�

©HAWKES LEARNING



843 10.7  Exercises

	 65.	
2 5

4
3

x

x

�
�

� �

	 66.	
3 2

4 1
3

x

x

�
�

�

	 67.	
5 2

3 4
1

�
�

� �
x

x

	 68.	
8

5
4

�
�

� �
x

x

	 69.	
x x

x

�� �
�

�
4

3
0

	 70.	
x x

x

�� � �� �
�

�
3 2

1
0

	 71.	 x

x x

�
�� �

�
5

2
0

	 72.	
� �� �
�� � �� �

�
x

x x

3

1 4
0

2

 Use a graphing calculator to solve the inequalities. Write the answers in interval 
notation, and then graph each solution set on a number line. (Estimate endpoints, when 
necessary, to 4 decimal places.)

	 73.	 x2 10>

	 74.	 20 2≥ x

	 75.	 x x2 2 5 6 25 0� � �. .

	 76.	 x x2 2 1� � �

	 77.	 x x3 9 0� �

	 78.	 x x x3 24 4 0� � �

	 79.	 2 5 4 03x x� � �

	 80.	 x x3 24 3 0� � �

	 81.	 � � � �x x4 26 3 0

	 82.	 x x x4 3 22 1 0� � � �

Applications
Solve.

	 83.	 A high school student is selling T-shirts to raise money for the band. She realizes that 
the number of shirts she sells each week can be modeled by f x x x� � � � � �2 12 17, 

where x is the amount she charges per shirt. Solve the inequality � � � �x x2 12 17 10 

to find the range she can charge per shirt and sell at least 10 shirts in a week.

	 84.	 Maria tracked the nighttime temperatures for a week and noticed that the 

temperature, in Celsius, could be modeled by f x x x� � � � �1
2

2 4 6,  where x is the 
number of hours after midnight. Maria has plants that might die if they are left out 
when the temperature drops below freezing (0 degrees Celsius). Solve the inequality 
1
2

2 4 6 0x x� � �  to find timeframe in which her plants will be in danger.

Writing & Thinking
	 85.	 Use a graphing calculator to graph the rational function y

x x

x
�

� �2 3 4
.

a.	 Use the graph to find the solution set for y > 0.

b.	 Use the graph to find the solution set for y < 0.

c.	 Explain the effect of x = 0 on the graph and why x = 0 is not included in either 
parts a. or b.

	 86.	 In your own words, explain why (as in Example 5), when the quadratic formula gives 
nonreal values, the quadratic polynomial is either always positive or always negative.
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11.1 Exercises
Concept Check

Fill-in-the-Blank. Complete each sentence using information found in this section.

	 1.	 Operating algebraically with functions, as well as understanding and finding the 
______ and ______ of functions, relies heavily on function notation.

	 2.	 Logarithms are ______.

	 3.	 If two or more functions have the same ______, then we can perform the operations 
of addition, subtraction, multiplication, and division with these functions.

	 4.	 In the case of finding the quotient of functions, no denominator can be ______.

	 5.	 When operating with functions, the operations are performed with the ______ for 
each value of ______ in the common domain.

	 6.	 In general, graphing the sum of two functions will involve a/an ______ number 
of points.

True/False. Determine whether each statement is true or false. If a statement is false, 
explain how it can be changed so the statement will be true. (Note: There may be more 
than one acceptable change.)

	 7.	 One way to find the sum of two functions is to find the algebraic sum of the 
two expressions.

	 8.	 The function ( f + g)(x) means the same as f (x) + g(x).

	 9.	 If functions do not have the same domain, any algebraic sums, differences, products, 
and quotients are restricted to portions of the range that are in common.

	 10.	 If two functions have graphs that consist of line segments, the sum of the two 
functions will produce a graph that is a continuous line.

Practice

For the following pairs of functions find, a. f g x+ ,� �� �  b. f g x�� �� �,  c. f g x�� �� �,  and  

d.  f
g

x
�

�
�

�

�
�� � . See Examples 1 and 2. 

	 1.	 f x x g x x� � � � � � � �2 5,

	 2.	 f x x g x x� � � � � � �2 4,

	 3.	 f x x g x x� � � � � � �2 3 4,

	 4.	 f x x g x x� � � � � � � �3 12,

	 5.	 f x x g x x� � � � � � � �2 9 3,

	 6.	 f x x g x x� � � � � � � �2 25 5,

	 7.	 f x x x g x x� � � � � � � �2 22 2,

	 8.	 f x x x g x x� � � � � � � �3 26 6,

	 9.	 f x x x g x x x� � � � � � � � � �2 24 1 4 1,  

	 10.	 f x x x g x x� � � � � � � �3 2 26,
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Let f x x� �= + 42  and g x x� �= +3.�  Find the values of the indicated expressions. See 

Examples 1 and 2.

	 11.	 f g2 2� � � � �

	 12.	 f g2 2� � � � �

	 13.	 g a f a� � � � �

	 14.	
g a

f a

� �
� �

	 15.	 f g�� � �� �4

	 16.	 f g�� �� �0 5.

	 17.	
f

g

�

�
�

�

�
� �� �2

	 18.	 f g�� � �� �3

	 19.	 g f�� � �� �6

	 20.	
g

f

�

�
�

�

�
� �� �1

Find the indicated functions and state their domains in interval notation. See Example 3.

	 21.	 If and findf x x g x x f g x� � � � � � � � �� �� �2 6 4, .  

	 22.	 If and findf x x x g x x
f

g
x� � � � � � � � �

�

�
�

�

�
�� �2 2 1 1, .  

	 23.	 Find given that andf x g x f x x g x x� � � � � � � � � � � � �3 2 7. 

	 24.	 Find given that andf x g x f x x g x x� � � � � � � � � � � �2 2 2. 

	 25.	 For and findf x x g x x
f x

g x
� � � � � � � �

� �
� �

5 3, . 

	 26.	 For and findf x x g x x f x g x� � � � � � � � � � � � �2 8 2 , .  

	 27.	 If and findf x x g x x f g x� � � � � � � � �� �� �3 3 , .  

	 28.	 If and findf x x g x x g f x� � � � � � � � � �� �� �4 5 , .  

	 29.	 If and findf x x g x x f x g x� � � � � � � � � � � � �3 53 , .  

	 30.	 If and findf x x g x x f x g x� � � � � � � � � � � � �1 2 13 , . 

For the following pairs of functions, graph a. the sum f g�� �  and b. the difference 
f g�� �  on two different graphs.

	 31.	 f

g

� �� � �� � � �� �
� � �� � �� � �� �� �

2 5 0 3 2 1

2 2 0 1 2 3

, , , , ,

, , , , ,

1 2 3 4 5−1−2−3−4−5

5

1
2
3
4

−1
−2
−3
−4
−5

x

y

f(x)

g(x)

	 32.	 f

g

� � � � � �� �� �
� � � � � �� �� �

0 2 1 1 2 1

0 4 1 2 2 2

, , , , ,

, , , , ,

1 2 3 4 5−1−2−3−4−5

5

1
2
3
4

−1
−2
−3
−4
−5

x

y

g(x)

f(x)
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	 33.	 f

g

� � �� � �� � �� �� �
� � �� � �� � � �� �

3 1 1 0 2 4

3 3 1 5 2 1

, , , , ,

, , , , ,

1 2 3 4 5−1−2−3−4−5

5

1
2
3
4

−1
−2
−3
−4
−5

x

y

g(x)

f(x)

	 34.	 f

g

� �� � � �� � � �� �
� �� � �� � �� �� �

4 4 2 5 1 3

4 1 2 0 1 2

, , , , ,

, , , , ,

1 2 3 4 5−1−2−3−4−5

5

1
2
3
4

−1
−2
−3
−4
−5

x

y

g(x)
f(x)

	 35.	

	 36.	 f

g

� �� � � � � � � �� �
� � �� � �� � �� � �� �

2 3 1 2 2 1 3 0

2 4 1 3 2 2 3 1

, , , , , , ,

, , , , , , ,�� �

1 2 3 4 5−1−2−3−4−5

5

1
2
3
4

−1
−2
−3
−4
−5

x

y

g(x)

f(x)

	 37.	 f

g

� �� � �� � � � � �� �
� � �� � � �� � � � � �

3 1 1 2 1 1 3 2

3 3 1 4 1 3 3 4

, , , , , , ,

, , , , , , ,�� �

1 2 3 4 5−1−2−3−4−5

5

1
2
3
4

−1
−2
−3
−4
−5

x

y

g(x)

f(x)

	 38.	 f

g

� �� � �� � �� � �� �� �
� �� � � �� � � � �

4 6 2 0 0 2 3 3

4 0 2 4 0 1 3 3

, , , , , , ,

, , , , , , , ��� �

1 2 3 4 5−1−2−3−4−5

5

1
2
3
4

−1
−2
−3
−4
−5

x

y

g(x)

f(x)

f

g

� � �� � �� � �� � � �� �
� � �� � �� � �� �

2 5 1 4 0 1 1 5

2 1 1 0 0 4 1 1

, , , , , , ,

, , , , , , ,�� �� �

1 2 3 4 5−1−2−3−4−5

5

1
2
3
4

−1
−2
−3
−4
−5

x

y

g(x)

f(x)
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	 39.	 f

g

� �� � �� � � � � �� �
� �� � �� � � � �� ��

5 1 1 2 2 3 3 2

5 2 1 1 2 0 3 1

, , , , , , ,

, , , , , , , ��

1 2 3 4 5−1−2−3−4−5

5

1
2
3
4

−1
−2
−3
−4
−5

x

y

g(x)

f(x)

	 40.	 f

g

� �� � � � �� � � �� �
� � �� � �� � � � �� �

3 2 0 0 3 1 4 1

3 4 0 3 3 2 4 1

, , , , , , ,

, , , , , , ,�� �

1 2 3 4 5−1−2−3−4−5

5

1
2
3
4

−1
−2
−3
−4
−5

x

y

g(x)

f(x)

Graph each pair of functions and the sum of these functions on the same set of axes.

	 41.	 f x x g x� � � � � � �2 1and  

	 42.	 f x x g x� � � � � �2 2and   

	 43.	 f x x g x x� � � � � � �1 2and  

	 44.	 f x x g x x� � � � � � � �5 5and  

	 45.	 f x x g x x� � � � � � � �4 and  

	 46.	 f x x g x x� � � � � � �2 and   

	 47.	 f x x g x x� � � � � � � �1 12and  

	 48.	 f x x g x x� � � � � � � �2 22 2and  

	 49.	 f x x g x� � � � � � �6 2and   

	 50.	 f x x g x� � � � � � � �3 1and  

Use the graph shown here to find the values indicated.

1 2 3 4 5−1−2−3−4−5

5

1
2
3
4

−1
−2
−3
−4
−5

x

y

g(x)f(x)

	 51.	 f g�� � �� �2  

	 52.	 f g�� �� �2  

	 53.	 f g�� �� �3  

	 54.	 g f�� �� �0  

	 55.	
f

g

�

�
�

�

�
�� �4  

	 56.	 g f�� �� �4  

Graph the sum of each function.

	 57.	

1 2 3 4 5−1−2−3−4−5 x

y

g(x)

f(x)

5

1
2
3
4

−1
−2
−3
−4
−5

	 58.	

1 2 3 4 5−1−2−3−4−5 x

y

g(x)

f(x)

5

1
2
3
4

−1
−2
−3
−4
−5
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	 59.	

1 2 3 4 5−1−2−3−4−5

2
4
6
8

−2
−4
−6
−8
10

10

−

x

y

g(x)
f(x)

	 60.	

1 2 3 4 5−1−2−3−4−5 x

y

g(x) f(x)

2
4
6
8

−2
−4
−6
−8

10

10−

	 61.	

1 2 3 4 5−1−2−3−4−5 x

y

g(x) f(x)5

1
2
3
4

−1
−2
−3

6
7
8

	 62.	

1 2 3 4 5−1−2−3−4−5 x

y

g(x)

f(x)

5

1
2
3
4

−1
−2
−3
−4
−5

 Use a graphing calculator to graph each pair of functions and the sum of these 
functions on the same set of axes.

	 63.	 f x x h x x� � � � � � �2 2 1and  

	 64.	 g x x x h x x� � � � � � � �2 3 4and  

	 65.	 f x x g x� � � � � � � �4 2and  

	 66.	 f x x g x� � � � � � � �1 3and  

	 67.	 f x x h x x� � � � � � �5 23 and  

	 68.	 h x x g x x� � � � � � � �1 13 and  

	 69.	 g x x h x x� � � � � � � �7 32 2and  

	 70.	 f x x g x x� � � � � � � �2 25 4and  

Writing & Thinking
	 71.	 Explain why, in general, f g x g f x�� �� � � �� �� �  if f x g x� � � � �.  

	 72.	 Given the two functions f and g,

f

g

� �� � �� � � � � � � � � �� �
� �� � �� �

2 0 1 1 0 4 2 4 3 5 4 1

2 3 1 4 0

, , , , , , , , , , ,

, , , , ,, , , , , , , ,1 2 1 3 2 4 6� � �� � � � � �� �
			  find and graph the following.

		  a.  f − g		  b.  f g⋅ 		 c. 
f

g
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	 73.	 Use the graphs of the two functions f and g shown in the graph.

1 2 3 4 5−1−2−3−4−5

5

1
2
3
4

−1
−2
−3
−4
−5

x

y

g(x)

f(x)

a.	 Sketch the graph of f − g.

b.	 Sketch the graph of f · g.

c.	 Is 
f

g
 defined on the entire 

interval [–3, 3]? Briefly explain 

your reasoning.
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11.2 Exercises
Concept Check

Fill-in-the-Blank. Complete each sentence using information found in this section.

	 1.	 To evaluate a function at an algebraic expression, replace the ______ with the 
expression everywhere the ______ appears.

	 2.	 Given two functions f  (x) and g(x) a new function f g x� �� � ,  called the composition 

of f and g, is found by substituting the ______ for g(x) into the place of x in the 
______  f.

	 3.	 In general, f g x� �� �  ______ g f x� �� �.
	 4.	 The domain of f ◦ g consists of those values of x in the ______ of g for which g(x) is 

in the ______ of f.

	 5.	 Functions that have only one x-value for each y-value in the range are said to be 
________ functions.

	 6.	 In general, every ______ function has a/an ______ function.

True/False. Determine whether each statement is true or false. If a statement is false, 
explain how it can be changed so the statement will be true. (Note: There may be more 
than one acceptable change.)

	 7.	 The vertical line test is used to determine whether a graph represents a vertical line.

	 8.	 In a one-to-one function, each x-value corresponds to exactly one y-value.

	 9.	 The horizontal line test is used to determine whether a graph of a function is 
one-to-one.

	 10.	 The notation f x� � �1  means 
1

f x� �
.

Practice

Find the indicated function values for each function given. See Example 1.

	 1.	 f x x� � � �8 5

a.	 f r� �
b.	 f a3 1�� �

	 2.	 r x x� � � �4 6

a.	 r g �� �5

b.	 r h2 8�� �

	 3.	 g y y� � � �5 42

a.	 g x�� �2

b.	 g n3 2� �

	 4.	 h y y� � � �4 8

a.	 h p3� �
b.	 h s2 2� �

	 5.	 f c c c� � � � �3 6 92

a.	 f n�� �2

b.	 f y4 3� �

	 6.	 b t t t� � � � �2 2 7

a.	 b k5� �
b.	 b x�� �1
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Find the following function compositions.

	 7.	 f x x g x
x� � � � � � � �

3 5
4

2
, 	  Find a. f g 2� �� �   and  b. g f 2� �� �.

	 8.	 f x x g x x� � � � � � � �
1

4
1 6 7,  Find a. f g 4� �� �   and  b. g f 4� �� �.

	 9.	 f x x g x x� � � � � � �2 2 3, 	   Find a. f g� � �� �5   and  b. g f� � �� �1 .

	 10.	 f x x g x x� � � � � � � �2 1 6, 	   Find a. f g� �� �3   and  b. g f� � �� �2 .

Form the compositions f g x� �� �  and g f x� �� �  for each pair of functions. See 
Examples 2 through 4.

