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Chapter 1

1.1 Exercises

A Review of Functions

1-22 Find the domain and range of the given relation.

R={(-3.1),(-3.5).(-3.-1).(0,0), (1.2)}

§={(3,-1),(2.6,6).(,0.5), (e,100)}

1.

2.

11.

13.

15.

17.

20.

T={(4,5.98),(-2,-8),(-2.0), (3,c0s3)}

U={(4.4). (4.7).(m.4). (4.0)}
{

F= (Tanisha, swimming ) , (Don, biking) , (Peter, skating), (David, skateboarding)}

L= {(Lin, Chinese), (Chuck,English), (Sarah,German), (Daniel, Hungarian)}

A={(x,y)|er,y=2x+3}

C= {(x,—2x+7)|x € Z}

3x=y+5

8.

10.

12.

16.

B:{(x,y)|xeR,y:%

}

D={(2x,5y)|xeN,y=x+1}

2x-12y=3
y=m

y=[x-2

19.

v 18. y
A h
4+ 4+
K/_\ 2’/
::::”::::x ::::/::::: b
—4 | 2 4 2 N\] 2 4 4 2
2+ 72’\
-4t -4
y 21. y
4 v
4+ 4+
M
o | —bx b | :
4 2 \L\ j 2 4 -4 2
_4,,

22.
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23-26 Find the domain and range of the given relation. Choose
an appropriate domain on which the given relation makes sense.
(Answers will vary.)
23. {(x, y)|student x is registered for course y}
24. (x,n)|x wears size n shoes}
25. (x,y)|y is the father ofx}
26. (P,n)|person P weighs n pounds}
27-30 List the ordered pairs in the given relation R on the set
A={12345}.

27. (a,b) eR ifandonlyifa=5

28. (a,b)eR ifand onlyifa<b
29, (a,b) e R ifandonlyifa|b

30. (a,b)eR ifandonlyifa+b=>5

31-34 Determine whether the given relation is a function. If the
relation is not a function, explain why.

31 4={(13),(-2.4).(0.4)}

32. B={(0,0),(0.1).(2.3).(4.5).(6.7)}
33. C={(-12),(m3).(-10).(12)}
34. D={(12).(2.1),(3.4),(4.3)}

3540. Determine whether the relations given in
Exercises 17-22 are functions. For those that are not,
explain why.

41-52 Determine whether the given equation is a function. If the
equation is not a function, explain why.

41. y=3x-4 42. x=3y—-4
43. x2+y2:9 44. x+y2:9
45. ¥ +y=9 46. y=3x
47. x=x" -y 48. xy=4
49. x=r 50. y=%
x“+1
4
51. F=5rrn 52. V:§r7r

Section 1.1 Exercises 17

53-58 Express y explicitly as a function of x from the given relation.

53. X s 54 XT3 _ZydTx
2 5 3

55. 3x*—y=5-x+2y

56. x+7—3y:(x—2)2+y

57. w—-y=3x+1 58. x+1=yx

59-66 Find the value of the given function for
a. f(=2), b. f(x+1), c. f(x+h), and d. —f(x+h/3—f(x).

5x-3

59 f(x)=3x+2 60. f(x)=

61. f(x)=x*-3 62. f(x)=3x2—5x+%

63. f(x)=+x 64. f@):ﬁ
65. f(x):ﬁ 66. f(x)=(x-1)"+5

67-72 Identify the domain, codomain, and range of the given function.
67. /1NN, f(x)=x+1
68. aN—>Z, g(x):Sx—2
69. mZ—7Z, h(x)=x
70. F:R->R, F(x)=2x"+1
7. G: [0,0) >R, G(x)=+x

72. H:Q'—>Q, H(x)= 1 (Note that Q" stands for the
x

set of positive rational numbers.)

73-82 Find the implied domain of the given function.

73. f(x)=x2)i-;l_6 74. g(x)=\/m
2 1
S e SO b e
! -1
77. G(s)=v2-s+s 78. D(h)= 1+hh
79. R(x)zm 80. H(Z):Z3/2_2
2 5
81. F(0)= 82. =
() 1—-cosf QP(X) sing_ V2
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18 Chapter 1 A Review of Functions

83-88 Turn the formula into a function by finding the argument(s) of
the function. Identify any functions of two variables.

83. C=2nmr 84. V:%ﬁw
5 .

85. C:E(F—32) 86. A=6a
1. L

87. V==b"h 88. E=—mv
3 2

89-94 Use the vertical line test to decide whether yis a function of x.

89. y'+1=x 90. 2x*+2)*=18
9. Y +1=x 92. x=(y-2)
93. x=3)" -2y 9. y’=1

95-101 Find all open intervals of monotonicity (intervals where the
function is increasing or decreasing) for the given function.

95. f(x)z(x—l)2 96. g(x):4x—x2

2
X

x*+1

97. h(x):x3—12x 98. k(x):

99. F(x)=|x—1| 100. G(x)=2x+[3x—1|

101. H(x):|x+1|+|x—2|

102-110 Discuss the symmetry of the given equation. Give reasons.
(Hint: See Example 9.)

102. y=x-1 103. x=)"—1

104, x*+)'=5 105. |x|+|y]=2

106. x—|y|=2 107. xy=2

108. 224)63__); 109. )’ +6x=x°
X +Xx

10. y=(x-1)’

111. Express the perimeter of a square as a function of its
area.

112. Express the area of an equilateral triangle as a function
of its perimeter.

113. An open-top box is constructed from a 20 in. by 30 in.
piece of cardboard by cutting out a square of side
length x from each of the four corners and folding up
the sides, as shown in the figure below. Express the
volume of the box as a function of x.

30 in.

———

20 in.

114. Express the surface area 4 of a cube as a function of its
volume V.

115. The height of a circular cone is equal to the diameter
of its base. Express its volume / as a function of the
radius 7 of the base.

116. Express the volume of a sphere as a function of its
surface area.

117. Knowing that water boils at 212 °F, which corresponds
to 100 °C, and the fact that freezing occurs at 32 °F,
which is 0°C, obtain the linear function C(F) that
expresses the Celsius temperature C as a function of
the Fahrenheit reading F.

118 The organizers of an educational leadership seminar
series have found that the seminar attracts 100
participants when the registration fee is set to $150.
They estimate that for each increase of $10 in the
registration fee, they will end up with 5 fewer
registered participants. Express the revenue R as a
function of the registration fee F.
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32 Chapter 1 A Review of Functions

{7-8Sqgrt[x-2], x22}}]

nzi= £[-2]

out2]= 4

nEr= £70]

n4= Plot[£[x], {x, -3, 3}]

Out[4]=

1 2 3

ni= £[x_] := Piecewise[{{x"2, x< 0}, {3x+1, 0 =x<2},

Figure 18

1.2 EXxercises

1-8 Identify the degree, leading coefficient, intercepts, and range of the given polynomial function, and then graph the function.

1. f(x):%x—% 2. g(x):—1.2x+4.8 3. h(x)=2x2—3x—2
4. u(x):lxz-i-x—E 5. v(x):x3—7x+6 6. F(x):10—8x+x—2+x—3
2 2 2 2
4
7 G(x)z%—sz 8. H(x)=2x"+12x>+2x* —48x-40
9-16 Find all asymptotes and intercepts of the given rational function and then sketch the graph of the function.
5 x’—4 x*+3 x+2
9. =— 10. = 11. h(x)= 12. =—
f(x) x—1 g(x) 2x—x> (x) x+3 u(x) x*-9
x?=2x-3 3x2+1 x?+2x x =27
13. = 14. F(x)= 15. G(x)= 16. H(x)=
S C i ey o (=" 5 0= 6 H(x)="773
17-24 Construct the algebraic function in a finite number of steps. (Answers will vary.)
Vxi-1 x—1
17 1= 18 )= {5
19. h(x)=~v2x? +x+1+3x(2x+1) 20 u(x)=13x"(2-x)+3x -5x° (2x—x?)

(¥ —4x* ~7x+10)"

Q/x—S

21. v(x)=\/§+x—+3 22. F(x)=

ox? +2x-12
23. G(x)=(x+(x+(x+(x+1)3)3n3 24, H(x)z\/2x+\/2x+m
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25-34 Simplify the given trigonometric expression.

1-cos? (g — xj
25, ——— 2~

COS X

1 . s
S—+sinxcos| ——x
sec” x 2

27. sina(csca—sina)  28.

26.

1 1
1+ cosa

1—cosa

29. cot’@—cos’fcot’d  30. cosx(1+tan2x)

i 1
3. S8 o Ry T E—
1+cosf cos(—t)csc(—t)
. s
|- tan? s1nxtan(2—x)
33, —— 34 —MM— <~
cot“x—1 cosXx

35-38 Graph the given piecewise-defined function. Use open or closed
circles as appropriate at the endpoints of the intervals of definition.

—x? if x<0
35. F(x)=
() lx+1 if x>0
2
2x-4 if x<-2
1 3 .
36. G(x)= Ex+§ if —2<x<1
LTINS
x—1
—x if x<0
. H(x)= sinx if 0<x$§
N ST s
2 2
—-x-1 if x<-1
38. u(x)=91-x2 if —1<x<0
X2 if x>0

39-42 Rewrite the given function as a piecewise-defined function, and
then graph the function. Use open or closed circles as appropriate at the
endpoints of the intervals of definition.

39. f(x)=|x—1| 40. g(x) =ﬁ

41. h(x):|sinx| 42. v(x):|x+2|+|x—3|

Section 1.2 Exercises 33

43-45 The greatest integer function is defined as follows: For
XeR, ﬂx]] is the greatest integer less than or equal to x. For
example, [x]=3, [1]=1 [-1.5]=-2 andsoon.

Use the greatest integer function to sketch the graph of the given function.
43. f(x)zx—[[x]] 44. g(x)z[[x]]—x
45. h(x)=[sinx]

46-48 Simple polynomial functions are used to model real-life
phenomena. (Hint: See Example 2 for guidance as you work
through these problems.)

46. Suppose that while vacationing in Europe, one day
you feel a bit dizzy and your host hands you a metric
thermometer. Upon checking your temperature, the
reading is 39.5 °C. Would you call the doctor? (Hint:
Recall that the conversion formula between the
Fahrenheit and Celsius scales is the linear function
C= %(F - 32). Express F from this formula to answer
the question.)

47. Two trains are 630 miles apart, heading directly toward
each other. The first train is traveling at 95 mph, and the
second train is traveling at 85 mph. How long will it be
before the trains pass each other?

48. Jessica started a candle business a few weeks ago and
noticed that the relationship between her total cost
in producing the candles and the number of candles
produced can be modeled by a linear function. She was
able to make 3 candles for a total cost of $29, while
7 candles cost her a total of $41 to produce.

a. Find a formula for the total investment as a
function of the number of candles produced.

b. Graph the function found in part a. What are the
practical meanings of the slope and y-intercept in
this particular situation?

¢. How much will be Jessica’s total cost in producing
50 candles?

d. If Jessica plans to invest a total of $320 in the next
3 months, how many candles will she be able to
produce?
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34

Chapter 1 A Review of Functions

49-60 Find a formula for the quantity to be optimized, and use the
location of the vertex of its graph to solve the problem.

49.

50.

51.

52.

A farmer has a total of 200 yards of fencing to enclose
a rectangular pen, so that one of the four sides will

be the existing wall of a barn. What should the length
and width be in order to maximize the enclosed

area? (Hint: Let x represent the width, and find an
expression for the length in terms of x. Then write

an expression for the area and analyze the resulting
function.)

Barn

X Pen

A rancher has a rectangular piece of sheet metal that

is 20 inches wide by 10 feet long. He plans to fold

the metal into a three-sided channel and weld two
rectangular pieces of metal to the ends to form a
watering trough 10 feet long. How should he fold the
metal in order to maximize the volume of the resulting
trough?

10 ft

Cindy wants to construct three rectangular dog-training
arenas side by side using a total of 400 feet of fencing.
What should the overall length and width be in order
to maximize the area of the three combined arenas?
(Hint: Let x represent the width, as shown, and find an
expression for the overall length in terms of x.)

Among all the pairs of numbers with a sum of 10, find
the pair whose product is maximum.

53.

54.

5S.

56.

57.

58.

59.

60.

Find the point on the line 2x + y = 5 that is closest to the
origin. (Hint: Instead of trying to minimize the distance
between the origin and points on the line, minimize the
square of the distance.)

Among all the pairs of numbers (x,y) such that
2x + y = 20, find the pair for which the sum of the
squares is minimum.

Find a pair of numbers whose product is maximum
when two times the first number plus the second
number is 48.

The total revenue for Morris’ Studio Apartments is
given as the function R(x) =100x—0.1x>, where x is
the number of apartments rented. What is the number
of apartments rented that produces the maximum
revenue?

The total cost of manufacturing golf clubs is given as
the function C(x)=800-10x+0.20x", where x is
the number of sets of golf clubs produced. How many
sets of golf clubs should be manufactured to incur
minimum cost?

A rock is thrown upward with a velocity of 48 feet per
second from the top of a 64-foot-high cliff. What is
the maximum height attained by the rock? (Hint: Use
h(t) =—16¢> +48¢+ 64 to describe the height of the
rock as a function of time ¢.)

Jason is driving his Mustang GT down a two-lane
highway one night, carefully observing the posted
speed limit sign of 55 mph. His headlights suddenly
illuminate a white-tailed deer, about 120 ft in front of
his car, and he immediately hits the brakes. Suppose
that the coefficient of friction between his car’s tires
and the pavement is ;¢ = 0.9. Using the quadratic
model from Example 5b in Section 1.1, do you

think he will hit the deer? What if he had traveled at
60 mph?

A student is throwing a small rubber ball during
physical education class at an upward angle so that
the horizontal component of the ball’s initial velocity
is 40 feet per second. If the vertical position function
of the ball is given by h(r)=—161%+24¢+7, how far
from the student will the ball hit the ground? (Hint:
First determine how long it will take for the ball to hit
the ground. The vertical position % is measured in feet,
¢ in seconds. Ignore air resistance.)
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61-72 Trigonometric and exponential functions are used to model
real-life situations. (Hint: See Examples 6 and 7 for guidance as you
work through these problems.)

61.

62.

63.

64.

65.

Suppose several potatoes are dumped into the basket
of a grocer’s scale, which then proceeds to bounce up
and down with an amplitude of 4 cm. As discussed in
Example 6a, a first approximation to this motion can
be given by a trigonometric model. Supposing that the
constant w for the above motion is 67 and that = 0
when the potatoes land in the basket, find the position
function for this motion. How long does it take for the
basket to complete a full period?

The size of a local coyote population in a certain
California national forest is estimated to cycle annually
according to the function P(r)=250+20sin(7/6),
where 7 is measured in months, starting on March 1* of
each year.

a. What is the approximate size of the population on
July 15

b. When is the population expected to be the smallest,
and what is its size then?

A certain species of fish is to be introduced into a new
man-made lake, and wildlife experts estimate that the
population will grow according to P(t) = (1000)2’/ ’,
where ¢ represents the number of years from the time
of introduction.

a. What is the doubling time for this population of
fish?

b. How long will it take for the population to reach
8000 fish, according to this model?

Assuming a current world population of 8 billion
people, and exponential growth at an annual rate of
0.9%, what will the world population be in a. 10 years
and b. 50 years?

Suppose that a new virus has broken out in an isolated
region, and it is spreading exponentially through the
villages. The growth of this new virus can be mapped
using the following formula where P stands for the
number of people in a village, ¥ for the number of
infected individuals, and d for the number of days
since the virus first appeared.

174 :P(l_efo.lxd)

According to this equation, how many people in a
village of 300 will be infected after 5 days?

66.

67.

68.

69.

70.

71.

Section 1.2 Exercises 35

The radioactive element polonium-210 decays
according to the function A(7)= A,e """
A, is the mass at time ¢ = 0, and # is measured in days.
The fact that 4(140) = 4,/2 means that the half-life
of polonium-210 is 140 days. What percentage of the
original mass of a sample of polonium-210 remains
after one year?

, Where

The half-life of a radioactive material is the time
required for an initial quantity to decrease to half
its original value. In the case of radium, this is
approximately 1600 years.

a. Determine a so that A4()= A,a" describes the
amount of radium after ¢ years, where 4, is the
initial amount at # = 0.

b. How much of a 1-gram sample of radium would
remain after 100 years?

c¢. How much of a 1-gram sample of radium would
remain after 1000 years?

When continuous compounding is used in banking,
the balance after ¢ years is described by the formula
A(t)=Pe", where P is the initial amount (or
principal) at £ = 0, and r is the annual interest rate.
Suppose Mario made a deposit two years ago, which
is compounded continuously at an annual rate of 4.5%.
If his current balance is $1094.17, how much was his
initial deposit? How much longer would he have to
wait until his initial deposit doubles?

The function f(¢)=C(1+r)" models the rise in the
cost of a product that has a cost of C today, subject to
an average yearly inflation rate of r for ¢ years. If the
average annual rate of inflation over the next decade is
assumed to be 3%, what will the inflation-adjusted cost
of a $150,000 house be in 10 years?

The concentration of a certain drug in the
bloodstream after # minutes is given by the formula
C(r)= 0.05(1 —e ) What is the concentration after
10 minutes?

Carbon-11 has a radioactive half-life of approximately
20 minutes, and is useful as a diagnostic tool in certain
medical applications. Because of the relatively short
half-life, time is a crucial factor when conducting
experiments with this element.

a. Determine a so that the formula A(r)= 4,a'
describes the amount of carbon-11 left after
¢ minutes, where 4, is the amount at time ¢ = 0.

b. How much of a 2-kilogram sample of carbon-11
would be left after 30 minutes?

¢. How much of a 2-kilogram sample of carbon-11
would be left after 6 hours?
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36 Chapter 1 A Review of Functions

72. Charles has recently inherited $8000, which he wants
to deposit in a savings account. He has determined
that his two best bets are an account that compounds
annually at a rate of 3.20% and an account that
compounds continuously at an annual rate of 3.15%.
Which account would pay Charles more interest?

Concept Check

73-82 Determine whether the given statement is true or false. In
case of a false statement, explain or provide a counterexample.

73. The slope of the graph of y = Ax + B is 4.
74. The slope of the graph of y = Ax* + Bx + C'is B.

75. The lines with equations y = Ax + Band y =—Bx + A
are perpendicular to each other.

76.

77.

78.

79.

80.

81.

82.

A quadratic function can have up to two y-intercepts.

If line L, has positive slope and L, is perpendicular to
L,, then the slope of L, is negative.

If a polynomial has even degree, then its graph always
rises to both the right and the left.

All rational functions of the form p(x)/q(x), where
q(x) is nonconstant, have at least one asymptote of
some kind.

Trigonometric functions are transcendental.
Logarithmic functions are transcendental.

If a population of bacteria grows without restriction
from 1000 to 2000 in one hour, then it will grow to
3000 during the next hour.
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48 Chapter 1 A Review of Functions

0.9 and 1.1 in distance from the origin. The rules for coloring other complex numbers in
the plane are as follows. Given an initial complex number z not on the gold ring, f (z) is
calculated. If the complex number f (z) lies somewhere on the gold ring, the original number
z is colored the deepest shade of green. If not, the iterate £ ( z) is calculated. If this result lies
in the gold ring, the original z is colored a bluish shade of green. If not, the process continues
up to the 12" iterate f"*(z), using a different color each time. If f'*(z) lies in the gold ring,
z is colored red, and if not the process halts and z is colored black.

The idea of recursion can be used to generate any number of similar images, with the end
result usually striking and often surprising even to the creator.

1.3 Exercises

1-23 Sketch the graph of the given function by first identifying the more basic function that has been shifted, reflected, stretched, or
compressed. Then determine the domain and range of the function.

1. f(x):(x+2)3 2. G(x):|x—4| 3. p(x)=—(x+1)2+2 4. g(x)zﬁ—l

5. q(x)z(l—x)2 6. r(x)=—i/; 7. s(x): 2—x 8. F(x)=|x3L2|+3
1 1 1

9 w(x):(x_3)2 10, v(x)=7--2 . f(x)=5— 12. k(x)=+-x+2

13. b(x)=[x-4]+4 14. R(x)=4-|24] 15. S(x)=(3-x)’ 16. g(x):—ﬁ

17. h(x)=x72—3 18. W(x)=1-[4—x|

19. g(x) =x"—6x+9 (Hint: Find a better way to write the function.)

x
20. h(x)= U (Hint: Evaluate / at a few points to understand its behavior.)

21. W(x)zﬁ 22. §(x)=[x-2] 23. V(x)=-3Jx-1+2

24-29 \Write an equation for the function described.

24. Use the function f (x) =x”. Move the function 4 units to the right and 2 units up.

25. Use the function f(x)=x". Reflect the function across the x-axis and move it 6 units up.

26. Use the function f(x)=x’. Move the function 1 unit to the left and reflect across the y-axis.
\/;. Move the function 5 units to the left and reflect across the x-axis.

Jx. Reflect the function across the y-axis and move it 3 units down.

(x)
(x)
27. Use the function f'(x)
28. Use the function f(x)

(x)

29. Use the function f(x)= |x| Move the function 7 units to the left, reflect across the x-axis, and reflect across the y-axis.

30-33 Use your knowledge about transformations to find a possible formula for the function £ (X) given by its graph.

30. y 31. Ji
4 4
2 2
4 - 2 4 0 F X2 2 4 0 F
2 ‘4\-}\
-4 4
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32. y

AN

—4

34-45 Use the information given to determine a. (£ +g)(—1), b

4. f(-1)=-3 g(-1)=5
36. f(x)=x2—3; g(x):x
38. f(-1)=15 g(-1)=-3

40. f(x)=x4 +1; g(x):x“ +2

2. f
g

44. y

((52). (0.-1).(-13). (-2.4)}

33.

37.

39.

41.

43.

45.

46-53 Find the formula and domain for a. f + g and b. f/g.

46. f(x)=]; g(x)=+x
f(x)=x-1; g(x)=x’-1

50. f(x)=3x; g() x’ -8

52. f(x)=- g(x)=[x+4]

47.

49.

51.

53.

Section 1.3 Exercises

- (F-g)(=1). ¢

35.

. (f9)(=1), and d. (f/g)(~1).
£(-1)=0; g(~1)=-1

54-63 Evaluate the expression, if possible, given f(x)=1/x and g(x)=2x+3.

55. (f+g)(-10)

54. (f+g)(-7)
(/- )(—5)
58. (

%

=)

0.

s
o (5o

0 |~
;/

~ |oq
;/
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50 Chapter 1 A Review of Functions

64-73 Use the information given to determine (= g)(3).

64. f(—5):2; g(3):—5 65. f(?T)ZTFZ; g(3):7r
66. f(x):x2—3; g(x):\/; 67. f(x): x> —9; g(x):1—2x
. f(x)=2+x: g(x)=x s . ()=x-3 g()-| 2]
70. f(x):\/x+6; g(x): 4x-3 71. f(x)= f—z; g(x)=x4—x3—x2—x
72. A 73. y
6 6

6 4 2 2 /4 6"
i) g
4
-6

7. f(x):i; g(x)=x-1
76. f(x):4x3_2; g(x)z% 77. f(x)=1-x g(x)=vx
78. f(x)=[x-3]; g(x)=x’+1 79. f(x)=x*+2x g(x)=3x*+5
80. f(x)=x*+1; g(x)=3x"+5 81. f(x)=+x; g(x)=2x
82 f(x)=—= g(x)=2 8. /(=1 g(0)=1
84. f(x)=x% g(x)=3x+1 85. f(x)=x; g(x)=x’
86. f(x)=vx-4; g(x)=x+2 87 £(x)=—s g(x)=3v

88-93 Write the given function as a composition of two functions. (Answers will vary.)

88. f(x)=3x"-1 89. f(x):5 2 1 90. f(x)=|x—2[+3
x—
/ 3 -3
91. f(x)=x+ x+2-5 92. f(x)=|x —5x|+7 93. f(x)=m

94. The volume of a right circular cylinder is given by the formula V' = 7/°h. If the height 4 is three times the radius 7, show
the volume ¥ as a function of r.
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95. The surface area of a wind sock is defined by the formula S = 7r/r* +h> where r is the radius of the base of the wind
sock and 7 is the height of the wind sock. As the wind sock is being knitted by an automated knitter, the height /4 is
increasing with time ¢ as defined by the formula h(t) =1¢?,¢>0. Find the surface area S of the wind sock as a function
of time 7.

96. The volume of the wind sock described in the previous exercise is given by the formula ¥ =17r*h where r is the
radius of the wind sock and 7% is the height of the wind sock. If the height / is increasing with time ¢ as defined by the
formula /(¢)=4%, 1> 0, find the volume ¥ of the wind sock as a function of time 7.

97. A widget factory produces n widgets in ¢z hours of a single day. The number of widgets the factory produces is given
by the formula n(7)=10,000¢—25¢*,0<#<9. The cost c in dollars of producing n widgets is given by the formula
c(n) =2040+1.74n. Find the cost ¢ as a function of time ¢ that the factory is producing the widgets.

98. Suppose that H (x) represents the percentage of income spent on a home loan in the year x and C (x) represents the
percentage of income spent on a car loan in the year x. If 7 (x) represents the income in year x, determine the function
L that represents the total loan expenses in year x.

99. Given two odd functions f and g, show that f o g is also odd. Then verify this fact with the particular functions
f(x)=3x and g(x)=-x"/(3x* =9). (Hint: Recall that a function is odd if f (~x)=—/(x) for all x in the domain
of f)

100. Given two even functions f and g, show that the product is also even. Then verify this fact with the particular functions
f(x)=2x*-x" and g(x)=1/x". (Hint: Recall that a function is even if f(—x)= f(x) for all x in the domain of f.)

101-108 As mentioned in the Interlude, a given complex number ¢ is said to be in the Mandelbrot set if, for the function f(z) =72 +¢, the
sequence of iterates £(0),7%(0),7*(0),... stays close to the origin (which is the complex number 0 + 0f). It can be shown that if any single
iterate falls more than 2 units in distance (magnitude) from the origin, then the remaining iterates will grow larger and larger in magnitude. In
practice, computer programs that generate the Mandelbrot set calculate the iterates up to a predecided point in the sequence, such as (0)
and if no iterate to this point exceeds 2 in magnitude the number ¢ is admitted to the set. The magnitude of a complex number a + bi is the

distance between the point (a,b) and the origin, so the formula for the magnitude of a+ bi is va® +b”.
Use the above criterion to determine, without a calculator or computer, if the given complex number is in the Mandelbrot set.

101. ¢=0 102. c=1 103. c=i 104. c=-1
105. c=1+i 106. ¢c=-2 107. ¢c=1-1i 108. ¢c=-1-1i
Concept Check

109-112 Determine whether the given statement is true or false. In case of a false statement, explain or provide a counterexample.
109. The graph of any quadratic polynomial is a transformation of the prototypical parabola.
110. The graphs of y= f(x) and y = f(—x) are reflection images of each other.
111. A cubic function can have up to three x-intercepts.

112. If f (x) is an algebraic function and c is a nonzero constant, then f (cx) =cf (x)
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1.3 Technology Exercises

113-118 Mentally sketch the graph of the given function by identifying the basic shape that has been shifted, reflected, stretched, or
compressed. Then use a graphing utility to graph the function and check your reasoning.

3. f(x)=-2(3-x)"+5 114. f(x):xis—l 115. f(x)zﬁ—3
116. f(x)=-3|x+2|-4 7. f(x)=—Vl-x+2 8. f(x)=R2+x-1

119-124 Write a possible equation for the function depicted on the graphing calculator. The function is shown ina [ ~10,10] by [-10,10]
window.

MARHAL FLOAT AUTO REAL RADIRN WP MOAHAL FLART AUTO REAL RADIRH WP
119. 1] 120. 1]

ar
/\

121. NOAHARL FLOAT RUTD REAL RADERH WP n 122. MOAHRL FLOAT ALITO REAL RABERH HF n

}1

MOAHAL, FLOAT AUTH REAL SADTRAH HF MOAHM FLART ALUTO REAL RADERH HF
123. 1] 124. 1]

Pk

125-127 Use a graphing utility to determine (f+g)(x), (fg)(x), (fog)(x). and (gf)(x) for the given pair of functions.

125. f(x)=(3x+2)2; g(x): x*+5 126. f(x)=%; g(x)=(x+2)3
x—
127. f(x):i—j; g(x):xT_l
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~| 4 ExerCises 23-37 Find the inverse of the given function.
23. f(x)=x"-2 24. g(x)=4x-3
1-12 Graph the inverse of the given relation, and state its domain
and range. 25. r(x):3x_12 26. s(x)=i_—x
X+ +X
1. R={(- - -
R={(-4.2).(3:2).(0.-1). 3--2)} 27. F(x)=(x-5)+2 28. G(x)=3Bx-1
2. §={(-3.-3).(-1-1),(0.1), (4.4)}
29. ¥ (x)=21 30. W(x)=—
3. y=x 4. y=|x|+2 2 X
5. x|yl 6. =iy 3. h(x)=x""-2 32. A(x)=(x'+1)"
7. y:%x—3 8. y=-x+1 33. J(x)=1_23x 34. k(x):;i_j
9. y= -
r=l 35. h(x)=x"+6 36. F(x)="> >
10. T:{(4,2),(3,—1),(—2,—1),(2,4)} -
37. r(x):%
1. x=)"-2
12. y=2Jx 38-45 Show that 7~'(f(x))=x and that f(f~"(x))=x.
- x+3
13-22 Determing if the given function has an inverse function. If 38. f(x)=2x-3 f(x)= 5
not, suggest a domain to restrict the function so that it would have an ) .
inverse function. (Answers will vary.) 39. f(x)=x" x20; f (x):\/;
13, f(x)=2"+1 4. g(x)=(x-2) -1 0. f(x)=2 =2
1
15. h(x)=\/x+3 16. s(x):? Al f(x): x-5 f'l(x):3x+5
_ _ ' 2x+3° 1-2x
17. G(x)=3x-5 18. F(x)=—x’+5
2 _
19, r(x)=—x’ 20. b(x)=[x] @ S22 x2SV w20
13r_2 43. f(x)=Rx+2-1 f'(x)=(x+1) -2
21. m(x)= Z 22. H(x)=|x-12] | .
44. =—; f'(x)=—
F)=1 1 ()1
1 _ 1-x
45. f(x)zm,xzo; fl(x)zT,0<xS1
46-51 Match the function with the graph of the inverse of the function (labeled A-F).
46. f(x)=x3 47. f(x):x—S 48. f(x): x—4
49. f(x)=x* 50. f(x):% 51 f(x)=3x+1
A Y B. " C X
6 6: 6
4 41 4
2 2:/ 2
F————— > X ——t—F—t—+—F—F+—+—+—1++F>x ——t—F—F—+¢—F+—+—+—+++>x
-6 -4 - 2 4 6 -6 -4 24 2 4 6 -6 -4 - 2 4 6
6 —4 -2 _6/1_/217 6 —4 2_2
4] -4
-6 -6
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52-60 Match the logarithmic function with its graph (labeled A—l).

52. f(x)=log,x—1

55. f(x)=log,(x-3)

58. f(x) =—log, (—x)

A. v

/\\11

wwwwww

== 1o
EN
(=)}

E. y
i
at
)1
> x
6 -4 2 | 2 4 6
ol
4l
—6+
53. f(x)=log,(2-x)
56. f(x)=1-log,x
59. f(x)=log,x
B. ,
4t
\‘277
A W I
6 4 2N 2 4 s
o\
4l
E. ,
3
|
2,,
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60.
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61-72 Sketch the graph of the given function.

61.

62.

63.

64.

65.

66.

67.

68.

69.

70.

71.

72.

f(x)=log;(x—1)
g(x)=logs(x+2)-1
r(x)=log,,(x-3)

p(x) =3 -log, (x + 1)

p(x)=4—1log,(x+3)
s(x)=—log,;(—x)

g(x)=1log,(2x)-1

91-99 Use the properties of logarithms to expand the given
expression as much as possible; that is, decompose the expression
into sums or differences of the simplest possible terms. Simplify any
numerical expressions that can be evaluated without a calculator.

3 5
91, MM P9 92.

93. 10g(10g(100x3)) 94,

10
95. lo 96.
g A X+ y
2
97. 10g2y16—:42 98.
4
99. log, |~

/a4b
10ga N c_2

log, (9x +27y)
ln(ln(ee" ))

1og(1og(100,000“ ))

100-105 Use the properties of logarithms to condense the given
expression as much as possible, writing the answer as a single term

with a coefficient of 1.

100. %(10g7 (x*) - log, (pq))
101. In3+1Inp-2Ing

102. 2(log5x/; - 1og5y)

73-78 Evaluate the given expression without using a calculator.

73.
75.

77.

79-84 Evaluate the given logarithmic expression to two decimal

log,16

1n(e4)+ln(e3)

ln(el'5 ) —log,2

74. log,(25)

!
76. log, —
&4%6a

places. (Hint: Use the change of base formula.)

79.
81.
83.
85-90 Use the properties of logarithms to rewrite the given
expression as a single term that does not contain a logarithm.
8S.
87.

89.

eZ—lnx+lnp 88.

log,(3*) 80. log,14.3
log,, () 82. log,; 626
In(log123) 84. log,0.041

5210g5x

eS(ln§/§+lnx)

log(x*}-4logy
10 () 90. alogab+4loga\/5

78. log, (8210gz 4-log, 4)

86. log,16-log, (xz)

103. 10g(x - 10) —logx

104. 210g(a2b) - log% + logl
a

105 3(Inde” ~In()

106-111 Evaluate the given expression, if possible.

106. cos™ (cos %Tﬂ)

108. tan(tan'1 (0.5))

110. cos(cos’l (—0.8)) 111. tan™' [tanT)

107. sin™ (sin 3—7T]
2
109. sin™! (sin %j

S

112-117 Most calculators are not equipped with arccosecant,
arcsecant, and arccotangent buttons, but expressions involving these
functions can still be evaluated. For example, to evaluate csc™' x, let

6=csc™ x.

0ScO = X
1 —_—

sing

sims?:l
X

0 :sin’11
X
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Use the method described above to evaluate the given expression.
(Round your answer to four decimal places.)

112. csc™'5 113. sec™'(-0.5)
114. cot™150 115, cot™(-0.2)
116. csc™'(-8.9) 117. sec™'2

118-123 Find the value of the given expression without using a
calculator.

118. sin(arctan \/5) 119. cos(sec"(—Z))

121. csc[arccos {—QD
2
122. tan[sin"{—gn 123. sec(cscl¥J

124-129 Rewrite the given function as a purely algebraic function.

125. cot(sin_1 %)
X

127. tan {sinl

120. tan(arccot1)

124. tan(cos’] x)

126. sec(tam'I 3x)

=

128. sin(sec'I x) 129. cos(tan1 ij
4

130-133 Sketch the graph of the given function. Then graph the
function using a graphing utility to check your answer.

130. f(x):sin'l(x—3) 131. f(x):sec'12x

132. f(x)= arctan% 133. f(x)=2arccosx

134-137 Aninverse function can be used to encode and decode
words and sentences by assigning each letter of the alphabet a
numerical value A=1,B=2,C=3, ..., Z=26). Example: Use the
function f(x)=x* to encode the word CALCULUS. The encoded
message would be 9 1 144 9 441 144 441 361. The word can then
be decoded by using the inverse function ~'(x) = Jx. The inverse
values are 3112 321 12 21 19, which translates back to the word
CALCULUS.

Encode or decode the given message using the numerical values
A=1,B=2,C=3,...,2=26.

134. Encode the message SANDY SHOES using the
function f(x) =4x-3.

135. Encode the message WILL IT RAIN TODAY using
the function f(x)=x*-8.

Section 1.4 Exercises 71

136. The following message was encoded using the
function f(x)=8x-7. Decode the message.

41137 6514593333169 113898933 19391 89 89
11052557 113 137 145
3314557 11333 145

137. The following message was encoded using the
function f(x) =5x+1. Decode the message.

9126662666 112691 126 76 106 91
96 106 71 11 61 76 16 56

138-139 The energy released during earthquakes can vary greatly,
but logarithms provide a convenient way to analyze and compare

the intensity of earthquakes. Earthquake intensity is measured on

the Richter scale (named for the American seismologist Charles F.
Richter, 1900-1985). In the formula that follows, /, is the intensity of
a just-discernible earthquake, /is the intensity of an earthquake being
analyzed, and R is its ranking on the Richter scale.

/
R =log—
g/

0

By this measure, earthquakes range from a classification of minor
(R<4),1o light (4 < R<5), to moderate (5 < R < 6), to strong
(6 <R<7),to major (7 < R< 8), and finally to great (R > 8).

Use this information to solve the problem.

138. The 1994 Northridge, California earthquake measured 6.7
on the Richter scale. What was the intensity, relative to
a 0-level earthquake, of this event?

139. The April, 2009 Abruzzo earthquake in Italy was
2,000,000 times as intense as a 0-level earthquake.
What was the Richter ranking of this tragic event?

140-141 Sound intensity is another quantity that varies greatly, and
the measure of how the human ear perceives intensity, in units called
decibels, is very similar to the measure of earthquake intensity. If /,

is the intensity of a just-discernible sound, / is the intensity of the
sound being analyzed, and D is its decibel level, we have the formula
D=1 OIog(///O). Decibel levels range from O for a barely discernible
sound, to 40 for the level of a quiet conversation, to 80 for heavy
traffic, to 120 for a loud rock concert, and finally (as far as humans
are concerned) to around 160, at which point the eardrum is likely to
rupture.

Use the decibel formula given above to answer the question.

140. A construction worker operating a jackhammer would
experience noise with an intensity of 20 watts/meter”
if it weren’t for ear protection. Given that
I, =10"" watts/meter’, what is the decibel level for
such noise?
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72 Chapter 1 A Review of Functions

141. The intensity of a cat’s soft purring is measured cOncept Check
to be 2.19x107"" watts/meter®. Given that
I, =10"" watts/meter’, what is the decibel level of 144151 Determine whether the given statement is true o faise. In
this noise? case of a false statement, explain or provide a counterexample.
142-143 Use inverse trigonometric functions to solve the problem. 144. All exponential functions are one-to-one.

(Round your answer to four decimal places.) ) )
145. sin(arcsinx)=x forall xe[-1,1]

142. Kim is watching a space shuttle launch from an

observation spot 2 miles away from the launchpad. 146. arcsin(sinx) =x forallx eR
Find the atllgle ot.“ elevation to the shuttle for each of 147. tan (arctanx) —y forallx R
the following heights.

a. 0.5miles b. 2 miles c. 2.8 miles 148. arccos(cos(37r/2)) =3m/2

149. The domain of arcsinx is [-m/2,7/2].
150. The domain of f(x)=cot™'x is R.

151. The function f(x) = sin(tan’l x) can be represented
as an algebraic function.

2 mi

143. Jesse is rowing in the men’s singles race. The length of
the oar from the side of the shell to the water is 7 feet.
At what angle is the oar from the side of the boat when
the blade is at the following distances from the boat?

a. 2 feet b. 3 feet c. 5 feet
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1.5 Exercises

1-12 Express the given function (using (), /, x, =+, etc.) in a format suitable for entering into a graphing utility.

11.

13.

14.

15.

f(x)=1+3x++/x 2. g(x)=3x—2+3x
_ X _1+\/;
"= k)=55,
u(x)z% 6. v(x):\/2+5x+\/;
x

F(x)=(2x2/3 +3x5/3)5 8. G(X)=(9X1/5+2x3/5)10
H(x)=In(x>+1)+2" 10. K(x)= -

(x)=In(x*+1) (x) e
Q(x):%)ﬁls 12. R(x)=\/(arccosx)2+log2(tanx)

(cos(arcsinx))

During the last 5 years, the advertising manager for a corporation has gathered the following data that show the
relationship between the advertising budget (in millions of dollars) and the total sales (in thousands of units).
Advertising and Sales
Advertising budget (x) (in millions) | $4.50  $6.50 $3.50 $4.20  $2.60
Units sold (y) (in thousands) 37 46 42 32 29

a. Find the least-squares line of best fit for the data.
b. Estimate the sales if $4 million is budgeted for advertising.

Records at a company for the last 5 years show the following relationship between the units sold (in thousands) and the
price of a product.

Sales
Price (p) $8.80 $8.00 $750 $6.90  $6.20
Units sold (x) (in thousands) | 3.8 5.2 7.3 8.0 9.6

a. Find the least-squares line of best fit for the price in terms of units sold.
b. Estimate the price that should be charged in order to sell 10,000 units.

The following data show the amount spent on office-building construction (in thousands) for a particular county during
a 6-month period.

Office Construction
Month Apr May Jun Jul Aug Sep
Amount (in thousands) | $24 $24 $30 $49 $68 $69

a. Find the least-squares line of best fit for the data. (Let x = 1 correspond to January, x = 2 to February, etc.)

b. Estimate the amount spent on construction in October.
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16. The annual revenue (in millions of dollars) for a corporation is given in the following table.

Annual Revenue
Year 2017 2018 2019 2020 2021 2022
Revenue (in millions) |  $66 $82 $127  $201 $310  $315

a. Find the least-squares line of best fit for the data. (Let x = 0 correspond to the year 2017.)
b. Estimate the revenue for 2023.
17. The price of livestock futures is the estimated market price of livestock on the delivery date (end of the indicated
month). The cattle futures (in cents per pound) for the months February through July are as follows.
Livestock Futures

Month Feb Mar Apr May Jun Jul
Price (cents per pound) | 79.10  76.02 71.80 7145 7145 7250

a. Find the least-squares line of best fit for the data. (Let x = 1 correspond to January, x = 2 to February, etc.)
b. Estimate the price for August.

18. The total number of foreign tourists visiting the United States between 2000 and 2004, as reported by the US Travel and
Tourism Administration, is shown in the following table.

Foreign Tourists Visiting the United States
Year 2000 2001 2002 2003 2004
Tourists (in millions) |  25.7 26.3 29.7 34.2 38.3

a. Find the least-squares line of best fit for the data. (Let x represent the number of years passed since 2000.)

b. Estimate the number of foreign tourists who visited the United States during 2006.

1.5 Technology Exercises

19-28 Determine whether there are points where we need to be careful in interpreting the result when using graphing technology to graph the
given function. Find all those points and explain. Then use a graphing utility to sketch the graph, using various viewing windows.

1

19. =x*cos— 20. =

9. f(x)=x"cos . 0. G(x)=cos —
21. p(x):%tan(?ax—Z) 22, g(x):sec(2x+l)

2_2x-1 x*+1

23. X e 24. =

3 q(x) x+1 r(x) x* =9

2x* +1

2 . = 2 . =

5. h(x) . 6. F(x)=In(cosx)
27. s(x) = cos(ln x) 28. t(x) = sin(csc x)

29-40 Use a graphing utility to graph the given function in the window [ ~10,10] by [~10,10]. Explain what appears to be wrong with the
picture. Then find a more appropriate window, which reveals the significant parts of the graph, and draw the “improved” graph.

3x-25 2 2

29. x)= 30. x)=(40+3x)vJ16—x 31. h(x)=(3x+4) (5x-25

O ()= (40-+30)\iG—x (3) = (34 (5-25)
32. F(x)=(6x+30)"(3x-15)"  33. G(x)=35+17x—x?-x’ 34. H(x)=210-80x+x’

35. r(x)=\3/x3—x2—x—50 36. u(x)=\3/x4—3x2—3x—30 37. v(x):(12—6x—x2)4/3
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38. f(x)=(x*-x-100)" 39. g(x)=x"sin 40 h(x)=see’ -

x—12

41-46 Use a graphing utility to graph the given function in a suitable window and find the smallest y-value possible. (Use only the given
interval, if specified. Round your answer to four decimal places.)

2 3
41. f(x)=x"-104x+2724 42. g(x)=_1_xs—x_3x
43. h(x)=x’-17x+5 -3<x<5 44. F(x)=%/;;1250
S5+x
45. G(x):xl‘S—Sx—15 46. H(x):xl'g—x—IOO

47-52 Use a graphing utility to graph the given function in a suitable window and find the greatest y-value possible. (Use only the given
interval, if specified. Round your answer to four decimal places.)

47. f(x)=50-2%; -10<x<10 d48. g(x)=(x+1) -1.5" 49. h(x)=x"-17" -2<x<2
—2x 3-5x
50. k(x)=x(3"" 51. F(x)= 52. G(x)=—2_
(x)=x(37) (¥)=—— ()=7=0s

53-58 Use a graphing utility to graph the given function, and describe the characteristics of the graph as ¢ varies. Use different viewing windows.

53. f(x)zxz—cx 54. g(x)z%x3—c(x2+x+l) 55. h(x):e”
2 2

56. k(x)=In(x’ 1 57. F(x)=2 cx 58. G(x)=-—X
(x) n(x +cx+ ) (x) c+cos . (x) —

59-64 Use a graphing utility to approximate the solution(s) of the given equation, rounded to four decimal places. (Hint: Zoom in on the
X-intercepts or points of intersection as appropriate for each equation.)

59. x*—20x-2=0 60. 2x’=31x+2 61. 3cosx=+/x

1
62. arctanxzﬁx5 63. Ilnx=x-2 64. x+5=¢"

65-70 Use appropriately large viewing windows on a graphing utility to decide which of the given functions eventually “rises faster” toward infinity.

65. f(x):%)f; g(x)=x 66. f(x)=vx; g(x)=x 67. f(x)="5Vx; g(x):%x

68. f(x)z%e"; g(x) x? 69. f(x)=510gx+5; g(x)z%x5 70. f(x)learctanx; g(x):Zi/;

71-73 Most graphing utilities have regression capabilities to fit curves other than lines to a given data set. Frequently, depending on the
tendency of the data, a quadratic, an exponential, or some other type of curve provides for much better approximation. Most often the choice is
the modeler’s.

Use the regression capabilities of your technology to build a graphical model and then answer the questions.

71. The following table shows daytime temperatures in El Cajon, CA on a particular spring day from 6:00 a.m. to
12:00 p.m. Find the best-fitting curve and use it to predict the temperatures at 1:00 p.m. and 2:00 p.m.

Daytime Temperatures in El Cajon, CA
Time 6:00am. 7:.00am. 800am. 9:00am. 10:00a.m. 11:00a.m. 12:00 p.m.
Temperature (°F) 47 50 55 61 68 73 75
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72. The following table shows the winning times of the Olympic men’s 100 m dash champions. Find the best-fitting curve
and use it to predict the winning times at the next three Olympics.

Olympic Men’s 100 m Dash Winning Times

Year Time (s) Year Time (s) Year Time (s)
1896 12.00 1948 10.30 1988 9.92
1900 11.00 1952 10.40 1992 9.96
1904 11.00 1956 10.50 1996 9.84
1908 10.80 1960 10.20 2000 9.87
1912 10.80 1964 10.00 2004 9.85
1920 10.80 1968 9.95 2008 9.69
1924 10.60 1972 10.14 2012 9.63
1928 10.80 1976 10.06 2016 9.81
1932 10.30 1980 10.25 2020 9.80
1936 10.30 1984 9.99

73. The following table shows acceleration times for the Ferrari Enzo up to 130 mph. Find the best-fitting curve and use it
to predict the acceleration times for the Enzo from a. 0 to 150 mph and b. 0 to 170 mph.
Acceleration Times for Ferrari Enzo
‘ Speed (mph) ‘ 030 040 050 060 070 080 09 0-100 0-110 0-120 0-130 ‘
‘ Time (s) ‘ 15 2.0 2.7 &3 3.8 5.0 58 6.6 8.0 9.2 10.3 ‘

Source: Car and Driver
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Figure 12

2.1 Exercises

b. As far as the arc length of the curve connecting (0,0) with (1,1), we will illustrate

the calculations by first dividing [0,1] into four subintervals, as we did in part a.

If we label the endpoints as x, =0, x,=0.25, ..., x;=1, and connect the points
(xi,f(xl.)) on the graph with (x,,,,f(x.,)) for i=1,...,4, a “crude” first
approximation for the arc length will simply be the sum of the lengths of the
four resulting line segments (see Figure 12). This can be calculated using the
Pythagorean Theorem as follows.

S, =L, +L,+L,+L,

- \/(0.25)2 +[(o.zs)ﬂ2 + \/(0.25)2 +|(05)" —(o.zs)ﬂ2
025y {075y (03] + ffo25)'[1-(075)

~1.4362

Upon dividing [0,1] into 10 equal parts, a similar, but a bit longer, calculation
yields the much better approximation of

s, = 1.4389.

As before, with the help of a computer or programmable calculator we can
generate a table of values such as the following.

n 50 100
s | 1.43966 1.43970

n

1000
1.43971

10,000
1.43971

From the table above, we conclude that the true value of the arc length is
approximately s = 1.43971.

1-6 Estimate the slope of the tangent line shown in the given graph.

1.

—4/( 2 4

2.

y y
4 4
2 2
-4 {2 N AR T 2 2 4 >~
_2 _2
4 4
5. ’ 6. ,
4 2
2 1
~
) > 4 07 B 2
2 -1
4 i)
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Section 2.1 Exercises 105

7-18 Use difference quotients to approximate the slope of the tangent to the graph of the function at the given point. Use at least five different
h-values that are decreasing in magnitude. (Answers will vary.)

7.

11.

13.

15.

17.

19.

20.

Fx)=1-25 (1-1)
hx)=3x -1 (32)
G(x)=5x' ~x+1: (-21)
H(x)=lnx+1; (e,2)
v(x)=log2x—1; (5,0)

p(x) =—x*+1 (1,0)

An arrow is shot into the air and its height in feet after
t seconds is given by the function f(t) =—161> +80¢.
The graph of the curve y = f (t) is shown.

y
A

1204
100+
80| y=r(1)
60+
404
204

of 1 2 3 4 5 6
a. Find the height of the arrow when 7 = 2 seconds.

b. Find the instantaneous velocity of the arrow when
t =2 seconds.

c. Find the slope of the line tangent to the curve at
¢t =2 seconds.

d. Find the time it takes the arrow to reach its peak.
Suppose that a sailboat is observed, over a period of

5 minutes, to travel a distance from a starting point
according to the function s(#) =17’ +60¢, where ¢ is

time in minutes and s is the distance traveled in meters.

a. How far will it travel during the first 6 seconds?

b. What is the average velocity during the first
6 seconds?

c. Estimate how fast the boat is moving at the starting
point.

d. Estimate how fast the boat is moving at the end of
3 minutes.

8.

10.

12.

14.

16.

18.

21.

22.

23.

24.

g(¥) =258 (82)

2

F(x):3+x—x7; (4,-1)
k(x)=10—x3/2; (4,2)

u(x) = cosx; (%,OJ
w(x) =tanx; (0,0)
q(x) =x"—x+3; (0,3)

A model rocket is fired vertically upward. The height
after ¢ seconds is h(t) =192¢—16¢" feet.

a. What will be its height at the end of the first
second?

b. What is the average velocity of the rocket during
the first second?

c. Estimate the instantaneous velocity at
t =0 seconds.

d. Estimate the instantaneous velocity at
t =4 seconds.

e. When will the velocity be 0?7 (Hint: Start with
the initial velocity you found in part c. and use
the fact that under the influence of gravity, when
air resistance is ignored, vertical upward velocity
decreases by 32 ft/s every second. Once you have
a guess, test it using a table of difference quotients.)

A particle moving in a straight line is at a distance of
s(1)=2.5t> +18¢ feet from its starting point after ¢
seconds, where 0 < ¢ < 12. Estimate the instantaneous
velocity at a. ¢ = 6 seconds and b. # = 9 seconds.

The distance, in meters, traveled by a moving particle
in ¢ seconds is given by d(t) =3¢ (t + 1). Estimate
the instantaneous velocity at a. ¢ = 0 seconds,

b. t = 2 seconds, and c. at time ¢,. (Hint: Write the
difference quotient corresponding to ¢ = ¢, simplify,
and try to find the value being approached by the
expression as s decreases.)

The distance, in meters, traveled by a moving particle
in ¢ seconds is given by d(7)=1> —3r. Estimate

the instantaneous velocity at a. = 0 seconds,

b. t =4 seconds, and c. at time ¢,. (See the hint given in
Exercise 23c.)
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106 Chapter 2 Limits and the Derivative

25. After start, on a straight stretch of the track, a race
car’s velocity changes according to the function
v(1)=-1.8¢*+18¢, when 0 <7< 10, 7 is measured in
seconds, and v(t) is measured in meters per second.

a. When does peak velocity occur and what is it?
(Hint: The graph of v(7) may be helpful.)

b. When does peak deceleration occur?

c. Use difference quotients to estimate peak
deceleration. Approximately what multiple of
2 ~9.81m/s* have you obtained?

26. If we ignore air resistance, a falling body will fall 167
feet in ¢ seconds.
a. How far will it fall between =2 and # =2.1?

b. What is its average velocity between ¢ = 2 and
t=2.1?

c. Estimate its instantaneous velocity at 7 = 2.

27. A student dropped a textbook from the top floor
of his dorm and it fell according to the formula

S(t)=-161"+ 87, where ¢ is the time in seconds and

S (t) is the distance in feet from the top of the building.

a. Ifthe textbook hit the ground in exactly
2.5 seconds, how high is the building?

b. What was the average speed for the trip?

¢. What was the instantancous velocity at
t =1 second?

d. What was the velocity of impact?

28-31 Approximate the area of the region between the graph of
the function and the x-axis on the given interval. Use a. n= 4 and
b. n=5. (Round your answers to four decimal places.)

28. f(x)=x"on[0,1]
29. g(x)=16x—x" on [0,4]
30. h(x) =sinx on [0,7r]
31. F(x)=e"+1on [-10,0]
32-35 Approximate the arc length of the graph of the function on

the given interval. Use a. n=4 and b. n= 5. (Round your answers to
four decimal places.)

32. f(x)
33. g(x) =x’+x on [—1,0]

=Jx on [0,1]

34. F(x)=cosx on [0,%}

35. G(x) =Inx+1on [1,2]

2.1 Technology Exercises

36-39 Use a graphing utility to graph f(x) along with three

secant lines at the indicated x-value, corresponding to the difference
quotients with A-values of 0.2, 0.1, and 0.01, respectively. Can you
come up with a possible equation for the tangent line? Use technology
to test your conjecture.

36. f(x):xz; x=2

W

X +x+1; x=-—

37. f(x

(- :
38. f(x):s1nx+cosx x=0
(x)

39. f(x 3Jx X;

40-43 Use a graphing utility to graph the given function f(x) along
f(x+0.001)—f(x)
0.001
Explain how the function values of D(X) are reflected on the graph

of ().
40. f(x) =
42. f(x) =sinx

with D(x) = in the same coordinate system.

41. f(x) =x(3—x)
43. f(x) =Inx

44-47 Use a graphing utility to find the x-values at which the graph
of f(x) does not have a tangent line. Explain.

45. f(x) = |x2 —4|
47. f(x)=(x-1)"

Use a computer algebra system to find
approximations for the areas in Exercises 2831
by using a. n = 100 and b. n = 1000. (Round your
answers to four decimal places.)

4. f(x)=—|]x-1]+1

46. f(x) = |1nx|
48-51.

52-55. Use a computer algebra system to find
approximations for the arc lengths in
Exercises 32-35 by using a. n = 100 and b. n = 1000.

(Round your answers to four decimal places.)
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118 Chapter 2 Limits and the Derivative

Again we see that, because of rounding errors and other reasons, our technology can
sometimes mislead us by giving seemingly conflicting or inaccurate feedback, and
we must be aware of this when using it.

We will stick with our guess that

£i_r)13g(x): liml—cosx —0,

x—0 X

but realize that we haven’t actually proved this at all. We will learn how to do that
after discussing limit theorems in upcoming sections.

| Y VAN I Finding a Limit

Computer algebra systems such as Mathematica provide additional tools for
determining limits, but it should always be remembered that software has limitations
and can be fooled. Mathematica contains the built-in command Limit that uses the
same mathematical facts we will learn in the next two sections to correctly evaluate
many types of limits. Its use is illustrated below. (For additional information on
Mathematica and the use of the Limit command, see Appendix A.)

(= Limit[ (Sqrt[x"2+4]-2) /x"2, x - 0]

1
Outfll= —
4

Figure 17

2.2 Exercises

1-4 Use the graph of the function to find the indicated limit (if it exists).

1. lim £ (x)

y y=f(x)
6
4
2
T
3 £1_r)13h(x)
y=h(x)
1/

4 lxl_ITllk(x)

y

A
4,,

=k

2R
2 \
1,,

oo 1 3 5
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Section 2.2 Exercises 119

5-12 Create a table of values to estimate the value of the indicated limit without graphing the function. Choose the last x-value so that it is no
more than 0.001 units from the given c-value.

2 3042 _ 0 _ :
5. lim ~ 2 6. lim*—2X *27x=27 . % 1 8. lim2Sn*
xﬁﬁx_\/z x—3 x-3 x>l x—1 x—>0 3y
_ 2 _ 2
9. lim2°0sx~1 10. lim > =% 1. lim % 12, lim YA*X
xom ] —sinx 7 x—7 o7 x—7 10 X

13-24 Use one-sided limit notation to describe the behavior of the function near its vertical asymptote(s).

13. 15. v
3
6t |y =nh(x)
i
1
4T i
1
I
24 i
I
1
‘ L >
T T T i X
-2 -1 1 234567
i i
16. _ 17. 18.
3 =p(x) B y
L r=aof o ]
U
41 /i L4 !
B 12 L2 =k
_____________ I o . ! paae U B ey
R N g 6 4 ] 2 46 N A
-6 -4 -2 2/4 ¢ 8  =m==——-- Tp o 6 -4 \-2 2 4
N s -2
i ' !
=4+ "+ -4 !
1 | :—4*
6 ! 1+-6 !
19. ¥ 20. y 21. y
107 i % 1o y=tanx
st 17 () b A
| ,// 3 _af 4 I I I I
o7 \:\ Al L S | 121 )i |
4471 “12\ | | | | |
PN \]:,,_5 ARV AR ARV ARVIG
» ’\: AN 27 | [~ | Vo 2w
L7 i AN | W[ T2 I
A x Ny -10 ! ' ! |
644 2 |2 4 6 PN ! - :
) -2+ : TN [ [
I I \\
yevlx) 4 1] 20
22. 5 23. v 24. v
A
y=cscx y=s(x) y=u(x)
] T i !
| 44 I | 4+ i ! 12
U U .|| o
______________ mmm———— e N
] ! ! ! x [ Ly sy I x
S — I e ——— ot >
2 -\ TN 6 =8 51 N8 T l6 230771 10 30
1 1 1 1 -2 : :
L 4 L -4+ ! o
I | i I "
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120 Chapter 2  Limits and the Derivative

25-36. Consider the functions given in Exercises 13-24. Find their limits at o and —oo (if they exist). When applicable, use the
horizontal asymptote(s) as a guide.

37-46 Use the graph to find the indicated one-sided limits, if they exist.

37. a. Xllglf(x) b. xllglf(x) 38. a. ll_Tg(x) b. Xh_}nllg(x)
: !
AR 2 y=g(x)
277 =
Nl / AR AW
— > —— s x
-3 2 -1 2 3 -3 2 -1 1 2 3
2+ -1
31 21
39. a. limh(x) b lim /(x) 40. a. Hl(iilgz)iF(x) b. Hl(iﬁrin(x)
y
2,,
y=F(x)
Nl BN
,N% §\
X —1+
72,,
41. a. lim G(x) b. lim G(x) 42. a. lim k(x) b. lim (x)
y y
& ( ) 54—7
T oy=Glx)  em=esl- rop
D 2 . j ]:—27 y:k(x)
3 =2 _1—2(1 2 3 —— :/ — x
4] 4 2 4
1 -2
1
43. a Xlirng(x) b. }E}?H(x) 44. a. vILI?u(x) b Xllglu(x)
y y
A
3,,
\k’ y:u(x)
17\/
—— S —
¥ -3 2 -1 1 2 3 4
-10 14
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47-58 Use limit notation to describe the unbounded behavior of the
given function as x approaches co and/or —co.

47.

49.

50.

51.

53.

5S.

57.

f(x)=x 48. g(x)=x+2.1x-1

h(x)=-x*+02x’

k(x)=-0.35x"+x+1.35

F(x)=+x+2 52. G(x)=/x+1-23
H(x)=|x+2| 54. K(x):—|x+2|—

u(x)=|x—1+]x+2| 56. v(x)=e

)
s(x)=-10"+1 58. #(x)=Inx-1

Concept Check

59-63 Determine whether the given statement is true or false. In
case of a false statement, explain or provide a counterexample.

59.

60.

61.

62.

63.

If lim f (x) does not exist, then f (x) is undefined at

x—c

X =cC.

If f(x) is undefined at x = c, then lim £ (x) does not

x—c¢

exist.

If f (x) is defined on (0,00) and y = 0 is a horizontal
asymptote for f (x), then there exists a number M > 0
such that if x > M then f(x)<1/10°.

If f (x) has a vertical asymptote at x = ¢, then either

1imf(x):oo or £i£r3f(x)=—oo.

x—c

If limf(x) does not exist, then lim f(x) * lin} f(x)

or at least one of lim £ (x) or lim f(x) does not exist.
X—C xX—c

46. a. lim w(x)

x—=0

Section 2.2 Technology Exercises 121

b. lim w(x)

x—0"

2.2 Technology Exercises

64-71 Use a graphing utility to decide whether the given limit
exists by evaluating the function at several x-values approaching the
indicated c-value. Then graph the function to confirm your findings.
Do you obtain misleading graphs when choosing small viewing

windows?
2
64. lim>_—>*+6 65. 11mx—2
=2 x=2 =3 x7 —5x+6
2
66. X =225 67. lim——!
x—>-15 x+1'5 x—1 x_l
68. lim XX 1=2 69. lim S03%
x—3 xX— 3 x—0 2X
. 1 . 1
70. lim cos— 71. lim xcos—
x—>0" X x—0" X

73.