	 11.	 f x x g x x� � � � � �, 2

	 12.	 f x
x

g x
x

� � � � � �1 1
,

	 13.	 f x x g x x� � � � � � �, 2

	 14.	 f x x g x x� � � � � � �, 2 9

	 15.	 f x x g x
x

� � � � � � �1
1

2
,

	 16.	 f x
x

g x x� � � � � � �
1

1
2

2,

	 17.	 f x x x g x x� � � � � � � � �3 1 1,

	 18.	 f x x g x x� � � � � � �3 2 1,

	 19.	 f x
x

g x x� � � � � �1 2,

	 20.	 f x
x

g x x� � � � � � �
1

42,

	 21.	 f x
x

g x x x� � � � � � � �
1

7 82,

	 22.	 f x
x

g x x x� � �
�

� � � � �
1

1
32,

	 23.	 f x x g x xn� � � � � � �3 2 6,

	 24.	 f x x g x x� � � � � � �
1

3 4 7,

	 25.	 f x x g x x� � � � � � �3 8,

	 26.	 f x x g x
x

� � � � � � �3 1
1

,

Solve.

	 27.	 For the functions f x x� � � �6 3 and g x x� � � �
1

3
3,  find:

a.	 f g 3� �� �   b.	 g f 0� �� �  

c.	 �Does it appear that f and g are inverses of each other? Explain.

	 28.	 For the functions h x x� � � � �2 4  and g x
x� � � �4

2
,  find:

a.	 h g 6� �� �   b.	 g h �� �� �4  

c.	 �Does it appear that h and g are inverses of each other? Explain. 

	 29.	 Given f x
x

� � �
�

1

2 1
 and g x

x
� � � � 1 , find:

a.	 g f 4� �� �   b.	 f g 2� �� �  

c.	 �Explain the different results from parts a. and b.  

	 30.	 Given f x x� � � �9  and g x x� � � �9,  find: 

a.	 g f 109� �� �   b.	 f g 9� �� �  

c.	 Explain the different results from parts a. and b.©HAWKES LEARNING
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 Show that the given one-to-one functions are inverses of each other. Then graph 
both functions on the same set of axes and show the line y = x as a dotted line on each 
graph. (You may use a calculator as an aid in finding the graphs.) See Examples 6 and 7.

	 31.	 f x x g x
x� � � � � � � �

3 1
1

3
and   

	 32.	 f x x g x
x� � � � � � � � �

2 3
3

2
and  

	 33.	 f x x g x x� � � � � � � �1 13 3and  

	 34.	 f x x g x x� � � � � � � �3 34 4and  

	 35.	 f x x x

g x x

� � � �

� � �

2 0for and

	 36.	 f x x

g x x x

� � � �

� � � � �

3

3 02

and

for 

	 37.	 f x x g x x� � � � � � � �3 32 2and

	 38.	 f x x g x x� � � � � � � �6 65 5and

	 39.	 f x
x

g x
x

� � � � � �2 2
and  

	 40.	 f x
x

g x
x

� � � � � �3 3
and

Find the inverse of the given function. Then graph both functions on the same set of 
axes and show the line y = x as a dotted line on the graph. See Examples 9 and 10.

	 41.	 f x x� � � �2 3

	 42.	 f x x� � � �2 5

	 43.	 g x x� � �

	 44.	 g x x� � � �1 4

	 45.	 f x x� � � �5 1

	 46.	 g x x� � � � �3 1

	 47.	 g x x� � � �
2

3
2

	 48.	 f x x� � � � �
1

2
3

	 49.	 f x x� � � � � 2

	 50.	 f x x� � � � �2 4

	 51.	 f x x x� � � � �2 1 0,

	 52.	 f x x x� � � � �2 1 0,

	 53.	 f x x x� � � � �, 0

	 54.	 f x x x� � � � � �2 2,

Using the horizontal line test, determine which of the graphs are graphs of one-to-one 
functions. If the graph represents a one-to-one function, graph its inverse by reflecting 
the graph of the function across the line y = x. (Hint: If a function is one-to-one, label a 
few points on the graph and use the fact that the x- and y-coordinates are interchanged 
on the graph of the inverse.) See Example 5.

	 55.	

1 2 3 4 5−1−2−3−4−5

5

−1

1
2
3
4

−2
−3
−4
−5

x

y
	 56.	

1 2 3 4 5−1−2−3−4−5

5

−1

1
2
3
4

−2
−3
−4
−5

x

y
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	 57.	

1 2 3 4 5−1−2−3−4−5

5

−1

1
2
3
4

−2
−3
−4
−5

x

y

	 58.	

1 2 3 4 5−1−2−3−4−5

5

−1

1
2
3
4

−2
−3
−4
−5

x

y

	 59.	

1 2 3 4 5−1−2−3−4−5

5

−1

1
2
3
4

−2
−3
−4
−5

x

y

	 60.	

1 2 3 4 5−1−2−3−4−5

5

−1

1
2
3
4

−2
−3
−4
−5

x

y

	 61.	

1 2 3 4 5−1−2−3−4−5

5

−1

1
2
3
4

−2
−3
−4
−5

x

y

	 62.	

1 2 3 4 5−1−2−3−4−5

5

−1

1
2
3
4

−2
−3
−4
−5

x

y

	 63.	

1 2 3 4 5−1−2−3−4−5

5

−1

1
2
3
4

−2
−3
−4
−5

x

y

 

	 64.	

1 2 3 4 5−1−2−3−4−5

5

−1

1
2
3
4

−2
−3
−4
−5

x

y

 

©HAWKES LEARNING



876 Chapter 11  Exponential and Logarithmic Functions

 Use a graphing calculator to graph each of the functions and determine which of the 
functions are one-to-one by inspecting the graph and using the horizontal line test.

	 65.	 f x x� � � �2 3

	 66.	 f x x� � � �7 4

	 67.	 g x x� � � �2 2

	 68.	 g x x� � � �9 2

	 69.	 f x x� � � �4 3

	 70.	 f x x� � � �3 2

	 71.	 f x
x

� � � 4

	 72.	 g x
x

� � � 1

	 73.	 g x x� � � �3

	 74.	 f x x� � � � 5

	 75.	 f x x� � � �1

	 76.	 f x x� � � �5

 Find the inverse of the given function. Then use a graphing calculator to graph both 
the function and its inverse. Set the WINDOW so that it is “square.”

	 77.	 f x x� � � 3

	 78.	 f x x� � � �� �1 3

	 79.	 f x
x

� � �
�
1

3

	 80.	 f x
x

� � � 1

	 81.	 f x x x� � � �2 0,

	 82.	 f x x x� � � � �2 2 0,

	 83.	 g x x� � � �3 2

	 84.	 g x x� � � �6 3

	 85.	 f x x x� � � � � �5 5,

	 86.	 g x x x� � � � �3 3,

	 87.	 f x x x� � � � � �2 1 0,

	 88.	 g x x x� � � � � �2 2 0,

Writing & Thinking
	 89.	 Explain in your own words why the domains of the two composite functions 

f g x� �� �  and g f x� �� �  might not be the same. Give an example of two functions 
that illustrate this possibility.

	 90.	 Explain briefly why a function must be one-to-one to have an inverse.
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Continuously Compounded Interest
Continuously compounded interest on a principal P invested at an annual interest rate 
r for t years can be calculated using the following formula, where A is the amount 
accumulated. 

A Pert=

FORMULA

As illustrated in Example 6, a calculator is needed to use the formula for continuously 
compounded interest.

Example 6	� Using a Graphing Calculator to Calculate Continuously 
Compounded Interest 

Find the value of $1000 invested at 6% for 3 years if interest is compounded continuously. 
(In this case, P = $1000, r = 6% = 0.06, and t = 3.)

Solution

To find the value of A Pe ert� � �1000 0 06 3.  
enter the numbers as shown and press 

 to get the result.

Note: Press  and  and e^( will 

appear on the display.)
The entire exponent must be in parentheses.

Thus, the value of $1000 compounded continuously at 6% for 3 years will be $1197.22. 
(Notice that from Example 4 there is only a 54 cent gain in A when $1000 is compounded 
continuously instead of monthly at 6% for 3 years.)

Now work margin exercise 6.

Margin Exercise Answers
1.  y � �2 621 440 000 2 62144 109, , , . or    2.  y t� �7000 2    3.  A = $2205   4.  A = $2209.88    

5.  A = $2210.33   6.  $1869.12

11.3 Exercises
Concept Check
Fill-in-the-Blank. Complete each sentence using information found in this section.

	 1.	 In an exponential function, the base is a/an ______ and the exponent is  
a/an ______.

	 2.	 Exponential growth is faster if the base is ______.

	 3.	 Exponential decay functions have a base between ____ and ____.

	 4.	 The y‑intercept of any exponential function is _____.

	 6.	Find the value of $1500 
invested at 5.5% for 4 years 
if interest is compounded 
continuously.
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	 5.	 The formula A P
r

n

nt

� ��
�
�

�
�
�1  is used to calculate ________ interest.

	 6.	 The formula A = Pert is used to calculate _______ compounded interest.

True/False. Determine whether each statement is true or false. If a statement is false, 
explain how it can be changed so that the statement will be true. (Note: There may be 
more than one acceptable change.)

	 7.	 For all exponential functions f x xb� � � ,  b < 0. 

	 8.	 The function f x x� � � 5  is an example of an exponential growth model.

	 9.	 In an exponential decay function, bx approaches the x‑axis for positive values of x.

	 10.	 The number e is defined to be approximately 3.14159.

Practice

Sketch the graph of each exponential function and label three points on each graph. 
(Note that some of the graphs are shifts, horizontal or vertical, of the basic exponential 
functions. These are similar to the shifts performed on parabolas in Chapter 10.)

	 1.	 y x= 4

	 2.	 y x= 5

	 3.	 y
x

� �
�
�

�
�
�

1

3

	 4.	 y
x

� �
�
�

�
�
�

1

5

	 5.	 y
x

� �
�
�

�
�
�

2

3

	 6.	 y
x

� �
�
�

�
�
�

5

2

	 7.	 y
x

� �
�
�

�
�
�

�
1

2

	 8.	 y
x

� �
�
�

�
�
�

�
3

4

	 9.	 y x� �2 1

	 10.	 y x� �3 1

	 11.	 f x x� � � �2 1

	 12.	 f x x� � � �3 1

	 13.	 f x x� � � � �4

	 14.	 g x x� � � � �2

	 15.	 f x x� � � 20 5.

	 16.	 g x x� � �100 5.

	 17.	 f x x� � � ��4 1

	 18.	 g x x� � � ��10 3

	 19.	 f x
x

� � � ��
�
�

�
�
�

�

3
1

2

1

	 20.	 y
x

� � ��
�
�

�
�
�

�

4
1

3

1

Find the following function values.

	 21.	 If f t t� � � �3 4 ,  what is the value of f 2� �?

	 22.	 For f x x� � � �3 102 ,  find the value of f 0 5. .� �

 Use your calculator to find each value as indicated. Round your answer to the 
nearest hundredth.

	 23.	 Find f 2� �  if f x e x� � � � �27 3 0 4. ..  

	 24.	 Find f 3� �  if f x e x� � � � �41 2 0 3. ..

	 25.	 Find f 9� �  if f t e t� � � �2000 0 08. .

	 26.	 Find f 22� �  if f t e t� � � �2000 0 05. .  
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Solve.

	 27.	  Use a graphing calculator to graph each of the following functions.  
In each case the x‑axis is a horizontal asymptote.

	 a.	 y ex= 	 b.	 y e x� � 	 c.	 y e x� � 2

Applications

Solve.

	 28.	 A biologist knows that, in the laboratory, bacteria in a culture grow according to the 

function y y t� �0
0 25 . ,  where y0  is the initial number of bacteria present and t is 

time measured in hours. How many bacteria will be present in a culture at the end of 
5 hours if there were 5000 present initially? 

	 29.	 Referring to Exercise 28, how many bacteria were present initially if, at the end of 
15 hours, there were 2,500,000 bacteria present?

	 30.	 Four thousand dollars is deposited into a savings account with a rate of 8% per year. 
Find the total amount A on deposit at the end of 5 years if the interest is compounded

	 a.	 annually.

	 b.	 semiannually.

	 c.	 quarterly.

	 d.	 daily.

	 e.	 continuously.

	 31.	 Find the amount A in a savings account if $2000 is invested at 7% for 4 years and the 
interest is compounded

	 a.	 annually.

	 b.	 semiannually.

	 c.	 quarterly.

	 d.	 daily.

	 e.	 continuously.

	 32.	 Find the value of $1800 invested at 6% for 3 years if the interest is 
compounded continuously.

	 33.	 Find the value of $2500 invested at 5% for 5 years if the interest is 
compounded continuously.

	 34.	 The revenue function is given by R x x p x� � � � � �  dollars, where x  

is the number of units sold and p x� �  is the unit price. If p x
x

� � � � �
�

25 2 5 ,  find the 
revenue if 15 units are sold.

	 35.	 Referring to Exercise 34, if p x
x

� � � � �
�

40 3 6 ,  find the revenue if 12 units are sold. 

	 36.	 A radio station knows that during an intense advertising campaign, the number 

of people N who will hear a commercial is given by N A t� �� ��1 2 0 05. ,  where A 
is the number of people in the broadcasting area and t is the number of hours the 
commercial has been run. If there are 500,000 people in the area, how many will hear 
a commercial during the first 20 hours? 

	 37.	 Bethany invested $45,000 in a retirement fund that earns 8% interest and is 
compounded continuously. How much money will the account be worth after:

a.	 10 years

b.	 20 years

c.	 40 years
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	 38.	 Statistics show that the fractional part of flashlight batteries f that are still good after 
t hours of use is given by f t� �4 0 02. .  What fractional part of the batteries are still 
operating after 150 hours of use?

t = 150

t = 0

	 39.	 If a principal P is invested at a rate r compounded continuously, the interest earned is 
given by I = A − P. 

a.	 �Find the interest earned in 20 years on $10,000 invested at 10% and 
compounded continuously.

b.	 �Find the interest earned in 20 years on $10,000 invested at 5% and 
compounded continuously.

c.	 �Explain why the interest earned at 5% is not just one‑half of the interest earned 
at 10% in parts a. and b.

	 40.	 The value V of a machine at the end of t years is given by V C r
t

� �� �1 ,  where C is 
the original cost and r is the rate of depreciation. Find the value of a machine at the 
end of 4 years if the original cost was $1200 and r = 0.20.

	 41.	 Referring to Exercise 40, find the value of a machine at the end of 3 years if the 
original cost was $2000 and r = 0.15.

	 42.	 A cancer patient is given a dose of 50 mg of a particular drug. In five days, the 
amount of the drug in her system is reduced to 1.5625 mg. If the drug decays (or is 
absorbed) at an exponential rate, find the function that represents the amount of the 
drug at a given time. (Hint: Use the formula y y b t� �

0
 and solve for b.)

	 43.	 Determine the exponential function that fits the following information concerning 
exponential growth of cancer cells: y0 10 000= ,  cancer cells, and there are 160,000 
cancer cells present after 4 days. (Hint: Use the formula y y bt= 0

 and solve for b.)

Writing & Thinking
	 44.	 Discuss, in your own words, the symmetrical relationship of the graphs of the two 

exponential functions y x=10  and y x� �10 .

	 45.	 Discuss, in your own words, the symmetrical relationship of the graphs of the two 
exponential functions y x=10  and y x� �10 .

©HAWKES LEARNING



889 11.3  Exercises

Collaborative Learning
	 46.	 The following formula can be used to calculate monthly mortgage payments:

A
P

r r

r

n

n�
��

�
�

�
�
� �

��
�
�

�
�
� �

1
12 12

1
12

1

where

A = the monthly payment,

P = amount initially borrowed (the mortgage),

r  = the annual interest rate (in decimal form), and

n = �the total number of monthly payments (12 times the number of years).

With the class divided into teams of 3 or 4 students, each team should complete 
one table (using different values for r and for P). Discuss the results as a class. 
Explain what this might mean for you personally. 

For annual rate r = _____ and initial mortgage P =  ________

Length of  
Mortgage (in years) Monthly Payment A 

Total Cost of  
Mortgage n times A

15
20
25
30
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•	 For the logarithmic function y x x bb
y� �� �log ,or

the domain is all x > 0, and  	  (The graph is to the right of the y‑axis.)

the range is all real y.

There is a vertical asymptote at x = 0.

Margin Exercise Answers

1. a.  log4 4 1=   b.  log4 64 3=   c.  log4

1

4
1

�
�
�

�
�
� � �   d.  3 92 =   e.  3 814 =   f.  3

1

3
1� �    2. a.  0  b.  1  

c.  30  d.  6  e.  −3   3.  4   4. 
5

2

11.4 Exercises
Concept Check

Fill-in-the-Blank. Complete each sentence using information found in this section.

	 1.	 The function x = b y is equivalent to y = ______.

	 2.	 The line y = 0 is the ______ asymptote of y = bx.

	 3.	 The inverse of an exponential function is a/an ______ function.

	 4.	 Regardless of the base, the logarithm of 1 is ______.

	 5.	 The graph of a logarithmic function can be found by ______ the corresponding 
exponential function across the line y = x.

	 6.	 The points on the graph of the inverse function can be found by _______ the 
coordinates of the ordered pairs.

True/False. Determine whether each statement is true or false. If a statement is false, 
explain how it can be changed so that the statement will be true. (Note: There may be 
more than one acceptable change.)

	 7.	 Exponential functions of the form y = bx are one‑to‑one functions and have inverses.

	 8.	 The exponent of an exponential function is the base of its inverse 
logarithmic function.

	 9.	 Exponents are logarithms.

	 10.	 The logarithm of the base is always 1.

Practice

Express each equation in logarithmic form. See Example 1.

	 1.	 7 492 =  

	 2.	 3 273 =  

	 3.	 5
1

25
2� �  

	 4.	 2
1

32
5� �  

	 5.	 1 0= p  

	 6.	 6 10 =  

	 7.	 10 1002 =  

	 8.	 10 101 =  

	 9.	 10 23k =  
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	 10.	 4 11 6k = .   	 11.	 2

3

4

9

2
�
�
�

�
�
� �   	 12.	 3

4

9

16

2
�
�
�

�
�
� �

Express each equation in exponential form. See Example 1.

	 13.	 log3 9 2=  

	 14.	 log5125 3=  

	 15.	 log9 3
1

2
=  

	 16.	 logb 4
2

3
=  

	 17.	 log7

1

7
1� �  

	 18.	 log1 28 3� �  

	 19.	 log .10 1 74N =  

	 20.	 log .2 42 3= x  

	 21.	 logb 18 4=  

	 22.	 logb 39 10=  

	 23.	 logn y x2 =  

	 24.	 logb a x= 2  

Use the four basic properties of logarithms to evaluate each expression. See Example 2.

	 25.	 log
3
 81

	 26.	 7 7 15log

	 27.	 log
7
 1

	 28.	 5 5 25log

	 29.	 log4

1

64

	 30.	 log
12

 12

Solve by first changing each equation to exponential form. See Examples 3 and 4. 

	 31.	 log4 2x =  

	 32.	 log3 4x =  

	 33.	 log14196= x

	 34.	 log25125= x

	 35.	 log5

1

125
= x

	 36.	 log3

1

9
= x

	 37.	 log36

1

2
x � �

	 38.	 log81

3

4
x � �

	 39.	 logx 32 5=

	 40.	 logx 121 2=

	 41.	 log8

5

3
x =

	 42.	 log16

3

4
x =

	 43.	 log .
8

3 78 = x

	 44.	 log .
10

1 5210 = x

	 45.	 log log
5

255 5 = x

	 46.	 log log
4

84 2 = x

Graph each function and its inverse on the same set of axes. Label two points on each 
graph.

	 47.	 f x x� � � 6

	 48.	 f x x� � � 2

	 49.	 y
x

� �
�
�

�
�
�

2

3

	 50.	 y
x

� �
�
�

�
�
�

1

4

	 51.	 f x x� � � log4

	 52.	 f x x� � � log5

	 53.	 y x= log /1 2

	 54.	 y x= log /1 3

	 55.	 y x= log8

	 56.	 y x= log7

	 57.	 Consider the function y c x� � �3  where c is a constant greater than zero. List 
the following:

a.	 The domain of the function. 

b.	 The range of the function. 

c.	 Any asymptotes of the graph of the function. 

d.	 Give c two different values and sketch the graphs of both functions. 
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	 58.	 Consider the function y c x� � ��3  where c is a constant greater than zero. List 
the following:

a.	 The domain of the function.

b.	 The range of the function.

c.	 Any asymptotes of the graph of the function.

d.	 Give c two different values and sketch the graphs of both functions.

Writing & Thinking
	 59.	 Discuss, in your own words, the symmetrical relationship of the graphs of the two 

functions y x=10  and y x= log .10

	 60.	 Discuss, in your own words, the symmetrical relationship of the graphs of the two 
logarithmic functions y x= log10  and y x� � log .10
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OR

	
log log log log

log

log

b b b b

b

x x x x

x x

� � �

� �� �
�

3
1

2

1

3

1

2

1

3 Product rule

bb

b

x

x

1

2

1

3

5

6

��
�
�

�
�
�

� log

Now work margin exercise 5.

Common Misunderstandings about Logarithms
There is no logarithmic property for the logarithm of a sum or a difference.

	 logb x y�� � 		  Cannot be simplified

	 logb x y�� � 		  Cannot be simplified

Also,

	 log log logb b bxy x y� � � � 	� The log of a product does not equal the product 
of the logs.

	 log
log

logb
b

b

x

y

x

y
≠ 	� The log of a quotient does not equal the 

quotient of the logs.

CAUTION

Margin Exercise Answers
1. a.  4  b.  1.6021  c.  1.7782   2. a.  −0.4771  b.  −2  c.  0.3802   3. a.  0.2386  b.  1.4314  c.  1.5563    

4. a.  log logb b x3 2+   b.  3log log logb b bx y z� �   c.  - -2 2log logb bm n  d. 
1

2
2

1

2
log logb b a+    

5. a.  logb

x

y

3

4

�

�
�

�

�
�   b.  logd x

3

4
�
�
�

�
�
�   c.  loga y2 4�� �   d.  logb y

3

4

11.5 Exercises
Concept Check

Fill-in-the-Blank. Complete each sentence using information found in this section.

	 1.	 Because logarithms are ______, their properties are similar to those of ______.

	 2.	 The logarithm of a product is equal to the ______ of the logarithms of the factors.

	 3.	 The logarithm of a quotient is equal to the ______ ______ the logarithm of the 
numerator and the logarithm of the denominator.

	 4.	 The logarithm of a number raised to a power is equal to the ______ of the exponent 
and the logarithm of the number.
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	 5.	 There is no logarithmic property for the logarithm of a/an ______ or  
a/an ______.

	 6.	 When dealing with logarithms of the form log ,b x  we assume that  
b > ______ and b ≠ ______. 

True/False. Determine whether each statement is true or false. If a statement is false, 
explain how it can be changed so the statement will be true. (Note: There may be more 
than one acceptable change.)

	 7.	 The properties of exponents are used to prove the properties of logarithms.

	 8.	 The power rule for logarithms states that the exponent r must be a positive integer.

	 9.	 The log of a product does not equal the product of the logs.

	 10.	 The expression log5

4

3
 is equivalent to 

log

log
.5

5

4

3

Practice

Use the following logarithms (accurate to 4 decimal places) in Exercises 1 and 2. See 
Example 1.

log . log .

log . log .
10 10

10 10

2 03010 3 04771

5 06990 6 07782

≈ ≈
≈ ≈

	 1.	 Find the values of the following expressions.

a.	 100 3010.  

b.	 100 4771.  

c.	 100 6990.  

d.	 100 7782.  

	 2.	 Find the values of the following expressions.

a.	 100 3010 0 7782. .+  

b.	 100 4771 0 7782. .+  

c.	 100 4771 0 6990. .+  

d.	 100 6990 0 3010. .-  

Use your knowledge of logarithms and exponents to find the value of each expression.

	 3.	 log2 32 

	 4.	 log3 9  

	 5.	 log4

1

16
 

	 6.	 log5

1

125
 

	 7.	 log3 3  

	 8.	 log2 8  

	 9.	 5 510log  

	 10.	 3 317log  

	 11.	 6 6 3log  

	 12.	 5 5 5log  

Use the properties of logarithms to expand each expression as much as possible. See 
Example 4.

	 13.	 logb x5 4  

	 14.	 logb x y3 2

	 15.	 logb x y2 3-

	 16.	 log5
2 1xy z-
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	 17.	 log6 3

2x

y
 

	 18.	 log3 4

xy

z
 

	 19.	 logb

x

yz

2

 

	 20.	 log3

2

2

xy

z

	 21.	 log5

2
xy� ��

	 22.	 logb x y2 4� �

	 23.	 log 23
6 xy  

	 24.	 log 3
5 2x y  

	 25.	 log3

xy

z
 

	 26.	 log6

2

3
x

y
 

	 27.	 log5
2

2

321x y

	 28.	 logb x y15
1

2

1

3
-

	 29.	 log6 3 5

x

x y

	 30.	 log
1

3 4x y

	 31.	 logb

x y

z

3 2 3
�
�
�

�
�
�

�

	 32.	 log4

1

2

2

2

x y

z

�
�

�

�
�
�

�

�
�
�

Use the properties of logarithms to write each expression as a single logarithm of a 
single expression. See Example 5.

	 33.	 2 3 5log log logb b bx� �  

	 34.	
1

2
25 3log log logb b b x� �  

	 35.	 log log log2 2 27 9 2+ + x  

	 36.	  log
5
 4 + log

5
 6 + log

5
 y 

	 37.	 2 log
b
 x + log

b
 y 

	 38.	  log
2
 x + 3 log

2
 y 

	 39.	 3
1

25 5log logy x-  

	 40.	 3 log
10

 x − 2 log
10

 y 

	 41.	
1

2 5 5log logx y�� �  

	 42.	
1

3
210 10log logx y�� �  

	 43.	 log
2
 x − log

2
 y + log

2
 z 

	 44.	 log
b
 x − 2 log

b
 y − 2 log

b
 z

	 45.	 log log logb b bx y z� �2
1

2
 

	 46.	 � � �
2

3

1

3

2

32 2 2log log logx y z  

	 47.	 2 2 15 5log logx x� �� �  

	 48.	 log logb bx x3 1 2�� � �  

	 49.	 log log2 21 3x x�� � � �� �  

	 50.	 log log10 103 3x x�� � � �� �  

	 51.	 log logb bx x x2 2 3 3� �� � � �� �  

	 52.	 log log2 2
24 2 8x x x�� � � � �� �  

	 53.	 log log10 10
26 2 9 18x x x�� � � � �� �

	 54.	 log log5
2

53 5 2 3 1x x x� �� � � �� �  
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Writing & Thinking
	 55.	 Prove the quotient rule for logarithms: For b > 0, b ≠ 1, and x, y > 0, 

log log log .b b b

x

y
x y� �  

	 56.	 Prove the following property of logarithms: For b > 0, b ≠ 1, and x > 0, log .b
xb x=
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912 Chapter 11  Exponential and Logarithmic Functions

11.6 Exercises
Concept Check

Fill-in-the-Blank. Complete each sentence using information found in this section.

	 1.	 Base ______ logarithms are called common logarithms.

	 2.	 Base ______ logarithms are called natural logarithms.

	 3.	 The logarithm with base greater than 1 of any number between 0 and 1 will always 
be ______.

	 4.	 Finding the value of the related exponential expression is called finding the ______ 
of the logarithm.

	 5.	 The notation for natural logarithms is shortened to ______.

	 6.	 The logarithm of a negative number is ______.

True/False. Determine whether each statement is true or false. If a statement is false, 
explain how it can be changed so the statement will be true. (Note: There may be more 
than one acceptable change.)

	 7.	 Whenever the base of a logarithm is omitted, it is understood to be 1.

	 8.	 Logarithms of negative numbers or 0 do not exist.

	 9.	 Common logarithms have an inverse while natural logarithms do not.

	 10.	 Given log x = 4, the inverse log of 4 is x = 104 = 10,000.

Practice

Express each equation in logarithmic form. See Examples 1 and 4.

	 1.	 101 5. = x  

	 2.	 10 23k =  

	 3.	 10
1

1000
3� �  

	 4.	 10 0 00014� � .  

	 5.	 ex = 27 

	 6.	 ek =12 4.  

	 7.	 e0 1=  

	 8.	 e x4 =  

	 9.	 10 3 2x = .  

	 10.	 10y x=  

Express each equation in exponential form. See Examples 1 and 4.

	 11.	 log1 0=  

	 12.	 log100 2=  

	 13.	 log .5 4= y  

	 14.	 ln .40 1= x  

	 15.	 ln .x =1 54 

	 16.	 log .x = 25 3 

	 17.	 ln e =1 

	 18.	 log10 1=  

	 19.	 ln x a=  

	 20.	 loga x=  
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 Use a calculator to evaluate the logarithms accurate to the nearest ten-thousandths 
place. See Examples 2 and 5.

	 21.	 log 173

	 22.	 log 396

	 23.	 log 88.4

	 24.	 log 0.0061 	

	 25.	 log 0.0573

	 26.	 log .�� �8 47

	 27.	 ln 37.5

	 28.	 ln 96

	 29.	 ln .�� �14 9

	 30.	 ln 157.6

	 31.	 ln 0.00461

	 32.	 ln 0.0139

 Use a calculator to find the value of x in each equation accurate to the nearest ten-
thousandths place. See Examples 3 and 6.

	 33.	 log x = 2.31

	 34.	 log x = −3

	 35.	 log x = −1.7

	 36.	 log x = 4.1

	 37.	 2 log x = −0.038

	 38.	 5 log x = 9.4

	 39.	 ln x = 5.17

	 40.	 ln x = 4.9

	 41.	 ln x = −8.3

	 42.	 ln x = 6.74

	 43.	 0.2 ln x = 0.0079

	 44.	 3 ln x = −0.066

Writing & Thinking
	 45.	 Explain the difference in the meaning of the expressions log x and ln x.

	 46.	 The function y = log x is defined only for x > 0. Discuss the function y x� �� �log .  
That is, does this function even exist? If it does exist, what is its domain? Sketch its 
graph and the graph of the function y = log x.

	 47.	 What is the domain of the function y x= ln ? Graph the function.
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Example 5	 Using the Change-of-Base Formula

Use the change-of-base formula to find the value of x (accurate to the nearest ten-

thousandth) in the equation 5 16x = .

Solution

Because the base is 5, we can take log5  of both sides.

(This method is not necessary, but it does show how the change-of-base formula can 
be used.)

5 16

5 16

16

16

5

5 5

5

x

x

x

x

x

�

�
�

�

log log

log

ln

ln
Change-of-base formula

�� �
2 7726

1 6094
1 7228

.

.
.

Now work margin exercise 5.

Margin Exercise Answers

1. a.  x x= =1 3 or   b.  x x� � �1 2 or    2. a.  x � �
log

log
.

3

4
0 7925  b.  x � �

log

log
.

20

5
1 8614    

3. a.  x = 50  b.  x = −1   4. 
ln

ln

4

2
2=    5. 

ln

ln
.

25

8
1 5480≈

11.7 Exercises
Concept Check

Fill-in-the-Blank. Complete each sentence using information found in this section.

	 1.	 When solving exponential equations, if the bases are not the same, the equations are 
solved by taking the ______ of both sides.

	 2.	 Logarithms are defined only for ______ ______ numbers, so each answer should be 
checked in the original equation.

	 3.	 For any positive real number b, b0 is equal to ______.

	 4.	 For any positive real number b and any real numbers x and y, bx y� �  is equivalent 
to ______.

	 5.	 For any positive real number b and any value of x, b−x is equivalent to ______.

	 6.	 For b > 0 and b ≠ 1, if log log ,b bx y=  then x = ______.

	 5.	Use the change-of-base 
formula to find the value 
of x.

		  8 25x =
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True/False. Determine whether each statement is true or false. If a statement is false, 
explain how it can be changed so the statement will be true. (Note: There may be more 
than one acceptable change.)