. Evaluate the function f(x)= (1 + lj for several
x

consecutive positive integers, and try to observe a
tendency. Then use a graphing utility to graph f'(x)
in a large viewing window and try to guess 11_{1010 f (x)
Have you seen that number before?

Write a program in a graphing calculator or
computer algebra system to estimate the limit of
an input function as x approaches c. (Calculate
f(x) successively at x-values increasingly close
to ¢ and display the results.) Try your program on
Exercises 64-71.

74-81. Use the Limit command specific to your

computer algebra system to evaluate the limits
in Exercises 64—71. Are your previous results
confirmed?
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130 Chapter 2 Limits and the Derivative

2.3 Exercises

1-4 Use the graph to estimate 6 corresponding to the given e satisfying the e-6 definition of lim f(x) =L

1. y 2. y
=/ ]
* i L =)
L+epk ! i
I T . L+et U
L-ept ! L .
| [N [N
1 WO DR R ospooo 2
-0.5 05 S c.v 2 L
—14 v ¢ (
3 y 4. "
1.5+ _ 154+ :
= X
L+et 4 /(%) 1 Lte
IS B o G 0 S L
T \ | I-e
‘ el ‘ 510
T T T > X —
0.5 texl 152 y=r(x) i
TR : : h N x
-1+ -5 05 | ve o 1502
¢ ¢

5-10 Calculus students gave the following definitions for the
existence of a limit of 7 (X) at ¢. Find and correct any errors.

11-20 Find a 6 > 0 that satisfies the limit claim corresponding
toe=0.1, that is, such that 0<|x —c| <& would imply

, . |f(x)-L]<0.1.
5. “lim f (x) exists if for any € > 0 and real number
L there is a 6 > 0 such that 0<|x—L|<(5 implies 11. liiI}(Sx—l)=9 12. lxiirll(3x+1):4
|f(x)—c| <e”
. . X
13. lim(-x+2)=3 14. 11m[4——j:1
6. “lim f (x) exists and equals L if for any € > 0 ot A 2
and 6 > 0 whenever 0 < |x—c| <&, we have 15. lin&x2 =0 16. lin;i/_ =2
| (x)-L| <57 ” X ’
17. lim—=1 18. lime" =1
7. “If there is a real number L such that for an € > 0 there =l x x>0
is a 6 > 0 such that whenever |x—c| <6 andx #c, 19. lirrll lnx=0 20. lirré cosx=1

we have |f(x) —L| < ¢, we say that the limit of the
function at ¢ is L.”

21-26 Find a number N that satisfies the limit claim corresponding

8. “We say that lim f(x)= L, if forany ¢ > O thereisa 0. =0.1,thatis, such that x> N {or x< N, as appropriate) would

6> 0 such that |x—c|<6:>|f(x)—L|<E.”

imply [f(x)—L|<0.1.

liml:O

9. “We say that £1E}f(x) L, if for any £ > 0 there is a 21. lim . 22. lim T aox 1
6>OsuchthatOS|x—c|£6:|f(x)—L|£5.” 4l 2y
23, lim —=1 24. lim : =2
10. “If the real number L is such that for any € > 0 there is X TIANX T 4
a 6> 0 such that 0<|x—c|<6:>|f(x)—L|<5, we 25, lim e =0 26. limarctanx=§

say that lim £ (x)=L.”
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27-32 For the given function 7(x), find a 6> 0 corresponding to

M=100, that is, such that 0 < |x —c|< & would imply f(x)>100

(let N=-100 if the limit is —oo, in which case 0 < |x - c| < 6 should
imply f(x)<-100).

27. lim—% = oo 28. lim L=
x=0 x x—=0" x
. -1 .
29. lim > =—®© 30. limlnx=-o
x—>-1 (x+l) x—0"
31. lim tanx=o0 32. limcscx=o0
x(7/2)" x—0"

33-46 Use the -6 definition to prove the limit claim. (Hint: See
Examples 3 and 4 for guidance as you work through these exercises.)

33. 1im(2x + 3) =5 34. limx=7
x—1 x—7
. (1

35. lima=a 36. 11rr}(zx + lj =2

37. lim| L —d4x|=L 38. lim|5-2|=2
x>0\ 2 2 x29 3

39. lin11x3 =1 40. lin(}x2 =0

41. 1im1|x|=o 42. lim|x+2|=0
x—0 D x—>-2

43. limyJx—1=0 44. lim (%/§+1):1
x—l1" x—0"

45, 1im(x2 +x)=2 46. lim(3x2 —9x+5):5
x—1 x—3

47-62 Give the formal definition of the limit claim. Then use
the definition to prove the claim. (Hint: See Examples 5 and 6 for
guidance as you work through these exercises.)

! .
47. lim—> =1 48. lim % =0
X0 x X——0 x
3
49. lim—— =0 50. lim 2% _3
X—0 \/; X—>0 x
51. lim 2" =0 52. lim(e™ ~1)=-1
53. lim>—~ =0 54. lim(2arctanx) =7
X0 X X—>0
.1 .1
55. lim—=o 56. lim— =00
x—-0" x x>0 x
. -1 .
57. lim ——— =0 58. limlogx=—o0
x>l (x+1) x—0"
59. lim tanx=-o 60. limcscx =
)c~>(7r/2)4r x—0"
6L lm—— = 62 lim = o
X2 (x_z) x>2" x+2

Section 2.3 Exercises 131

63-67 Decide whether the given limit exists. Prove your conclusion.
(Hint: See Example 7 for guidance as you work through these

exercises.)
. .7 . ) 1
63. limsin— 64. lim x” cos—
x>0 X x—0" X
|
65. lim—
x—0 X

66.% lim f (x), where f(x)=

x—1

1 if xis rational
0 if xis irrational

x if x is rational

67.% £i£r(}g(x), where g(x):{o if x is irrational

68. Use ¢ and § to state what lim /'(x)# L means.

x—c

69. A piston is manufactured to fit into the cylinder of a
certain automobile engine. Suppose that the diameter
of the cylinder is 82 mm and that the cross-sectional
area of the piston is not allowed to be less than 99.89%
of that of the cylinder. If both are perfectly round, what
does this mean in terms of maximum tolerance for the
clearance between the piston and the cylinder wall?
(Be sure to identify which function and data take the
roles of f(x), ¢, e, and 6 in this problem.)

70. The tension in a stretched steel wire (in newtons, N)

. AL
is calculated by the formula F = F L—A, where
0
E =2x10" N/m? is the elastic modulus (or Young’s

modulus) of steel, AL is the elongation, L, the original
length, and A4 the cross-sectional area (in m”). Suppose
a 1-meter-long steel string of radius 1 millimeter is
stretched by 2 millimeters when tuning a musical
instrument.

a. Calculate the tension in the string caused by the
above tightening.

b. If we are not allowed to overload the string by
more than 100 N, what is the tolerance in the
amount of stretching? (Be sure to identify the
function and data taking the roles of ¢, €, and ¢ in
this problem.)

Concept Check

71-73 Determine whether the given statement is true or false. In
case of a false statement, explain or provide a counterexample.

71. If f(c)= L, then as x approaches c, lim f(x)= L.

72. If limf(x) exists and equals L, then f(c) =L

73. 1f f(x)<g(x) forallx#c, and both lim /(x) and
limg(x) exist, then lim £ (x) <lim g (x).
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132 Chapter 2  Limits and the Derivative

2.3 Technology Exercises

74-83 Use a graphing utility to estimate the given limit. By zooming
in appropriately, find é-values that correspond to e = 0.1. (Answers
will vary.)

2 — p—
74. 1imLx+6 75. 1im—“x+5\/g
x5 x—2 x>0 X
2 p— —
76. lim ~ %2> 77, Tim =L
x—3.5 X+2.5 x—0 x_l
78. lim S22~ 79. lim 23

x—=0 2x xX—>—00 [x2+1
V9x* +1 . 2x*+1.5x-7

80. lim 81. lim

X—>0 xX— 2 X—>—0 Ix4 + 1

82. lim(\/x2+3x+5—\/x2+2x+1)

X—>0

83. lim [1 + lj
X—>0 x

84-89 Use a graphing utility to locate a vertical asymptote of the
given function. Then for such an asymptote x = ¢ find an appropriate
value 6 > 0 such that |x —c| < 6 =>|f(x)| > 10. (Answers will vary,

*-7 3x+1
4. - r-r . - X
8 f(x) X +x+1 85 f(x) 2xt +x-5
x? 1
86. f(x) =In e 87. f(x) = tan(;x—i&j

88. f(x)=csc(2x+1) 89. f(x)= cot(% cos xj
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142 Chapter 2  Limits and the Derivative

We will end with one last limit theorem that will prove useful in some derivations to follow.
(See Appendix E for a proof.)

Upper Bound Theorem

If f(x)<g(x) for all x in some open interval containing ¢, except possibly at ¢
itself, and if the limits of f and g both exist at ¢, then

lim /(x) <limg(x).

2.4 Exercises

1-2 Use the graph to find the given limit. 21-44 Use algebra to evaluate the given limit.
2_
" 21, fim 30 2. lim 7
x—>6 x_6 x%—7x _49
23, 1im 2R gy g 2 20
x—3 x_3 x—>4 X _16
3_ 2_ _
). limzx 7ic 14x-5
x—5 X _25
3_
) 2 4 6 O ° 26. lim#
=20 =2x" 4+ 2x—4
1o lim[g(x)=2/(x)] b lim[e(x)/(x)] 27, I3 gy 3o
( ) x—7 x-7 x>9 x—9
: A C 11
2. a. hm[g(x)+f(x)] b. lim _
x—6 x>0~ —
" 2¢(x) 2. fim X5 V5 30. lim4+tx 4
x>0 X x—>0 X
3-20 Use appropriate limit laws to evaluate the given limit. 11
-3 14+x
: : 31. lim=—=~
3. 1&1}5 4. £1£1}5x > x_2
. . -f(2
5. lim(2x+1) 6. lim (3-4x) 32. If f(x)=x7 find lin}L;().
x— x> x—> X —
7. lim x* 8. lim(-x’ 3+h)—o(3
fim (=) 55,10 o) -2, g iy 20126

. . 5 h—0

9. 1X1£r31(2x2—x+7) 10. Xlgr_ll(3+x—5x2j i . k(2—h)—k(2)
34. If k(x)zl—x+x , find im—————~,

1. lim (20° =327 +x-4)12. lim (35" -x°) e h

x—1/2 X2 » x) - (1)
_ 35. If p(x)=x’+x, find lim )
13. linll?,x 17 14, lim x+3 (x) el oyl
=Xt ooyt —x
1 F(x)-F(%
ax " 2+ )" 36. If F(x)=—, find lim )-F()
15. lim 3 16. lim| — X xo1f2 x—1
=3 1lx—x 1| 32 +1
Jx+h—Jx . 2x*-3x-9
17. 1ir§12%/5x4—x3+3x2+2x+4 37. lhlilST 38. l‘ilalxz—
1 1
18. lim+/x*+2x*+1 ' _16 §+—
x4 39. lim——— 40. lim — X
B 4/5 2357 —5x-2 >3 x7 +27
19. lim oY oSx
: x—>-3 x3+2x2_4x . 3—\/m . 8_.x
41. lim———— 42. lim
x—2 x—2 x—>8 %/;_2

20. }i_)r{lsﬂ(x“ +2x° +xz)2
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43. lim[l+ ! ] 44. lim\/;_l

y—0 2

y oy -y
45-50 Use Iimf(X):3 and lim g(X)=—2 to find the limit.
45. 1im[2f(x)—g(x)}

im 4f(x)+3g(x)
AR T{C)

a7, tim [ ()] +10[g(x)]

46.

48. 1333([]” )17 g(x))
0. tim([ £ ()] +(v=2)(v))
50. 1im| )2 () .

= Le®)]

51-58 Use the limit laws to find the one-sided limit.

51 lim -
x—0" x| .
1 ifx>0
52. limsgnxcosx, where sgnx=4 0 if x=0
x—>0"
-1 ifx<0
x=2 . 2
53. 54. lim+1-x
2" 3x+1 xo1”
1-3x
55.

im
x>(13)7 6x+5
56. lim ([] -
Section 1.2, before Exercises 43—45.)

2x* +1
57. lim |Ix]]e 58. lim M

x—2" x>~ x+3

59-64 Use the Squeeze Theorem to prove the limit claim.

. 1 .
59. limx’sin—=0 60. 11m|x| cosx=0
x—0 X x—0
61. 1im% -9 62. lim e*sinx =0
X—>00 x X—>—00
3 eos(iy) . sin®x+1
63. limx”“e =0 64. Iim——=0
x—0" x> D4y

65. Provide a rigorous proof of the limit claim lim1=1.

x—c

(Hint: Use the fact that for the constant 1 function,
f(x) =1 for all x, so in particular, if an € > 0 is given,
—1| = |1 —1| =0, which makes the choice of §

“easy'”)

x) (See the definition of f(x)=[x] in

66.

67.

68.

69.

70.

71.

Section 2.4 Exercises 143

Provide a rigorous proof of the limit claim limx =c.

(Hint: Since f(x)=x in this problem, for a given
€ >0 we need to ensure that |f(x)—c| =|x—c|<e
as long as 0 < |x - c| < 6. This observation makes the

choice of ¢ obvious.)

Use Exercise 66 and the basic limit laws to prove the
Polynomial Substitution Law. (Hint: From Exercise 66
and a repeated application of the Product Law, it

follows that limx* = ¢*. As a next step, from the

x—c

Constant Multiple Law we can conclude that if a € R,

limax" = ac*. From the above claim, a repeated

x—c

application of the Sum Law will yield the result for a
general polynomial.)

Use Exercise 67 and the basic limit laws to prove the
Rational Function Substitution Law.

Combine the Positive Integer Power Law and
the Positive Integer Root Law to prove the
Rational Power Law. (Hint: Assuming first
that both m and n are positive, we can write

llm[f ]m/n = llm[[f ]WT = lim|:n f(x)}m

x—c x—c x—c

Now use the Positive Integer Power Law followed by
the Positive Integer Root Law to obtain that the above
limit is equal to [lim df(x)}m = [dljmf(x)}m, from
which the result fo?léws Ifmis negai[r\;e, note that

x m/n 1/ [ f - n, where —m is positive. Thus
1f we use the Quotlent Law along with the previous
argument, we obtain

lim[ f (x

x—c

J/ =lim—7r——
T

—mfn

x—c

(
-
llm[f(x J "

1

[tim £ (x)] "

x—c

from which the result follows.)

0 if xisrational

Let D(x)= {1

Does lim D (x) exist? Prove your answer.

if xis irrational’

0 if xis rational

Let F(x):{ ,

x~ if xisirrational

Does lim F(x) exist? Prove your answer.
x—0

OHAWKES LEARNING



144

Chapter 2 Limits and the Derivative

72.% Prove that if limf(x) =L and limf(x) =K, then

L =K. In words, prove that if the limit of f exists at c,
then the limit is unique.

73.* Prove that if n and m are positive integers, then

74.% Prove that if lim f (x) =0, then lim

.ox"-1 n
lim =—.
=l x" -1 m

f(x)| =0.

x—=c x—c

75.% Prove that if lim /' (x)=0 and g(x) is such that

| g(x)| < M for some number M (such functions are
called bounded), then lim[f(x)g(x)] =0.

76.* Prove that in Exercise 75, it is sufficient to require the

boundedness of g only on an interval around ¢ (except
at c itself).

77.* By finding functions f and g such that lim f (x) =0

but lim[f(x)g(x)} # 0, show that it is necessary to

impose a boundedness condition on g in Exercise 75.

78.* Give examples of f/ and g to show that a. the existence

of ljm[f(x) + g(x)] does not imply the existence
of limf(x) and b. the existence of lim[f(x)g(x)]

does not imply the existence of lim /'(x).

79. A concave spherical mirror is a part of the inside of

a sphere, silvered to form a reflective surface. The
radius  of the sphere is called the mirror’s radius of
curvature. If the size of such a mirror is small relative
to its radius of curvature, light rays parallel to its
principal axis are reflected through approximately a
single point, called focus. In the following illustration,
C denotes the center, F, is the focus, while d is the
distance between the incoming ray and the principal
axis. Note that according to the Law of Reflection, the
incoming and reflected rays make the same size angle
a with the radius CR (this radius is called normal to
the mirror surface). One way to determine the focal
length (the distance between the mirror and the focus
along the principal axis) is to find the limiting position
of F,as d > 0. Noting that the triangle aCRF), is

. o . C r
isosceles, by similarity we obtain —= =

Fd
(’”/2) Nr?—d? '
Use this observation to express CF, and then
determine the focal length of the spherical mirror by
taking the limit as d — 0.

R Incoming ray —
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0.02 1
0.01 1
0.441 0 0.443 0.444 0.445
—0.01 1
—0.02 |
NOAHM FLART AUTH GEAL RADTRH W7 n Figure 14
[ It is clear from Figure 14 that the root is located between 0.442 and 0.443, so we
have achieved the desired accuracy; the first two digits after the decimal point are
_ 1 correct. We conclude that the root is ¢ = 0.44. (Note that the above accuracy could
t actually have been achieved from carefully eyeballing the graph in Figure 13, while
I‘ the graph in Figure 14 says even more: we might guess that the root is in fact very
close to 0.4426.)
f ( x) =x*+9x-4 Note that it is also possible to estimate the root by appropriately zooming in on the
on [_2,21 by [_1 00,1 00] graph using a graphing calculator (see Figure 15).

Finally, we use the NSolve command of Mathematica to approximate the solution
of f(x)=0. The screenshot in Figure 16 shows the feedback we receive from the
software. The appearance of complex roots shows the power of the software, but we
can ignore them for now and focus on the sole real root. Mathematica approximates
it as ¢ = 0.442558.

MR FLART RUTO REAL BADTAN Hi n

= NSolve[x*5+9x-4 =0, x]

e ouri= {{x >-1.32389-1.23371},
F(x)=x"+9x—4 (x> -1.32389+1.2337i},[{x> 0.4425587,
on[0.4,0.5]by [-0.5,0.5] {x>1.10261-1.242711}, {x > 1.10261 +1.242711}}

Figure 15 Zooming In on a Root Figure 16
with a Graphing Calculator

2.5 Exercises

1-2 Find all points of continuity as well as all points of discontinuity for the given function. For any discontinuities, identify those of the three
continuity criteria that fail to hold.

1. y 2. y
T orer) y=£0)
4
h
2 '
PR R /R ;) 2 g

©HAWKES LEARNING



3. Sketch a graph of a function (a formula is not
necessary) that has a removable discontinuity
at x =—1, a jump discontinuity at x = 2, but is
right-continuous at 2. (Answers will vary.)

4. Sketch a graph of a function that has an infinite

discontinuity at x = 0 and an oscillating discontinuity
at x =5 so that it is still left-continuous at 5. (Answers

will vary.)

5-29 Find and classify the discontinuities (if any) of the function as

Section 2.5 Exercises 159
30-33 Use the =-6 definition to prove that the function is continuous.

30. f(x)=
32. F(x)=

31. g(x)=3x-2
33. G(x)=x

1

X
3

X

34-39 Use the theorems of this section to discuss the continuity of
the function.

{ x
34 F(x): XX +7x+12

removable or nonremovable. 403 1 1?
35, G(x):\/x X 2lix +9x+18
1 _ X +Xx
5 xX)=— 6 xX)=——
f( ) by g( ) x-3 36 H( ) 21n(x—3)+1
. X)=Cos ———=—"r=
7. h(x)=22 8. k(x)= =2 fx?-2x-15
x-3 x“+5x-14
2 _ _ 37. f(x)=arctan
9. u(x)zx 2 10. v(x): 2x ! ( ) 3-x?
x=2 X +2x-3
1 £ x<0 38. g(x) = ln(arcsin(wx+l))
11. w(x)_{lx2+1 150 39 h(x)zcsc(ﬂ'x+1)
2 : . x+2
s1n(7re )
12 3 %x -2 if x<4 40. Prove the alternate formulation of continuity, that is,
’ f(x) B s . the statement that a function f is continuous at the
Al ifx>4 point ¢ if and only if %iil(}f(c+h):f(c).
tanx if x<—
13. g(x)= 2 41-44 Use the alternate formulation of continuity to prove that the
. ™ function is continuous.
fx>—
cosx if x 5 2
41. =3y 42. -
- cosx if x<0 f(x)=3x-5x g(x)=cosx
) )= tanx+1 if x>0 43. h(x):tanx 44. k(x):e"
u—4
5. F(u) - Ju-2" u=0 45-50 |dentify the removable discontinuities and define the
continuous extension of the function.
s
16. G(s)=——, s=>-4
R o S
! 1-x* ' x-3
17. H(r)= 18. u(x)=cos , R
24+ I-x 46 g(x)=x —2x" —x+2
19. v(t)=lsin/| 20. K(x)=|x+2/+[x—1 x* =3x+2
' ‘ a7, h(x)=—t 48, F(x)=Y2r1=2
21. F(t):tz—l 22. G(t):t2+l Jx -1 x-3
—4 49. =2V H(x)=xcos—~
23. H(x)=|x+2] 2. k(x)= H % Gl) S0 H () =xcos
X—
25. s(x)=[x+2] 26. 1(x)=4-[x]

27. u(z)=[2*] 28. v(x)=x[x]
2. w(x):xH

OHAWKES LEARNING



160

51-54 Discuss the continuity of the function on the given closed interval.

51.

52.

53.

54.

Chapter 2 Limits and the Derivative

S(x)=+16—x* on[4,4]
T(x)ZH on [0.3]
if [+ <3
U(x)=4x*-9 if J+f < on [-3,3]
0 if [x[=3
V(x)= xzsinl if x#0 on {Ol}
a * . ,7('
0 if x=0

55-58 Find the value of a (or the values of aand b, where
applicable) such that f is continuous on the entire real line.

5S.

56.

57.

58.

59.

60.

61.

62.

0 if x<0
f(x)z ax if 0<x<1

2x+3 if x>1

x* if x<3
f(x)_{ax2 if x>3

—x* if x<1
f(x)z ax+b if 1<x<3

(x-3)"+2 if x>3

cosx if x<0
f(x)=)-(x—a)"+b if 0<x<2

l)c—2 if x>2

2

Prove that if f(x) is continuous and f(c)> 0, then
there is a 6 > 0 such that f(x) >0 for all x # ¢ in the
interval (c—6,c+6).

Prove that the Dirichlet function

£(x)=

0 if x1is rational
1 if xis irrational

is discontinuous at every real number.

Prove that the function

1=

is continuous only at the single point ¢ = 0.

if x is rational

if x is irrational

Prove that if the functions f and g are both
continuous on R and they agree on the rationals (i.e.,

f(x)=g(x) forallx €Q), then f =g.

63-68 Decide whether the Intermediate Value Theorem applies to
the given function on the indicated interval. If so, find ¢ as guaranteed
by the theorem. If not, find the reason.

63.

64.

65.

66.

67.

68.

f(x)=—x2+x+3 on [0,3]; f(c)=l

g(x): 2x* —x*~1lon [—1,2]; g(c)zO

h(x)z al

g on [0,4]; h(c)=

N | —

F(x)=2 on[0.2]: F(c)=2

x—1

G(x)=[x-2] on [-2,2]; G(c):_%
H (x) =sin 3x2+2 on {—%,WTJ} H(c):%

69-74 Use the Intermediate Value Theorem to prove that the given
equation has a solution on the indicated interval.

69.

70.

71.

72.

73.

74.

75.

76.

x*=7.5x*+12x+1=0o0n [-1,0]
2x* +x+10=0on [-2,1]

cosx=x" on [0,7]

Inx—+vx-2=0on [2,5]

5
S5 -lon [-3,-1]
cotZX_ X " on [1,3]
4 x+2 2

Suppose that the outside temperature in Columbia,
SC, on a summer morning at 7:00 a.m. is 74 °F,
and it shoots up to 98 °F by 1:00 p.m. Assuming
that temperature changes continuously, prove that
sometime between 7:00 a.m. and 1:00 p.m. the
temperature was exactly 88.35 °F.

Prove that if f is continuous and never 0 on the
interval [a,b], then either f (x) >0 for every x in
[a,b], or f(x)<O0 forevery xin [a,b].

77.* (Existence of n™ roots) Prove that if b is a positive

real number and 7 is a positive integer, then there

is a positive real number c such that ¢" = b.

(Hint: Consider the continuous function f (x) =x" on
the interval [O,b + 1] J)

78.* Prove that a circle of diameter d has a chord of length ¢

for every number ¢ between 0 and d.
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79.

Use the function

F(x)= sing if x#0
0 if x=0

to prove that the converse of the Intermediate Value
Theorem is false; in other words, a function may
possess the Intermediate Value Property without being
continuous.

80.* (Fixed Point Theorem) Prove that if the function

f: [a,b] - [a,b] is continuous, then there is a number
cin [a,b] with f(c) =c (i.e., cis “fixed,” or “not

being moved,” by ).

81.% A hermit leaves his hut at the foot of a mountain one

82.

day at 6:00 a.m. and sets out to climb all the way to
the top. He arrives at 6:00 p.m. and realizes that it is
too late to go back, so he sets up camp for the night.
At 6:00 a.m. the following day, he starts hiking back to
his hut, taking the exact same route as the day before.
This time, however, it is mostly downbhill, so he makes
much better time and arrives home at 2:00 p.m. Prove
that there is a point along the hermit’s route that he
passed at exactly the same time on both days. (Hint:
Apply the Intermediate Value Theorem or the Fixed
Point Theorem.)

For certain international calls, a phone company charges
31 cents for the first minute and 10 cents for each
additional minute or any fraction thereof. Graph the cost
as a function of time, find a formula for it, and discuss
the significance of its discontinuities. (Hint: Use the
greatest integer function to construct your answer.)

83.* If At denotes the length of the time interval between

two events as measured by an observer on a spaceship
moving at speed v, and AT is the length of the same
time interval as measured from Earth, then the formula
relating the two quantities is given by

Ao A

where c is the speed of light. This phenomenon is
called time dilation, and it follows from the theory
of relativity. In essence, it says that a clock moving
at speed v relative to an observer is perceived by the
same observer to run slower.

a. Explain why we don’t normally notice the time
dilation effect in everyday life.

b. What is the significance of the discontinuity of AT
(as a function of v)?

OHAWKES LEARNING
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Concept Check

84-88 Determine whether the given statement is true or false. In
case of a false statement, explain or provide a counterexample.

84.

8s.

86.

87.

88.

If f is both left- and right-continuous at c, then f is
continuous at c.

Any function f has an interval (a,b) on which it is
continuous.

If ¢ is a discontinuity of f, but f does not have a
vertical asymptote at ¢, then c is a removable or jump
discontinuity.

If lim f(x) =L, and f(c)=L, then f is continuous

x—c

atc.

If ¢ is a discontinuity of /. but lim f (x) exists, then ¢
X—C

is a removable or jump discontinuity.

2.5 Technology Exercises

89-94. Use a graphing utility to solve the equations given in

95-100.

Exercises 6974 to four decimal places.

Use a graphing utility to graph the functions of
Exercises 34-39 and explain how the graphs support
your discussions of continuity in the aforementioned
exercises.



170 Chapter 2  Limits and the Derivative

2.6 Exercises

1-2 Use the graph to estimate the derivative at the given points. 15-38 Use the definition (also called the /imit process) to find the
_ _ derivative function 7 of the given function f. Find all x-values (if any)
1. a. x,=-1 b. x,=1 o :
where the tangent line is horizontal.
y
5 15. f(x)=2 16. f(x)=2x
y=/(x) 2
17. f(x):4x+5 18. f(x):3—gx
3
19. f(x)=3x2 20. f(x)=4—2x2
1
1 1
; x 21. f(x):Ex2+5x—7 22. f(x):x—gx2
-1
/ Z\ 23. f(x):x3+x
2. a. x;=-2 b. x,=0 24, f(x):7+x—3)c2+x3
X _ |
4 y=8() 25. f(x)=x" 26. f(x)za
5 x-=2
2 . = 28. =
’ T I=5 =13
e R 2. f(x)=22H 30. f(x)=2
¥/ x-3 x?
2 1 2
31. = 32. =
f(x) x+1 f(x) x?=2x
3-14 Find the equation of the tangent line to the graph of f(x) at 1
the given point. 3. f(x)= V5x 3. f(x)= E
—v2_n.
3 f(x)=x-2 (22) 35 f(x)=v2x+1 36. f(x)=— =
4. f(x)=3x-2x% (-1-5) -
37. f(x)=+x"+1 38. f(x)= !
5 f(x):—x+4; (2 5) xt+1
6. f(x)=1-5x; (0,1) 39-44 Find the equation of a tangent line to the graph of the function
that is parallel to the given line.
7. f(x)=x; (2,8
( ) ( ) 39. f(x):x2+3; y—6x+1=0
8 f(x):5x—2x3, (—1 —3)
40. g(x):2x—x2; y—5=4x
9. f(x)=+x+1; (0,1) |
41. h(x):—; x+2y=3
10. f(x)=2v1-3x; (-L4) 2x
1
i r(x=L (1,2j 2. F(x)=—5 yra+T7=0
X 2
1
5 5 43. G(x)=—=; S54y+x=1
12. = I
/() 1-2x~ ( ’3) Jx
1
1 44. H(x)=———; 27y+4x-2=0
(===

1. f(x):%; (45}
2

14. f(x)zm; (3.1)
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. _f(x)=f(c) .
45-56 Use the alternate form of the definition of the derivative f'(c)= ||mc EEv— to evaluate the given slope.
45, f(x):S—%x; f’(3.6) 46. g(x):x2+1; g'(—l) 47. h(x):(x+2)2; h’(3)
. F(t):%; F(2) 49, G(x):52 . @(7) 50. k(1)=+its: K(11)
- -X
r{_ — 1 . ! — 1 .
51. u(x)—2 1—x; u( 3) 52. v(x)—x2+l, v(O) 53. w(s)— — W’(S)
54. F(t)=r-r, F'(1) 55. G(s)=s" G'(-2) 56. H(x)= 22 ; H'(0)
x"+1

57-60 Match the graph of f with the graph of its derivative 7' (labeled A-D).

57. 58. y
A
f 4
t X
2 4
59. 60.
y
4
81 7
4 ' /
t t t > X
) % N\ ¢
&
A. y B
[
A
2 4
t t > X
-2 1 2 4
C D. ¥
A
8,,
T .
f f > X
X -2 4 : 2 4

OHAWKES LEARNING

171



172 Chapter 2  Limits and the Derivative

75. Arock is thrown upward from the edge of a 150 ft
high cliff with an initial velocity of 48 ft/s.

61-65 Sketch the graph of a function 7 possessing the given
characteristics. (A formula is useful, but not necessary.)