	 7.	 The change of base formula is log
log

log
,b

a

a

x
b

x
=  for a, b, x > 0 and b ≠ 1.

	 8.	 If the terms in an exponential equation all have the same base, there is no need to use 
logarithms to solve the equation.

	 9.	 Exponential equations with different bases can be solved by taking either the log of 
both sides or the ln of both sides.

	 10.	 If 5x = 5y, then x is equal to y.

Practice

Use the properties of exponents and logarithms to solve each of the equations. If 
necessary, use a calculator and round answers to the nearest ten-thousandth. See 
Examples 1 through 3.

	 1.	 2 2 24 7� � x

	 2.	 3 3 37 2� �� x

	 3.	 3 35 2 1� � � �x

	 4.	 2 2
3 4x x� � � �

	 5.	
10 10

10
10

4
1

2�
�

x

	 6.	 10
10 10

10

2

2

3

1

2

� � �
�x

	 7.	 2 45 3x =  

	 8.	 7 493 4x =

	 9.	 25 5 53 4� � � �
x

	 10.	 10 10 1008 3x � �

	 11.	 8 23 1x x� ��  

	 12.	 100 10002 1 2x x� ��  

	 13.	 27 3 9 2x x� � �

	 14.	 16 2 82 3x x� � �

	 15.	 2 23 5 12x x� ��  

	 16.	 10 10
2 9x x x� ��

	 17.	 10 102 3 62x x� ��

	 18.	 3 3
2 5 2 2x x x� ��  

	 19.	 3 31 3 2x x x� �� � � � �

	 20.	 10 10
3 2 2x x x� � � � �� � �

	 21.	 3 94x � �  

	 22.	 2 45 8x � �

	 23.	 4
1

2

2
5

x x

x

� � �
�
�

�
�
�  

	 24.	 25
1

5

2
3

x x

x

� � �
�
�

�
�
�  

	 25.	 5
1

125
2 2x x� �  

	 26.	 10 1000
2 2x x� �

	 27.	 10 1403x =  

	 28.	 10 972x =  

	 29.	 10 2530 32. x =  

	 30.	 10 88 60 48� �. .x  

	 31.	 4 10 126 20 94� �� . .x  

	 32.	 3 10 83 52 1� �� . .x  

	 33.	 e x3 2 1= .  

	 34.	 e t4 184=  
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	 35.	 e x� �0 5 47.  

	 36.	 e t� �0 006 50 3. .  

	 37.	 3 360 12e t� �. .  

	 38.	 5 442 4e t. =  

	 39.	 2 10x =  

	 40.	 3 1002x � �  

	 41.	 5
1

100
2x =  

	 42.	 7
1

10
3x =  

	 43.	 5 11� �x  

	 44.	 12 15 2x � �  

	 45.	 4 0012 5x � � .  

	 46.	 4 012 3� �x .  

	 47.	 14 103 1 3x � �  

	 48.	 12 102 7 4x � �  

	 49.	 7 9x =  

	 50.	 2 20x =  

	 51.	 3 233x =  

	 52.	 5 232x =  

	 53.	 6 14 82 1x � � .  

	 54.	 4 26 37 3� �x .  

	 55.	 5 7logx =  

	 56.	 3 13 2log .x =  

	 57.	 4 6 0logx � �  

	 58.	 2 15 0logx � �  

	 59.	 4 8 0
1

2logx � �  

	 60.	
2

3
9 0

2

3logx � �  

	 61.	 5 8 0ln x � �  

	 62.	 2 3 0ln x � �  

	 63.	 ln .x2 2 2 0� �  

	 64.	 ln .x2 416 0� �  

	 65.	 log log logx x� �2 18  

	 66.	 log log logx x�� � � �� � �4 4 9  

	 67.	 log logx x2 2� �  

	 68.	 log logx x� �2 3  

	 69.	 ln ln lnx x�� � � �3 18  

	 70.	 ln ln lnx x�� � � �� � �5 1 16

	 71.	 log logx x�� � � �15 2  

	 72.	 log log2 17 2x x�� � � �  

	 73.	 log log3 5 1 1x x�� � � �� � �  

	 74.	 log log2 3 3 3x x�� � � �� � �  

	 75.	 log logx x�� � � �� � �3 1 1

	 76.	 ln lnx x�� � � �� � �1 1 0  

	 77.	 log logx x2 9 3 2�� � � �� � � �

	 78.	 ln lnx x x2 4 5 5 2� �� � � �� � � �

	 79.	 log logx x x2 4 5 1 2� �� � � �� � �

	 80.	 log logx x x2 12 4 2� �� � � �� � � �

	 81.	 ln lnx x2 4 3 2�� � � � �� �

	 82.	 ln lnx x x2 2 3 1 1� �� � � � �� �

	 83.	 log x x23 2 20
2

3
� � �  

	 84.	 log x2 24
3

2
� �  
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Use the change-of-base formula to evaluate each of the expressions or solve the 
equations. Round answers to the nearest ten-thousandth. See Examples 4 and 5.

	 85.	 log312

	 86.	 log4 36

	 87.	 log .51 68

	 88.	 log .1139 6

	 89.	 log .8 0 271

	 90.	 log .7 0 849

	 91.	 log15 739 

	 92.	 log .214 2 

	 93.	 log .20 0 0257

	 94.	 log .9 2 384 

	 95.	 2 5x =  

	 96.	 3 102x =

	 97.	 9 1002 1x � �

	 98.	 5 301x � �  

	 99.	 4 203� �x  

	100.	 6 254 3� �x

Writing & Thinking
	101.	 Solve the following equation for x two different ways: a x2 1 1� � .

	102.	 Rewrite each of the following expressions as products. 

a.	 5 2x +

b.	 3 2x -

	103.	 Explain, in your own words, why 7 7 49� �x x  when x ≠ 1. Show each of the 

expressions 7 7⋅ x  and 49x  as a single exponential expression with base 7.
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Since T = 120 when t = 5, substituting these values allows us to find k.

120 80 70

50 80

50

80
5

8

5

5

5

5

� �
�

�

�

� � �

�

�

�

e

e

e

e

k

k

k

kln ln Take the natural llog of both sides.

ln .

ln . .
.

0 625 5

0 625

5

0 4700

5
0 094

� �

�
�

�
�
�

�

k

k

The formula can now be written as T e t� ��80 700 094. .

With all the constants in the formula known, now we can find t when T = 100.

100 80 70

30 80

30

80
3

8

0 094

0 094

0 094

0 094

� �
�

�

�

�

�

�

�

e

e

e

e

t

t

t

t

.

.

.

.ln ln TTake the natural log of both sides.

ln . .

ln .

.

0 375 0 094

0 375

0 0

� �

�
�

t

t
994

0 9808

0 094
10 43�

�
�

�
.

.
. minutes

The tea will cool to 100 °F in about 10.43 minutes.

Now work margin exercise 6.

Margin Exercise Answers
1.  2.31 days   2.  27.73 years   3.  I � � �10 1 58 108 2 8. .    4.  2.51   5.  y e t� �12 0 00002876. ;  9.00 grams    
6.  T e t� ��120 650 0811. ;  8.55 minutes

11.8 Exercises
Concept Check

Fill-in-the-Blank. Complete each sentence using information found in this section.

	 1.	 The formula A A e t� �
0

0 04.  is for the ______ of radium where t is in ______.

	 2.	 The formula A A
t

�
�

0
56002  is used for carbon-14 dating to determine the age of 

______, where t is measured in ______.

	 3.	 The magnitude of an earthquake is measured on the ______ scale.
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True/False. Determine whether each statement is true or false. If a statement is false, 
explain how it can be changed so the statement will be true. (Note: There may be more 
than one acceptable change.)

	 4.	 In Newton’s law of cooling, the variable C is the constant temperature of the medium 
surrounding the cooling object.

	 5.	 The formula A A e t� �
0

0 1.  is used for skin healing, where t is measured in hours.

Applications

 Solve. If necessary, round answers to the nearest hundredth (unless otherwise 
specified).

	 1.	 If Kim invests $2000 at a rate of 7% compounded continuously, what will be her 
balance after 10 years?

	 2.	 Find the amount of money that will be accumulated in a savings account if $3200 is 
invested at 6.5% for 6 years and the interest is compounded continuously.

	 3.	 Four thousand dollars is invested at 6% compounded continuously. How long will it 
take for the balance to be $8000? 

	 4.	 How long does it take $1000 to double if it is invested at 5% compounded 
continuously? 

	 5.	 The reliability of a certain type of flashlight battery is given by f e x� �0 03. ,  where f 
is the fractional part of the batteries produced that last x hours. What fraction of the 
batteries produced are good after 40 hours of use? 

	 6.	 From Exercise 5, how long will at least one-half of the batteries last? 

	 7.	 The concentration of a drug in the blood stream is given by C C e t� �
0

0 8. ,  where C0  
is the initial dosage and t is the time in hours elapsed after administering the dose. If 
20 mg of the drug is given, how much time elapses until 5 mg of the drug remains? 

	 8.	 Using the formula in Exercise 7, determine the amount of the drug present after 
3 hours if 0.60 mg is given. 

	 9.	 One law for skin healing is A A e t� �
0

0 1. ,  where A is the number of cm2 of unhealed 
area after t days and A0  is the number of cm2 of the original wound. Find the number 
of days needed to reduce the wound to one-third the original size. 

	 10.	 A swarm of bees grows according to the formula P Pe t= 0
0 35. ,  where P0  is the 

number present initially and t is the time in days. How many bees will be present in 6 
days if there were 1000 present initially? (Round to the nearest integer.) 

	 11.	 If inversion of raw sugar is given by A A e t� �
0

0 03. ,  where A0  is the initial amount 
and t is the time in hours, how long will it take for 1000 lb of raw sugar to be 
reduced to 800 lb?

	 12.	 Atmospheric pressure P is related to the altitude, h by the formula P Pe h� �
0

0 00004. ,  
where P0  the pressure at sea level, is approximately 15 lb per in.2 Determine the 
pressure at 5000 in.
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	 13.	 A radioactive substance decays according to A A e t� �
0

0 0002. ,  where A0  is the initial 
amount and t is the time in years. If A0 640=  grams, find the time for A to decay to 
400 grams.

	 14.	 A substance decays according to A A e t� �
0

0 045. , where t is in hours and A0  is the 
initial amount. Determine the half-life of the substance.

	 15.	 An employee is learning to assemble remote-control units. The number of units per 

day he can assemble after t days of intensive training is given by N e t� �� ��80 1 0 3. .  
How many days of training will be needed before the employee is able to assemble 
40 units per day?

	 16.	 A scientist collects a lava sample and measures that its temperature is 1650°. To 
safely analyze the sample, it must be no warmer than 500°. The scientist stores the 
sample in a cooling chamber with a temperature of 50° and finds that in 2 hours, the 
lava has cooled to 1000°. When will the lava sample be safe to analyze?

	 17.	 The temperature of a carrot cake is 350° when it is removed from the oven. The 
temperature in the room is 72°. In 10 minutes, the cake cools to 280°. How long will 
it take for the cake to cool to 160°?

	 18.	 How long does it take $10,000 to double if it is invested at 8% compounded 
quarterly?

	 19.	 If $1000 is deposited at 6% compounded monthly, how long before the balance is 
$1520?

	 20.	 The value V of a machine at the end of t years is given by V C r
t

� �� �1 ,  where C 
is the original cost of the machine and r is the rate of depreciation. A machine that 
originally cost $12,000 is now valued at $3800. How old is the machine if r = 0.12?

	 21.	 The formula A A
t

�
�

0
56002  is used for carbon−14 dating to determine the age of 

fossils where t is measured in years. Determine the half-life of carbon−14.

	 22.	 Radioactive iodine has a half-life of 60 days. If an accident occurs at a nuclear plant 
and 30 grams of radioactive iodine are present, in how many days will 1 gram be 
present? (Round k to at least 7 decimal places.)

	 23.	 If a principal P is doubled, then A = 2P. Use the formula for continuously 
compounded interest to find the time it takes the principal to double in value if the 
rate of interest is a. 5%  b. 10% (Note that the time for doubling the principal is 
completely independent of the principal itself.) 

	 24.	 If a principal P is tripled, then A = 3P. Use the formula for continuously compounded 
interest to find the time it takes the principal to triple in value if the interest rate is 
a.  4%  b. 8% (Note that the time for tripling the principal is completely independent 
of the principal itself.) 

	 25.	 The 1906 earthquake in San Francisco measured 8.6 on the Richter scale. In 1971, an 
earthquake in the San Fernando Valley measured 6.6 on the Richter scale. How many 
times greater was the 1906 earthquake than the 1971 earthquake? (See Example 4.)
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	 26.	 In 1985, an earthquake in Mexico measured 8.1 on the Richter scale. How many 
times greater was this earthquake than the one in Landers, California, in 1992 that 
measured 7.3 on the Richter scale? (See Example 4.) 

	 27.	 Population does not generally grow in a linear fashion. In fact, the population of 
many species grows exponentially, at least for a limited time. Using the exponential 

model y y ekt= 0  for population growth, estimate the population of a state in 2040 
if the population was 5 million in 2010 and 6 million in 2020. (Assume that t is 
measured in years and t = 0 corresponds to 2010.) 

	 28.	 Suppose that a lake is stocked with 500 fish, and biologists predict that the 
population of these fish will be approximated by the function P t t e� � � �� �500 2ln  
where t is measured in years. What will the fish population be in 3 years? in 5 years? 
in 10 years? (Round answers to the nearest integer.) 

	 29.	 Sales representatives of a new type of computer predict that sales can be approximated 

by the function S t t e� � � � �� �1000 500 3ln  where t is measured in years. What are the 
predicted sales in 2 years? in 5 years? in 10 years? Round to the nearest integer. 

	 30.	 In chemistry, the pH of a solution is a measure of the acidity or alkalinity of a 
solution. Water has a pH of 7 and, in general, acids have a pH less than 7 and 

alkaline solutions have a pH greater than 7. The model for pH is pH H� � �� ��
�log  

where H+�� ��  is the hydrogen ion concentration in moles per liter of a solution.

a.	 Find the pH of a solution with a hydrogen ion concentration of 8 6 10 7. .� �

b.	 Find the hydrogen ion concentration H+�� ��  of a solution if the pH of the 
solution is 4.5. Write the answer in scientific notation. 

	 31.	 A decibel (abbreviated dB) is a unit used to measure the loudness of sound. The 
decibel level D of a sound of intensity I is measured by comparing it to a barely 

audible sound of intensity I 0  with the following formula: D
I

I
�

�

�
�

�

�
�10

0

log . Sounds 
measuring over 85 dB are not considered safe. 

a.	 Find the decibel level of a rock concert with an intensity of 6 24 1011
0. .× I  

b.	 What is the intensity level of 85 dB? 

c.	 What is the intensity level of 60 dB (normal conversation)? 
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5

1 2 3 4 5−1−2−3−4−5 −1

1
2
3
4

−2
−3
−4
−5

x

y

(0, 4)

(1, 3)
y f x= ( )

5

3 4 5 6 71−1−2−3 −1

1
2
3
4

−2
−3
−4
−5

x

y

2
(4, 1)

(3, 2)

y f x= −( ) −3 2

Now work margin exercise 9.

Margin Exercise Answers

1. a.  17  b.  3 52a +   c.  3 12 172a a+ +    2.  8   3.  2 3x h+ +     4. 

x

y

(2, 4)(0, 4)
(1, 3)5. 

x

y

(3, 0)

(0, −3)

(−7, 0)

(−2, −5)

   6. 

x

y

(0, 7)
(−1, 6)

   7. 

x

y

(0, −3)
(−1, −2)

      

8. 

x

y

(0, 4.4)(−2, 3)

   9. 

x

y

(3, 5)

(4, 4)

y = f(x − 3) + 1

12.1 Exercises
Concept Check

Fill-in-the-Blank. Complete each sentence using information found in this section.

	 1.	 The geometric interpretation of the difference quotient is the ______ of a line 
through ______ points on the graph of a function.