61. f(O):l, f'(O)zO, f'(x)<0forx<0,
f'(x)>0for x>0
62. f(l)zO, f’(l):O, f'(x)ZO on the entire real line

63. f(x)>0 on the entire real line, f"(x)<0 on the
entire real line

64. f(1)=1, f'(1)=-1, /" is nonzero on the entire real
line

65. f(l) =5, f’(x) =5 on the entire real line

66. Prove thatif f (x) = ¢ (a constant function), then

f ’(x) =0.
67. Use the definition of the derivative to prove that if

f(x):x, then f’(x)zl.

76.

a. Calculate the velocity and speed of the rock when it
is exactly 32 ft above the person’s hand.

b. How high does it go and when does it reach the
bottom of the cliff?

¢. What is the velocity of impact?

(Hint: Use /(t)=—161> +48¢+150 as the position
function, where % is in feet, ¢ in seconds. Ignore air
resistance.)

A package is dropped from a small airplane

122.5 meters above Earth. If we ignore air resistance,
how much time does the package need to reach the
ground and what is the speed of impact? (Hint: The
position function is h(t) =—4.9¢* +122.5 meters,
where ¢ is measured in seconds.)

68. Generalize Exercise 67 to prove that if f(x) isa 77. The fol}owmg gra.ph is a position function ofa
linear function, then /" (x) s constant. student’s t.:ar relative to her home as she drov§ to class
one morning. From the graph, recreate a possible story
69.* Use the definition of the derivative to prove that if of her trip, mentioning distance, velocity, speed, and so
f(x)=x" for a positive integer n, then f'(x)=nx"". forth.
70.* Recall from Section 1.1 that a function f is even Distance
if f(—x) = f(x) and odd if f(—x) = —f(x)
throughout its domain. Prove that the derivative of an
even function is odd and, vice versa, an odd function
has an even derivative.
71.* Find the equation of the line tangent to the graph of
f(x)=1/x at the point (c,f(c)). Prove that the area
of the triangle bounded by the tangent line and the
coordinate axes is the same for all ¢ # 0. 0 Time
72. The position function of a moving particle is given by 78. A manufacturer has determined that the revenue

p (t) =1 —3¢+1 feet at ¢ seconds. Find all points in

time where the particle’s speed is 1 ft/s. When does it

come to a momentary stop?

73. Repeat Exercise 72 with the position function
p(t)=1r-*+51.

74. A baseball is hit vertically upward with an initial speed
of 80 ft/s. When does it slow down to 32 ft/s? How

high does it go and how long is it aloft? (Hint: Use
the position function h(t) =-16¢> +80¢. Ignore air
resistance.)

from the sale of x cell phones is given by
R(x)=94x-0.03x> dollars. The cost of producing
x telephones is C(x)=10,800+34x dollars.

a. Find the profit function P(x) and any break-even
points.

b. Find P(200), P(400), and P(600).
¢. Find the marginal profit function P'(x).
d. Find P'(200), P'(400), and P'(600).
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79.

80.

The owner of a leather retailer has determined 81.
that he can sell x attaché cases if the price is
p=D(x)=46+0.25x dollars (D(x) is often called

the demand function). The total cost for these cases is

C(x) =0.15x> + 6x+190 dollars.

a. Find the profit function P(x). (Hint: Find the
revenue function R (x) first.) 2 . 6

Section 2.6 Technology Exercises 173

The average manufacturing cost function for a
product is given by C(x)=20x""+3. Determine the
cost function and the marginal cost function for the
product. (Hint: See Exercise 80.)

Technology Exercises

b. Find any break-even points.

c. Find P(25), P(30), and P(40).

d. Find the marginal profit function P'(x).

e. Find P'(25), P'(30), and P'(40).

The average cost C(x) of manufacturing x units of a

certain product is C(x)/x, where C(x) is the total
cost function.

a. Find the average cost function if

C(x)=30+2x+0.003x°.

b. What is the rate of change of average cost?

c. What value of x results in a minimum average
cost? (Hint: Use the fact that when average cost is
a minimum, its rate of change is 0. Alternatively,
use technology to graph C(x) for x > 0 and zoom
in on the lowest point.)

OHAWKES LEARNING

82-105. Referring back to the functions given in

Exercises 15-38, use a graphing utility to sketch
the graph of f along with that of f’ in the same
viewing window. Compare the graphs and describe
their relationship.
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3.1 Exercises

1-12 Find the derivative of the given function at the specified point and express your answer using the differential notation due to Leibniz.

1 1

1. f(x)=7; x=1 2. g(x)=5x—5; x=-1 3. h(x)=5x2—5; x=0

4. F(t)=—t+21% 1= 5 G(s):%f—s, s=-3 6. H()=—1"+1* 1==2
5 2t-3 1

T K(z)=q s E= 8. T(1)="—7; t=5-1 9. w(z)=—5 z=12

10. A():JE, t=0 1 Q(y)_L y=1 12. B(u):\/u2+l; u=-22

13-24 Find the derivative of the function and use the differentiation operator D, to express your answer.

3. f(x)=r’ 14. g(x)zl—%x 15, h(r)= 3¢ +100-1
16, F(s)=4-s+o5+5° 17. G(y)=— 18, H(r)=""2
2 3y t+3
19. S(z):_—3 20. T(u)= A 21. R(v)=+2v-3
z? u® —3u

2 23 X(y):2y4 24 u(x—

22. - ) , 2
/) Jr+2 ) 2% +1

25-33 Find the first, second, and third derivatives of the function. Then graph the function along with its derivatives in the same coordinate
system and compare the graphs. (Hint: See Example 4.)

25. f(x):%x—l 26. g(x)=x’+5 27. h(x):—%x2+x—%
28. U(x)=-x’ 29. V(x):é(x—2)3 30. F(r)=t*-1
3. G(x)=2(x-1)" 32, H(x)=— 33. K(s):_—zl

X S —

34-37 The graphs of the position, velocity, acceleration, and jerk of a moving particle are given. Decide which one is which, label them
accordingly, and explain.

34. y 35. y

=
N
2

|
—
(%)
|
—_
<
w
~
=
|
|-
=
=]
R ——
—_
o 4
[2¢)
~
09 A

36. 37.
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38-43 Use the given graph of the function to find all x-values where the function is differentiable.

38.

41.

44-58 Find all points where the function is not differentiable. For

each of those points, find the one-sided derivatives (if they exist).

44.

46.

48.

50.

52.

54.

5s.

56.

57.

58.

f(x)=|x+5| 45.
h(x)=(x-1)" 47.
H(x)=+18-x 49.
G(x)= = i9 51.
A(t)=[r-4] 53.

ltcosl if 120
F(r)=12 ¢
0 if t=0
JzsinZ if z>0
H(z): z
if z=0
1 if x<1
if x>1
2x+2 if x<-2
x> if x>-2
1
— if <1
S(r)=11
t ift>1

39. 40.
y y
‘ T v=niy)
2 y=gl(x 4T y=
1 k) \\/
— — —t>x P
2 -1 y 4 s
— 7 a
t t t t t > X
-2 -1 1 2 3 4
14
42. y 43. y
N A
0+
3+ 1
0.2
\k* y:v(x) /\M{\ /
1+ |
| \ o0l v
T T T A X i
-2 -1 1 2 3 4 04l
,1,,
59. Prove that the function
2 . l .
— if 0
g (x)=|x+2~[x—4] f)=1"
0 if x=0

F(x):m+2
k()

3—x?

:|x2—6x+5|

B(x)zx—[[x]]

60.

61.

62.

is differentiable at 0. Contrast this result with
Example 5.

The position function of a car crashing head-on at

62 mph during a crash test is x(¢)=—196:>+27.78t,
where x is measured in meters and ¢ in seconds. Find
the deceleration of the dummy inside the car. What
multiple of g is this (where g is the gravity constant)?

The position from its starting point of a small plane
preparing for takeoff is given by x(¢)=1.1> meters
(¢ is measured in seconds).

a. What is the acceleration of the plane?

b. How long does it take for the plane to reach the
minimum takeoff speed of 33 m/s?

c. What is the minimum required runway length for
this type of plane?

The position function of a theme park thrill ride
moving along a straight line is x(t) =27 4107 ft

(0 <t <3, tis measured in seconds). Find the velocity,
acceleration, and jerk. How far from starting position
are the cars at the end of the 3-second time interval?
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63. The symmetric derivative of a function 1 at a point ¢
is defined as
f(c+h)—f(c—h)

f’sym (C)ZI;IIE)T(} 2h N

a. Prove that if f is differentiable at ¢, then its
symmetric derivative exists and f” (c) =f '(c).

b. Give an example of a function g and a point ¢ such
that g' (c) exists, but g is not differentiable at c.

64. Sketch the graph of f(x)=-x+2x and its
derivative on the interval [0,2] in the same coordinate
system. Where (on which interval) is " positive?
Where is f” negative? Identify those intervals
where f'is increasing versus decreasing. Do you see a
connection? Can you give an intuitive reason for your
findings?

65. Repeat Exercise 64 for the function g (x)=1/x".
Sketch both g and g’ on their entire domains and
summarize your observations. Can you formulate a
general conjecture?

Concept Check

66-69 Determine whether the given statement is true or false. In
case of a false statement, explain or provide a counterexample.

66. If 1 is continuous at ¢, then f is differentiable at c.
67. If f is differentiable at ¢, then f is continuous at c.
68. If f is differentiable at ¢, then

() = fim L E=A%) = (€)
AU

69. If both one-sided derivatives of f at ¢ exist, then f is
differentiable at c.

Section 3.1 197

3.1 Technology Exercises

Technology Exercises

70-75 Use a graphing utility to graph the given function along with
its derivative in the same viewing window and answer the questions
of Exercise 64. (Hint: Use the differentiation capabilities of your
technology to find f' first.)

70. f(x):§x3—5x2—l 71. f(x)=x2_4

72. f(x):x2x+l 73. f(x)=—cosx
74, f(x)=sin’x 75. f(x)=e/t"

76-79 Use a graphing utility to find the first four derivatives of 7; then
graph them along with f in the same viewing window and compare the
graphs.

76. f(x)==x°—2x*=5x°+7
77. f(x)=arctanx

78 f(x)=x2_x3

79. f(x)=xsin(%x—1j

80-83 Use a graphing utility to graph the function and identify all
points where the function is not differentiable. Explain.

80. G(x) = (x2 —4)2/5

23

81. H(r)=|2t—]|
82. P(x) :{

83. L(r)=Jf|sin-

arctanx if x<0

x¥? it x>0
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3.2 Exercises

1-12 Use the appropriate rules from this section to find the
derivative of the given function.

1 f(x)=5-2x 2. g(x)=Fx+2
3. h(x)=3420-3¢

4. F(x)=x3—2x2+%x—77

5. G(x)=%x4+2x3—x2+3.2x+\/§

6. k(x):x]]—0.2x1°+§x3+7r

7. H(x)=x"+2x° - 2x*

(1)=1"" =267 + 71" +et
(

)
)

*®
=

4z° -3Jz +11.2

3L_ﬁs+@

N

9. §

z

10. O(s)

11. T(r) =7’ +2e" +7°

12. N(t)=e" +’ti+pt

13-20 Use the Product Rule to find the indicated derivative. Then
find the answer without the use of the Product Rule, by multiplying
first, and compare your answers.

13. %[(x+2)(3x+5)]

14. %[(3x+7)(x2+2xﬂ

15. %[(x2—6)(2x2+5x)]

16. %[(2)& +307)(4x° —2x+5)}
o o]
18. %[(e*w)(ez-s)}

19. %[(3&\/?)(4\5—5)}
 forpeo
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21-32 Use the Reciprocal Rule or Quotient Rule to determine the
derivative of the function.

1 1

21. f(x)zl_zx 22. g(x)zm

2
23. h =
3 h(x) 2x% —5x* +3x+1

e
24, F(x):ex_\/;
2x+1 3x—4

2 . = 2 . =
> G(x) x—5 6 k(x) 2x*+5

x®=3x? 6\/;
27. H(X)Zm 28. A(x)—

3x-4
u’ 4t
29. B(u)= 30. =
() Ju +1 /(1) 1P +3
3— 1+2¢*
31. g(t):4_5\t/; 32, w(s)=—

T3¢’ +5

33-38 Differentiate the quotient by simplifying it algebraically first.

2 6 2
33 f(x):30x5—10x 14, g(x):1+5x+x
X
V2 g 32 52 .72
35, h(x):3x 5x x—ilr/27x 9x
2(\/5)3+3J§
36 F(x): 5
o+ (Vx)
£_§+1 _L
_Xx X _ e’
37. G(x)= T3 38. H(x)= =
x x2

39-61 Using the rules of this section, differentiate the given
function.

39. f()=1"(4r+3) 40 g(x)=x2(x/§+%)
ne h(s):(5+§J(52+%j

1 2
42. F(x)=—+2
(x)=—+=
301
43. G(x)=3x"+2x"> 44, k(s)=s| Z+—
() =35+ 2x (s) S[fs_lj
xiz—s
46. K(x)=
6 (x) x+2

45. H(t)=+t(9-1*)
4

47. w(z)= 2[2 +

4—&j
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48. L(T)=T"(2-477) 72-75 Find a formula for the k" derivative of the function. (Hint:
e b Calculate the first few derivatives and try to recognize an emerging
—a a
49, r(x):Ha2 50. Q(t):ct+d pattern.)
. , 1
51 F(x)=e*(2+4x) 52 E(s)= 2 se 72 f(x)=x 73 g(x)=—
e —s
74. h(x)=xe" 75.% g(x)=x"e"
53. C(x)=—2 54. D(x)=— ()= a(x)=x'e
a X
at X+ 76. If f(1)=2, f'(1)=1, g(1)=-1, and g'(1)=3, find
352 the following function values.
55. G(s)==—— ,
2e’ +s a. (f—g) (1)
56. S(1)=(4-r)(2-¢) b (%) (1)
57. L(y):(y4—3y3)(y2—2y5) f !
c. [—J (1)
58. h(z)=—1" g
ae” +z
4 77. 1f f(3)=-1, f'(3)=5, g(3)=1, and g'(3)=-2,
59. H (S )= b+ e find the following function values.
60. T(x)z(x+2)(2x2—x)(x3+5) a. (2f+5g),(3)
61. L(z):t(ze’+ﬁ)(;—lj b. (4%2) (3)
c. [ZL] (3)
62-67 Find the first, second, and third derivatives of the function. &
62. f(x):2x+5 63. g(x):i 78-82 Find the equation of the line tangent to the graph of the
x+1 function at the given point.
64. h(x)=3x -
78, f(x)=2"2; (1,2)
65. F(x):2—x+5xz—7rx3 X
8
6. V(z)=222+= 61 W(1)=3"+3¢ 79. wx)=—— (21)
z
(This curve is called the witch of Agnesi.)
68-71 Find a function f that satisfies the given conditions. )
(Hint: A polynomial is the most natural choice. Answers will vary.) 80. g(x)= e E (1,1)
68. 1(0)=2, /'(0)=1, and f"(0)=—1. 2e"

81. h(x)=—=; (1,2¢)
69. f(0)=0 and f has horizontal tangent lines at x = 2 x

and x = -2. 82. k(x)= 2x =5 1,z
2+x 3

70. f(0)=1, y=x+ 1.51s tangent to the graph atx = 1, and
( ) ) (This curve is called a serpentine.)
y=5.5—x s tangent to the graph at x = 3.

) ) 83. Find the equation of the normal line to the graph
71. f(1)=5, f'(1)=8, f has a horizontal tangent line at X
” of the function s(x)=—
x=-1,and f (x)=6. x°+9
(We call a line normal to the graph at a point if it is
perpendicular to the line tangent to the graph at the
same point.)

at the point (0,0).

84. Repeat Exercise 83 for the graph of the function

e
h(x): s at (0,%).
©HAWKES LEARNING




85-96 Find all x-values where the graph of the function has a
horizontal tangent line, or prove that the graph has no horizontal
tangent line.

8S. f(x):x2 —2x

86. g(x)sz3 -3x* —12x+1

87. h(x)=x—22 88. F(x):x22+1
8. G(x)=2e'=2 90 k(x)=x-a
91. H(x)zle_a 92. f(x)=+x+5
93. g(x):xzxis 94. F(x)zzfcz_1

95. P(x) =2x>+3x?+3x-5
96. Q(x) =e' —x

97. The line y = 8x + b is tangent to the graph of
f(x) =ax’ atx=2. Find the values of @ and b.

98. Repeat Exercise 97 with the line y = —2x + b that is
tangent to the graph of g(x)=-x*+ax atx=2.
L
(x + 1)2
intersect at x = 0 in such a way that their respective

tangent lines are perpendicular at their point of
intersection.

99. Show that the graphs of y=e¢*? and y =

100-103 Find the equation(s) of the line(s) tangent to the graph of
f and passing through the indicated point, which does not lie on the
graph of £. (Hint: If the point of tangency is (x,f(x)), then the slope

of the tangent line going through (a,b) is f’(x):—f(:z;b,)

100. f(x)=x% (0,-1) 10L f(x)=e"; (0,0)

102, f(x)=vx: (-2.0) 103 f(x)=—: (~10)

X

104-107 Assuming that f and g are differentiable functions,
differentiate the given expression.

104. /() 10s. &)
x g(x)
106. e'g(x) 107. gf ((;))f;
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108. Use the definition of the derivative to prove
the Constant Multiple Rule. (Hint: For a given
constant k, start out by using the definition

%[kf(xﬂ:ﬁ%kf(x+h})l—kf(x)

through” the limit sign.)

, and let k “pass

109. Use the Product Rule and mathematical induction
to provide a third proof of the Positive Integer
Power Rule. (Hint: The base case of n = 1 should be
obvious. After setting up the induction hypothesis of
(x" =nx"", find the derivative of x"*' by treating it
as x"" =x-x" and use the Product Rule along with the
induction hypothesis.)

110. Use the Product Rule to arrive at a rule for
d
A 1(x)e ()]

111. Use the Product Rule to arrive at a formula for

i[f(x)]z , and then use Exercise 110 to find the

formula for %[ f (x)]3 . Do you recognize a pattern?

112. Use mathematical induction to prove the Generalized
Positive Integer Power Rule:

d

@] =l @] ().

(The hint provided in Exercise 109 might prove
helpful, but you will need to appropriately modify your
induction hypothesis.)

113. Use the Sum Rule and mathematical induction
to prove that any finite sum of functions
£ (x)+ fo(x)+-+-+ £, (x) can be differentiated
termwise, that is,

(/)4 o ()4t £, ()] = £ () + £l () + 1) (%)

In particular, polynomials can be differentiated
termwise. (Look at the hint provided in Exercise 109.)

114. Use Exercise 113 and the results of this section to
prove that the derivative of a polynomial is always
another polynomial.

115. A Formula One race car was moving in a parabolic
curve with equation y = Jx when it hit an oil patch
and the driver lost control at the point (4,2). The car
left the track along the tangent line at the same point.
Where did he hit the tire wall if the equation of the tire
wall was y = 4? (Fortunately, there were no injuries.)
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116.

117.

118.

119.

120.

Chapter 3 Differentiation

The position function of a golf ball rolling on an
incline is given by d(r)=2¢>+3t, where d is
measured in meters, ¢ in seconds. Find the ball’s
velocity and acceleration at # = 4 seconds.

The velocity function of a moving particle is given
by v(1)= llt() ft/s. Find its acceleration at a. ¢ = 2
t+

seconds and b. ¢ = 10 seconds.

The position function of a moving object is given by
p(t)=2" -6t ft. Find its position and acceleration at
the instant when its velocity changes directions.

The position function of an object dropped by an
astronaut on the moon is A(7)=-0.81#> +1.5, where
h is measured in meters, ¢ in seconds. What is the
acceleration due to gravity on the moon? How long
does it take for the above object to reach the ground
and what is the speed of impact?

The radius of a spherical balloon being inflated
increases according to the function r(¢)=2+ sit,
where 7 is measured in centimeters and ¢ in seconds.
Find the rate of change of the balloon’s volume and
surface area with respect to time at ¢ = 8 seconds.

Concept Check

121-129 Determine whether the given statement is true or false. In
case of a false statement, explain or provide a counterexample.

121.

122.

123.

124.

125.

126.

127.

128.

129.

Ify = 7x", then y' = nmx"".
Ify=7", then y' =nr"".

If y=m/x", then y'= w/(nx”’l).
Ify=¢, then y'=xe*".

Ify = me', then y' =me”.

If p is a fifth-degree polynomial, then its sixth
derivative is 0.

d

f(x 7f(x)

If F(x): gEx;’ then %F(X) deT(x).
dx

The jerk of a free-falling object is 0.

If a polynomial p(x) has degree n, then its derivative
has degree n — 1.

3.2 Technology Exercises

130-135.

136-140.

Use the differentiation capabilities of a graphing
utility to check your answers for Exercises 62—67,
and then graph each function along with its
derivatives in the same viewing window.

Referring back to Exercises 7882, verify your
answers by using a graphing utility to graph each
function and its indicated tangent line in the same
viewing window.
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3.3 Exercises

1-12 Use the results of this section to find the indicated limit.

11.

13-30 Differentiate the given function.
13.
14.
15.
16.
17.
19.

20.

21.

23.

25.

26.

27.
29.

31-36 Find all points where the function has a horizontal tangent

line.

31, f(x) :%x+sinx 32.

. sin3x
lim 2.
x=0  2x

. sin7x
lim 4.
x—0 X

. cosSx—1
lim—— 6.
x—0 2x

. X+tanx
lim——— 8.
x>0 §inx

. sin (sin x)
lim———~ 10.
=0 sinx

. 2t+3tant
lim——— 12.
-0 sint

f(x)=2sinx—5cosx
g(x)=3x"+2tanx
h(x)=xcosx
F(x)=2.5x(1-cotx)
G(x)= 2Jx secx 18.
L(x)=-3e"(cscx+cotx)
f(x)=2cos2x—2cosx
g(x)=cot’x 22.
F()= 1";’20” 24,
e’ +sinz
R(z)= & 5M=z
()=
2\/;—secw
N(w)= YW —seew
(W) N
—— —sinx
B(x)=S1X__— 28
cosx
T(s):sze“' cots 30.

. X

—Sin —
lim
x>0 5x

. tandx
lim

x—0 5 X

cosx—1

lim —

=0 sinx

cscF—cot3
Bescf

im tan(az)

a—0 o

lim

B—0

lim

00 02

k(x) =mxsinx+mx

tan x
h
(v)="2
W(x): l+c9sx
1+sinx

G(y)=ycotycscy

O

tsintcost

g(x):x+sin2x
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33.

3s.

Section 3.3 Exercises

h(x)=sec’ x 34. T(s)=tans—s

1—sint

K(u)=tanu+cotu 36. F(r)=

1—cost

229

37-40 Find all x-values where the tangent line to the graph of the
function is parallel to the given line.

37.

38.

39.

40.

3
y-x==

/ 2

(x)=s1nx+—,
g(x) cotx; y+2x=m

X
——tanx

Q

(x x+y=5
(

)=
x)=sinxcosx;

T

2x+2y=7

41-44 Find the equation of the tangent line to the graph of the
given function at the indicated point.

41.

42.

43.

44.

45.

f(x)=2xcosx; (0,0)
g(x)=tanx—secx; (0,-1)

h(x)=2cscx—sinx; (%,1)

cotx T 4
K= (7]
Let us assume that for some function f, we have
£(0)=1and f'(0)=2. Let F(x)=f(x)tanx,
G(x)=f(x)/cosx, and H(x)= f(x)sinxcosx.
Find F'(0), G'(0), and H'(0).

46-48 \Verify the trigonometric identity by differentiating both sides
of the equation. (Hint: If '(x)=g’(x), it doesn’t necessarily
follow that £(x)=g(x). In general, we can only conclude that
f(x)=g(x)+c for some constant c)

46.

47.

48.

tanxcotx =1

(1—c050)(1+c0s9) =sin’ 0
1
1—cosx

=2csc’x

1+cosx

49-52 Find f'(x), f"(x), and f"(x). Observing a pattern, find a
formula for f(”)(x).

49.

51.

f(x)=sinx
f(x) =e'sinx

50. f(x)=cosx

52. f(x)=e"cosx
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53.

Chapter 3 Differentiation

Provide a second proof of the limit statement
Linoq(cosﬂ ~1)/6 =0 by multiplying both the

numerator and denominator by cosf + 1 to obtain

. cosf—1 . cos’f-1
lim =lim .
10 §(cosf +1)

0—0 0

Then by the Pythagorean identity sin’x + cos’x = 1,
you obtain

cos’f-1 —sin? 6

9§%0(cos€+l) ~ 0% 9(0050+1)

54.

55.

56.

57.

58.

59.

__sinf(-sinf)  sing .
=lim =1lim lim .
50 f(cosf+1) >0 0 -0cosf+1

—sinf

Conclude the argument by using the first limit
statement in the lemma at the beginning of this section.

Prove that %(cos x) =—sinx by mimicking
the proof of the theorem “Derivative of Sine.”

(Hint: You will need the angle sum identity
cos(u+v)=cosucosv—sinusinv.)

Provide an alternative proof of the fact that

di(sin x)=cosx by using the identity
e

xX+c

2
. . . . . sinx—sin
(Hint: Rewrite the difference quotient SO s

x—-c x+c
cos
2

. . . X—cC
sinx —sinc = 2sin

CcoS

x—c
2sin

. Let ¢ = x, and use the lemma from
x—c

the beginning of this section.)

Use the definition of the derivative and the lemma
from the beginning of this section to show that

(sin 3x)' =3cos3x. Generalize to obtain that if k£ € R,
(sin(kx))’ =k cos(kx).
Repeat Exercise 56 with f(x) = cos(lcx).

Find a constant a such that the graphs of
f(x)=asinx and g(x)=acosx intersect at right
angles, that is, their respective tangent lines are
perpendicular at their point(s) of intersection.

Prove the remaining two cases of the theorem
“Derivatives of Tangent, Cotangent, Secant, and
Cosecant,” namely, the statements

i(cotx):—csczx and i(secx):secxtanx.
dx dx

(Hint: Mimic the proof presented in the text, using the
derivatives of sine and cosine along with appropriate
differentiation rules.)

60.

61.

62.

The cross-section of an ice cream cone is an isosceles
triangle, with the angular opening at the bottom being 2¢
(radians). Assuming that the ice cream sits on top of the
cone in the shape of a perfect hemisphere, let V; = volume
of the ice cream, ¥, = volume of the cone. Express both of

. N
these volumes in terms of ¢, and then compute lim 71
1—0"

An object is tied to the top of an inclined surface of
variable angle of elevation so that the rope is parallel
to the surface. The tension in the rope is given by

F = mg(sinx — [ cos x), where m is the mass of the
object, g is the gravity constant, and p is the coefficient
of friction (assume all units are metric units).

F

X

a. What is the rate of change of F" with respect to x?

b. For what x-value (if any) is this rate of change
equal to 0?

Suppose an object oscillating in fluid obeys the
position function y =10e™** cos(277), where y is the
distance from equilibrium, measured in centimeters
with upward displacement considered positive, and ¢
is measured in seconds. Such motion is called damped
harmonic motion. Can you see why?

a. Find the position, velocity, and acceleration at
t=3.5 seconds.

b. What is the maximum displacement of the object
and when does it occur?

(Hint: Use the definition of the derivative to find the
derivatives of e ** and cos(27¢). You may also want
to review Exercise 57 for the latter.)
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63.

64.

A 15 ft ladder is leaning against a wall, making an
angle of § with the horizontal, when it starts sliding. If
x denotes the distance of the bottom of the ladder from
the wall, find the rate of change of x with respect to 3
when 3=m/6 (or 30°). Interpret the result.

15 ft

A man is pulling his child on a sled at a constant

rate, via a rope that makes an angle of o with the
horizontal. Since there is no acceleration, the pulling
force satisfies the equation F cosar = pu(mg — Fsina),
where p is the coefficient of friction, m is the total
mass of the sled and child, and g is the gravity
constant.

a. Express F as a function of .
b. Find the rate of change of " with respect to .
c. What is the above rate when o = 60°?

d. When (if ever) is this rate of change 0?

OHAWKES LEARNING
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3.3 Technology Exercises

65-70 Use a graphing utility to find the derivative of f(x). Then
graph f along with its derivative on the same screen. By zooming in,
if necessary, find at least two x-values where the graph of f has a
horizontal tangent line. What can you say about 7’ at such points?
(Answers will vary.)

65.

67.

69.

70.

71.

X 1—secx
= 66. =
f(x) 14+ cosx f(x) 1+secx
cscx sin x
= 68. =
f(x) X f(x) cosx+tanx
f(x) = cosx(cotx + tanx)

cotx
S(x)= o —
secx+xcosx
Find the maximum velocity and acceleration values

in Exercise 62 by using a graphing utility to graph the
velocity and acceleration functions of the oscillating
object.
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3.4 Exercises

1-9 Identify f(x) and u=g(x) such that 32. QO(x)=2tan(sinx) 33. P(x)=xtan’x
F(x):f(u)zf(g(x)). Also find h(x) wherever 34. w(x)=cot(x") 35. U(z)="5sec’z
F(x)=f(g(h(x))). Answeers wil vry) 36. R(x)=xsinx 37. C(x)=sin’(tanx)
L F(x)=(3x-25)" 2 F(x)=2(x-5+7) 34 U(V):CSC(covsvj 39, V(x)=e
3. F(x)=23x"-9 4. F(x):ﬁ 40. R(0)=e""
5 F(x)=smx21+1 6. F(x)=3cos(ta;x) 41, w(x)=siny2xr T +e e
7. F(x)=csc(3e") 8. F(x):sec(ez%) 42. ’(x):mf 43. f(x)=m2"
o Py 44. u(x)=2" - 45. 1(s)=tan(2")
In(x*+1) 46. u(x)=c (2) 47. E(x)=5
10-60 Find the derivative of the given function. 48. K(x)=3+3" 49, N(x)=cos’ ec"s(xz))
10. f(x)=(22"+x) 50. u(r)=tan’(F+3') 51 C(x)=cos’(x?)
1. g(¥)= (’CS—7T?€2+7~5)11 52. F(x)=5" 53. 1(s)=Jcos(10°)
12. h(x)= (x +50 —ex) 54. G(1)=sec™(5')  55. H(s)=sin(2*)tan(2*)
13. F(x —3(5+2\/§)7 56. w(s)=sin(tan(2)) 57. T(z)=sin(e)+e™

(x)=
14. G(x):(2x —3x+1) 58.% q(x)zsin(cos(tan(cotx)))

59.% U (0)=0+ tan(0+ tan (6 + tanﬁ))

60.% v(x)= (1+(2 +(3 +4x)5)6j7

61-68 Find an equation for the tangent line to the graph of the given

1. =

b

(x)=-5(x"-2x* +10.5x)
16. f(x)=v2—4x

17. g(x)z x*—5x+2

21 13
18. h(x) - (4x+ 5) (3x_7) function at the specified point.
2/3 5/4
19. q(X)IZ(x3—5)C) (X+3) 61. f(x)— /2x +1 (2,3)
1 1
2. (=7 21 k(E) =155 62. g(x)=(x+3x+4)"; (L4)
10
22 ()=Gx;3j 23 S(v)=(22v+;) @ glx)=cos(tanx); (01)
- / "o / 64. S(x)=sin(x?)+sin’x; (0,0)
3y2_1 " Sz_l e cosx
= = 1
24. G(y) (2+4y] 25 T(S) sT+1 65. M(x):e ; (77,—]
, X emn
26. G(x) ), H(x)=Y¥ =2 o
. xX)=—-—2- . x)= 66. =10""; (1,10
(1 + 2x)3 (xz 4 2)2 a(x) ( )
3x+1
1 f 67. h(x): ; (1,2)
28. = 29. = 2
8. R(x) = 9. B(r) e x*+3
575 68. u(x)=ﬂ'”m; (0,7‘(‘)
. = 1. =i
30. K(s) ol 31. #(x)=sin(cosx)
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69-76 Find all x-values where the line tangent to the given curve is
horizontal.

69.

70.

71.

73.

75.

f(x) = (x2 —8x+15)100

2x+3
d0)=55
h(x): x*+1 72. T(x):tan'ox

74. t(x)=cos(cosx)

cos?x

76. q(x) =

77-84 Determine the second derivative of the function.

77.
79.
81.
83.
84.

85.

86.

87.

88.

89.

90.

91.

92.

93.* A spherical balloon is being inflated so that its radius is

78. r(t)=Nr+5

80. c(x) =™

p(x) = (x2 +5)20
g(x)=5cos’x
F(1)= tsin(tz)

G(x) =sin’ x+cos’ x
U(s)= sec+/s

Suppose that f(1)=1, f'(1)=-2, g(1)=1,
and g'(1)=5. If F(x ) (fog)(x) and

G(x)=(g+/)(x). find F'(1)+G/(1).

Let P(x)=x(x+1)(x+2)~--(x+10). If
F(x)=(PoP)(x), find the value of F'(0).

82. d(x)=

Find a formula for the n™ derivative of
f(x)=cos(kx), k €R. (Hint: Use the Chain Rule
and recognize a pattern.)

Repeat Exercise 87 for the function g(x) =2~

Use the Chain Rule to prove that the function
f(x)=sin(1/x*) is differentiable for x # 0.

Use the Chain Rule to construct a second proof of
the Quotient Rule. (Hint: Rewrite f(x)/g(x) as

-1
S [g(x)] )

Use the Chain Rule to prove that the derivative of an
even function is odd and vice versa.

Find all points where the line tangent to the graph of
y=3/cosx is horizontal, as well as those where it is
vertical.

increasing at a rate of dr/dt =0.1in./s. Find the rate at
which the volume of the balloon is increasing when its
radius is » = 4 in. (Hint: Notice that V' (7) = V(r(t))
and use the Chain Rule.)

Section 3.4 Technology Exercises 243

94.* Pouring sand is forming a conical shape so that the

9s.

96.

97.

radius of the bottom of the cone is always twice its
height throughout the process. If the height of the
cone is increasing at a rate of dh/dt =0.5 mm/s, find
the rate at which the volume of the cone is increasing
when its height is # = 50 mm. (See the hint given in
Exercise 93.)

The position function of a vibrating loudspeaker cone
is given by x(7) =107 cos1500z, where distance is
measured in meters, time in seconds. As indicated by
the position function, the cone is at one of its extreme
positions at £ = 0. Use the above information to find
a. the maximum velocity of the cone and b. the
maximum acceleration of the cone.

The position function for damped harmonic motion of
an object of mass m is

k

x(t) = Aeiﬁ’ cos(wt),

where 4 is the amplitude and k and w are constants
specific to the motion. Find the velocity and
acceleration functions for this motion.

Unless conditions are extreme, most gases obey the
so-called Ideal Gas Law, which says PV = nRT, where
P stands for pressure measured in pascals (Pa), V'
for volume, n for the number of moles (mol) of gas
in the container, T denotes temperature measured

in kelvins (K), and R is the universal gas constant,
which is the same for all gases. Suppose 5 moles of
gas are being slowly compressed by a piston in a
container so that dV/dt =-2-10" m’/s. Assuming
that temperature is being kept constant at 7=293 K
throughout the process, find the rate of change of
pressure with respect to time when V=107 m’. (Use
R~8315]/(mol-K).)

3.4 Technology Exercises

98.

98-99 The Maclaurin polynomial of order 2 of the function f(x) is
used to approximate f (x) near x= 0. It is defined as

P

,(x)=1(0)+7/(0)r+ 2 (0) "

Find the Maclaurin polynomial of order 2 for f(x). Then use a
graphing utility to graph £ along with its Maclaurin polynomial. (We
will learn more about Maclaurin polynomials in Section 10.8.)

9. f(x)=—

x“+1

f(x) = cos(sinx)

OHAWKES LEARNING



Section 3.5 Exercises 251

3.5 Exercises

1-12 Use implicit differentiation to determine dy/dx for the given equation. Then check your answer by expressing y explicitly and using
differentiation rules.

1. x+)y’=2 2. xy=3 3. -y =1 4. 4x°+ 25/ =100
5. 3x%=x-5 6. y\x=2x*+1 7. Wx+2=xy-2 8. 2 -3y—x—1=0
X 2 3 2 2 2
9. 2ycosx —xy=x+3 10. ye'+2y—-1=0 11. =-=—=4 12. x*\Jy—x"—-1=e
Xy

13-20 Find dx/dy by implicit differentiation. Then check your answer by expressing x explicitly in terms of y and differentiating with respect
to y using differentiation rules.

13. x—y*=0 14. xy—y’ =3y
15. X’ +y° =1 16. —5xp”* +4xy—-3y°—y-2=0
17. xy+3siny=e”’ 18. xy=+y>+1-5x

19. 38x*-5y* =3 20. (y+2)Vx+3=4y

21-28 Use implicit differentiation to find the equations of the tangent and normal lines at point P for the well-known curve.

2 4yt (xP 4y —y) =0, P(1,0) 22. (x*+)%) ~8y%x=0; P(2.2)
Cardioid Bifolium
v y

) P ) X f —> x
2 -1 1 2 -1 3
14
24
23. (x*+4)y=8 P(21) 24. X +y2=(x* 4y -2x) 5 P(0)
Witch of Agnesi Limagon
y y
3
2
1 P L¢P
. ‘ >
2 -1 1 2
-1
t t t t t > X
3 2 -1 1 2 3 2
-3
-1+
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252

25.

27.

Chapter 3 Differentiation
9(x2 +y2) = (x2 +y° +2y)2; P(3,0)

Dimpled Limagon

(6—x)y2 =2x"; P(2,2)

Cissoid

29-44 Find dy/dx by implicit differentiation.

29.

31.

33.

35.

36.

37.

39.

41.

43.

44.

45.

46.

yt=1

30. JVx+y=4
¥yt —xty’ =1 32. y=cos(x—2y)
(x+y)3+3=x+y 34, V=¢+¢

sin® x+cos’ y = tan(x2 +y2)

x*+y’ =2x
2
R A N 38, LTy
y—x Xy
\J2xy =3y -5x 40. y—x=x%"

tanx = siny — 2xy 42. e'tanx=y+cosy

Vsinx +cosx =sec(x+ )
2
(tanx+coty) =1+x
Find ds/dt by implicit differentiation: s> —2¢ = Js.

Find dt/ds by implicit differentiation: ssinz =7coss.

26.

28.

(x2 +y2)2 =16xy; P(2,2)

Lemniscate

xPy? =10, P(-1,27)

Astroid

47-52 Find d’y/dx® by implicit differentiation.

47.

49.

51.

53.

54.

47 -x*=4 48. y—x=xy-2
0 +5=x 50. Y =xy+1
4y =3 52. Jx+4y=2

Notice that for a circle centered at the origin, any line
tangent to the curve in the first quadrant has negative
slope; this is consistent with our observation that
dy/dx <0 when x>0 and y > 0 (see Example 5).
Verify that the sign of dy/dx in each of the quadrants
is what we would expect.

Verify that the sign of the second derivative d?y/dx”
of the circle in Example 5 is what we would expect
in each quadrant. (Hint: Traverse the circle from

left to right and examine whether the first derivative
is increasing or decreasing; then draw a conclusion
regarding the sign of the second derivative.)
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55-58 Find all points on the given curve where it has horizontal or 66.
vertical tangent lines.

5S.

56.

57.

59.

60.

61.

62.

63.

64.

65.

xyz—x2y=%

X —xy+y’= % (Rotated ellipse)

(x2—2x+5)y:5 58. xy+yx*=1

Two graphs are called orthogonal if their respective
tangent lines are perpendicular at their point(s) of 3 5
intersection. Show that the graphs of x* — »” = 5 and .

Section 3.5 Technology Exercises 253

An object of mass m is attached to a spring and is
moving along the x-axis so that its position and
velocity satisfy the equation m(v—v0)2 =—kx?,

where v, represents the initial velocity. Use implicit
differentiation to verify Hooke’s Law; that is, prove
that the restoring force exerted by the spring satisfies
F = —kx. (Hint: Differentiate and use Newton’s Second
Law of Motion, which states that /"= ma.)

Technology Exercises

xy = 6 are orthogonal.

67-70. Use the implicit graphing capabilities of a graphing

Generalizing Exercise 59, show that the families of
curves x> —y* = a and xy = b are orthogonal for a,

b € R. (Such families of curves are called orthogonal
trajectories.)

utility to graph the curves along with the tangent
lines you found in Exercises 55-58 and visually
verify that your answers are correct.

71-73. Use a graphing utility to graph the families of curves

Repeat Exercise 60 for the families x° +)* = a and
y—>bx=0.

Repeat Exercise 60 for the families x* + * = ax and
X’ +)" = by. 74.

Use implicit differentiation to prove that a tangent
line to a circle is always perpendicular to the radius
connecting the center and the point of tangency.
(Hint: We can assume without loss of generality that
the circle is a unit circle in the xy-coordinate system,
centered at the origin.)

>

75.

Use implicit differentiation to prove that the equation
2 2

of the line tangent to the ellipse x_2 + y_2 =1 at the

. . X
point (x,,y,) is a—2x+2}—gy=1.

Use implicit differentiation to find the equations of the

two lines tangent to the ellipse 2x* + y* = 2 that pass
through the point (0,2).

OHAWKES LEARNING

in Exercises 60—62 for several different values of
the parameters a and b. Visually verify that they are
orthogonal.

Beautiful, “irregular” curves can be created by using a
graphing utility to plot graphs of equations such as the
following.

(" ~1)(x=2)(x=3)=(y-1)(y-2)(»-3)

Graph the above equation and explain why this graph
cannot be that of a function. Then try experimenting
by slightly modifying the above equation and thus
creating your own curves. (Answers will vary.)

Repeat Exercise 74 starting with the equation
¥ -3 - == +3y )%
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3.6 Exercises

1-15 Use the Derivative Rule for Inverse Functions to determine (f")’ (a) for the indicated value of a. (In these and subsequent exercises,
the domain of 7 is assumed to have been restricted so that the inverse exists and is differentiable, whenever appropriate.)

L f(x)=x% a=8 2. f(x)=2x-1 a=5 3. f(x):\/;; a=3

4. f(x):%/m; a=-1 5. f(x):x2+5; a=9 6. f(x)=x3/2; a=27
- 5 e __3 e

7. f(x)—x_l, a=4 8. f(x)_(x—l)w a=>5 9. f(x)—x2+2, a=1

10. f(x)=e™; a=5 1. f(x)=10" a=10 12. f(x)=2"; a=8

13, f(x)=sinx; a:? 14. f(x)=2tan"'x; a=% 15. f(x):sin(xz); a=sin0.01

16-30 Determine the value of (g")' (b) at the given point (assume that the domain of g is appropriately restricted so that g~ exists). (Note:
Do not attempt to find a formula for g'.)

16. g(x)=x"+2x+1; b=g(1) 17. g(x)=x"-11x*+x; b=g(-1)
18. g(x)=x+x"+1 b=g(-1) 19. g(x)=x"+27; b=g(-2)

20. g(x)=(3x"+x"+1)"; b=g(1) 21 g(x)=(2-3x) 5 b=g(1)
22. g(x)=x"+x+2; b=2 23. g(x)=x"+2x"-2x+3; b=4
24, g(x):iLj; b=g(2) 3. g(x)="21 p=2

26. g(x)=e"% b=g(-2) 27. g(x)=xsinx; b:%

28. g(x)=10""") b=g(1) 29. g(x)=tanvx; b=g(1)

30. g(x)=xe"; b=é

31-48 Determine the derivative of the given function.

31 f(x)=In(x") 32. g(x)=(Inx)’ 33. h(x)=In(x*+3)

34, F(x)=In(wx*+4) 35. G(x)=xInx" +4 36. k(x):ln%

37. L(x):% 38. f(x)=In 2);:35 39. g(x):ln3zt§

40. H(x)=In(Inx) 41 F(r)=in(Jr+4+2) 4. L(s)zln%‘/s—fil

43. T(x)=Infcosx] 44. C(t)=In(sin’¢+1) 45. v(x)=cos2x(In(cos2x))
46. F(t):lotg—;t 47. w(x)=xlogx 48. t(x)=log3/2((5x2+4)3/2)
49-66 Use logarithmic differentiation to find .

49. y=(x+1)(x+2)(x+3)(x+4) sy =3f(2x—1)(x-3)(3x+1)

50. y=% o .- (x*-1)" (5x° +3)

3/4
éxz +)c+2)()c4 —10)
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53.

54.

5S.

57.

59.

61.

63.

65.

67.

68.

69.

Jx? =5x2 +7(x+2)
y:

x2/3\/3x2+4

_ x> =2x*+1
()

_ x’Ux+3 56
S oval
y= (sin x)l/x 58.
y =(cos x)ﬁ 60.
y= (ln x)x 62.
y=x" 64.
y=(Inx)™ 66.

Mimic the procedure seen in the text to find a formula
for the derivative of y = cos™' x.

Find a formula for the derivative of y = sec™ x (see

Exercise 67).

Find a formula for the derivative of y = cot™' x (see

Exercise 67).

70-93 Determine dy/dx. (Recall that arcsin xis just a different
notation for sin”' x, and the same holds for the other inverse
trigonometric functions.)

70.

72.

74.

76.

77.

78.

80.

82.

84.

86.

88.

y=cos”' (xz) 71.
y =Xxarcsinx 73.
y= (arccotx)2 75.
=tan'x+
4 1+x7
y =arccos x — xy1—x’
_ arccot x 29,
x
y =arccot (In3x) 81.

y =arccosx-arccotx 83.
y=sec” (e"Z ) 85.
y=csc”’ (e’“‘) 87.

y =sin (arccos 3x) 89.

y=tan"' (Zx + 1)
y = In(arctan x)

y = arccos \/;

y =arctan (e")

_ l—arctanx
1+ arctan x

y= (arcsin(x3 ))

y=sec (x2 + 1)
y=sec ' Vx+1

y =(arctan x)"

2

90.

91.

92.

93.

Section 3.6 Exercises 267

y = (arcsin x)mx
y= cos(arccsc(x2 + 1))
y= tan(arcsecxll +e” )

x—1
2x -1

y= cos(arccot

94-99 Find the equation of the line tangent to the graph of
y=f(x) atthe indicated x-value. (f needed, round your answer to
three decimal places.)

94.

95.

96.

97.

98.

99.

100.

101.

102.

f(x):logz(xZ +1); x=1

f(x):M; v=1

2
x“e”

f(x)=arcsin(In3x); x= %

f(x)zxarccos%—ln ; x=2

x*+1
f(x)z(sinx) ; x=5

f (x) — xln(arctanx);

Differentiate f'(x)=arcsin x +arccosx. What
information about f* can you glean from your answer?

x=1

Repeat Exercise 100 for the function
f(x)=arcsin(1/x)—arcesc x.

A father is filming his child releasing a helium-filled
balloon. Assuming that the balloon rises vertically,

let the distance between father and child be denoted
by s and the height of the balloon, measured from the
child, be denoted by 4. Find a formula for the angle of
elevation «v of the camera as it is following the rise of
the balloon. Then differentiate with respect to time to

find do/d.
1
.%o 1
P

—_
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268

103.

104.

Chapter 3 Differentiation

The height of the screen of a drive-in movie theater
is 20 ft and it is mounted 8 ft above the eye level of
a driver who is parked s feet from the screen. Find a
formula for the angle 6 at which the screen is viewed
by this driver. Then differentiate to find the rate of
change of the viewing angle as a function of the
distance s.

S}
N — S
=

0 8 ft

_ nfiniegy -

An air traffic controller observes a small plane flying
horizontally toward the tower and determines from the
instrument readings that the distance between the tower
and the plane is 10,560 ft, the flying altitude is 5340 ft,
and the speed of the plane is 120 mph.

A.”\ 120 mph |

10,560 ft

5340 ft
0 0 (

T

a. Find the angle of elevation 6 at which the controller
first sees the plane, if the tower is 60 ft high.

b.*Find the angular rate of change d6/dr when the
plane is 1.25 miles from the controller.

105. Give an alternative definition to cot™ x so as to make
the function continuous and satisfy the identity
cot ™ x =(m/2)—tan' x. Graph the function. (Hint:
Appropriately restrict the domain of cotx. You might
also think about the relationship between the graph of
the function to be defined and that of tan™ x.)

Concept Check

106-109 Determine whether the given statement is true or false. In
case of a false statement, explain or provide a counterexample.

106. The tangent lines to the graphs of Inx and In3x have

the same slope for all x.
1

1
107. Ify=logm, then y'=—— —.
S e T

108. The derivative of csc™ x is negative everywhere.

109. The functions f(x)=Inx and g(x)=log, x are
constant multiples, hence so are their derivatives.
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3.7 Exercises

. Work through Example 1 with the following version
of the growth model: P(r)=Fya', where a is treated
as the (initially unknown) “growth constant.” (Hint:
Since P doubles every hour, P(l) =2P (0) gives

P, -a'=2P))

. In an effort to control vegetation overgrowth,

100 rabbits are released in an isolated area that is
free of predators. After one year, it is estimated that
the rabbit population has increased to 500. Assuming
exponential population growth, what will the
population be after another six months?

. The population of a certain inner-city area is
estimated to be declining according to the model
P(1)=237,000¢"""", where t is the number of years
from the present. What does this model predict the
population will be in 10 years?

. A population of squirrels is growing in a Louisiana
forest with a monthly growth constant of 6 percent.
If the initial count is 100 squirrels, how many are
there in a year? (Hint: Let N (t) stand for the
number of squirrels after  months, and note that
N'(1)=0.06N (7). Mimic the steps of Example 1

or, alternatively, make use of the fact that

%(a’) =(Ina)a")

. The process of radioactive decay is akin to population
growth in the sense that the rate of decay is proportional
to the amount of material present at any given time.
Therefore, it shouldn’t come as a surprise that this
process can be modeled with the same type of function.
Suppose that A(¢) stands for the amount of a certain
radioactive material at time ¢, and that it is decaying in a

way that the rate of decay satisfies %A(t) =-0.14(r)

(note the negative sign), where ¢ is measured in days. If
we start with 1000 g of material, how much is left after
10 days?

. In Exercise 67 of Section 1.2, we defined the half-life
of a radioactive substance to be the amount of time
required for half of the substance to decay. Find the
half-life of the material in Exercise 5.
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7. Carbon-11 has a radioactive half-life of approximately

20 minutes, and is useful as a diagnostic tool in certain
medical applications. Because of the relatively short
half-life, time is a crucial factor when conducting
experiments with this element.

a. Determine « so that A(z) = A4,a' describes the
amount of carbon-11 left after # minutes (as usual,
A, is the amount at time 7 = 0).

b. How much of a 2 kg sample of carbon-11 would be
left after 30 minutes?

¢. How much of a 2 kg sample of carbon-11 would be
left after 6 hours?

The half-life of radium-226 is approximately 4 days.
Determine what percentage of the initial amount is left
after two weeks.

According to Newton’s Law of Cooling, the rate
of change of temperature of a cooling object is
proportional to the temperature difference between the
object and the surrounding medium, that is,
dr (1)
—2=k|T(t)-T, |,
dt [ (=T, ]

where T'(¢) is the temperature of the object at time ,
and T is the temperature of its surroundings. Suppose
that a cup of 180 °F coffee is left in a 72 °F room and
cools to 122 °F in five minutes. How long does it take
for the coffee to cool down to 85 °F? (Hint: Introduce
a new variable for the temperature difference,
D(t)=T(t)-72, and then observe that Newton’s
law translates into the equation D'(¢)=k-D(t). Now
mimic the procedure seen in Example 1.)

10.* According to the Stefan-Boltzmann Law, the radiation

11.

energy emitted by a hot object of temperature 7 is
R(T)=kT*, where T is measured in kelvins. Use
this to find a formula for the rate of change of energy
emitted by the coffee of Exercise 9. (Hint: Use the
following formula to convert degrees Fahrenheit to
kelvins: K = %(F - 32) +273))

A snowplow is moving at a constant speed of 3 m/s,
and the snow it is pushing is accumulating at a rate of
100 kg/s. What extra force is necessary for the engine
of the snowplow to maintain constant speed despite the
increasing mass?
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12.

13.

14.

15.

Chapter 3 Differentiation

When washing his car, Brad is aiming a water hose at
the side of the car, with water leaving the hose at a rate
of 1 liter per second, with a speed of 15 m/s. If we
ignore any “splash backs,” what force does the water
exert on the side of the car? (Hint: Use the equation

F =dP/dt. See Example 2.)

Use Example 3 to find a formula for the force (in
newtons) exerted on a scale by a rope dropped on it
if the rope is 2 meters long and each centimeter of it
has a mass of 20 grams. (As in the text, let x stand for
the length of the segment of the rope that has already
landed on the scale.)

Referring back to Exercise 12, suppose that after
washing the car, with almost half of the contents of
his 20-liter bucket still left, Brad pours it with a quick
move into a much smaller 5-liter container that is
sitting on the ground. Find the force exerted on the
bottom of the smaller container by the incoming water

at the instant when it starts overflowing. (Hint: Modify

and use the result of Example 3.)

Suppose that the snowplow of Exercise 11 is 3500 kg
and starts accelerating from 3 m/s at a rate of

0.1 m/s’. Assuming there is no snow accumulation
this time, find the force exerted by the engine.

16.* Consider the accelerating snowplow of Exercise 15,

17.

18.

19.

this time assuming the same accumulation rate for the
snow as in Exercise 11. Find the force exerted by the
engine at ¢ = 2 seconds.

Show that the velocity v of an object that has
fallen a distance x from rest satisfies the equation
v = 2xg. (Hint: Velocity increases at a constant
rate from 0O to v, so the distance x can be calculated
as the product of the average velocity and time:

x=v,, -t :[(O+gt)/2]t =1gt’)

Derive the result of Exercise 17 in an alternative way,
using the fact that if air resistance is ignored, the
potential energy of an object with mass m at altitude
x, which is calculated as E | = mgy, is turned into
kinetic energy upon impact, which is calculated as

—1 2
Ekin _Emv .

In an attempt to escape from a predator, a small

fish is swimming vertically downward at a rate of

75 cm/s. Find the rate of change of water pressure
around the fish. Express your answer in atm/s. (Hint:
Use the fact that underwater pressure at a depth of

d meters is approximately P(d)=1+0.097d standard
atmospheres (atm), where 1 atm = 101.325 kPa.)

20.

21.

22,

Hydrogen may be obtained from water by a
process called electrolysis, according to the process
2H,0 — 2H, +O,. If we measure the production
of hydrogen at 2.5 mol/(L-h) (i.e., 2.5 moles

of hydrogen per liter per hour), what will be the
concentration of the newly obtained oxygen in

3 hours?

The combustion of ammonia gas (NH,) produces
nitrogen and water according to the process

4NH, +30, — 2N, + 6H,0. Supposing that the rate
of combustion is 0.5 mol/(L-s), what is the rate of the
production of water? How many milliliters of water are
produced in two seconds? (Hint: Use the fact that the
approximate molar mass of hydrogen is 1 g, while that
of oxygen is 16 g. Also, the mass of 1 mL of water is

lg)

Magnesium is a flammable metal, and because

of its bright light it has traditionally been used

in camera flashes, illumination of mine shafts,
fireworks, and flares. The reaction itself is described
by 2Mg+ 0, — 2MgO. If magnesium burns in a
chamber at an initial rate of 1.5 g/s, find the rate
(in mol/ (L-s)) at which the concentration of O, is
decreasing in the chamber. (Hint: The approximate
molar mass of magnesium is 24 g.)

23-29 Use the technique of linearization to determine the answer.

23.

24.

25.

A manufacturer of small remote-controlled cars found
its weekly revenue to be R(x)=160x—0.3x> dollars
when x units are produced and sold.

a. Use marginal revenue to estimate the extra revenue
when production is increased from 12 to 13 units.

b. Use the revenue function to calculate the actual
revenue increase. Compare your answers.

Suppose the monthly cost of producing

x units of a particular commodity is

C(x) =75x% +200x + 5100 dollars, while
the revenue function is R(x)=32x(120-x).

a. Use marginal cost to find the added expense in
increasing production from 5 to 6 units.

b. Use marginal revenue to estimate the revenue
generated by raising production from 5 to 6 units.

c. Find the actual increases in cost and revenue by
producing and selling the sixth unit, and compare
these numbers to your estimations from parts a. and

b.

Repeat Exercise 24 for C(x) =486 x? 1 98x+120 and
R(x)=-19.5x" +2526x +442.
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26.

27.

28.

29.

A manufacturer models the total cost of producing
n hundreds of a particular pocket calculator by the
function C(n)=gi5n* +2500n+3100 dollars. Market
research shows that all products will be sold at the

price of p(n)=2(120—1n)dollars per calculator.

a. Use the marginal cost function to estimate the cost
of raising the level of production from 1000 to
1100 calculators.

b. Use the marginal profit function to estimate the
additional profit if the level of production is raised
from 1000 to 1100 calculators.

c. Find the actual increases in cost and profit when
production is raised as in parts a. and b., and
compare these values with your estimates obtained
in the previous parts.

A lumber company estimates the cost

of producing x units of a product to be

C(x) =0.1x* +2250x +1450 dollars, while the

price of each unit has to be p(x) = 50(128 —0.2x)

in order to sell all x units. However, seasonal supply
of raw materials makes x dependent on time so that
x(1)=-0.35(r- 6)2 +192, where ¢ is measured in
months. Use the value of the marginal profit at # =2 to
estimate the change in profit during the third month.

Repeat Exercise 27 if x () =185+10sin’ (%t}

A child playing on the beach is pouring sand from a
bucket, forming a sand cone that is growing in such
a way that its height is always half of the radius of its
circular base. Estimate the change in volume of the
sand cone as its height grows from 3 to 4 inches.

30-39 Slightly generalize the technique of linearization to find
the answer. For cases where Axis not 1, estimate the change in a
function f(x) by Af:f’(x)Ax.

30.

31.

32.

Suppose the cost of manufacturing x units

of a certain commodity was found to be

C(x)=35x’ +20x+780 dollars, and suppose the
current production level is 50 units. Use linearization
to estimate how the cost changes if production is raised
to 50.25 units.

Repeat Exercise 30 with an increase in production
from 13 to 13.5 units.

Repeat Exercise 24 with an increase in production
from 6 to 6.75 units.

33.

34.

35.

36.

37.

38.

39.
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Use marginal analysis to estimate the changes in cost
and profit of Exercise 26 when production is decreased
from 1000 to 950 calculators. Then find the actual
changes and compare them with your estimates.

An ice cube with a side length of 1.5 inches starts
melting in such a way that its sides are decreasing by
0.1 inches per minute. Use linearization to estimate the
change in the cube’s volume during the second minute.

According to MRI scans, a benign tumor in a patient
had a radius of 1.6 cm when it was first discovered,
and it is growing by 1 mm each month. Assuming the
tumor is spherical, estimate the change in its volume
during the first week.

The daily output of a small factory is

n(I)= 50+/I units, where 7 is the owner’s investment
measured in dollars. If the current investment is
$100,000, use linearization to estimate how much
additional capital is needed to increase the daily output
by 5%.

Suppose that w(¢), the number of workers at a
certain factory at time 7, has been decreasing at a rate
of 2.5 percent, relative to the size of the workforce,
due to a recent recession. At the same time, however,
the workers’ average productivity p() has been
increasing by 4 percent due to extra training and the
inherent fear of a job loss. Find the change in gross
productivity. (Hint: See Example 5.)

A factory outputs n(1)=200,/1(¢)3/g(¢) units daily,

where [ is the total investment measured in dollars and
g stands for gross productivity. If the total investment
is decreasing by 1 percent while the gross productivity
is increasing by 2.1 percent (both in the relative sense),
find the relative change in the daily output of the
factory.

Repeat Exercise 38 if /(1) is decreasing by 2 percent,
the number of workers is decreasing by 3 percent,

but worker productivity is increasing by 5.1 percent.
(Hint: Recall the equation from Example 5:

g(r)=w(r)p(1))
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If =20 cm and dV/dt =200 cm®/s, then we have

as [ 2 3/ 2
E_(ZO cm](ZOOcm /s)—ZOCm /s,

the answer we obtained before.

But we might try to attack the problem in a different manner. If we could express S in terms
of ¥, we could differentiate both sides with respect to 7 and again arrive at a relation between
dS/dt and dV/dt. In pursuit of this, note that

Ls= 1(47rr2) = i71'}’3 =V,

3 3 3

SO

But then this seems to imply that

s _ds dv._3 dv
dt dv dt r dt’

Lo 2 dv
which is not the result of —- I that we found above! What has gone wrong?
r
The answer is that just as V' is a function of , 7 can also be said to be a function of V; that is,
as V changes, it certainly implies a change in r. In fact,

r=cV"?

where ¢ = [3/ (47T):|l/3 (this comes from solving ¥ = £77* for r). So,

S=§V=—%FV=§V”.
r cV c

We leave it as an exercise (Exercise 15) to show that if this last equation is differentiated
with respect to ¢ and simplified, the result is again as = gd—V

dat r dt
Moral: Watch out for hidden functional relationships between the variables in your

equations!

1. A theme park ride is descending on a parabolic 2. Adapt your solution from Exercise 1 to find dx/dt
path that can be approximated by the equation at x = 30 feet if the equation of the ride’s path is
y=-%x"+90 (distance is measured in feet). If the y=0.01(x— 95)2 —2.25 and dy/dt =20 ft/s.

horizontal component of its velocity is a constant
6 ft/s, find the rate of change of its elevation when

x=22.5.
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3-10 Find the rate of change using the given information.

10.

11.

12.

13.

14.

15.

dy . dx

— aty=3,if y=+/x+2 and —=1
a7 Y dr

& atx=2,ifx*+3*=5,y>0, and ﬂ=3
dt dt

dx . 1 dy

— aty=05,if y=— and —=-2

dt 7 7 X dt

x atx =1, if xy’ - ﬂ:—0.25

dt 4 dt

L atx=0,if y= x2+2 and @:—5.2

dt x~+1 dt

@ at y:l, ify:le"‘ and @=25

dt 2 2 dt

@ at x:—S—W, if y=2sin x+~ | and £:7.4
dt 4 4 dt
x at y:E, if x = coty and Q:—3.35
dt 4 dt

The length of a rectangle is increasing at a rate of
5in/s, while its width is decreasing at 2 in,/s. Find
the rate of change of its area when its length is 45 in.
and its width is 25 in.