	 2.	 The graph of y = ax2 + k is the ______ translation of y = ax2 by k units.

	 3.	 The graph of y = a(x − h)2 is the ______ translation of y = ax2 by h units.

	 4.	 In general, the graph of y = −f (x) is the ______ across the ______ of the graph 
y = f (x).

	 5.	 For the function y = ax2, changing the coefficient a can have an effect on the ______ 
and ______ of the graph of the base function.
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True/False. Determine whether each statement is true or false. If a statement is false, 
explain how it can be changed so the statement will be true. (Note: There may be more 
than one acceptable change.)

	 6.	 Algebraically, the two functions f (x + h) and f (x) + h represent the same thing.

	 7.	 Translation changes the shape of the graph of a function.

	 8.	 More than one translation cannot be applied to a function at the same time.

Practice

Evaluate the function at the given expressions. See Example 1.

	 1.	 For f x x� � � �2 4,  find:

		  a.	 f �� �2

		  b.	 f a�� �3

		  c.	 f x h�� �

		  d.	
f x h f x

h

�� � � � �
 

	 2.	 For g x x� � � �2 2,  find:

		  a.	 g 2� �

		  b.	 g a�� �1

		  c.	 g x h�� �

		  d.	
g x h g x

h

�� � � � �

	 3.	 For f x x x� � � �2 32 ,  find:

		  a.	 f 0� �

		  b.	 f a�� �2

		  c.	 f x h�� �

		  d.	 f x h f x

h

�� � � � �

	 4.	 For f x x x� � � �3 2 ,  find:

		  a.	 f 4� �

		  b.	 f a�� �2

		  c.	 f x h�� �

		  d.	
f x h f x

h

�� � � � �

Find and simplify the difference quotient, f x h f x
h

+
,� � � ��  for each function. See 

Examples 2 and 3.

	 5.	 f x x� � � � 7

	 6.	 f x x� � � �2 3

	 7.	 f x x� � � �5 2

	 8.	 f x x� � � �4 3

	 9.	 What particular trend, if there is one, do you notice about the results in Exercises 5 
through 8?

	 10.	 Analyze, in your own words, how the results in Exercise 9 relate to the graphs of the 
functions in relation to the secant line discussion in the text.
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The graph of y = x  is given along with a few points as aids. Graph the functions using 
your understanding of reflections and translations with no additional computations. 
See Examples 4 through 7.

5

1 2 3 4 5−1−2−3−4−5 −1

1
2
3
4

−2
−3
−4
−5

x

y

(1, 1)
(2, 2)

(−1, 1)
(−2, 2)

y x=

(0, 0)

	 11.	 y x� � �1 2

	 12.	 y x� � �2 6

	 13.	 y x� � � 3

	 14.	 y x� � � 4

	 15.	 y x� � � �5 4

	 16.	 y x� � � �2 3 

	 17.	 y x� �
5

4

	 18.	 y x� �
2

3

	 19.	 y x� � �
3

4
3

	 20.	 y x� � �
1

2

3

2

The graph of y x=  is given along with a few points as aids. Graph the functions using 
your understanding of reflections and translations with no additional computations. See 
Example 8.

5

1 2 3 4 5−1−2−3−4−5 −1

1
2
3
4

−2
−3
−4
−5

x

y

(4, 2)

y x=

(1, 1)
(0, 0)

	 21.	 y x� � 2

	 22.	 y x� �1

	 23.	 y x� � �1

	 24.	 y x� � � 6

	 25.	 y x� � �4 3

	 26.	 y x� � �2 4

	 27.	 y x� � �3
1

2

	 28.	 y x� � �
3

2
2

	 29.	 y x� � �5 2

	 30.	 y x� � �4 3
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Using the graph of y x= ,2  graph the functions using your understanding of reflections 
and translations with no additional computations.

5

1 2 3 4 5−1−2−3−4−5 −1

1
2
3
4

−2
−3
−4
−5

x

y

y x2=

(0, 0)

(−1, 1) (1, 1)

	 31.	 y x� �2 3

	 32.	 y x� �2 5

	 33.	 y x� �� �1 2

	 34.	 y x� �� �2
2

	 35.	 y x� �� � �3 1
2

	 36.	 y x� �� � �5 2
2

	 37.	 y x� �� � �1 4
2

	 38.	 y x� �� � �2 3
2

	 39.	 y x� � �� � �4 5
2

	 40.	 y x� � �� � �5 2
2

The graph of a function y = f x� �  is given with the coordinates of four points. Graph 
the functions using your understanding of reflections and translations ith no additional 
computations. Label the new points that correspond to the four labeled points. See 
Example 9.

5

1 2 3 4 5−1−2−3−4−5 −1

1
2
3
4

−2
−3
−4
−5

x

y

y = f (x)

(3, 0)

(−1, −2)

(−3, 0)
(1, 2)

	 41.	 y f x� � � �1

	 42.	 y f x� � � � 2

	 43.	 y f x� �� �3

	 44.	 y f x� �� �1

	 45.	 y f x� � �� �3

	 46.	 y f x� � �� �1

	 47.	 y f x� �� � �5 3

	 48.	 y f x� �� � �1 5

	 49.	 y f x� �� � �2 4

	 50.	 y f x� �� � �3 2

The graph of y = xlog� �  is given. Graph the functions and state the domain and range of 
each function.

5

1 2 3 4 5−1−2−3−4−5 −1

1
2
3
4

−2
−3
−4
−5

x

y

y x= ( )log

(1, 0)

	 51.	 y x� �� �log 1

	 52.	 y x� �� �log 2

	 53.	 y x� � log

	 54.	 y x� �� �log

	 55.	 y x� �1 log

	 56.	 y x� � �3 log
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Applications

Solve.

	 57.	 A landscaper is planning a scenic walkway to go in the large space between the 
front entrance of a building and the main road that runs in front of the building. 
He sketches a graph of the area. On it, the edge of the walkway is modeled by 
y = x4 – 5x2 + 2x. In order to get a permit, however, the city’s building department 
tells the landscaper that he must move the walkway 10 meters up, farther away from 
the road. Write the function that represents the new placement of the curve.

	 58.	 Joanne wants to put a flowerbed in the front yard of her house. She draws a graph 
of the land, and the edge of the flowerbed is modeled by y = x2 + 2. Joanne didn’t 
realize that her husband planned to build a walkway from the front door to the 
driveway. To accommodate the plans for the walkway, Joanne will need to move her 
flowerbed ten feet to the right. Write the function that represents the new placement 
of the curve.

Writing & Thinking
	 59.	 Explain, in your own words, how the graph of the function y f x h k� �� � �  

represents a horizontal and a vertical shift of the graph of the function y f x� � �.

 Use a graphing calculator to graph each pair of functions on the same set of axes. 
Then discuss the differences between the graphs of each pair of functions.

	 60.	 y x y x� � �2 32 2and

	 61.	 y x y x� � �4 2 2and  

	 62.	 y x y x� � � �� �2 5 and 1
2

	 63.	 y x y x� �� � � �1 4
2 2and 

	 64.	 y x y x� �� � � � �2 3 4 2 3
2 2 and 

	 65.	 y x y x� � �� � � � � �3 2 1 1
2

 and 2
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Margin Exercise Answers

1.  vertex: �� �3 2,
 
y-intercepts: 0 2 3, ,�� �

 
0 2 3, �� �  line of symmetry: y = 2;  		  	

x

y

(−3, 2)

2.  vertex: 
1

3

2

3
, ;

�
�
�

�
�
�  y-intercepts: 0

1

3
,

�
�
�

�
�
�  

and 0 1,� �  line of symmetry: y =
2

3 	

 
x

y

1 2−1

1

2
1 2

,
3 3

 
  

   3. 

x

y

1 3,-( )

 y-intercepts: none

12.2 Exercises
Concept Check
Fill-in-the-Blank. Complete each sentence using information found in this section.

	 1.	 Four conic sections are the ______, ______, ______, and ______.

	 2.	 The basic form of a parabola that opens ______ or ______ is x = ay2.

	 3.	 The equations of ______ parabolas can be written in the form y = a(x − h)2 + k, 
where a ≠ 0.

	 4.	 The equations of ______ parabolas can be written in the form x = a(y − h)2 + k, 
where a ≠ 0.

	 5.	 By setting x = ____ and solving 0 = ay2 + by + c, we can determine the ______.

	 6.	 The vertex of a parabola is at the point ______.

True/False. Determine whether each statement is true or false. If a statement is false, 
explain how it can be changed so the statement will be true. (Note: There may be more 
than one acceptable change.)

	 7.	 Not all parabolas are functions.

	 8.	 Parabolas open down if a > 0 and open up if a < 0.

	 9.	 The line x = h is the line of symmetry for a horizontal parabola.

Practice
For the given equations, a. find the vertex, b. find the y-intercept, c. find the line of 
symmetry, and d. sketch the graph. See Examples 1 and 2.

	 1.	 x y� �2 4

	 2.	 x y� �2 5

	 3.	 y x� �3 2

	 4.	 y x� �2 2
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	 5.	 x y� �2 32

	 6.	 x y� �3 12

	 7.	 x y� �� �3
2

	 8.	 x y� �� �2
2

	 9.	 x y� � �� �4 2
2

	 10.	 x y� � �� �3 5
2

	 11.	 y x� � �� �1 1
2

	 12.	 y x� � �� �5 3
2

	 13.	 x y y� � �2 4 4

	 14.	 x y y� � �2 8 16

	 15.	 x y y� � � �2 10 25

	 16.	 x y y� � � �2 6 9

	 17.	 y x x� � �2 6 5

	 18.	 y x x� � �2 4 6

	 19.	 y x x� � � �2 4 5

	 20.	 y x x� � � �2 2 5

	 21.	 x y y� � � �2 4 3

	 22.	 x y y� � �2 8 12

	 23.	 y x x� � �2 12

	 24.	 y x x� � � �2 32

	 25.	 x y y� � � �2 5 22

	 26.	 x y y� � �3 5 22

	 27.	 x y y� � �3 6 52

	 28.	 x y y� � �4 4 152

	 29.	 y x x� � �4 12 92

	 30.	 y x x� � � �5 10 22

 Use a graphing calculator to graph each of the parabolas. Use the trace and zoom 
features of the calculator to estimate the y-intercepts of the parabola. See Example 3. 
(See Section 4.5 to review the trace and zoom features on a TI-84 Plus graphing 
calculator.)

	 31.	 x y� �2 32

	 32.	 x � � �3 1y2

	 33.	 x y y� � �2 2

	 34.	 x y y� �2 5

	 35.	 x y y� � �2 12

	 36.	 x y y� � � �2 4 1

	 37.	 x y y� � �4 8 72

	 38.	 x y y� � �3 3 22

	 39.	 x y y� � � �2 4 32

	 40.	 x y y� � � �5 10 42
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Use your knowledge of parabolas and equations to match the equation with the graph.

	 41.	 x y� �� � �2 3 3
2

	 42.	 x y� � �� � �1 5
2

	 a.	
5

1 2 3−1−2−3−4−5 −1

1
2
3
4

−2
−3
−4
−5

x

y

−6−7

	 b.	
5

1 2 3 4 5−1−2−3 −1

1
2
3
4

−2
−3
−4
−5

x

y

6 7

	 43.	 x y� � �2 1

	 44.	 x y� 2 6�

	 c.	
5

1 2 3 4 5−1−2−3−4−5 −1

1
2
3
4

−2
−3
−4
−5

x

y

	 d.	
5

1 2 3 4 5−1−2−3−4−5 −1

1
2
3
4

−2
−3
−4
−5

x

y

Writing & Thinking
	 45.	 For x ay by c� � �2  we know that the graph of the parabola opens to the right if 

a > 0 and to the left if a < 0. Discuss which values of a will cause the parabola to be 
wider and which will cause it to be narrower than the graph of x = y2.

955 12.2  Exercises

©HAWKES LEARNING



Margin Exercise Answers

1.  Distance: 5   2.  Triangle DEF is a right triangle since 45 80 125
2 2 2� � � � � � � � .

3.  Midpoint: 5

2
3,��

�
�

�
�
�    4.  x y2 2 5� � .  Both 2 3,� �  and 1 2,� �  are on the circle.

5.  x y�� � � �� � �3 2 16
2 2

,  7 2, �� �  is on the circle.   6.  The equation can be written in the form 

x y�� � � �� � �3 1 10
2 2

.  The center is at �� �3 1,  and the radius is 10. 

x

y

(−3,1)7. 

x

y

12.3 Exercises
Concept Check

Fill-in-the-Blank. Complete the sentences using information found in this section.

	 1.	 The distance between two points P (x
1
, y

1) and Q (x
2
, y

2) in a plane can be determined 
with the formula d = ____________.

	 2.	 When calculating the distance d, be sure to add the ______ before taking the 
square root.

	 3.	 The midpoint is found by ______ the corresponding coordinates of the endpoints.

	 4.	 A circle is a set of points on a plane that are a fixed ______ from a fixed ______.

	 5.	 The diameter is ______ the length of the radius.

	 6.	 The equation of a circle with radius r and center at (h, k) is r2 = ______.

True/False. Determine whether each statement is true or false. If a statement is false, 
explain how it can be changed so the statement will be true. (Note: There may be more 
than one acceptable change.)

	 7.	 The Pythagorean Theorem is used to derive the distance formula.

	 8.	 The distance from the center of a circle to any point on the circle is called the 
diameter of the circle.

	 9.	 To find the equation of a circle with center at (2, 5) and radius 6, the distance 
formula can be used.

	 10.	 The hypotenuse of a right triangle is the longest side of the triangle.

Practice

Find the distance between the two given points and the coordinates of the midpoint of 
the line segment joining the two points. See Examples 1 and 3.

	 1.	 2 4 6 7, , ,� � � �

	 2.	 1 0 6 12, , ,� � � �

	 3.	 �� � � �3 2 9 7, , ,

	 4.	 �� � �� �6 3 2 0, , ,
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	 5.	 1 7 3 2, , ,� � � �

	 6.	 �� � �� �2 1 3 4, , ,

	 7.	 4 3 7 3, , ,�� � �� �

	 8.	 �� � � �2 6 5 6, , ,

	 9.	 5 2 7 5, , ,�� � �� �

	 10.	 6 4 8 5, , ,� � �� �

	 11.	 �� � �� �7 3 1 12, , ,

	 12.	 3 8 2 4, , ,� � � �� �

Find equations for each of the circles. See Examples 4 and 5.

	 13.	 Center  0 0 4, ;� � �r

	 14.	 Center  0 0 6, ;� � �r

	 15.	 Center  0 0 3, ;� � �r

	 16.	 Center  0 0 7, ;� � �r

	 17.	 Center  0 0 11, ;� � �r

	 18.	 Center  0 0 13, ;� � �r

	 19.	 Center  0 0
2

3
, ;� � �r

	 20.	 Center  0 0
7

4
, ;� � �r

	 21.	 Center  0 2 2, ;� � �r

	 22.	 Center  0 5 5, ;� � �r

	 23.	 Center  4 0 1, ;� � �r

	 24.	 Center  �� � �3 0 4, ; r

	 25.	 Center  �� � �2 0 8, ; r

	 26.	 Center  5 0 2, ;� � �r

	 27.	 Center  3 1 6, ;� � �r

	 28.	 Center  �� � �1 2 5, ; r

	 29.	 Center  3 5 12, ;� � �r

	 30.	 Center  4 2 14, ;�� � �r

	 31.	 Center  7 4 10, ;� � �r

	 32.	 Center  �� � �3 2 7, ; r

Write each of the equations in standard form. Find the center and radius of the circle 
and then sketch the graph. See Example 6.

	 33.	 x y2 2 9� �

	 34.	 x y2 2 16� �

	 35.	 x y2 249� �

	 36.	 y x2 225� �

	 37.	 x y2 2 18� �

	 38.	 x y2 2 12� �

	 39.	 x y x2 2 2 8� � �

	 40.	 x y x2 2 6 0� � �

	 41.	 x y y2 2 4 0� � �

	 42.	 x y x2 2 4 12� � �

	 43.	 x y x y2 2 2 4 11� � � �

	 44.	 x y x y2 2 4 4 8� � � �

	 45.	 x y x y2 2 4 10 20 0� � � � �

	 46.	 x y x y2 2 6 8 9 0� � � � �

	 47.	 x y x y2 2 4 6 5 0� � � � �

	 48.	 x y x y2 2 10 2 14 0� � � � �

Use the Pythagorean Theorem to decide if the triangle determined by the given points 
is a right triangle. See Example 2.