Find a formula for the rate of change of the distance
from the origin of a point moving on the graph of
f(x)=x* whenx=2and dx/dr =3 units per second.

Find the rate of separation between the moving points
(xl,yl) and (xz,yz) on the graph of y = sinx when
x, =m/2 if they start at the origin at the same time,
and the horizontal components of their velocities are
dx, /dt =L units per second and dbx, /df =—1 units
per second, respectively.

A Ferris wheel of radius 34 feet needs 3 minutes to
complete a full revolution. At what rate is a rider
descending when she is 51 feet above ground level?

Using the notation of Example 5, use the Chain Rule

to differentiate the equation § = (3/ c)VZ/ * with

respect to time to obtain as = 2. d—V (Hint: After
dt r dt

differentiating, make use of the equation = ¢V

again.)

16.

17.

19.

20.

21.

Rework Example 1 assuming that the tank is a
rectangular prism with a 2 m by 2 m square base.

2m >

Y
-

—_—

Rework Example 1 again, this time assuming that the
tank is an inverted, right square pyramid with height
4 m and a 2 m by 2 m base. How fast is the level of
water falling when its depth is 2 m?

A spectator is tracking a stunt plane at an air show
with his camera. If the plane is on a near-vertical path,
rising at a speed of 100 feet per second, and the camera
is 400 feet from the point on the ground directly below
the plane, how fast is the camera angle (measured

with respect to the ground) changing when the plane’s
altitude is 400 feet? How fast is the distance between
the camera and the plane increasing at that instant?

A cistern in the form of an inverted circular cone

is being filled with water at the rate of 75 liters per
minute. If the cistern is 5 meters deep, and the radius
of its opening is 2 meters, find the rate at which the
water level is rising in the cistern half an hour after the
filling process began. (Hint: 1 m’ = 1000 L)

2m

5m

Repeat Exercise 19, this time assuming that the cistern
is in the form of a pyramid with a 4-by-4-meter square
opening.

A ship passes a lighthouse at 3:15 p.m., sailing to the
east at 10 mph, while another ship sailing due south at
12 mph passes the same point half an hour later. How
fast will they be separating at 5:45 p.m.?
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22.

23.

24.

25.

26.

A tourist at scenic Point Loma, California uses a
telescope to track a boat approaching the shore.

If the boat moves at a rate of 10 meters per second,
and the lens of the telescope is 35 meters above
water level, how fast is the angle of depression of the
telescope (A) changing when the boat is 200 meters
from shore?

'm/:fa 5 @.

S9! 200 m

When preparing cereal for her child, a mother is
pouring milk into a bowl, the shape of which can

be approximated by a hemisphere with a radius of

6 in. If milk is being poured at a rate of 4in.*/s,
how fast is the level of milk rising in the bowl when
itis 1.5 inches deep? (Hint: The volume of fluid

of height % in a hemispherical bowl of radius r is
V=nh*(r-1h).

Suppose that in Exercise 29 of Section 3.7, the sand
is being poured at a rate of 8 cubic inches per second.
Find the rate of change of the height of the cone when
it is 4 inches tall.

When finished playing in the sand, the child of
Exercise 24 takes advantage of a nice wind and starts
flying his kite on the beach. When the kite reaches

an altitude of 60 feet the wind starts blowing it
horizontally away from the child at a rate of 15 feet
per second while maintaining the altitude of the kite.
How fast does the child have to be letting out the string
when 100 feet are already out?

A passenger airplane, flying at an altitude of 6.5 miles
at a ground speed of 585 miles per hour, passes
directly over an observer who is on the ground. How
fast is the distance between the observer and the plane
increasing 3 minutes later?

J SN

—_—
585 mph

6.5 mi
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27.

28.

29.
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A military plane is flying directly toward an air traffic
control tower, maintaining an altitude of 9 miles above
the tower. The radar detects that the distance between
the plane and the tower is 15 miles and that it is
decreasing at a rate of 950 miles per hour. What is the
ground speed of the plane?

) VIR

[_ 15 mi
9 mi

I

T

A child is retrieving a wheeled toy that is attached to

a string by pulling in the string at a rate of 1 foot per
second. If the child’s hands are 3 feet from the ground,
at what rate is the toy approaching when 5 feet of the
string are still out?

3ft

A fisherman is reeling in a fish at a rate of

20 centimeters per second. If the tip of his fishing rod
is 4.5 meters above the water, and we are assuming
that the fish is near the water surface throughout the
process, how fast is it approaching when 7.5 meters
of fishing line are still out? How fast is the angle 6
between the fishing line and the water increasing at
that instant?
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30.

31.

32.

33.

34.

35.

Chapter 3 Differentiation

A construction worker is using a winch to pull a 9-foot
column to a vertical position. If the winch is in the
exact position where the top of the installed column

is supposed to be, and the rope is being pulled at the
rate of 6 inches per second, at what rate is the angle
between the column and the ground changing when it
is /6 radians? At what rate is the top of the column
rising vertically at that instant? (Assume the base of
the column doesn’t slip during lifting.)

The volume of a cube is decreasing at a rate of
150 mm®/s. What is the rate of change of the cube’s
surface area when its edges are 30 mm long?

The acute angles of a rhombus are increasing at a rate
of 0.25 radians per second. If the sides of the thombus
are 20 cm, at what rate is the area of the rhombus
increasing when the acute angles are 7/3 radians?

A 35-foot-by-18-foot rectangular pool, whose depth
increases uniformly from 3 feet to 8 feet (along the
35-foot side), is being filled with water at the rate

of 4.5 cubic feet per minute. You observe that water
appears to be “creeping up” on the angled bottom
much faster than it rises along the vertical walls. Find
the rate at which the water rises along the angled
bottom at the instant when the water level is 2 feet at
the deep end of the pool.

Considering again the pool of Exercise 33, suppose
that it is measured that the water is climbing upward
along the angled bottom at a rate of 3.02 in./min when
the water level is 1 foot at the deep end. Assuming that
the pump is working at the same rate of 4.5 cubic feet
per minute, use this information to prove that the pool
has a leak, and find the rate at which water is leaking
out of the pool.

A trough that is 5 meters long and 1 meter across at the top
has a cross-section in the form of an isosceles trapezoid
and both of its endplates are vertical. The altitude of

the trapezoid is 40 centimeters, and the shorter base is

20 centimeters long. If the trough is being filled at the rate
of 30 liters per minute, how fast is the water level rising at
the instant when the water’s depth is 20 centimeters?

36.

37.

38.

39.

Rework Example 3, this time assuming that, after
turning right, Susan drove up a short ramp to reach an
elevated highway 20 feet above the other drivers. She
is now proceeding levelly at a distance of 40 feet, as
measured along the ground, from the intersection.

An electrician is working on top of a 15 ft ladder

that is leaning against the wall when its bottom starts
sliding at a rate of 1 ft/s. Fortunately, a fellow worker
catches it when the ladder’s bottom is 5 ft from the
wall. How fast is the top of the ladder (along with the
electrician) sliding down the wall at that instant?

Adam is arriving home one evening in his SUV and is
slowly approaching his garage door at a rate of 5 ft/s
when the sensor lights come on. If the lights are mounted
directly above the door at a height of 15 ft from the
ground and Adam’s SUV is 6 ft tall, at what rate is the
length of the car’s shadow shrinking when it is 25 ft
from the garage door? What is the speed of the tip of the
car’s shadow?

A baseball player is running from first base to second
base at 25 feet per second. At what rate is his distance
increasing from home plate when he is 22.5 feet

from second base? (Hint: The baseball diamond is a
90-foot-by-90-foot square.)

40.* A container in the shape of a cone, standing on its circular

base, is being filled with water at the rate of 1.5 cubic feet
per minute. If the radius of the base is 2 feet and the height
of the cone is 2+/3 feet, how fast is the water level rising
when it is 2 feet deep? (Hint: The volume of liquid in a
partially filled conical tank is ¥ = 47d (R® + Rr +77),
where R is the radius of the base, r is the radius of the top
of the liquid, and d is its depth.)

41.* Italian police are chasing a criminal down a narrow

street at a speed of 90 kilometers per hour. If the blue
light on the top of the car is rotating counterclockwise
at a rate of 1 rotation per second, and the buildings
are only 3 meters from the car on the right, how fast is
the beam moving on the wall at the instant when it is
already 6 meters ahead of its source?
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42.* When studying for a calculus test, Roger accidentally 45. Suppose that the torque output of an automobile
pushes his book over the edge of his 2.5 ft high desk. If engine, as a function of engine speed, is approximated
his 6 ft tall lamp is standing 3 ft from where the textbook by
fell down, how fast was the book’s shadow moving
when the ;ext hit the ground? (Ignore air resistance. Use T (s) = (—0.00 1/150* )(s - 3()00)4 +160 lb-ft,
g~321t/s*)

where s is measured in revolutions per minute (rpm),
and that the engine revs up from 0 to 5000 rpm
(assume no gear shift takes place).

43.* A wall clock has a 10 in. minute hand and a 6 in.
hour hand. At what rate are the tips of the hands

approaching each other at 3 o’clock?
a. Use a graphing utility to graph the torque as a

44.* The lens equation, easily derivable from geometric function of s on the interval [0,5000] (this is called
similarity for a thin converging lens, is the engine’s torque curve).
1 1 1 b. If the power output of the engine, measured
PR VA in horsepower (hp), is calculated by
P=-5sT (s) hp, and the engine is revving
where o (the object distance) and i (the image distance) up according to the function s(¢)=1000¢ (7 is
are the respective distances of the object and the image measured in seconds), find the rate of change of the

from the lens, and f is the focal length of the lens.
Suppose a 100 mm high object is being slowly moved
away from a lens at a speed of 5 mm/s. The focal length
of the lens is 200 mm.

power output at # = 3 seconds.

a. Find the rate at which the image changes its
location when the object distance is 600 mm.

b. Find the rate at which the image changes its size at
the same instant.
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3.9 Exercises

1-12 Find the linearization of the function at the given value.
L f(x)=x'-x x=1

2. g(x)z x-3; x=4

7. F(t):(t2+51—6) oo
8 r(x)z 14 x=-3
X+
+2
9 (u)_ulz—IS’ u=-4

10. v(x)=sinmx; x=—
1. G(z)=¢*; z=0
(

12. U

13-24 Find the value of the differential dy for the given values of x
and dx.

13. y=3x"+x; x=1, dx=02
14. y=xvx-5; x=6, dx=0.01

15 y=PHl o a—oa1

x-3

16. y=secx; x:E, dle
4 8
17. y=xV+x7*; x=4, dx:%

18. y:lnx—i—L; x=e, dx=0.01
Inx

1
19. y=xtanx; x:—z, dx=—
4 4

20. y=e, x=1, dx=0.001

2. y=fin(x+l); x=e-1, dr="1

e
) -1
22. y=arctanx; x=-1, dx:?
tan x s
23. y= ;o x=—, dx=-0.1
Y x> +1 3

24. y=cos(arcsinx); x=0.6, dx=-0.16

25-28 Calculate the values of dy and Ay and then use graph paper
to draw the curve near the given point, indicating all three of the line
segments ax, dy, and Ay.

N | =

25. y:lxz; x=1, dx=
2
26. y=tanx; x=0, dx :%

27. y=2%; x=1, abc=l
4
1 1
28. y=—; x=1, dv=—
7 x? 4
29-40. Find the values of Ay and compare them with
dy at the indicated points for the curves given in
Exercises 13-24.

41-48 Use linear approximation to approximate the given number,
Compare this approximation to the actual value obtained using a
calculator. Round your answer to four decimal places. (Hint: First
identify f(x) and ¢; then find and appropriately evaluate L(x).)

41. 9.1 42. (101)
43. (7.9)" 4. —
10.1
45. 331 46. cosl
47. In2.7 48.

49. Prove the Power and Quotient Rules for differentials.

a. d(x") =nx""dx

b. d[z] _ vdu —2udv
v v
50. Use the equations for V and dV from Example 4
to prove that the propagated error in the calculated
volume of a sphere, in percentage terms, is three times
larger than the margin of error in the measured radius;

that is,
dav dr

3.2

r

51. Prove or disprove that an analogous equation to that
obtained in Exercise 50 is true for a cube; that is, if the
measured side length of a cube is a units with a margin

of error of da, then
v _y da
V a
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52-71 Use differentials or linearization to provide the requested
approximations.

52. The side of a square was measured to be 9.5 cm
with a possible error of 0.5 mm. Approximate the
propagated error in the calculated area of the square.
Express your answer as a percentage error.

53. The radius of a circular disk was measured to be
104 inches. Estimate the maximum allowable error
in the measurement of the radius if the percentage
error in the calculated area of the disk cannot exceed
2.5 percent.

54. The base and altitude of a triangle were measured to

be 7 and 9 inches, respectively. If the possible error in

both cases is ;% inches, approximate the propagated
error when computing the area of the triangle.

55. Two sides of a triangle were measured to be 60
and 80 mm, respectively, while the included angle
is 60 degrees. If the margin of error of the linear
measurements is 0.1 mm, while that of the angle
measurement is 0.1 degrees, find the possible
propagated error in the calculated area of the triangle.

56. A box in the shape of a rectangular prism has a square

base. If the edge of the base is 25 cm and the height
is 50 cm, both with a possible measurement error of
0.2 mm, estimate the propagated errors in both the

computed volume and surface area of the box. Express

both answers as percentage errors.

50 cm

250rn\«

57. A cylindrical piston of diameter
84 mm is being manufactured for an
automobile engine. If the maximum
percentage error in the measurement
of the diameter is 0.05%, estimate
the greatest possible value of the
propagated error in the computed
cross-sectional area of the piston.
Express your answer as a percentage
error.

Section 3.9 Exercises 293

58. If the radius of an inflated balloon is 10 inches and
the thickness of its wall is 0.002 inches, estimate the
volume of the material it is made of. (Assume the
balloon is perfectly spherical.)

‘d 10n.

59. A tin can has a circular base of radius 2 inches and
a height of 6 inches. If the thickness of its walls is
0.01 inches, estimate the volume of the material it is
made of.

60. The exterior of a small private observatory needs to
be painted. The building is approximately a circular
cylinder with a hemisphere on top. The radius of the
base is 3.5 feet and the height of the entire structure
is 10 feet. Express the volume as a function of the
radius of the base and use linearization to estimate
the amount of paint that will provide a coat that is
+ inches thick.

10 ft
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61.

62.

63.

64.

65.

Chapter 3 Differentiation

A trigonometry student stands 15 meters from a
building and measures the angle of elevation to the top
of the building as 60°. How accurate does her angle
measurement have to be if she wants her propagated
percentage error in estimating the height of the building
to be no more than 5%?

oo

—15m—

Referring to Exercise 44 of Section 3.8, estimate the
change in image distance when the object distance
increases from 60 cm to 61 cm.

The magnetic force experienced by a wire carrying
a current / in an external magnetic field of uniform
strength B is found from the equation

F = BILsin0,

where L is the length of the wire (measured in meters),
and 0 is the angle between the directions of B and /.

a. Find the magnetic force on a 50 cm wire if
B=0.03N/(A-m), I=25 amperes (A), and
0 =30°.

b. Estimate the change in force if 4 is increased to
33°.

c. Calculate the true value of the change and compare
it with your approximation.

Estimate the change in the force in Exercise 63 if §
is increased to 33°, [ is increased to 27 A, and B is
decreased to 0.025 N/(A-m).

The kinetic energy (in J) of a moving object is found
from the equation E,, =Lmv?, where m is the mass
(in kg) of the object and v is its velocity (in m/s).
Estimate the change in kinetic energy of a 1400 kg car
that is accelerating from 100 km/h (approx. 62 mph)
to 112 km/h (approx. 70 mph). What is the estimated
percentage change?

66. When air resistance is negligible, the speed of impact
of an object falling from height A is v, = \/% .
Suppose that a rock is dropped from a height of
5 meters.

a. Find the speed of impact as the rock hits the
ground.

b. Approximate the height from which the rock has to
be dropped in order to increase the speed of impact
by 10 percent. Express the height difference in both
absolute and relative (percentage) terms.

c. Find the true value of the above height and
compare it with your approximation.

67.* The volume of a cube of side length «a is being
determined by immersing the cube into a container of
water and measuring the volume of the displaced water,
and then the surface area is calculated. Estimate the
percentage error we can allow in the measurement of the
volume if the calculated surface area cannot differ from
the true value by more than 2%. Can you generalize the
result?

68. The profit function for a company is found to be
P(x)=-1.2x>+500x-2600, where x is the number
of units manufactured. If the current production level
is 100 units, estimate the percentage change in profit if
production is raised to 110 units.

69. For the company in Exercise 68, estimate how much
the company has to increase production from 100 units
in order to achieve a 10 percent profit increase.

70.* The diameter of the bottom of a 4.5-inch-tall paper
cup is 2.5 inches, while the diameter of its opening is
3.5 inches. If the cup is filled with iced soda to a depth
of 4.3 inches and an additional 1-cubic-inch ice cube
is dropped in, predict whether the cup will overflow.
(Hint: See Exercise 40 of Section 3.8 for help in
finding the volume of soda in the cup.)

71. Suppose the velocity function of a moving object is
v(r)= 1/(1 +12 ), and that it is moving in the positive
direction along the x-axis. If you know that its location
att=2is x = 5, estimate its position half a second
later.

72. The actual error in measurement is sometimes called
absolute error, while the percentage error is referred
to as relative. Write a short paragraph comparing
absolute, relative, and propagated errors. Illustrate with
a concrete example.
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73.

Section 3.9

Examine the answer you obtained for Exercise 57. Can
you state and prove a result, analogous to the one in
Exercise 50, for the radius and cross-sectional area of a
right circular cylinder? Explain.

Concept Check

74-80 Determine whether the given statement is true or false. In
case of a false statement, explain or provide a counterexample.

74.

75.

76.

77.

78.

79.

80.

Since the differential dx is an increment, its value is
always positive.

If f(x)=k, then df=0.

If f is linear, then Af/Ax=df /dx.

If £ is differentiable at c, then l}l{rﬁno(Af/Ax) =df dx.
Propagated error is also called percentage error.

The differential dy is always a bit less than Ay.

If f is increasing and dx < 0, then dy > Ay.

3.9 Technology Exercises

81-92. Use a graphing utility to graph the functions given in

Exercises 13—24 in the same viewing window along
with their linear approximations at the specified
x-values. Use the Zoom and Trace features to find
the maximum value for dx so that the approximation
is accurate to 0.01.
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50,000(x—3)
30,000 + ——==0
1+(3-x)°
(x-3) _ 30,000
1+(3_x)2 50,000
2
(x—3) > = i Square both sides.
1+(3-x) 25
25(x-3)" =9+9(x-3)’ Note that (3—-x)” =(x-3)".
16(x-3)" =9
x-3= i% Divide by 16 and take the square root.
x=3+—

The point 3+2 does not actually solve the original equation, so we only have to

evaluate C at the two endpoints 0 and 3 and at the critical point 3—2 = 2.

C(0)=50,000v10 ~ $158,114
9
C(Zj:$l30,000

C(3) = $140,000

From this comparison, we see that the minimal cost of installation can be achieved by
laying the cable with an underground run of 2 =24 kilometers and a diagonal run

underwater of [1 + (%)2 = \/% = 1% kilometers.

4.1 Exercises

1-4 Use the graph as an aid to identify the absolute extrema, if they exist, for the given function on the specified domain.
1. f(x)==x*+1; D=[-1,0)u(0,1] 2. f(x)=-cosx; D=(0,2r]

y y

y:f(x) A y:f(X)

YN

t > X
"/r s 31\2‘71'
-1 2 2

4
4
=
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3. f(x)=2sinx; D=[0,27]

y
2,,
A y=1(x)
} } > X
s 7r3\7f/27r
it 2 2
,2"

Section 4.1 Exercises 313

4. f(x)=|x-1; D=(-12]

>

—
o+

5-8 Use the graph to decide whether each highlighted point is a critical point, and then find and classify all relative and absolute extrema for
the function over the given interval.

5. y
6,,
4t y=f(x)
2,,
t t t t t X
-1 1 3 [42
IRV,
7. y

8.

y

i

)

61
4l v=r(x)
024

Sasoa] 123450

9-20 Use graph paper to sketch the graph of the given function on the specified domain, and then use the graph to visually identify and
classify any absolute extrema.

9. f(x)=2x+1; D=[0,3]

11. h(x):%x—3; D=R

13. v(x) =(x+1)(x—3); D= [—2,4]

15. K(x)=

17. n(x)=cosmx; D= (0,%

19. G(x)=

10. g(x)=-x-1; D=(-12]
12. u(x)=-x*; D=(-11)
4. k(x)=(x-4)"; D=R
16. m(x)=e™*"?; D=[2,)
18. F(x —ﬁ; D=R
20. H(t)=arcsint; D=[-11]
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Chapter 4 Applications of Differentiation

21-37 Sketch by hand the graph of a function 7 on the specified
domain, with the specified properties. (Answers will vary.)

21.

22.

23.

24.

25.

26.

27.

28.

29.

30.

31.

32.

33.

34.

3s.

36.

37.

Defined on [2,4], absolute maximum at 2, absolute
minimum at 4

Defined on [-1,2], absolute maximum at 0, absolute
minimum at 1

Defined on [-5,5], absolute maximum at 1, absolute
minimum at 5

Defined on R, absolute minimum at 2, no absolute
maximum

Defined on [-3,2], absolute maximum at -2, absolute
minimum at 0, relative maximum at 1

Defined on [0, 6] , absolute maximum at 2, relative
minimum at 4, no absolute minimum

Defined on [—1,1], absolute maximum occurs twice,
no minimum

Defined on (1.5,7), continuous, has relative maximum
and minimum, but no absolute maximum or minimum

Defined on (1.5,7), continuous, has both absolute
maximum and minimum

Defined on [-2,4], two relative maxima, but no
absolute maximum

Defined on (0, oo), continuous, no relative or absolute
extrema

Defined on (—1,3], continuous, no absolute minimum,
one relative minimum, absolute maximum occurs
twice

Defined on R, both the absolute maximum and
absolute minimum occur infinitely often

Defined on (O, oo), infinitely many relative maxima
and minima, no absolute maximum or minimum

Differentiable on R, has one critical point, but no
extrema

Defined on (0,10), not differentiable at 5, but absolute
maximum occurs at 5

Defined on (0,10), discontinuous at 5, but absolute
maximum occurs at 5

38-55 Find all critical points, if they exist, for the given function.

38.

39.

40.

41.

42.

43.

44.

46.

48.

50.

52.

54.

f()c):x2 —-7x+1.5

g(x) 2% +3x° —12x+1.5

h(x)=x"+1.5x* +3x-2.5
u(x)z—%x+2

v(x)zx4 —%f +2x% +24x-1

k(x)=|2x—3|
a2 3 _ 2—x
K(x)=[3x" +3x-18] 45. m(x) e —
n(x)=|xz_2| 47. F(1)=\B+3
2x* +4 '

¥ -3Jx 49,

T(s)=2{/;(s—2)
51. s(a)=cosa+cos’a

t(x):\/;lnx

a(t) = cos(arctant)

u(z):cotz+22 53.

U(r)=¢'sint 55.

56-77 Find all absolute extrema of the function on the given closed

interval.

56.

57.

58.

59.

60.

61.

62.

63.

64.

65.

66.

67.

68.

f(x)=4x—x" on [0,6]
g(x)=3x*=30x+7 on [0,8]

h

X

x*+1.5x% —6x+3.5 on [-4,3]

4
X

== -2x"+4on[-2,2]
4

v

(x)
u(x) =3x"—8x*+6x* —24x-9 on [0,3]
(x)

4

k(x)=%+2x3 —x —6x+% on [-3,1]
S (x)=]x+3||x=3| on [4,4]
m(x)=|x+3|+|x-3| on [-4,4]
3x

n(x)zm on [—4,4]
x*+5
(x)= 5 " [-1.5,1.5]
F(x):1+x2 on [-10,10]

G(t):%+ ¢t on {%,4}
k(s)=(s2—1)\/; on [0,2]
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69.

70.

71.

72.

73.

74.

75.

76.

77.

(z) = sin(arccosz) on [—1,1]

~

G(x)=arctanx on [-1,1]
w(x) =xv8—x* on [—2\/5,2\/5]
(

s)=s¢" on [0,10]

ﬂ

#(x) = (cosx)e* on {o%ﬂ
L(x)= xInx on {Lz,e}

l(x):ln((e—l)sinﬂ'x+l) on [0,1]

U(x) = i/;(x—S) on [—1,3]

V(x) = 5+(5+x)x5/7 on [—5,1]

78-89 Find and classify the absolute extrema, if they exist, of the
function over the given domain.

78.

79.

80.

81.

82.

83.

84.

8s.

86.

87.

88.

89.

90.

f(x)=3x-2 D=(0,2]
g(x)=x"-4 D=(-2,2)
h(x)=2x’-5x; D=R
K(z)=v4-22; D=(-2,2)
r(z)=-2; D=[2.0)

n(x)z

1
t(x)le"/z; D=R

(x+3)2 P D=(3)

L(x)zln(x+1); D :[0,00)

F(x)=secx; D=[—%,%)
t(z)=2cosmz+2; D=R
u(x)=x-[x]; D=[13)
v(x)=arctanx; D=R

Find two numbers whose sum is 50 and whose product
is as large as possible. (Hint: Denote the numbers by x
and 50 — x, and maximize the product.)

91.

92.

93.

9.

Section 4.1 Exercises 315

A 50-inch piece of wire is cut into two pieces, which
are then bent into a square and a circle, respectively.
Where should the wire be cut in order to minimize the
sum of the areas of these two shapes? (Hint: Start
with the notation of Exercise 90, and use appropriate
formulas from geometry.)

50 in.
/ : \
A lighthouse is 5 miles off a straight shoreline.
Ten miles down the coast is a restaurant where the
lighthouse keeper is planning to meet his friends. If he
can row at 2.5 mph and walk at 4 mph, where should

he land in order to make the fastest possible time to the
restaurant?

Referring to Exercise 26 of Section 3.7, find the
number of calculators that have to be produced in
order to maximize profit.

The power output of a 12-volt car battery when a
resistor is connected to it, is given by the formula
P=121 —(R + r)lz, where / is the current (in
amperes), and 7 stands for the (typically very small)
so-called internal resistance of the battery. Suppose
we are starting a car with a starter motor of resistance
R =0.16 ohms, and that the internal resistance of

the battery is » = 0.016 ohms. Find the current that
corresponds to the battery’s maximum power output.
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Concept Check

95-105 Determine whether the given statement is true or false. In
case of a false statement, explain or provide a counterexample.

95. If f attains both its absolute minimum and absolute
maximum values on a closed interval, then f is a
continuous function.

96. A continuous function on a closed interval can attain its
absolute extrema only at critical points.

97. If f (x) is a differentiable function and £ is a constant,
then f(x) and f(x)+k have the same critical
points.

98. If f (x) is a differentiable function and £ is a nonzero
constant, then f(x) and kf(x) have the same critical
points.

99. If f (x) is a differentiable function and £ is a nonzero
constant, then f(x) and f(x+k) have the same
critical points.

100.

101.

102.

103.

104.

105.

If f(x) is a differentiable function and k is a nonzero
constant, then f(x) and f(kx) have the same critical
points.

If f(x) has a maximum at c, then so does f(—x) at—c.

If f(x) has a maximum at ¢, then —f(x) has a
minimum at c.

A function f(x) can have more than one absolute
maximum value.

If f(x) is continuous on a closed interval /, then it
attains its minimum value on /.

If f(x) has no maximum on a closed interval /, then
/ (x) must be discontinuous on /.

4.1 Technology Exercises

106-127. Use a graphing utility to verify the answers you

obtained for Exercises 56-77.
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f(4)+2:4f’(c)
f(4)=41"(c)-2543-2
f(4)<10

Hence the largest possible value of f'(4) is 10.

Z@ S EJEXM Using Corollary 2 of the Mean Value Theorem

Find the unique function f whose derivative is 3x* and whose graph passes through
(1,5).
Solution

By now, we have differentiated enough polynomials to recognize 3x” as the derivative
ofx’. If we let g(x)=x", then gand / have the same derivative; and by Corollary 2,
it must be the case that f(x)=g(x)+C for some constant C. We can determine C
as follows.
f(l) =5 The graph of f passes through (1,5).
g(1)+C=5
’+C=5
C=4

Now it can be easily verified that f(x)=x’+4 satisfies the given criteria, and by
Corollary 2 it is the unique function to do so.

4.2 Exercises

1-4 Use the graph of the function to visually estimate the value of ¢ in the given interval that satisfies the conclusion of the Mean Value (or
Rolle’s) Theorem; then check your guess by calculation. If such a ¢ doesn’t exist, explain why.

1. f(x)z—x2 +6x—4 on [1,4]

y
6 .
y=f(x)
4
2
) 4 6 0 °
i5)

2. g(x)=-2]x-2[+2 on [-2,6]

2 y=g(x)
i) /2\ 6
4 k(x)=—(x_3 ~+3 on [0,6]
4 y=k(x)

B

-2 2
-2
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5-8 Prove that the equation has exactly one real solution on the
given interval.

5.

6.

7.

8.

x’=3x*=25on [2,3]
5% +7x=9onR
arctanx =3 —x on [0,3]

T
tanx = cosx on (O’Ej

9-20 Determine whether Rolle’s Theorem applies to the function
on the given interval. If so, find all possible values of ¢ as in the
conclusion of the theorem. If the theorem does not apply, state the

reason.

9.

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

f(x):—x2+4x—3 on [1,3]
g(x):x3—5x2+2x+10 on [—1,4]

h(x):2x4 —x*+6x*+x—8 on [1,3]

F(x)= v n [0,2]
G(x)= x21+1 on [-3,3]
E(x) === on [-3.3]
H(x)=x"-10 on [-10,10]

m(x)=—cosx on [0,4r]

T(z)=cotz on [0,57]
F(x)= _r T
(x)=secx on { T 3}

T
w(r)=cscr on {_Z Z}

x)=|x+1|—5 on [—6,4]

21-32 Determine whether the Mean Value Theorem applies to the
function on the given interval. If so, find all possible values of ¢ as in
the conclusion of the theorem. If the theorem does not apply, state the

reason.

21.

22.

23.

24.

f(x):|x—l|+3 on [—1,2]
g(x):—%x+4 on [0,8]
h(x):—x2+4x+4 on [—1,4]

F(x) = %)f —x% on [—2,2]

25.

26.

27.

28.

29.

30.

31.

32.

33.

34.

35.

36.

37.

38.

39.

40.

41.

Section 4.2 Exercises 323

G(x)= % on [-2.3]

x+1
k(x)= s on

1.2
- x25+5 " [_5’5]
( - ) ® 12 on [1,5]

\/ﬁon[ 10]

In|r+1] on [-3,1]

3

()

C(x)

(1)
)=

h

tanz on [0 7r]

N

(z
v(s) =arctans on [O 1]

If 1 (—2) =2
largest possible value of f (2)?

and f'(x)<2 forallx, what is the

If g(1)=4 and g'(x)>-3.5 forallx, what is the
smallest possible value of g(3)?

One of your classmates claims that he found a
function f such that f(—S) =-1, f(S) =1, and
/'(x)<0.1 for all x. Explain how you know that he
made an error in his calculations.

If |F’(x)| <2.5 for all x, prove that

|F(7)-F(3)|<10.

Find the function /" that passes through (3,1) and
whose derivative is 3x* — 2x + 1.

Find the function g that passes through (7r/ 2, 0) and
whose derivative is 2 cos.x.

Suppose that the velocity function of a moving object
is v(¢)=-2¢+5 and that its position at 7 = 1 is -8
units from the origin. Find a formula for the position
function.

Find the velocity and position functions of an object
thrown vertically upward from an initial height of 20 ft
with initial velocity v(0) =42 ft/s. (The acceleration

caused by gravity is a = -32ft/s”. Ignore air

resistance.)

Generalize Example 1 by proving the following
statement: if f(x) is differentiable on [a,b],
f'(x)#0 on (a,b), and f(a) and f(b) have
opposite signs, then the equation f(x)=0 has exactly
one real solution.
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42.

43.

44.

45.

46.

47.

48.

49.

50.

51.

Chapter 4 Applications of Differentiation

Two highway patrol cars are stationed 7 miles apart
along a straight highway where the speed limit is

65 mph. The first patrol car clocks a red Porsche at

64 mph, and five minutes later, the second police car
clocks it at 61.5 mph. Explain why the driver is pulled
over and issued a ticket.

A plane leaves London Heathrow Airport to arrive

at Houston Intercontinental Airport ten and a half
hours later. The distance between the two airports is
4830 miles. Explain why the plane must have reached
a speed of 450 mph at least twice during the trip.

Two MotoGP riders finish a race in a tie. Show that
there was at least one moment during the race when
the two riders had the exact same speed. (Hint:
Ignoring the difference in their starting positions,
consider the difference of the two position functions
and use Rolle’s Theorem.)

Suppose that f'(x)=x forall x € R. Prove that
there exists a constant C such that f(x)=1x*+C.
(Hint: Use Corollary 2 from the text.)

Use Corollary 2 of this section to prove the
well-known trigonometric identity cos’x + sin’x = 1.
(Hint: Use the corollary for the functions

f(x) =cos’ x+sin’ x and g(x) =1, and argue that
necessarily C=0.)

Follow the hint given in Exercise 46 to prove the
identity sin™' x+cos™ x = 7/2.

Let f(x) =cotmx and g(x) =cotmx+ [[x]] Show
that f*(x)=g'(x), but f(x)-g(x) is not constant.
Why does this not contradict Corollary 2 of this
section?

Suppose that for a function f (x), the second
derivative f"(x) exists for all x on an interval /.
Prove that if f has three zeros on /, then its second
derivative f" also has a zero. (Hint: Apply Rolle’s
Theorem on f and then on f")

Suppose that f is twice differentiable on R and a and &
are two successive zeros of f'. Prove that f can have
at most one zero on (a,b). (Hint: Start by assuming
that f has at least two zeros, and apply Rolle’s
Theorem.)

Suppose that f is continuous on [a,b], differentiable
on (a,b), and ce(a,b) with f'(c):O. Does it
follow that f(a) = f(b)? Explain.

52.* Suppose that f is twice differentiable on R and
7'(c)=0 forsome c e R. If f"(c)#0, prove
that there exist a, b € R such that ¢ € (a,b) and

/(a)=71(b)-

53. Suppose that the rabbit population at a game preserve
is observed monthly and is found to have increased
from 550 to 1150 rabbits in a year’s time. Explain
why there must exist a time during the year when the
population is increasing at a rate of 50 rabbits per
month.

54. Show that if f is a quadratic function, that is,
f(x) = Ax* + Bx + C, then on any interval [a,b], the
point ¢ satisfying the conclusion of the Mean Value
Theorem is the midpoint of the interval.

55.% Prove that forall 0<a < 3 <m/2,
(B—ar)cos B <sinf—sina < (5—a)cosc.
(Hint: Apply the Mean Value Theorem for the function
f(x) =sinx on the interval [a,ﬁ].)

56. Use the Mean Value Theorem to prove the inequality
In(1+x) < x forall x > 0. (Hint: For x > 0, consider
f(t) = ln(l + t) on the interval [O,x] and apply the
Mean Value Theorem.)

57. Prove the inequality J/1+x <1++x forx > 0. (Adapt
and follow the hint given in Exercise 56.)

58.* Use the Mean Value Theorem to show that
lim (\/_ —/x=5 ) =0. (Hint: Apply the theorem to

the function f(x) =+/x on the interval [x - 5,x] fora
fixed x-value. Then let x approach infinity.)

59. Use the Mean Value Theorem to prove the following
inequality for all a, 3 € R.

|arctan o —arctan ﬁ| < |a - ﬁ|

60.* Generalizing Exercise 59, prove that if f is
differentiable and | f '(x)| <M for some
M > 0, then for all x, y in the domain of £,
|f(x)—f(y)| < M|x—y|. (Such a function f is said
to have the Lipschitz property with constant M.)

61. Use Exercise 60 to prove that f(x)=cos3x has the
Lipschitz property with constant 3.

62.* We say that the function f(x) has a fixed point c € R
(or that it leaves c fixed) if f(c)=c. Prove that if f is

differentiable on R and f'(x)<1 for all x, then f can
have no more than one fixed point.

OHAWKES LEARNING



63.* Prove Cauchy’s Mean Value Theorem, which is stated

as follows: If f and g are both continuous on the
closed interval [a,b] and differentiable on (a,b), and
if g'(x)#0 on (a,b)and g(a)# g(b), then there
is a point ¢ €(a,b) for which f'(c) = /(b)-1(a) .
g'(c) e(b)-g(a)

(Hint: Apply Rolle’s Theorem to the function

Concept Check

64-68 Determine whether the given statement is true or false. In
case of a false statement, explain or provide a counterexample.

64.

65.

66.

67.

68.

There are situations when the Mean Value Theorem
applies but Rolle’s Theorem doesn’t.

There are situations when Rolle’s Theorem applies but
the Mean Value Theorem doesn’t.

If a and b are zeros of the function f (x), then there
exists a point ¢ in (a,b) such that f’(c) =0.

If a and b are zeros of the polynomial p(x), then
there exists a point ¢ in (a,b) such that p'(c) =0.

If f’(x) =0 for all x in the domain of f, then f(x)
is a constant function.
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4.2 Technology Exercises

69-72 Use a graphing utility to graph the function on the interval
[a,b] along with its secant line through the points (a,f(a)) and

(b,f(b)) on the same screen. Then find and graph the line(s)
tangent to the graph that are parallel to the secant line.

69.

70.

71.

72.

f(x)=+x on [0,9]

f(x):%—x2+x+7.5 on [1,3]

3x
x+2

f(x) = on [—1,1]

f(x)=sin’ x+3x on [0,7]
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Solving f "(x) =0 gives us the possible inflection points 0 and 1 (note that 0 is both
a critical point and a potential inflection point).

We proceed to evaluate the signs of /' and f” on the intervals of interest.

Interval (—0,0) (0,%) (%,oo)
Sign of f’ f’(—l):—10<0 f’(l):—2<0 f’(2):8>0
Monotonicity of f  Decreasing Decreasing Increasing
Interval (—0,0) (0,1) (1,00)

Sign of f" f(-1)=24>0  f'($)=-3<0  f"(2)=24>0

Concavity of f  Concave up Concave down Concave up

We now have a wealth of information about f at our disposal, and can easily answer
all of the questions about its graph.

First, the two tables above identify the intervals of constant monotonicity and
concavity and whether f is increasing, decreasing, concave up, or concave down

(l O) / on each. Note how those intervals correspond to the graph of /" shown in Figure 10.
; ; ’ F> x Second, we can use the First Derivative Test to realize that /" does not have a relative
-3 ;! 2 extremum at the critical point 0, but does have a relative minimum at 3. And since
-7 (%*%) the concavity changes from up to down at 0 and from down to up at 1, both 0 and 1

—2+ Inflection points are inflection points.
Figure 10 We could also have used the Second Derivative Test to determine that f has a relative

. o N y

f( X) —xt_oy® 11 minimum at the critical point 3, even though we never actually evaluated f” at the

point. The reason is that we know f” exists on the open interval (l,oo) containing
2 (indeed, f" exists everywhere), and that it is positive on the interval. In particular,
it is positive at 3.

The last step is to evaluate f at the two inflection points and the one relative extremum—

those values are shown in Figure 10. Note that f has no absolute maximum value, but
the relative minimum at 3 is also its absolute minimum.

Example 4 illustrates that the tools of calculus can answer questions about particular points
of interest on the graph of a function. We will explore this idea further in Section 4.5, but we
will acquire one additional tool before doing so.

4.3 Exercises

1-22 Determine the intervals of monotonicity of the given function.

L f(x)=x"-4x+1 2. g(x)=%x+5
3. h(x)=§x3+4x2—10x+§ 4. F(x)=0.75x"+x’ =15x% +24x+7
5. G(x)=—x*-2x" +8x* —6x+1 6. k(x)=(x"-4)(x"-3)
7o) =S BT 8. n(x)=—2
8
9 H(x)=§:33 10. R(t)=:2+29
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334 Chapter 4 Applications of Differentiation

:
11. C(x):t_—;l 12 A(x)=|x+4|-1
13, f(t)=2.5-|t-3.125] 14. t(x)=x"+2

15. w(s)=+/s(s-1) 16. F(x)=6-(x-3)"
17. G(x)=sin’x+1 18. m(x)=27"+2*
19. g(t)=-2te™ 20. L(x)=xInx

21, A(x)=0.5x" (x* - 4) 22. U(s)=s\3-s>

23-42. Use the First Derivative Test to classify the relative extrema, if any, of the functions given in Exercises 3—22.

43-50 Identify all intervals of monotonicity as well as intervals of concavity for the graphed function. Find all local extrema and inflection
points, if any.

43. f(x)=x2+2x 44. g(x)=—§x3+4x
Y y
1 st v=s8)
3,,
NWERS
" P sl 6"
-3 A -1 o3 1
1+
-2 -6
45. h(x) 46. F(x)=tx'-20 4l
16 12
y ¥
6 6
W y=h(x) S =FE)
2 2l
s 4 > 4 o T 4 I
1 NS
41 -4
7677 76
47. G(x):1.5)cs—2.5x3 48. H(x)zd
X
" y
¥ 3
2,,
y=G(x)
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49. k(x)=2x—tanx, |x< g

|
SE]

|
ENE]

51-62 Determine the intervals of concavity of the given function.

51. f(x) =4x—x*

3 2

52. g(x):%—x?+x+1

53. h(x =4x* —3x* =36x+5

)
54. k(x)=—x*+5x+1
55. F(x)=x"+4x"+72x

56. G(x)=-x"+6x"+24x" —4x+2
57. k(x)=03x"+x*-3x" +12x+4

)=
58. (x)

xS 60. F(x)=2
x=5 X

59. m(x) =

61. H(x)=9"+3"

5/7

62. u(x) =(x—2)

63-82 Use the first and second derivatives to identify the intervals of
monotonicity, extrema, intervals of concavity, and inflection points of

the given function.

63. f(x):%x+5 64. g(x):x2—8x+3.5
65. h(x)z—%x2+5x+§ 66. F(x)=2x"+3x"-7
67. G x)=—4x3—3x2+18x+10

(
68. K(x)=05x"+2x"—6x’ —16x+19.5

09. L(x):—x4+12x2—20x+3
70. m(x)=-—>
X
71. _x+l 72. H 2x
()= 2L (=2
2 4/5
73. V(x)=2x Zl 74 t(x)=%[x—%j
x—

50. = —-=
m(x) = cosx >

75.

77.

79.

81.

Section 4.3 Exercises 335

|x| <27

>

. f(x)zi/;—x
h(x):x\/9—x2

v(x)=sin® x—2cosx

x* -1
g()c)=x2/3 (%—x} 78.
u(x) = \/;e"‘ 80.

k(x)=cosx—sinx  82. L(x)=-x’ ln|x|

83-90 Sketch a graph of a function satisfying the given conditions.
(Answers will vary.)

83.

84.

85.

86.

87.

88.

89.

90.

f is differentiable on R, has both a local maximum and
minimum, but no global extrema.

£ is differentiable on R, /' has a zero, and f has no
local extrema.

1 is differentiable on R, f is an odd function,
f'(x)>0 on (—4,4), f'(x)<0 elsewhere, and

lim f(x)=0

[x[—>e0

‘l‘im f(x) =1 and f(O) =0 is a global minimum.

£ (x) is everywhere positive on R, but its derivative is
everywhere negative.

f'(x)<0 and f"(x)>0 for all x e R.

f has vertical asymptotes at x = £2, a horizontal
asymptote at y = 1, f is an even function, f '(x) <0
n (0,2) and (2,%), f has a local maximum at 0,
/"(x)<0 on (0,2), f"(x)>0 on (2,%), and f has
no absolute extrema.

£(0)=7(2)=0. 1'(1)=1"(3)=1"(4)=0
f”()<0= f"( ) 0, and hmf( ):()
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91-96 The function p(t) gives the position, relative to its starting point, of an object moving along a straight line. Identify the time intervals
when the object is moving in the positive versus negative direction, as well as those intervals when it is accelerating or slowing down. Find the
times when the object changes direction as well as when its acceleration is zero.

91. p(1)=2>-3r+25 92. p(t)=5t—%t2
93. p(t)=2¢—15¢* + 241 94. p(t)=-21+22.5" - 661
95. p(t)=e'sint 96. p(r)= il

2t+2

97-102 The graph of the derivative f'(x) of the function f(x) is given. Use it to sketch an approximate graph of f”(x). Then try to sketch a
possible graph of f (x) as well. (Note: There are many possible correct answers for the graph of 7. Can you see why?)

97. Y 98. ¥

99. Y 100. Y

101. 102. y

103. Suppose T (t) is the outside temperature, over a 24-hour period on a typical spring day where you live (¢ is measured
in hours, with ¢ = 0 corresponding to midnight). Given the following data, what time(s) of day might c, represent
(i=1,2,...,6)? Explain your choice(s).

a. T'(¢,)>0, T"(c,)<0 b. T'(c,)>0, T"(¢c,)>0 c. T'(c;)=0, T"(c,
d. T'(¢;)<0, T"(c,)<0 e. T'(c;)<0, T"(cs)>0 f. T'(c,)=0, T"(¢,)<0

~
\
(e
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104.

105.

106.

107.

108.

The graph below shows the profit (in thousands of
dollars) from a product per hundreds of units sold. Use
the graph to visually estimate the production level at
which the marginal profit starts increasing.

y
4

1.0+
0.8+
0.6+
0.4+
02+

f f f f > X

o 1 2 3 4 5
Units Sold (hundreds)

Profit (thousands of dollars)

An aftermarket auto accessories company manufactures
StopTheMess trunk liners and organizers. The overhead
cost of operating the plant is $5000 per month and the
cost of manufacturing each item is $20. The company
estimates that 200 liners can be sold monthly for $50
apiece, and that sales will increase by 10 liners per
month for each dollar decrease in price.

a. Find a formula for the profit function P(n),
where 7 is the number of trunk liners manufactured
(suppose 200 < n < 350).

b. Identify the intervals on which P is increasing
or decreasing, and find the production level that
maximizes profits.

The strength of an electric field due to a charged ring
obeys the equation

kqx

where ¢ is the electric charge measured in coulombs
(C), k~8.99-10° Nm?/C?, R is the radius of the
ring and x is the distance to the charge in meters. Find
a formula for the rate of change of £ as x increases.
What happens to £ and dE/dx as x — 0?

E=

Suppose that f'(x)=(x+4)(x+ 1)2 (x- 3)3 .
By examining the zeros of f '(x), identify the
x-coordinates of the local maxima and minima
of f(x). (Hint: Recall what you learned about
multiplicities of zeros and sign changes of
polynomials.)

Repeat Exercise 107 for g(x) if
g'(x)=3x(x-2)(x+ 5)4 (x—%)2 (x+1)3 .

109.

110.

111.

112.

113.

114.

115.

Section 4.3 Exercises 337

Use derivatives to prove that if x € (—oo, l), then
1/(1-x)>1+x. (Hint: Start by assuming that x > 0.
Rewriting the inequality as f(x)> g(x), show that
D(x)= f(x)—g(x) is increasing, while D(0)=0.
To handle the case of x < 0, use the fact that D'(x) <0
along with D(O) =0.)

Prove that quadratic functions cannot have any
inflection points, while cubic functions have
exactly one. What can you say about fourth-degree
polynomials?

Suppose we know that the derivative of a function f
is f’(x) = a/(x2 + 1) for some nonzero a € R. Prove
that f is increasing or decreasing everywhere on R.

Generalize Exercise 111 by proving the following
statement: If f is differentiable on an interval / and

f '(x) # 0 in the interior of /, then f is increasing or
decreasing everywhere on /. (Hint: Indirectly assume
that ' changes signs, and use the Darboux property
of derivative functions.)

Use Exercise 112 to find conditions under which the
general cubic polynomial p(x)=ax’ +bx* +cx+d is
decreasing everywhere on R.

Prove that a cubic polynomial

p(x)=ax’ +bx’ +cx+d has exactly one inflection
point. Find its first coordinate, assuming that the three
real roots of p(x) are x,, x,, and x;.

Determine the conditions on the coefficients of the
cubic polynomial p(x)=ax’ +bx*+cx+d in order
for p(x) to have a local maximum at x = 0 and a local
minimum at x = 4.

116.* Consider the following function.

117.

2x?

4x* if x is rational

if x is irrational

-}

Use f to explain why the changing of signs of the
derivative is not necessary for a function to have a
local extremum.

x if x<1

, explain

By considering 1 (x)= {3 .
—x if x>

why the First Derivative Test can’t be used for a
discontinuous function.
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118.

Chapter 4 Applications of Differentiation

Suppose that f(x) and g(x) are at least twice
differentiable and that both their first and second
derivatives are positive everywhere on an interval /.

128.

If f"(c)=0, then c is an inflection point.

Which of the following statements can you prove from 4 . 3 Technology Exerci ses

these conditions? Prove those statements that are true,
and provide counterexamples for the rest.

a. f(x) + g(x) is increasing on /.
b. f

x)+g(x) is concave up on /.

i
~

x)-g(x) is increasing on I.

(%)
(x):
(x):
(2
(e

&
~

g(x) is concave up on I.

®
~

g\ X

=
<

) is increasing on /.
) is concave up on /.

)
g(x)

119.* Use mathematical induction to prove the following

generalization of the Second Derivative Test:

Suppose that the derivatives of all orders of the
function f existatc,upto f (26) (c), and that
f'(e)=f"(c)=-= f(ZH) (c)=0, but f(Zk) (c)=0.
Then if f (26) (c) <0, f has a relative maximum at c; if

f(Zk) (c) >0, f has a relative minimum at c.

120.* Use mathematical induction to prove that

if fis (2k +1)-times differentiable at c,
f(e)=r"(c)="= s (¢)=0, but FEE (c)=0,

then f has a point of inflection at c.

Concept Check

121-128 Determine whether the given statement is true or false. In
case of a false statement, explain or provide a counterexample.

121.

122.

123.

124.

125.

126.

127.

Not all fourth-degree polynomials have inflection
points.

A function with no inflection points cannot change
concavity.

If f’(x) is negative on (—oo,c) and positive on
(c,oo), then f has a minimum at c.

If f(x)
(f+gﬂ)
)

If f(x)and g(x) are decreasing, then so is

(f-8)(x).

A polynomial of degree n cannot have more than n — 1
extrema on R.

( ) are decreasing, then so is

If ¢ e Ris a critical point, then the function has a local
minimum or a local maximum at c.

129-130 Use a graphing utility to graph the given function along

with its
graphs

first and second derivatives on the same screen. Use your
to explain the behavior of the function with regard to the signs

and values of its derivatives.

129.

130.

131.

f(x) = (x2 +1)'\/9—x2 on [—3,3]
g(x) =+x cosx —sin2x on [0, 47]

The table below shows the temperature of a pediatric
patient over a 24-hour period (measurements were
taken every two hours, starting at midnight). Use

the regression capabilities of a graphing utility to
approximate the data by a fourth-degree polynomial.
When do you estimate the patient’s temperature to
have been the highest? The lowest? When did the
highest rates of increase and decrease occur?

Patient’s Temperature

Time

Temp (°F)

Time

Temp (°F)

12am. 2am. 4am. 6am. 8am. 10am. 12 p.m.
99.9 995 991 989 987 988 994
2p.m. 4pm. 6p.m. 8p.m. 10p.m. 12am.
100.0 1021 1019 101.3 101.0 999

132.

In the first few months following the launch of a new
product, monthly sales were given by the function

S(t)= 300t2/(t2 + 2), where ¢ is measured in months.
a. Use a graphing utility to graph the function over

the first year, and estimate when the rate of growth
in sales was greatest.

b. Use the differentiation capabilities of a computer
algebra system to check your estimate in part a.

133-136 Use a graphing utility to graph the given function for
different values of the parameter(s). Examine how the values of the
parameter(s) affect the number of local extrema. How about inflection

points?
133.
134.
135.

136.

fx)=x +ex’; 1<¢<3

(

(x)
(x)=

k(x)=s

0.5x° + ex* — dx;

0<c¢,d<3

S 09

cosx—sm(cx); 0<c<4

in? (cx)cos(dx); 0<c,d<5
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HORHRM FLAART ALUTE REAL RARERH HFP u lny = xlnx =

Inx
l b
X

which gives us a limit of indeterminate form oo/, So,

1
. Inx . x 1 _
' i
Figure 3 X X
y=x*on [0,3] by [_1,6] and hence x* — ¢’ = 1 as x = 0" (don’t forget this last step!).

S EWIEEN Using L’Hépital’s Rule to Find a Limit

of Indeterminate Form «°

Determine lim x"*.

xX—>00

Solution

The base has a limit of oo and the exponent has a limit of 0. We proceed as in the last
two examples.

1/x

y=x
1 In
Iny=—Inx= nx Indeterminate form 00/ 0
X X

Applying L’Hopital’s Rule,
1

limIn = lim 225  Jim = = 0

xX—>00 x—o oy X—>0 1

and therefore limx"* =limy=¢’ =1.

X—>00 X—>0

4.4 Exercises

1-12 Evaluate the limit using the theorems of Chapter 2. Then decide whether L'Hopital’s Rule is applicable and, if so, use it to check your answer.

2x2-18 x> +8 sinx 2

1. lim 2. lim 3. lim 4. lim

=3 x=3 x>2 x4+ 2 x—0 Dy x>0 ] —cosx

2 2
. - . - . 2

5. lim cosx 6. lim 6x—x42-7 7. lim 5x3—2xz+1 . lim =

am— % x—3x 255 —3x% + 6 =0 Jx+3 -3

secx I/x 1 1

9. lim 10. lim (+/x 11. lim| —— 12. lim

x>0 x x—0" ( ) x—0 [ X x ,X +1 j x-0 3tan x
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346 Chapter 4 Applications of Differentiation

13-16 Two functions are in competition to determine the indicated limit. Identify the type of the indeterminate form, and fill out the table to

decide which function dominates.

J5xP+7

13. lim f(x), where f(x)=

X S 0.2x% +1
X 1 10 100 1000 10,000 100,000
f(x)
0.5vx
14. limg(x), where g(x)=———
fime (x) ¢ ()= ey
X 1 10 100 1000 10,000 100,000
g(x)
15. limh(x), where A(x)=x""e™
X 1 10 100 1000 10,000 100,000
h(x)
16. !gl(}k(x), where k (x) = (sinx)
X 1 0.5 0.1 0.01 0.001 0.0001
k(x)
17-48 Check whether L'Hopital’s Rule applies to the given limit. If it 33. lin&% 34, lim—5——
does, use it to determine the value of the limit. If it does not, find the 037 -1 ex—3x+4
limit some other way. (When necessary, apply L'Hopital’s Rule several 35. i sinx —x 36. lim 1-cos¢
times.) x>0 3x? 00" csCep
ftan 6
o 2x+5 L 4-2.5x 37. lim— 38. lim
17. )lclj;gxz_7 18. )l(lj')l:i 13 a0 @SN _ 1 00 1 —cos @
2
. 1sxt-2x? In(z+1 cos(2t)-1
19. lim 12X~ ¥x+9 39. nf( ’ ) 40. limw
o x 42 1x-4 - o' gint 1o t—m
4 3 _ 2
20. lim % (9 _;TJ .
T 41. lim ~——=2_ 2. lim="
_x _ xsinx #>72 In(sin0) o 5t —x
21. lim — 22, lim—— « 2 n(1
=0 Inx el 43. lim 2 Y 44, tim 2UnY)
1 a0 3T x o xlnx
—+2
log, (1+x log, (2x+1
23. lim-~ 24, lim——' 45. lim L 46, 1im 2% (2x+])
x>0 Dy 41 -0 I2t+9_3 x—0 IOg3 (51nx+1) Yo 10g5 (X_4)
. sinx+2Ilnx . sinx—x 1 x
25, lim>2XTemXr 26. lim . log,(x+1) 3]
X—00 X—> — 4 . 1 - 4 .
x*+5 0]1—cosx 7. lim log, x 8. lim 3
2. i 1—cost 28 sinvx+1
- 3 et x4l 49-74 |dentify the indeterminate product, quotient, difference, or
s power, and use L’Hopital’s Rule to find the limit. If the limit is not of
29, 1im x? 30. lim ln(sec x) indeterminate form, say so and find it by other means.
x—0* ln(cos x) x>0 \/;
. . N2x+1
Inx log,, (x2 +2x+1) 49. lim xInx 50. lim———
31. Im——— 32. lim x>0 o x+3
e ln(x2 +3x) 0 Jog,, (x+1)
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51.

53.

S5S.

57.

59.

61.

62.

63.

65.

67.

69.

71.

72.

73.

lim x cos = 52.
x—0 X

1 X
lim (—j 54
x0T\ x

7o x +1
lim (x—1)"" 64.
. cotx
1{13} (cosx) 66.
lim tan xsec x 68.
x—0"
In (100x2 +e" )
7 170.
X0 IOOX
. 1/x
1}3} (1 + 2x)
ﬂ_Z
lim | ——x? [secx
x—(7/2)" 4
Jim S02X 74.
x>0 tan 3x

i Inx
im——
X—>00 x7/5

. cosx
lim (cot x)
x—>0"

) xlOO
lim

xoo 3F

lim 2\/; cscx

x—0"

lim x>

x—1

75-85 Find the limit. If applicable, use L'Hopital’s Rule (as many
times as appropriate).

75.

77.

79.

81.

83.

8S.

22X +x* -4
lim—— 76.
X0 e"

. L1
lim xsin — 78.
X—>00 x

. x
lim x* 80.
x—>0"

imx"", nez®™ 82
X—>00

. sinx—x
llmT 84.
202y —e' +e

. sinx—x
lim—

—0tanx —x

COoS X

x> Q¥

. 3
lim x"*

X—>0

. X
lim (x" )
x—0"

xX—>0 X

. X
. [sinx
lim
x>0 X

Section 4.4 Exercises

86-91 Find the error(s) in the limit calculation.

86. lim —5"% _1im =°%* _ | (Incorrect!)
x—0 X x—0
2
87. lim> 2 =lim 2 =4 (Incorrect!)
=2 x—2 x—>2 1
x In5
88. lim > Sjl E ; =1 (Incorrect!)

89. limxcotx= hm

=()(-

( CSC x)

w)=—o0 (Incorrect!)

!
sin —

90. limxsin— =Ilim

x—0 X x—0

X

=limcos—

x>0

= does not exist

x
(Incorrect!)

oL 1 cosx—x*—=1 . —sinx—2x
. lim : — = lim - >
-0 xT —2x 0" 4x° —6x
—cosx—2

m =
=0 12x° —12x
 lim sin x
0" 24x—12

347

=0  (Incorrect!)

92-106 Convince yourself that the initial use of L’Hopital’s Rule is not
helpful in finding the limit. If possible, try to find a way to make use of
the theorem, or evaluate the limit in some other way.

92. lim

94. lim

96. lim

98. 1im[i2j
X—>0 x

100. 1im S

0 cotx

. 1 1
lim| ———
"\ x—1 Inx

Iim2 *xlnx

xX—>00

102.

104.
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93. lim \/ +1-2

X—>00 xz + 2

5 -6
m
x—o 7Y 4 8F

97. lim(L)
oo\ x+1

99, lim
e Jx? +1

9s.

101.

x—0"

[ S5x+1
lim | cotx —

103. hm cot x)“”

xort

. . tan x
llir(}(sm x)

105.

)
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106. lim

x—(m/2)” z _

2

—tan x

107-110 Find the limit of the sequence by considering the function
you obtain after replacing n with the real variable x.

2 n

107. lim =1 108. lim(1+lj
n—»w 2" n—m n
109. lim%/n 110. lim26J:5

111-114 Use 'Hopital’s Rule to prove the assertion.

. tim S

x—=0 X

=0 (k>1)

112. lim@ =0
X—o% o

(p(x) is a polynomial, & > 0)

113, lim(lnf) ~0
X—>0 x

(neN,k>0)

x

114. lim< =

x—o0 x"

(a>1,neN)

115-122 Find the value(s) of ¢ satisfying the conclusion of Cauchy’s
Mean Value Theorem. If the theorem doesn’t apply, explain why.

5. f(x)=x, g(x)=x>+1 [0,1]
16. f(x)=x’-1, g(x)=x"+2x; [-1]]
u7. f
8. f(x)=x, g(x)=-x* [-2,3]

(x)
(x)=x"—x, g(x)=-x"+2x+3 [-13]
(x)

119. f(x)=x>+3x, g(x)=3x"-5x+3; [-13]
(
(

120. f
121. f(x)=cosx, g(x)=sinx; {—%,0}

122. f(x)=x’-5x-9, g(x)=x"+x+10; [-3,2]

123-124 Prove that f(x) has a removable discontinuity at x= 0.
Then find the value of ¢ so as to make f continuous.

3tanx—2x

123, f(x)= PR if x#0
c if x=0
*sin2x) if x#0
124. f(x): (e —sin x) if x#
c if x=0

125. Recall the following compound interest formula for
the value of an investment of P dollars after ¢ years,
compounded » times a year at an annual interest rate

of r. )
A:P(Hfj
n

Use L’Hopital’s Rule to prove that if we let n — oo,
we obtain the following continuous compounding

formula.
A= Pe"

126. The strength of an electric field due to a disk charge is
obtained from the formula

E(x)=2 1%

( ) 250[ \/x2+R2J

where o is the electric charge per unit area (in C/m?),
£, =8.85-107 C*/Nm’, R is the radius of the

ring, and x is the distance to the charge in meters.