	 49.	 A B C1 2 7 1 5 5, , , , ,�� � � � � � 	 50.	 A B C� �� � � � �� �5 1 2 1 1 6, , , , ,

965 12.3  Exercises

©HAWKES LEARNING



Show that the triangle determined by the given points is an isosceles triangle (has two 
equal sides).

	 51.	 A B C1 1 5 9 9 5, , , , ,� � � � � � 	 52.	 A B C1 4 3 2 9 4, , , , ,�� � � � � �

Show that the triangle determined by the given points is an equilateral triangle (all sides 
equal).

	 53.	 A B C1 0 3 12 5 0, , , , ,� � � � � � 	 54.	 A B C0 5 0 3 48 1, , , , ,� � �� � � �
Show that the lengths of the diagonals (AC and BD) of the rectangle ABCD are equal.

	 55.	 A B C D2 2 2 3 8 3 8 2, , , , , , ,�� � � � � � �� �

	 56.	 A B C D�� � �� � � � � �1 1 1 4 4 4 4 1, , , , , , ,

Find the perimeter of the triangle determined by the given points.

	 57.	 A B C�� � � � � �5 0 3 4 0 0, , , , , 	 	 58.	 A B C� �� � �� � � �6 1 3 3 6 4, , , , ,

 Use a graphing calculator to graph the circles. Be sure to set a square window.

	 59.	 x y2 2 16� �

	 60.	 x y2 2 25� �

	 61.	 x y�� � � �3 49
2 2

	 62.	 x y2 2
2 36� �� � �

	 63.	 x y�� � � �� � �2 5 100
2 2

	 64.	 x y�� � � �� � �1 3 64
2 2

Applications

Solve.

	 65.	 The roadways in Descartesville are laid out such that streets run east to west and 
avenues run north to south. The north to south avenues and the east to west streets 
are numbered sequentially, beginning with 1. For example, a person standing on 
the corner of 1st Street and 1st Avenue may be considered to be at standing at (1, 1). 
Suppose a person begins at the corner of 1st Street and 2nd Avenue and walks to the 
corner of 9th Street and 8th Avenue. If the person were able to walk directly from the 
beginning corner to the ending corner, the distance traveled would be the same as the 
distance of how many blocks?

	 66.	 A bored greens keeper at the Descartesville Golf Course decides to sketch the entire 
golf course on a coordinate grid, where each unit on the grid corresponds to 100 
yards. He notices that the first hole’s tee box is located at the point (−8, −10) and the 
hole’s cup is located at the point (−11, −6). What is the straight-line distance in yards 
between the first hole’s tee box and the hole’s cup?

	 67.	 A group of math majors at Homestate University decide to make a map of the 
campus on a coordinate grid. Each unit on the grid corresponds to 100 yards. If the 
calculus class is held in the Math building located at (5, 12) on the graph and the 
cafeteria is located at (9, 14) on the graph, how many hundreds of yards do students 
have to walk if they follow a straight line from the calculus class to the cafeteria?
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	 68.	 A conservation society used a grant to purchase a 1000-acre tract of land in Descartesville 
and plans to turn the land into a camping ground. The society uses a coordinate grid to 
plan the design of the camp where each unit on the grid corresponds to 1000 yards. The 
plans include a dock on the lake to be located at (6, 15) on the grid and a picnic pavilion 
to be located at (10, 8). How many thousands of yards will campers have to walk if they 
follow a straight line from the dock to the picnic pavilion?

Writing & Thinking
	 69.	 For a given line and a point not on the line, a parabola is defined as the set of all 

points that are the same distance from the point and the line. The point is called the 
focus and the line is called the directrix. See the figure provided.

5

1 2 3 4 5−1−2−3−4−5 −1

1
2
3
4

−2
−3
−4
−5

x

y

Directrix: y = −p

(0, p)

(x, y)

Focus

a.	 �Suppose that x y,� �  is any point 
on a parabola and 0, p� �  is the 
focus. Find the distance from 

x y,� �  to the focus.

b.	 �Suppose that x y,� �  is any 
point on the same parabola in 
part a. and the line y p� �  is the 
directrix. Find the distance from 

x y,� �  to the directrix.

c.	 �Show that the equation of the 

parabola is x py2 4= .

	 70.	 Using the equation developed in Exercise 69, find the equation of the parabola with 
focus at 0 2,� �  and line y � �2  as directrix. Draw the graph.

	 71.	 For a given line and a point not on the line, a parabola is defined as the set of all 
points that are the same distance from the point and the line. The point is called the 
focus and the line is called the directrix. See the figure provided.

5

1 2 3 4 5−1−2−3−4−5 −1

1
2
3
4

−2
−3
−4
−5

x

y

Directrix: x = −p

(x, y)

(p, 0)

Focus

a.	 �Suppose that x y,� �  is any point 

on a parabola and p, 0� �  is the 
focus. Find the distance from 

x y,� �  to the focus.

b.	 �Suppose that x y,� �  is any 
point on the same parabola in 
part a. and the line x p� �  is the 
directrix. Find the distance from 

x y,� �  to the directrix.

c.	 �Show that the equation of the 

parabola is y px2 4= .

	 72.	 Using the equation developed in Exercise 71, find the equation of the parabola with 
focus at �� �3 0,  and line x = 3  as directrix. Draw the graph.
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12.4 Exercises
Concept Check

Fill-in-the-Blank. Complete each sentence using information found in this section.

	 1.	 Ellipses are conic sections that are ______ in shape.

	 2.	 An ellipse is the set of all points in a plane for which the ______ of the distances 
from two fixed points is ______.

	 3.	 Each fixed point of the ellipse is called a/an ______.

	 4.	 A hyperbola is a set of all points in a plane such that the absolute value of the ______ 
of the distances from two fixed points is ______.

	 5.	 When a2 > b2, the segment of length 2b joining the y-intercepts is called the 
______ axis.

	 6.	 When b2 > a2, the segment of length 2b joining the y-intercepts is called the 
______ axis.

True/False. Determine whether each statement is true or false. If a statement is false, 
explain how it can be changed so the statement will be true. (Note: There may be more 
than one acceptable change.)

	 7.	 An ellipse’s center is the point midway between the two foci.

	 8.	 The foci of an ellipse lie on the ellipse.

	 9.	 The midway point between the foci of a hyperbola is called the origin.

Practice

Write each of the equations in standard form. Then sketch the graph. For hyperbolas, 
graph the asymptotes as well. See Examples 1 through 4.

	 1.	 x y2 29 36� �

	 2.	 x y2 24 16� �

	 3.	 4 25 1002 2x y� �

	 4.	 4 9 362 2x y� �

	 5.	 16 162 2x y� �

	 6.	 36 9 362 2x y� �

	 7.	 x y2 2 1� �

	 8.	 x y2 2 4� �

	 9.	 9 92 2x y� �

	 10.	 4 42 2x y� �

	 11.	 4 9 362 2x y� �

	 12.	 9 16 1442 2x y� �

	 13.	 2 82 2x y� �

	 14.	 3 122 2x y� �

	 15.	 x y2 25 20� �

	 16.	 x y2 27 28� �

	 17.	 y x2 2 9� �

	 18.	 y x2 2 16� �

	 19.	 y x2 22 8� �

	 20.	 y x2 23 12� �

	 21.	 y x2 22 18� �

	 22.	 y x2 25 20� �

	 23.	 3 2 182 2x y� �

	 24.	 4 3 122 2x y� �

	 25.	 4 5 202 2x y� �

	 26.	 3 8 482 2x y� �

	 27.	 9 8 722 2y x� �

	 28.	 4 7 282 2x y� �

	 29.	 3 4 362 2y x� �

	 30.	 3 5 752 2x y� �
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Match the equations with the given graphs. See Examples 5 and 6.

	 31.	
x y�� �

�
�� �

�
1

4

3

25
1

2 2

	 32.	
x y�� �

�
�� �

�
1

4

3

25
1

2 2

	 33.	
x y�� �

�
�� �

�
1

25

3

4
1

2 2

	 a.	

	 b.	

	 c.	

	 34.	
x y�� �

�
�� �

�
1

25

3

4
1

2 2

	 35.	
x y�� �

�
�� �

�
1

25

3

4
1

2 2

	 36.	
y x�� �

�
�� �

�
3

4

1

25
1

2 2

	 d.	

	 e.	

	 f.	

2

1 2 3 4 5−1−2−3−4−5

−4

1

−5
−6
−7
−8

x

y
(−1, 2)

(−3, −3) (1, −3)

(−1, −8)

−1
−2
−3

4 8−4−8

4

8

−8

x

y

(−6, −3)

(−1, −3)

(4, −3)

5

1 2 3 4 5−1−2−3−4−5 −1

1
2
3
4

−2
−3
−4
−5

x

y

(−1, −1)

(−6, −3)
(4, −3)

(−1, −5)

5

1 2 3 4 5−1−2−3−4−5 −1

1
2
3
4

−2
−3
−4
−5

x

y
(1, 5)

(−4, 3)
(6, 3)

(1, 1)

8

1 2 3 4 5−1−2−3−4−5

2

4
5
6
7

1
−
−1
−2

x

y

3

(1, 8)

(−1, 3) (3, 3)

(1, −2)

3

1 2 3 4 5−1−2−3−4−5 −1

1
2

−2
−3
−4
−5

x

y

−6
−7

(−1, −1)

(−1, −3)

(−1, −5)
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Use your knowledge of translations to graph each of the following equations. These 
graphs are ellipses and hyperbolas with centers at points other than the origin. See 
Examples 5 and 6.

	 37.	
x y�� �

�
�� �

�
2

25

1

9
1

2 2

	 38.	
x y�� �

�
�� �

�
1

16

4

1
1

2 2

	 39.	
x y�� �

�
�� �

�
5

1

2

16
1

2 2

	 40.	
x y�� �

�
�� �

�
4

9

3

36
1

2 2

	 41.	
x y�� �

�
�� �

�
1

49

6

100
1

2 2

	 42.	
x y�� �

�
�� �

�
2

4

3

36
1

2 2

	 43.	
y x�� �

�
�� �

�
2

9

2

4
1

2 2

	 44.	
y x�� �

�
�� �

�
5

25

1

64
1

2 2

Writing & Thinking
	 45.	 The definition of an ellipse is given in the text as follows.

		�  An ellipse is the set of all points in a plane for which the sum of the distances from 
two fixed points is constant.

a.	 Draw an ellipse by proceeding as follows.

				    Step 1: Place two thumb tacks in a piece of cardboard.

�				    Step 2: �Select a piece of string slightly longer than the distance between the 
two tacks.

�				    Step 3: �Tie the string to each thumb tack and stretch the string taut using a 
pencil.

�				    Step 4: �Use the pencil to trace the path of 
an ellipse on the cardboard by 
keeping the string taut. (The length 
of the string represents the fixed 
distance from points on the ellipse 
to the two foci.)

b.	 Show that the equation of an ellipse with foci at �� � � �c c, , ,0 0and  center at the 

origin, and 2a as the constant sum of the lengths to the foci can be written in the 

form 
x

a

y

a c

2

2

2

2 2
1�

�
� .

c.	 �In the equation in part b., substitute b a c2 2 2� �  
to get the standard form for the equation of an 

ellipse. Show that the points 0 0, ,�� � � �b band  
are the y-intercepts and a is the distance from 
each y-intercept to a focus.

x

y

x

y

(c, 0)(−c, 0)

1l 2l

1 2 2l l a+ =
(x, y)
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Attention!
In the examples and the exercises, the curves intersect. However, there are many 
situations where the curves do not intersect. This can be confirmed both algebraically 
and graphically.

Margin Exercise Answers

1.  0 6, �� �
 
and 6 0,� �

 
    2.  �� �3 0,  and 2 5,� �  

   
3.  0 5, ,�� �  �� �3 4, ,  and 3 4,� �  

12.5 Exercises
Concept Check

Fill-in-the-Blank. Complete each sentence using information found in this section.

	 1.	 The equations for the conic sections presented in this lesson all have at least one term 
that is ______-degree.

	 2.	 If a system of two equations has one nonlinear equation and one linear equation, then 
the method of ______ should be used to solve the system.

	 3.	 If a system of two equations has two nonlinear equations, then either the ______ 
method or the ______ method will work.

	 4.	 When solving a nonlinear system of equations, the final step is to ______ the curves 
on the same set of axes.

	 5.	 Solutions to a system of two equations must satisfy ______ equations.

True/False. Determine whether each statement is true or false. If a statement is false, 
explain how it can be changed so the statement will be true. (Note: There may be more 
than one acceptable change.)

	 6.	 Equations that have at least one second-degree term are called linear equations.

	 7.	 Graphing a system of equations is useful for approximating solutions.

	 8.	 Graphing a system of equations will determine the exact number of solutions.

	 9.	 If a system of equations has two nonlinear equations, the curves must intersect.

x

y

(0,−6)

(6,0)

y = x − 6

2 2 36x y+ =

x

y

(−3,0)

(2,5)

y = x + 3

2 9y x= − +

x

y

(−3,4)

(0,−5)

(3,4)
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Practice

Solve each system of equations. Sketch the graphs. 

	 1.	 y x

x y

� �
� �

�
�
�

��

2 1

2 4

	 2.	 y x

x y

� �
� � �

�
�
�

��

3

3

2

	 3.	
y x

y x

� �

� �� �
�
�
�

��

2

2
2

	 4.	 x y

y x

2 2 25

5 0

� �
� � �

�
�
�

��

	 5.	 x y

x y

2 2 20

2

� �
� �

�
�
�

��

	 6.	
x y

x y

2 2 16

3 5 0

� �
� �

�
�
�

��

	 7.	
y x

x y

� �

� �

�
�
�

��

2

162 2

	 8.	 x y

x y

2 23 12

3

� �
�

�
�
�

��

	 9.	 x y

x y

2 2

2 2

9

9

� �

� �

�
�
�

��

	 10.	
x y

x y

2 2

2

9

3 0

� �

� � �

�
�
�

��

	 11.	
4 25

3 3 0

2 2

2

x y

x y

� �

� � �

�
�
�

��

	 12.	
x y

x y

2 2

2

4 9

2 3

� �

� �

�
�
�

��

	 13.	 x y x y

x y

2 2 4 2 4

2

� � � �
� �

�
�
�

��

	 14.	
x y

x y x

2 2

2 2

9

2 3 0

� �

� � � �

�
�
�

��

	 15.	
x y

x y

2 2

2 2

5

4 25

� �

� �

�
�
�

��

	 16.	
2 3 6

2 22

2 2

2 2

x y

x y

� �

� �

�
�
�

��

Solve each system of equations. 

	 17.	
x y

x y

2 2

2

20

9 0

� �

� �

�
�
�

��

	 18.	
x y

x y x

2 2

2 2

5 16

4

� �

� �

�
�
�

��

	 19.	
x y

x y y

2 2

2 2

10

4 2 0

� �

� � � �

�
�
�

��

	 20.	
x y

x y

2 2

2

20

4 8

� �

� �

�
�
�

��

	 21.	 x y y

x y

2 2 4 16

0

� � �
� �

�
�
�

��

	 22.	
y x x

x y

� � �
� �

�
�
�

��

2 2 2

2 2

	 23.	 4 10 7 8 0

6 8 1 0

2y x x

x y

� � � �
� � �

�
�
�

��

	 24.	 x y x y

x y

2 2 4 6 3

2 2 0

� � � � �
� � �

�
�
�

��

	 25.	
2 7

2 29

2 2

2 2

x y

x y

� �

� �

�
�
�

��

	 26.	
4 11

4 9

2 2

2

x y

y x

� �

� �

�
�
�

��

	 27.	 x y y

x y

2 2 2 22

2 5 5 0

� � �
� � �

�
�
�

��

	 28.	
x y y

x y

2 2

2 2

6 0

2 15 0

� � �

� � �

�
�
�

��

	 29.	
y x x

y x x

� � �

� � � �

�
�
�

��

2

2

2 3

2 3

	 30.	
y x

x y

2 2

2 2

5

4 32

� �

� �

�
�
�

��
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 Use a graphing calculator to graph and estimate the solution(s) to each system of 
equations. If necessary, round values to two decimal places.

	 31.	 y x

x y

� �
� �

�
�
�

��

2 3

4

	 32.	 y x

x y

� �
� � �

�
�
�

��

1

4

2

	 33.	
y x

y x

� �

� �� �
�
�
�

��

3 2

1
2

	 34.	 x y

y x

2 2 36

5

� �
� �

�
�
�

��

	 35.	 x y

x y

2 2 10

1

� �
� �

�
�
�

��

	 36.	
x y

x y

2 2

2 2

4

3

� �

� �

�
�
�

��
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994 Chapter 13  Sequences, Series, and the Binomial Theorem

Comparing the denominators, we see that 2n < 2n + 1. This means that 

	  
1

2

1

2 1n n
� �  and an > an + 1.

Therefore, the sequence an n� � � ��
�

�
�
�

1

2
 is decreasing.

b.	 The sequence bn

n� � � � �� �� �2 1  has a term of �� �1 n
,  which means it is likely an 

alternating sequence. Consider the first four terms of the sequence bn� �.  

b1

1
2 1 2 1 1� � �� � � � �

 

b2

2
2 1 2 1 3� � �� � � � �

 

b3

3
2 1 2 1 1� � �� � � � �

 

b4

4
2 1 2 1 3� � �� � � � �

 
From this pattern, we see that the sequence is 1, 3, 1, 3, …, which is neither increasing 
nor decreasing.

c.	 In formula form, we have cn = n + 3 and c n nn� � �� � � � �1 1 3 4. Because 
n + 3 < n + 4, we have cn < cn + 1, which means the sequence is increasing. 

Now work margin exercise 5.

Margin Exercise Answers

1.  a.  c c c c1 2 3 500
1

2

2

3

49

50
= = = =, , ,   b.  d1 = 3, d2 = 8, d3 = 13, d50 = 248

2.  a.  a
nn =
1

 b.  an = 2n −1   3. $960, $768, $614.40   4. −3, 5, −7, 9, −11    

5. a. neither b. decreasing c. increasing

13.1 Exercises
Concept Check

Fill-in-the-Blank. Complete each sentence using information found in this section.

	 1.	 A sequence is a list of _______ that occur in a certain order.

	 2.	 The general term an is called the _____ term of the sequence. 

	 3.	 A/An ______ sequence is formed by each successive term in a sequence being found 
by referring to a previous term.

	 4.	 An alternating sequence has terms that alternate in _____. 

	 5.	 If a sequence is ______, each successive term becomes smaller.

	 6.	 If a sequence is ______, each successive term becomes larger.
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995 13.1  Exercises

True/False. Determine whether each statement is true or false. If a statement is false, 
explain how it can be changed so the statement will be true. (Note: There may be more 
than one acceptable change.)

	 7.	 Alternating sequences generally involve expressions with a factor of �� �1
n

 or 

�� � �
1

1n
.  

	 8.	 In a sequence, a
2
 is the second term of the sequence. 

	 9.	 The terms in an alternating sequence are always negative.

Practice
Write the first five terms of each sequence. See Example 1.

	 1.	 3 1n �� �  

	 2.	 4 1n �� �

	 3.	 1
1

��
�
�

�
�
�n

	 4.	
n

n

�
�

�
�
�

�
�
�

3

1

	 5.	 n n2 �� �
	 6.	 n n�� �2

	 7.	 2n� �
	 8.	 2 2n n�� �

	 9.	
1

2
�
�
�

�
�
�

�
�
�

��

�
�
�

��

n

	 10.	 ��
�
�

�
�
�

�
�
�

��

�
�
�

��

�
1

2

1n

	 11.	 �� � �� �� �1 12n
n

	 12.	 �� � � �� ��
1 3

1n n

	 13.	 �� �
�

�
�
�

�
�
�

�
�
�

�
�
�

1
1

n n

n

	 14.	 �� �
�

�
�
�

�
�
�

�
�
�

�
�
�

1
1

2 3

n

n

	 15.	
2

1n n �� �
�
�
�

��

�
�
�

��

	 16.	
2

1

n

n �
�
�
�

�
�
�

	 17.	
n n �� ��

�
�

��

�
�
�

��

1

2

	 18.	
1 1

2

� �� ��
�
�

��

�
�
�

��

n

Find the formula for the general term of each sequence. See Example 2.

	 19.	  2, 5, 8, 11, 14, …

	 20.	  5, 9, 13, 17, 21, …

	 21.	  1, 4, 9, 16, 25, …

	 22.	  2, 5, 10, 17, 26, …

	 23.	
1

2

1

4

1

8

1

16

1

32
, , , , ,

	 24.	
1

3

1

4

1

5

1

6

1

7
, , , , ,

	 25.	  6, 12, 18, 24, 30, …

	 26.	  5, 10, 20, 40, 80, …

	 27.	  1, −3, 5, −7, 9, …

	 28.	  −3, 7, −11, 15, −19, …

Determine whether each sequence is decreasing, increasing, or neither. See Example 5.

	 29.	 n �� �4

	 30.	 1 2�� �n

	 31.	 {n0}

	 32.	
1

3n �
�
�
�

�
�
�
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	 33.	
1

3n

�
�
�

�
�
�

	 34.	
2 1n

n

��
�
�

�
�
�

	 35.	 �� �
�

�
�
�

�
�
�

�
�
�

�
�
�

�
1

2

1

1n

n
 

	 36.	
n

n �
�
�
�

�
�
�1

Applications
Write the terms of the finite sequence described, then answer the stated question. 

	 37.	 A certain automobile costs $40,000 new and depreciates at a rate of 
3

10
 of its current 

value each year. What will be its value after 3 years?

	 38.	 A culture of bacteria triples every day.  If there were 100 bacteria in the original 
culture, how many would be present after 4 days?

	 39.	 A ball is dropped from a height of 10 meters.  Each time it bounces, it rises to 
2

5
 of 

its previous height.  How high will it bounce on its fourth bounce?

	 40.	 A local university is experiencing a declining enrollment of 6% per year.  If the 
present enrollment is 20,000, what is the projected enrollment after 5 years?

	 41.	 A certain medication has a half-life of 1 day, which means that after 1 day, half of 
the dosage remains in a person’s system. The general formula for the remaining 

amount of medication in a person’s system in this situation is h An

n

� �
�
�

�
�
�

1

2
,  where 

A is the original amount of medication administered and n is the number of days that 
have passed. How much medication remains in a person’s system after 3 days if the 
original dosage was 100 mg?

	 42.	 The population of a certain city is expected to grow by 3.5% of its current value 
each year. If the current population is 15,500 people, how many people are 
expected to reside in the city after 4 years? (Round each of your answers up to the 
nearest person.)

Writing & Thinking
	 43.	 Show that the sequence of digits from the irrational number π = 3.1415926535... is 

neither increasing nor decreasing. (Note: There is no formula for a
n
.)

	 44.	 Show that the sequence 
�� ��

�
�

��

�
�
�

��

�
1

3

1n

n
 is neither increasing nor decreasing. Is this an 

alternating sequence?

	 45.	 The famous Fibonacci sequence is an example of a recurrence sequence. That is, 
each term depends on previous terms. 

a.	 Write the first eight terms of the Fibonacci sequence defined as F
n + 2

 = F
n + 1

 + F
n
, 

where F1 = 1 and F2 = 1. 

b.	 Form the sequence of the differences of successive terms. What do you notice?
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b.	 Since 3 3
1

50

1

50

a ak
k

k
k� �

� ��  by Property III, then

Now work margin exercise 3.

Margin Exercise Answers

1. a.  k
k

2

1

4

1 0 3 8 15 26�� � � � � � �
�
�   b. 

�� �
� � � � � � � �

�
�

1
1

1

2

1

3

1

4

1

5

47

601

5
k

k k
    

2. a.  2
5

9

k
k �
�  or 2 8

1

5

k
k

�� �
�
�   b. 

�� �
�
�

1

22

6
k

k k
   3. a.  c = 6  b.  ak

k�
� �

1

20

68

13.2 Exercises
Concept Check

Fill-in-the-Blank. Complete each sentence using information found in this section.

	 1.	 A sequence has a/an _______ number of terms. 

	 2.	 Finding the sum of a few terms of a sequence is called finding a/an ______ sum.

	 3.	 In the notation ak
k

n

�
�

1

,  the value k is called the ______ of summation. 

	 4.	 The notation … is called a/an _____.

True/False. Determine whether each statement is true or false. If a statement is false, 
explain how it can be changed so the statement will be true. (Note: There may be more 
than one acceptable change.)

	 5.	 In sigma notation, the lower limit of summation must always be 1.

	 6.	 The associative, commutative, and distributive properties hold for sums of 
real numbers.

Practice

For each sequence, write out the partial sums S1, S2, S3, and S4, then evaluate each partial 
sum.

	 1.	 3 1k �� �

	 2.	 2 5k �� �

	 3.	
k

k �
�
�
�

�
�
�1

	

	 4.	
k

k

��
�
�

�
�
�

1

	 5.	 �� �� ��
1

1 2k
k

	 6.	 �� �� �1 3k
k

3 600

200

1

50

1

50

a

a

k
k

k
k

�

�

�

�

�

� .
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	 7.	
1

2k

�
�
�

�
�
�

	 8.	
2

3
�
�
�

�
�
�

�
�
�

��

�
�
�

��

k

	 9.	 2 2k k�� �
	 10.	 k k2 �� �

Write the indicated sums as expanded sums of the terms and find the value of each 
sum.

	 11.	 2
1

5

k
k �
�

	 12.	 3
1

8

k
k �
�

	 13.	 k
k

�� �
�
� 3

2

6

	 14.	 2 1
9

11

k
k

�� �
�
�

	 15.	 1

2

4

kk �
�

	 16.	 1

21

3

kk �
�

	 17.	 2
1

3
k

k �
�

	 18.	 �� �
�
� 1

10

15
k

k

	 19.	 k
k

2

4

8

�
�

	 20.	 k
k

3

1

5

�
�

	 21.	 9 2
3

6

�� �
�
� k
k

	 22.	 4 1
2

7

k
k

�� �
�
�

	 23.	 �� � �� �
�
� 1

2

5
2k

k

k k

	 24.	 �� � �� �
�
� 1 2

1

6
2k

k

k

	 25.	 k

kk ��
�

11

5

	 26.	 k

kk

�

�
� 1

2
3

5

Write each sum in sigma notation. There may be more than one correct answer.

	 27.	 1 + 3 + 5 + 7 + 9

	 28.	  4 + 7 + 10 + 13 + 16

	 29.	 � � � �� � � � �� �1 1 1 1 1

	 30.	  -2 + 4 - 8 + 16 - 32

	 31.	  16 + 25 + 36 + 49

	 32.	  8 + 15 + 24 + 35 + 48

	 33.	 1

8

1

27

1

64

1

125

1

216
� � � �

	 34.	 � � � � �
1

8

1

16

1

32

1

64

1

128

	 35.	
4

5

5

6

6

7

15

16
+ + + +

	 36.	
6

25

7

36

8

49

9

64

13

144
+ + + + +

Use the provided information to find the indicated sums.

	 37.	 a b a bk
k

k
k

k k
k

� � �� �
� � �
� � �18 21

1

14

1

14

1

14

 and   Find . .

	 38.	 a b a bk
k

k
k

k k
k

� � �� �
� � �
� � �23 16

1

19

1

19

1

19

 and   Find . .

	 39.	 a ak
k

k
k

�
� �
� �19 3

1

15

1

15

. .  Find 

	 40.	 a ak
k

k
k

�
� �
� �35 2

1

11

1

11

. .  Find 
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	 41.	 a a ak
k

k
k

k
k

� �
� � �
� � �63 15

1

25

1

11

12

25

 and   Find . .

	 42.	 a a ak
k

k
k

k
k

� �
� � �
� � �56 42

1

16

17

40

1

40

 and   Find . .

	 43.	 a a ak
k

k
k

k
k� � �

� � �� �
13

29

1

29

1

12

84 143 5 and   Find . .

	 44.	 a a ak
k

k
k

k
k� � �

� � �� �
1

27

1

10

11

27

46 122 2 and   Find . .

	 45.	 a b a bk
k

k
k

k k
k� � �

� � �� � �� �
1

18

1

18

1

18

41 62 3 2 and   Find . .

	 46.	 a b a bk
k

k
k

k k
k

� � � �� �
� � �
� � �68 39 2

1

21

1

21

1

21

 and   Find . .

	 47.	 b a b ak
k

k k
k

k
k� � �

� � �� �� � �
1

20

1

20

1

20

34 2 144 and   Find . .

	 48.	 a b a bk
k

k k
k

k
k� � �

� � �� �� � � �
1

16

1

16

1

16

28 3 12 and  Find . .

Writing & Thinking
	 49.	 Use the sum of two expressions in sigma notation to represent the following sum: 

−22 + 3 − 24 + 6 − 26 + 9 − 28 + 12 − 30 + 15
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b.	 For the first job offer, use n = 10, a
1
 = $35,000, and a

n
 = $53,000. For the second job 

offer, use n = 10, a
1
 = $40,000, and a

n
 = $50,800.

		  First job: S10

10

2
35 000 53 000 440 000� �� � �$ , $ , $ ,

		  Second job: S10

10

2
40 000 50 800 454 000� �� � �$ , $ , $ ,

	 Over the first 10 years, the second job would pay more in total salary.

Now work margin exercise 10.

Margin Exercise Answers
1. Arithmetic   2. Not arithmetic   3. a

12
 = 68   4. a

25
 = 76   5. a

1
 = −8 and d = 6   6. k = 33   7. 1215    

8. 6806   9. -2662   10. a.  First company: $283; Second company: $290; The second company pays 
more for the 20th contract.   b.  First company: $4330; Second company: $3900; The first company 
pays more if you take 20 contracts.

13.3 Exercises
Concept Check

Fill-in-the-Blank. Complete each sentence using information found in this section.

	 1.	 Any two consecutive terms in an arithmetic sequence have the ______ difference.

	 2.	 For an arithmetic sequence, the letter d denotes the __________. 

	 3.	 The formula for the general term of an arithmetic sequence is _______.

	 4.	 The nth partial sum S
n
 is the sum of the first ___ terms of an arithmetic sequence. 

True/False. Determine whether each statement is true or false. If a statement is false, 
explain how it can be changed so the statement will be true. (Note: There may be more 
than one acceptable change.)

	 5.	 Another name for an arithmetic sequence is arithmetic progression.

	 6.	 To determine whether a sequence is arithmetic, find the ratio of consecutive terms 
and determine if that ratio is constant.

Practice

Determine whether each sequence is arithmetic. If the sequence is arithmetic, find the 
common difference and the general nth term.

	 1.	 2, 5, 8, 11, ...

	 2.	  −3, 1, 5, 9, ...

	 3.	  7, 5, 3, 1, ...

	 4.	  5, 6, 7, 8, ...

	 5.	  1, 2, 3, 5, 8, ...

	 6.	  2, 4, 8, 16, ...

	 7.	  6, 2, −2, −6, ...

	 8.	  4, −1, −6, −11, ...

	 9.	 0
1

2
1

3

2
, , , , ...

	 10.	 2
7

3

8

3
3, , , , ...
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Write the first five terms of each sequence, then determine whether the sequence is 
arithmetic.

	 11.	 2 1n �� �

	 12.	 4�� �n

	 13.	
1

1n �
�
�
�

�
�
�

	 14.	
1

2n
�
�
�

�
�
�

	 15.	 n
n

�� �2

	 16.	 5 6�� �n

	 17.	 7
3

��
�
�

�
�
�

n

	 18.	
2

3

7

3
n ��

�
�

�
�
�

	 19.	 �� � �� �� �1 3 2
n

n

	 20.	 �� � �� �� ��
1 2 1

1n
n

Use the given information to find the general form an� �  of each arithmetic sequence.

	 21.	 a d1 1
2

3
= =,  

	 22.	 a d1 9
1

3
� � �,  

	 23.	 a d1 7 2� � �,  

	 24.	 a d1 3
4

5
� � �,  

	 25.	 a a1 310 13= =,  

	 26.	 a a1 56 4= =,  

	 27.	 a a10 1213 3= =,  

	 28.	 a a5 97 19= =,  

	 29.	 a a13 2360 75= =,  

	 30.	 a a11 2954 180= =,  

Assume each sequence is arithmetic. Find the indicated value.

	 31.	 a a a1 11 158 168= =, . .   Find 

	 32.	 a a a1 9 2017 55� � �, . .   Find 

	 33.	 a a a6 4 188 2= =, . .  Find

	 34.	 a a a16 7 912 30= =, . .  Find

	 35.	 a d a nn13 34 2 22= = =, , . .  Find

	 36.	 a d a nn4 20 3 44= = =, , . .  Find

	 37.	 a d a nn10 41 4 77= = =, , . .  Find

	 38.	 a d a nn3 15
3

2
6� � � �, , . .  Find

Use the formula for partial sums of arithmetic sequences to calculate the partial sums.

	 39.	 −2 + 0 + 2 + 4 ++ 24

	 40.	 3 + 6 + 9 ++ 33

	 41.	 1 + 6 + 11 + 16 ++ 46

	 42.	 5 + 9 + 13 + 17 ++ 49

	 43.	 3 1
1

9

k
k

�� �
�
�

	 44.	 4 5
1

12

�� �
�
� k
k

	 45.	 4 3
1

11

k
k

�� �
�
�  

	 46.	 2 7
1

10

k
k

�� �
�
�

	 47.	
2

3
1

1

13 k

k

��
�
�

�
�
�

�
�

	 48.	 8 5
1

28

k
k

�� �
�
�  

	 49.	 k
k

k

��
�
�

�
�
�

�
�

31

9

	 50.	 9
31

16

��
�
�

�
�
�

�
� k

k
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Use the properties of sigma notation to find the indicated sums.

	 51.	 If   find 
=1

33

a ak
k

k
k

� � �� �
�
� �12 5 7

1

33

, .

	 52.	 If   find 
=1

15

a ak
k

k
k

� � �� �
�
� �60 2 5

1

15

, .

	 53.	 If   find 
=1

100

� �� � �
�
� �3 4 700

1

100

a ak
k

k
k

, .

	 54.	 If   find 
=1

50

2 5 32
1

50

b bk
k

k
k

�� � �
�
� �, .

Applications

Solve.

	 55.	 On a certain project, a construction company was penalized for taking more than the 
contractual time to finish the project. For each day past the contractual finish date, 
the company forfeited $750 the first day, $900 the second day, $1050 the third day, 
and so on. How many additional days were needed to complete the project if the total 
penalty was $12,150?

	 56.	 A piece of property is currently valued at $480,000. The property is estimated to 
appreciate in value as follows: $14,000 the first year, $14,500 the second year, 
$15,000 the third year, and so on. Based on this estimate, what will be the value of 
the property after 10 years?

	 57.	 The rungs of a ladder on a playground decrease uniformly in width, from bottom to 
top. The bottom rung is 84 cm long and the top rung is 46 cm long. What is the total 
length of the wood needed to make the rungs if there are 25 rungs?

	 58.	 A pile of blocks has 19 blocks in the first layer, 17 in the second layer, 15 in the third 
layer, and so on, with only 1 block in the top layer. How many blocks are in the pile?

	 59.	 Theater seats are arranged in arcs so that there are 6 additional seats in each 
semicircular row moving away from the stage. The first row (the one closest to the 
stage) has 20 seats, and the theater has 20 rows of seats. How many seats are in the 
last row of the theater? How many seats are in the theater?

	 60.	 Samantha accumulated $50,000 in student loans during her four years in college. She 
has agreed to pay $1000 towards her loans during the first year of repayment and 
increase the payment by $500 each year thereafter. How much will she have paid 
over 12 years of repayment?

Writing & Thinking
	 61.	 Explain why an alternating sequence (one in which the terms alternate between 

positive and negative values) cannot be an arithmetic sequence.
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Solution

Write out the first few terms of the series and determine the common ratio.

3
1

10

3

10

3

100

3

1000

3

10 0001

�
�
�

�
�
� � � � � �

�

�

�
k

k ,
  

We can see that a1

3

10
=  and the common ratio is r =

1

10
. Substitute these values into the 

formula and simplify.

S
a

r
�

�
�

�

� � �

�

1

1

3
10

1
1

10
3

10
9

10

3

10

10

9

1

3

Now work margin exercise 10.

The sum calculated in Example 10 illustrates the relationship between geometric series and 
the decimal system. Notice that the sum can also be written with decimal values. 

3
1

10

3

10

3

100

3

1000

3

10 000
0 3 0 03 0003 0

1

�
�
�

�
�
� � � � � �

� � � �
�

�

�
k

k ,
. . .

�

..

.

.

0003

0 33333

0 3

�
�

�

�
…

This confirms that 0 3.  is the decimal representation of the fraction 
1

3
.

Margin Exercise Answers

1. Geometric   2. Not geometric   3. a
6
 = 224   4. 

2

243
    5. a

1
 = 0.01 and r = 2 or a

1
 = 0.01 and r = -2   

6. 
255

256
   7. 

� �� �
�

2 1 4 2

1 2
   8. $49,139.99   9. a.  4  b. 

16

5
   10. 1

13.4 Exercises
Concept Check

Fill-in-the-Blank. Complete each sentence using information found in this section.

	 1.	 Any two consecutive terms in a geometric sequence have the ______ ratio. 

	 2.	 For a geometric sequence, the letter r denotes the __________. 

	 3.	 The formula for the general term of a geometric sequence is _______.

	 4.	 The nth partial sum S
n
 is the sum of the first ___ terms of a geometric sequence. 

	 5.	 The indicated sum of all terms in a sequence is called a/an ______ series.
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True/False. Determine whether each statement is true or false. If a statement is false, 
explain how it can be changed so the statement will be true. (Note: There may be more 
than one acceptable change.)

	 6.	 Another name for a geometric sequence is geometric progression.

	 7.	 To determine whether a sequence is geometric, find the difference of consecutive 
terms and determine if that difference is constant.

Practice

Determine whether each sequence is geometric. If the sequence is geometric, find the 
common ratio and the general nth term.

	 1.	  2, 4, 6, 8, 

	 2.	 1

12

1

6

1

3

2

3
, , , ,

	 3.	 3
3

2

3

4

3

8
, , , ,- - 

	 4.	  5, 9, 13, 17, 

	 5.	 32

27

4

9

1

6

1

16
, , , ,

	 6.	 18 12 8
16

3
, , , ,

	 7.	 14

3

2

3

2

15

2

45
, , , ,

	 8.	 1
2

3

4

9

8

27
, , , ,- - 

	 9.	 48 12 3
3

4
, , , ,- - 

	 10.	  4, −8, 12, −16, 

Write the first four terms of each sequence, then determine whether the sequence is 
geometric.

 11. �� �� ��
3

1n

 12. 3
2

5
�
�
�

�
�
�

�
�
�

��

�
�
�

��

n

 13. 
2

3
n

�
�
�

�
�
�

 14. �� � �
�
�

�
�
�

�
�
�

��

�
�
�

��

�
1

2

7

1n
n

 15. 2
4

5
��
�
�

�
�
�

�
�
�

��

�
�
�

��

n

 16. 1
1

2
��

�
�

�
�
�n

 17. 3 2 2� ��
�
�

�
�
�

n

 18. 
n

n

2 1��
�
�

�
�
�

 19. �� � � �� ��
1 03

1n n
.

 20. 6 10
1� �� ��n

Use the given information to find the general form an� �  of each geometric sequence.

	 21.	 a r1 3 2= =,

	 22.	 a r1 2
1

5
� � �,

	 23.	 a r1

1

3

1

2
� � �,

	 24.	 a r1 5 2= =,

	 25.	 a a r3 52 4 0� � �, ,

	 26.	 a a4 519 57= =,

	 27.	 a a r2 41 9 0� � �, ,

	 28.	 a a2 55
5

8
= =,

	 29.	 a r3

45

16

3

4
� � � �,

	 30.	 a r4 54 3= =,
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Assume each sequence is geometric. Find the indicated value.

	 31.	 a a a1 6 832 1� � �, . .   Find 

	 32.	 a a a1 6 720
5

8
= =, . .   Find 

	 33.	 a a a1 7 518
128

81
= =, . .   Find 

	 34.	 a a a1 5 73 48� � � �, . .   Find 

	 35.	 a a a3 7 4

1

2

1

32
= =, . .   Find 

	 36.	 a a a5 8 948 384� � �, . .   Find 

	 37.	 a r a nn1 2
2

3

16

27
� � � � �, , . .    Find 

	 38.	 a r a nn1

1

9

3

2

27

32
= = =, , . .    Find 

Use the formulas for partial sums of geometric sequences and sums of geometric series 
to calculate the sums.

	 39.	  3 + 9 + 27 + 81 + 243

	 40.	  −2 + 4 − 8 + 16

	 41.	 8 4 2
1

64
+ + + +

	 42.	  3 + 12 + 48 ++ 3072

	 43.	 � �
�
�

�
�
�

�
� 3

3

41

3

k

k

	 44.	 ��
�
�

�
�
�
�
�
�

�
�
�

�
� 5

3

1

21

6

k

k

 45. 2

31

5 �
�
�

�
�
�

�
�
k

k

 46. 1

31

6 �
�
�

�
�
�

�
�
k

k

 47. 5
1

24

7 �
�
�

�
�
�

�
�

k

k

 48. � �
�
�

�
�
�

�
� 7

3

23

6 k

k

 49. 3

4

1

1

�
�
�

�
�
�

�

�

�

�
k

k

 50. 5

8

1

1

�
�
�

�
�
�

�

�

�

�
k

k

 51. ��
�
�

�
�
�

�

�

� 1

21k

k

 52. ��
�
�

�
�
�

�

�

� 2

51k

k

 53. 0 4.

 54. 0 6.

 55. 0 36.

 56. 0 81.

Applications

Solve.

	 57.	 When Henry was born, his grandmother deposited $10,000 in a trust account 
bearing 5% interest compounded annually. The account was set up for Henry to 
access the money when he turned 21. How much money was in the account on his 
21st birthday?

	 58.		 An automobile that costs $18,500 when purchased depreciates at a rate of 20% of its 
value each year. What is its value after 4 years?

	 59.	 A fish is in a tank with 20 liters of river water. To acclimate the fish to a new 
environment, 4 liters of river water are drained off and replaced with aquarium water. 
The next day, 4 liters of the mixture are drained off and replaced with aquarium 
water. This process is continued until six drain-offs and replacements have been 
made. How much aquarium water is in the final mixture?
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	 60.	 Suppose $1200 is deposited in a savings account each year for 8 years. If interest is 
compounded annually at 6%, what would be the value of the account at the end of 
8 years?

	 61.	 Kathleen purchases a $1000 certificate of deposit (CD) each year for 10 years. If the 
annual interest rate on each CD is 4.5%, what will be the total value of these CDs 
after 10 years?

	 62.	 A substance decays at a rate of 2

5
 of its weight per day. How much of the substance 

will be present after 4 days if initially there are 500 grams?

	 63.	 A ball rebounds to a height that is 3

4
 of its original height. How high will it rise after 

the fourth bounce if it is dropped from a height of 24 meters?

Writing & Thinking
	 64.	 Graph the first 8 partial sums of each geometric series as points to show how the 

sum of the series approaches a certain value.  Show this value as a horizontal line on 
the graph.

a.	 1

2

1

1

�
�
�

�
�
�

�

�

�

�
k

k

b.	
�� � �

�

�

�
1

3

1

1

k

k
k

	 65.	 Consider the infinite series 4
1

2 1

1

1

�
�� �
�

�

�

�

�
k

k k
. Write out several (at least 10 to 15) of the 

partial sums and their values until you can identify the number the partial sums seem 
to be approaching. What is this number?

	 66.	 Explain why there is no formula for finding the sum of an infinite geometric series 
when r > 1..
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13.5 Exercises
Concept Check

Fill-in-the-Blank. Complete each sentence using information found in this section.

	 1.	 The factorial n! is defined to be the product of all positive integers from ___ 
through ___.

	 2.	 The notation 
n

r

�

�
�
�

�
�  is called a ________ coefficient. 

	 3.	 _______ triangle is formed using the coefficients in the binomial expansions of 
a b

n
�� � ,  where n is a positive integer.

	 4.	 The ______ Theorem written in sigma notation is a b
n

k
a b

n n k k

k

n

�� � �
�

�
�
�

�
�

�

�
�

0

.

	 5.	 Another term for writing out the simplified product of a b
n

�� �  is _____.

True/False. Determine whether each statement is true or false. If a statement is false, 
explain how it can be changed so the statement will be true. (Note: There may be more 
than one acceptable change.)

	 6.	 The factorial 0! is defined to be 0.

	 7.	 The values of 
6

2

�

�
�
�

�
�  and 

6

4

�

�
�
�

�
�  are equal.

	 8.	 The sum of the exponents of a and b in each term of the expansion of a b
n

�� �  is 
equal to n.

Practice

Simplify. See Examples 1 and 2.

	 1.	
8

6

!

!

	 2.	
11

7

!

!

	 3.	
3 8

10

! !

!

	 4.	
5 7

8

! !

!

	 5.	
5 4

6

! !

!

	 6.	
7 4

10

! !

!

	 7.	
n

n

!

	 8.	
n

n

!

!�� �3
	

	 9.	
k

k

�� �3 !

!

	 10.	
n n

n

�� �
�� �

1

2

!

!

	 11.	
6

3
�

�
�
�

�
�

	 12.	
5

4
�

�
�
�

�
�

	 13.	
7

3
�

�
�
�

�
�

	 14.	
8

5
�

�
�
�

�
�

	 15.	
10

0
�

�
�

�

�
�

	 16.	
6

2
�

�
�
�

�
�
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Determine the first four terms of the expansion of each binomial expression.

	 17.	 x y�� �7

	 18.	 x y�� �11

	 19.	 x �� �1 9

	 20.	 x �� �1 12

	 21.	 x �� �3
5

	 22.	 x �� �2
6

	 23.	 x y�� �2
6

	 24.	 x y�� �3
5

	 25.	 3
7

x y�� �

	 26.	 2
10

x y�� �

	 27.	 x y2 9
4�� �

	 28.	 x2 7
2�� �y

Expand each expression using the Binomial Theorem. See Example 3.

	 29.	 x y�� �6

	 30.	 x y�� �8

	 31.	 x �� �1 7

	 32.	 x �� �1 9

	 33.	 3
5

x y�� �

	 34.	 2
6

x y�� �

	 35.	 x y�� �2
4

	 36.	 x y�� �3
5

	 37.	 3 2
4

x y�� �

	 38.	 5 2
3

x y�� �

	 39.	 x y2 4
2�� �

	 40.	 3 2 5
x y�� �

Find the specified term of each expression. See Example 4.

	 41.	 x y�� �2
10

;  fifth term

	 42.	 x y�� �3
12

;  third term

	 43.	 2 3
11

x �� � ;  fourth term

	 44.	 4 1
9

x �� � ;  seventh term

	 45.	 5 2 2 12
x y�� � ;  tenth term

	 46.	 2 2 2 15
x y�� � ;  eleventh term

Approximate the value of each expression to the nearest thousandth. See Example 5.

	 47.	 1 01
6

.� �

	 48.	 0 96
8

.� �

	 49.	 0 97
7

.� �
	 50.	 1 02

10
.� �

	 51.	 2 3
5

.� �

	 52.	 2 8
6

.� �

	 53.	 0 98
8

.� �

	 54.	 1 03
9

.� �

Writing & Thinking
	 55.	 Use the Binomial Theorem to factor x4 + 8x3 + 24x2 + 32x + 16.
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