Use L’Hopital’s Rule to confirm that E (x) -0

as x — . How is E affected by o and R at a given
distance? What happens to the rate of change of £ as x
increases? (Hint: Apply L’Hopital’s Rule to dE/dx as
X — 0.)

127. Marquis de I’Hopital first illustrated the rule named
after him in his 1696 textbook, Analyse des Infiniment
Petits. He used an example where the objective was to

find
N2aix—xt —adla’x

a—4ax3

lim

x—a

for a > 0. Determine the above limit.

4.4 Technology Exercises

128-131 Check whether the limit is of indeterminate form, and then
use a graphing utility to evaluate the limit.

128. lim(x-1)"" 129. lim tanxInx
x—1t x>0t
: P . 1 1
130. lim x 131. lim| — ———
¥0" =0\ sin“x x

132-133 Use a graphing utility to graph the function for different
values of the parameter ¢. Examine how the values of the parameter
affect the indicated limit.

132. lim(l + Lj

X—0 Cx
What happens to the limit when |c| —>00?

x

133. lim -

x0T cx

What happens to the limit when ¢ — ©?
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Figure 10
Zoomed-In Graph of

f(x)zeX +sinx

4.5 Exercises

Section 4.5 Exercises

The largest negative root of f lies somewhere to the right of —7/2, as the close-up
in Figure 10 indicates. An initial guess of 0 would work well to begin Newton’s
method, but for illustrative purposes we use x, = —1.25. Applying Newton’s method,
we obtain the following formula for x

n+1°

e" +sinx,

e +cosx,

The first few approximations are as follows.
x, =-1.25
x, = —=0.534414
x5 = —0.588532

x, ~—0.149219
x, =—0.587419
x, ~—0.588533

Since x; and x, agree to five decimal places, the largest negative root of f is
approximately —0.58853.

1-4 The graphs of the first and second derivatives of a function f are given. Identify which one is which, and then sketch a possible graph of

f. (Answers for the graph of £ will vary.)

1. y
2
3. y
A
b 154
10+
5,,
2 0\ \ 2

—5”
_107,
a —15+

5-48 Use the curve-sketching strategy to construct a graph of the function.

5. f(x)z)c3 +3x* —9x
h(x):lx4 +§x3 +x?—8x
4 3

(=) -2

11.

13.

2.
—> X
3
-5+
4. A
a 4l
3,,
2,,
1,,
f f X
2 /1 2
b =31
6. g(x) =—x'+2x" —x+4

F(x)

k(x)=x5 —2x% —8x+1

=—%x4+x3+9x2+2

10.

12. rrl()c):4163—5x4
x*+2
14. H =
(x) x+2
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2x7 +1
15. =7 16. -
5 R(x) 72 6 r(x) 3
17. A(x)=|x-3|-2 18. f(x)=1.5-|x-2.2]
19. w(x)=x2/5+§ 20. u(x)=(x-2)Vx
2. F(x)=2-(x-1)" 22. G(x)=sin’x-1
23. h(x)=e " +e™ 24 H(x)=-2Jx 27
25. P(x)=xInx 26. H(x)=03Yx(x*-1)
27. G()c):x\/4—x2 28. L(x)z 32
P
x*+7 e’
29. m(x)= — 30. K(x)_7
31. F(x)=e"—e™ 32. v(x)=(x—1)3/5
5 x+2
. =- R =
33 m(x) (x—2)2 34 (x) ~—4
-X 2x% +2
35. G(x)—x2_1 36. 1(x)= a
3( 4" x-1)’
3. H(x)zz[x—gj 38, w(x):(2xz—_)2

39. k(x)=x-x 40. F(x)=x4/5(x—ij
M. c(x)=xil-x* 42 G(x)=—Jxe™
43. Z(x)=2sinx—cos’x 44. K(x)=sinx—cosx
45. L(x)=x"Inlx  46. G(x)=+4x’+3
47. u(x)=7-v9x> +2x+1

(x)=e

Cosx

48.

N

X

49-54 First prove that X[ryw(f(x)—g(x)) =0. This means that

when x — oo, the graph of f(x) approaches that of g(x). Use
this observation as an aid in graphing f(x). (In this case, we say
that £(x) is asymptotic to g(x))

49. f(x)z);:zs, g(x) x*—2x+4
50, f(x):(x;l)w” (x)=L(x+1)
51 f(x)=v4x’+5, g(x)=[2x]
52. f(x):\/x2—4x+5, g(x):|x—2|
3. f(x)=Yr+L. g(x)=x

54. f(x)zsinx+—, g(x)zsinx

55-56 Sketch on paper a few of the tangent lines that are used to
approximate the largest root of the indicated function by Newton’s
method, using the starting values of —1, 0, and 1, respectively. Does
the method always work? Explain.

5s.

56.

t t t t t t X
_7_0.5 y 1.5

0.5+

—1+

57-60 Use Newton’s method to approximate the given number to
five decimal places.

57.

59.

/50 58. Y10
In5 60. In100

61-70 Use Newton’s method to approximate the zero(s) of the
given function to five decimal places. Restrict the domain to the given
interval where indicated.

61.

62.

63.

64.

65.

66.

67.

68.

69.

70.

f(x)=x’-x+2
f(x)=2x"+x*=5x+1
f(x)=x"—6.1x" +4.7x* —12.2x+5.4
f(x)=025x" —2x" +x+0.69
f(x)=x"+x+1
f(x)=2x"=5x" +2x° —4x* +1
f(x)=42x-x+3
f(x)=~2+x" -11x

f(x):sin(2x+1)—%; (0,1)
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71-76 Use Newton’s method to solve the equation on the given
interval. Approximate the root to six decimal places.

71. sinx=x"on O,z
2
72. 2-x'=e¢'onR
73. x*=arctanx on (0,)

74. Inx=2-+x on (0,:)

75. cosx =tanx on 1,3—7T
22

76. log,, x=sinx on (0,o)
77-80 Recall from Exercise 62 of Section 4.2 that ¢ e R is said
to be a fixed point of £(x) if f(c)=c. Use Newton's method to

approximate to four decimal places the fixed point(s) of the function
on the given interval.

77. f(x) =e™" on (0,00)

78. f(x)=cosx onR
79. f(x)=2cotx on (0,2)
80. f(x)=log,, x on (0,c0)

81-82 Use Newton’s method to find the critical point(s) of the
function correct to five decimal places.

81. f(x)=x5—x3—5x
82. f(x):xzsinx, O<x<m
83-87 Perform the first few iterations of Newton’s method for the

given function with the indicated first guess, and explain why the
method doesn’t work.

83. f(x):sinx—cosx; xl:—%

84. f(x)=x3—6x2+12x—6; x, =3
—J=x ifx<0

85. f(x)= ; x,=a(a#0)
Jroo if x>0

86. f(x):i/;; x, =a(a#0)

87. f(x)=—x3+9x2—l9x+l9; x, =3

Section 4.5 Technology Exercises 359

88. The following rule for approximating the square root
of a has been known since ancient times.

Use Newton’s method to derive this rule. (Hint: Start
with the equation x> —a =0.)

89. Generalizing Exercise 88, use Newton’s method to
derive a rule for approximating a , k>3.

90. Using the approach you have taken in the previous two
exercises, derive the following formula approximating

l/a.

xn+1 = xn (2_axn)

91-96 Use the formulas you derived in Exercises 88—90 to
approximate the given number to five decimal places.

91. 2 92. /50
93. 310 94. 30
05, L 96,

"7 " 19

4.5 Technology Exercises

97. Use a graphing utility to approximate 7 by generating
the first 10 iterations of Newton’s method for solving
the equation sinx = 0 with an appropriate starting
value.

98. Repeat Exercise 97 for the equation (x —5)50 =0 with

the starting value of x, = 6. What do you find? Graph
f(x)=(x- 5)50 , and see if the graph gives insight
into why things went wrong.

99-100 Perform the first two iterations of Newton’s method with
each of the given starting values in an attempt to find the positive
root of f (x); then use a graphing utility to come up with better
approximations. What do you find? Graph f (x) and see if the graph
gives insight into why things went wrong.

99. f(x)=x'-2x-1; x,=09, x, =08, x =-04

100. f(x) =x*—6x’ +9.5x* —1.5x—4.9375;
x, =3 x=29, x =0
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Solution

The given information consists only of the two angles and the two speeds, but in the
figure we have already labeled other quantities that might help us relate the angles
and speeds and arrive at Snell’s Law. Specifically, we have let p denote the horizontal
distance between the object B and the point directly beneath the observer at A. And
since the point C of refraction (where the rays of light bend) is unknown, we have
given its horizontal displacement from 4 the label x, meaning the horizontal distance
between C and B is p — x. The vertical distances a and b are fixed, but the lengths of
the hypotenuses, d, and d,, will vary as x varies.

At this point, it may very well be unclear how to arrive at Snell’s Law from what
we have. But we haven’t yet applied Fermat’s Principle, and we can deduce many
relationships between the labeled quantities. To begin with, since distance = rate - time,
the time it takes light to travel from B to Cis d, /v, and the time it takes to travel
from Cto 4 is d,/v,. So the total time is expressed as follows.

_dh,

Vi

T

We can express the two hypotenuses as functions of x by noting that a* + x> =d,*
and b’ +(p—x)’ =d,%, so

and the domain of Tis [0, p].

The actual distance x must be the value of x that minimizes 7, so our next step is to
find T

' X p—x
T'(x)= -
( ) Vl\/az_,’_xz vz\/b2+(p—x)2

X —X
X _p=X Substitute d, and d, for their formulas.
vwd, v,d,
sinf, sinf -
el S 51'11491:i and sin@zzp ol
v, v, d, d,

Note that T, (O) <0 and 7' ( p) >0, so by Darboux’s Theorem (Section 3.1), there is
apoint x [0, p| for which 7’(x)=0. And by the First Derivative Test, that point must
minimize 7. Rewriting 7’(x) =0, we have developed the formula for Snell’s Law.

sin 6, _ sind, or sin 6, v

\2 v, sind, v,

4.6 Exercises

1. Find two integers whose sum is 120 and whose 2-14 Use the strategy suggested in Exercise 1 to find two numbers
product is as large as possible. (Hint: If you denote the  satisfying the given requirements.
first number by x, then the second number is 120 — x.
Now write a formula for the product, and use calculus
to find the maximum.)

2. The sum is S and the product is a maximum.

3. The difference is 36 and the product is as small as
possible.
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10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

Chapter 4 Applications of Differentiation

Two positive numbers whose product is 144 and the
sum is a minimum.

Two positive numbers whose product is 7* and the sum
is a minimum.

Two positive numbers whose product is 162 and the
sum of twice the first and the second is a minimum.

Two positive numbers that are reciprocals of each
other and their sum is a minimum.

Two positive integers so that the square of the first
number plus the second number is 243 and their
product is a maximum.

The sum of twice the first and three times the second is
480 and their product is a maximum.

The product of two positive integers is 32 and the sum
of twice the first plus the second is a minimum.

Two positive numbers whose product is 16 and the
sum of whose squares is a minimum.

Two positive numbers whose sum is 1 and the sum of
whose cubes is a minimum.

Two nonnegative numbers whose sum is 1 and the sum
of whose cubes is a maximum.

Repeat Exercises 12 and 13 using fourth powers
instead of cubes.

Modify Example 2 by inscribing a rectangle in
the region bounded by the x-axis and the parabola
y=k—x"(k>0).

A vertex of a rectangle is at the origin; the opposite
vertex sits in the first quadrant and on the line

2y + x = 4. Find the dimensions that maximize the area
of such a rectangle.

Repeat Exercise 16 with the opposite vertex sitting on
the graph of y =32 — x°.

From among all lines through the point (3,1), find the
one forming with the coordinate axes a right triangle of
minimum area.

Repeat Exercise 18, this time finding the line forming
a triangle whose hypotenuse is of minimum length.

20.

21.

22,

23.

24.

25.

26.

Suppose that when constructing a trough similar to

the one in Exercise 35 of Section 3.8, both the shorter
base and the legs of its cross-section are 20 centimeters
long. Find the base angle « that maximizes the volume
of the trough.

20 cm

Find the coordinates of the point on the graph of
y=+/x thatis closest to the point (1,0).

Find the coordinates of the point on the graph of y = x°
that is closest to the point (—4,0).

Find the dimensions of the rectangle of largest area
that can be inscribed in the ellipse 2x* + 6)° = 12.

Find the equation of the line tangent to the graph of
¥ =1—x that forms with the coordinate axes the
triangle of minimum area in the first quadrant.

A farmer has 120 feet of fencing to construct a
rectangular pen up against the straight side of a barn,
using the barn for one side of the pen. The length of
the barn is 100 feet. Determine the dimensions of the
rectangle of maximum area that can be enclosed under
these conditions. (Hint: Be mindful of the domain of
the function you are maximizing.)

Barn

100 ft

Pen

A farmer needs to construct two adjoining rectangular
pens of identical areas, as shown. If each pen is to
have an area of 1200 square feet, what dimensions will
minimize the cost of fencing?

1200 ft 1200 ft?
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27.

28.

29.

30.

31.

32.

33.

Repeat Exercise 26 if the pens are constructed against a
straight wall that serves as a side for each.

Repeat Exercise 27 if three identical adjoining pens are
to be constructed, as shown.

Wall

1200 ft? 1200 ft? 1200 ft

A supporting beam with a rectangular cross-section is
to be cut from a log that has an approximately circular
cross-section with a radius of 7 inches. Knowing that
the strength of such a beam is directly proportional to
the width multiplied by the second power of the height
of its cross-section, find the strongest beam that can be
cut under these conditions.

An 8-foot fence stands 5 feet from a tall building. A
contractor needs to reach the building with a ladder
from the outside of the fence. Find the minimum
length of the ladder that can do the job.

—5 ft—

A 30 in. piece of wire is cut and the pieces are bent
into a circle and a square, respectively. Where should
we cut in order to minimize the sum of the areas of
these two shapes?

Repeat Exercise 31, this time producing an equilateral
triangle and a square.

Repeat Exercises 31 and 32, this time maximizing the
sum of the two areas.

OHAWKES LEARNING

34.

36.

37.

38.

39.

40.

41.

42.

Section 4.6 Exercises 367

Prove that among all rectangles that can be inscribed in
a circle, the square has the greatest perimeter.

. Prove that among all isosceles triangles of a given

area, the equilateral triangle has the minimum
perimeter.

Find the dimensions of the rectangle whose perimeter
is P units and area is a maximum.

Find the dimensions of the rectangle whose area is
A units and perimeter is a minimum.

The perimeter of an isosceles triangle is P inches. Find
the side lengths so as to minimize the sum of areas of
the semicircles drawn onto the sides of the triangle.

Suppose we want to construct a can in the shape of a
right circular cylinder with no top whose surface area
is to be S square inches. What dimensions will
maximize the volume?

If we want to make a rectangular

box with a square bottom and no top
that holds 32 cubic inches, and the
construction material costs 3 cents per
square inch, what are the dimensions
and the cost of the least expensive box
that can be made?

If the box to be constructed in \
Exercise 40 is to hold the same volume, but we need
to construct a top from an expensive, heat-resistant
material that costs 21 cents per square inch, how does
the new requirement change the cost and dimensions
of the least expensive box?

Determine the dimensions and maximum volume of
the rectangular box with no top and a square base if its
surface area is 4 square inches.
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43.

44.

45.

46.

47.

48.

Chapter 4 Applications of Differentiation

A cone is to be constructed by cutting out a sector of
central angle « of a disk of radius R and gluing the cut
lines together to form a cone. Find the value of « that
maximizes the volume of the cone.

The pages of a children’s book are to contain 54 square
inches of printed matter and illustrations, with margins
of 1 inch along the sides and 15 inches along the top
and bottom of each page. Find the dimensions of the
page that will require the minimum amount of paper.

A poster is to contain 150 square inches of printed
matter, surrounded by margins that are 3 inches wide on
the top and bottom, and 2 inches on each side. Find the
dimensions for the poster that minimize its total area.

The sum of squares of lengths of the sides of a right
triangle is 64 square inches. Find the side lengths that
maximize the area of the triangle.

A flower bed is planned in the form of a circular sector.
Find the central angle and radius if it is to cover 169
square feet, and its perimeter is to be a minimum.

The shape of a Norman window can be approximated
by a rectangle with a semicircle on top. What
dimensions will admit the maximum amount of light if
the perimeter of the window is to be P inches?

49. In Exercise 103 of Section 3.6, find the optimum

distance s that maximizes the viewing angle.

. An office building is located right on a riverbank,

which is straight. A small power plant is on the opposite
bank, 1500 feet downstream from the point directly
opposite the office building. The river is 300 feet wide.
If we want to connect the power plant and the building
by cable, which costs $1700 per foot to lay down
underwater and $800 per foot underground, what is the
least expensive path for the cable?

. Two antennas standing 30 feet apart are to be stayed

with a single wire. The wire runs from the top of the
first antenna, is secured to the ground somewhere
between the antennas, and is finally attached to the top
of the second antenna. If the height of the first antenna
is 12 feet, while that of the second is 8 feet, find the
point along the line segment connecting the bases
where the wire needs to be staked to the ground if the
length of the wire is to be minimal.

~

\‘\Wire
12 ft 8
0.
3
30 fi

. If we denote the heights of the antennas in Exercise 51

by A, and #,, respectively, and the distance between
them is d, prove that the wire has minimal length if
and only if o = 3.

. In Exercise 51, find the location of P that maximizes

the angle 6.

54.* An inverted square pyramid is to be inscribed into a

larger square pyramid of volume 7, so that the two
have a common axis, and the vertex of the inscribed
pyramid coincides with the center of the outer
pyramid’s base. Find the ratio of the pyramids’ altitudes
so that the volume of the inscribed pyramid is maximal.

AN
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55.* The lower left corner of a letter-sized paper, which is

56.

57.

58.

59.

60.

61.

62.

8.5 in. by 11 in., is folded over to reach the right edge
of the paper. Find a way that this can be done so as to
produce a crease of minimum length.

Find the radius of the base and the height of the
right circular cylinder of largest volume that can be
inscribed in a sphere of radius R.

Repeat Exercise 56, but inscribe a right circular cone
instead of a cylinder in the sphere of radius R.

Find the radius of the base and the height of the

right circular cylinder of largest volume that can be
inscribed in a circular cone if the height of the cone is
H and its base has radius R.

Repeat Exercise 58, but find the extremum of the
surface area of the cylinder instead of its volume.

The sum of the height and the radius of the base of a
circular cylinder is 12 inches. Find their lengths if the
volume of the cylinder is to be a maximum.

Suppose that we want to send a parcel in the shape
of a square-based rectangular solid, and the Standard
Post service limits the sum of the length and girth
(girth = the perimeter of the base) to 130 inches. Find
the dimensions of the package of the greatest volume
under these conditions.

Find the maximum volume a
right circular cone can have if
its slant height is a inches.
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63.

64.

65.

66.

67.

68.

69.

70.

Section 4.6 Exercises 369

An isosceles triangle of perimeter P is rotated around
its base. What base length will produce the solid of
maximum volume?

P

A lighthouse is 2 miles off a straight shoreline, and

a grocery store is 10 miles down the coast. If the
lighthouse keeper can row at 2.4 mph and walk at

4 mph, where should he land in order to make the best
time to the store to get supplies? What if he is picked
up by a golf cart that can drive at 9.9 mph?

Repeat Exercise 64 if the lighthouse keeper uses a
motorboat whose top speed is 20.1 mph, and will be
picked up by a car that will drive at the posted speed
limit of 45 mph.

Repeat Exercise 64 if the lighthouse and the store are
both on the shore of a circular lake of diameter d at the
endpoints of the diameter.

At noon on a certain day, a plane is 200 miles south
of another airliner and flying north at 550 mph, while
the second plane is flying southwest at 600 mph.
How much later after this instant is their distance a
minimum?

A straight two-lane highway intersects a straight
interstate at a right angle. A car exits the interstate and
starts moving away from it on the two-lane highway
at 50 mph. At the same instant, another car, moving

at 75 mph on the interstate, is approaching the same
intersection, but is still 10 miles from it. When will
their distance be a minimum and what will this
distance be?

The position of an object connected to a spring is
given by d (t) =sin 3¢+ cos 3¢, where d is measured in
feet, and ¢ in seconds. Find when the absolute value of
its velocity first reaches its maximum and the value of
the maximum velocity.

In Exercise 69, find when the absolute value of the
acceleration first reaches its maximum and the value of
this acceleration.
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71.

72.

73.

74.

75.

76.

Chapter 4 Applications of Differentiation

Ignoring air resistance, the range r of a projectile fired 77. Cool Wheels, a manufacturer of die-cast model cars,
from the ground in a flat area with an initial velocity has a monthly overhead cost of $6000, material costs
of v, can be calculated by r = (vo2 / g)sin 26, where of $2 per toy car, and each has associated labor costs
g is the gravitational acceleration and 6 is the launch of $0.40. When producing and marketing 2500 cars a
angle relative to the horizontal. Find the launch angle month, each sells for $30.75. When producing more,
that maximizes the range if the initial velocity is a it was found that for each additional 100 units, the
given constant. market conditions cause the price to drop by a dollar.

In addition, labor costs go up by 5 cents for each
additional 100 units because of expensive overtime
pay. Find the production level and selling price that
maximize the profit under these conditions.

The luminance E, at distance d from a light source
is directly proportional to the light intensity F, (also
called luminous flux) and inversely proportional to
the square of distance: E, = F, / (47rd ’ ) Suppose

two light bulbs are 3 meters apart, with respective 78. Suppose it costs a candy company $3 to produce
light intensities of F,, =1700 lumens (Im) and and distribute a box of Chi-Can chipotle candy bars,
F,, =1000 Im. Where between these light bulbs will and the number of boxes sold at x dollars a box is
. . L. o
the sum of their luminance levels be a minimum? approximated by n = = +15 ( 50— x). What sale
X—
Management and Power, Inc. has found that its price will bring the maximum profit?
seminar on management techniques attracts 800 people . .
when the seminar fee is set to $600. They estimate 79. Provle that \yhen the company mn Exercise 78
that for each $15 discount in the charge, an additional maximizes its profit, the marginal cost equals the
50 people will attend the seminar. Find the amount marginal revenue.

that Management and Power, Inc. should charge for
the seminar to maximize the revenue, and find the
maximum revenue.

80. Suppose that R(x)=2x"—15x" and

C(x)=3x>-25x" +21x are the weekly revenue
and cost functions for a particular commodity, where

A blueberry farmer owns 1056 plants, each producing x represents units of 100 individual products and
p pounds on average during a regular season. He where the model is thought to be accurate up to
estimates that for each additional dozen of new plants approximately x = 10. What is the profit zone, and
planted on his farm, average production per plant what level of production will maximize the profit?
is going to drop by a half percent. What would be (See Example 4.)

the optimum number of plants on the farm in order
to maximize production, and what is the optimum
production level?

81. The cost of manufacturing x units of a commodity is
given by C(x) =x’ —15x* +12,000x. Find the value
of x that minimizes the average cost of production.

The manager of a 115-unit apartment complex finds (See Example 5.)

that all units are rented at a price of $1500 per month.

Research shows that for each $20 increase in rent, one

additional unit remains vacant. How much should he 4 ) 6 Tech nology Exe rcises

charge for rent in order to bring in maximum revenue,

and how many units are rented then?

82-83 Use the graphing and symbolic differentiation capabilities of a

A moving company sends a truck on a 2000-mile computer algebra system to solve the problem.

round-trip to move two households. The hourly

fuel consumption of the truck is approximated by

2+ 54— gallons, where v is assumed to be a
constant speed somewhere between 35 and 70 miles
per hour. If a gallon of diesel fuel costs $4.50 and the
driver is paid $35 an hour, what speed will minimize

the company’s transportation costs?

82. Suppose we have a small supply of craft paint, enough
for 1 square foot, and we want to use it to paint a
regular tetrahedron and a cube from a children’s toy
set. What should the dimensions of these solids be if
we want to maximize the total volume? How about
minimizing the volume?

83. Repeat Exercise 82 for a tetrahedron and a sphere.
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Solution

We begin by observing that f' is positive on the interval (c,d ), negative on the
intervals (—oo,c) and (d,0), and that f'(c)=f'(d)=0. This tells us that /" is
increasing on (c,d ), decreasing on (—oo,c) and (d ,oo), and that f has a relative
minimum at x = ¢ and a relative maximum at x = d. Further, f” has a critical point at 1
and appears to be differentiable there (the graph of 7' is nicely smooth), so 1" (1) =0;
moreover, since ' is increasing to the left of 1 and decreasing to the right of 1, it must
be the case that f changes concavity as it passes through the point (1,2).

Putting all these observations together, the graph of f must be something along the
lines of the one in Figure 5, though the actual values of f(c) and f(d) can be
nothing more than a rough guess.

The values of f' from the original graph tell us approximately how fast the graph
of f rises or falls near a given point—for instance, since f '(1) =38, the “slope” of f
at (1,2) should be 8.

1-8 Verify by differentiating that () is an antiderivative of £(x).

1 1
+x—2, F(x)=2\/7—;

1. f(x):

&=

3. f(x):—x(x+2)(x—4), F(x):—%x4 +§x3 +4x’ +§

4. f(x)=6cos3x, F(x)=2sin3x

2
5. f(x)=5sec’ (5x+1), F(x)=tan(5x+1)+5 6. f(x)=22 F(x):£(10+2x2)
Jx 5
_ 2x _ 2 o B T
7. f(x)—x2+7, F(x)—ln(x +7) 8. f(x)—ﬂ' s F(x)_21n7r
9-20 Find an antiderivative of the function.
9. f(x)=1 10. g(x)=2x+2 1. h(x)=4x"-x
12. u(x):x5+x3+7r 13. v(x):seczx+3x 14. k(x)z2
X
15. f(x)=5¢" 16. m(x)zL 17. u(t)z—i
2/x r
1 1 1
18. v(s)=6s—2/3 19. w(z)= — 20. g(s)=1+sz+1+sz

21-32 Find the general antiderivative of f(x); then find the particular antiderivative F (x) that satisfies F(1)=1.

2. f(x)=2(x—1)(x+5). F(x)=§x3+4x2_10x

2. f(x)=20-3 2. f(x):3x2+% 23, f(x)=%
24. f(x)=1 25. f(x)=0 26. f(x):—l
X

. -1 .

27. f(x)=x e 28. f(x)=3x—2/3 29. f(x)=(In10)10
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} } X
2 -1 1 )
-1+ ¥
27 4 3-2-1] 1 2 3
31 bl

2
30. f(x)=sinx 31. f(x):gsecz(ng+l 32. f(x)= xz_x'_4
33-36 Given the graph of ' and the knowledge that f passes through the point (3,1), sketch a possible graph for f.
33. Y 34. z
s/ 81 S
2 6
4,,
} X
1 2 3 2l
} } } } } > X
-4 3 Ne 1 2 3
,2”
35. { 36. . ¥
34 I
24 A 16
1 i 4

377

37-60 Find the general antiderivative of the given function, and check your answer by differentiation. (If necessary, rewrite the function before

antidifferentiation.)

37. f(x)=6x"—-4x+15 38. g(x)=5x"—mx 39. h(x)=3x"-10x" +x*+7
40. u(x):—7x4+%x3+6x2—8x+§41. v(x):3(x+6)(2x+1) 42. k(x):—x(x+3)(7x—5)
3
43. h(x):x3\/; 44. m(x)=i+2x£/; 45, n(x):x +27x
NP p
1=t T \2 2 2
46. f(1)= 47. :(3 —1) 48. 2.2
f() \/;+1 a(y) y w(z) p \/;
49. g(t)=e" —3secttant 50. s(r)=2-10"" 51. ¢(0)=6+cosd
52. 0(0)202+05029 53. v(x):(cscx—cotx)cscx 54. z(x):—seczx(coszx+sin2x)
coSs x 2tan2x 5
55. W(x)_coszx—l 56. u(x —m 57. a(x)—m

-3
59

4
. c(x)=——o —_—
1-4x? () |5x|\/25x2—1 V4 -36x>

61-76 Find f (x) that satisfies the specified conditions. (When no initial conditions are specified, find the general antiderivative.)

58. b(x)= 60. d(x)=

61. f"(x)=m f'(1)=0, f(1)=0 62. f"(x)=1-4x, f'(-1)=1, f(-1)=—4
63. f"(x)=0, f"(2)=2, /'(2)=2. f(2)=2 64. f"(x)=x+1 f'(0)=1, f(0)=2, f(0)=
65. f"(x)=3/;, f’(l):O, f(l):% 66. f”(x)=x+%, f’(4)=6, f(4)=0

OHAWKES LEARNING
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67.

68.

69.

70.

71.

72.

73.

74.

75.

76.

Chapter 4 Applications of Differentiation

fm(x)=Vx+1, f7(0)=1, f(0)=-1, £(0)=7

"(x)=cosx—e*, f'(0)=-2, f(0)=1
’”(x):sin10x+10x+10, f"(O):O,
7'(0)=35, f(0)=-05

77-85 Use -32 ft/ s? for the acceleration caused by gravity
(-9.81m/s? in the metric system). Ignore air resistance. (Hint: See
Example 4.)

77.

78.

79.

80.

A soccer ball is kicked upward from a height of 3 feet
with an initial velocity of 48 feet per second. How high
will it go?

A student drops a pen from a classroom window on the
fourth floor of the mathematics building. If the window
is 48 ft above ground level, how long is the pen in the
air and with what speed does it hit the ground?

A hiker throws a pebble into a canyon that is

350 meters deep, with a downward initial velocity of
10 m/s. For how many seconds is the pebble in the air
and what is the speed of impact?

A baseball is thrown upward from a height of

1.5 meters with an initial velocity of 30 meters per
second. How high will it go, and for how long is it
going to rise?

81.* With what initial velocity do we need to throw a tennis

82.

83.

ball vertically upward in order for it to reach the top of
a 60 ft campus flagpole?

An air rifle shoots a pellet at 1200 feet per second.
What is the horizontal range of the rifle, that is, how
far from where the pellet is shot will it hit the ground,
if we shoot horizontally from a height of 5 feet?

A golf ball is hit horizontally at 40 meters per second from
the top of a slight hill that is 1.5 meters high. If the terrain
around the hill is nearly flat, approximately how far will
the golf ball fly?

84.

85.

86.

87.

88.

89.

Prove that the position function of an object
thrown vertically from an initial height of 4, feet
with an initial velocity of v, feet per second is
h(t)=—-16t>+v,t +h,.

Repeat Exercise 84 using the metric system
(meters and seconds) to arrive at the formula
h(t)=—4.9051" + vyt +h,.

The acceleration due to gravity on the lunar surface is
approximately —5.25ft/s>. How high would the soccer
ball of Exercise 77 fly on the moon?

Find out what would happen in the situation described
in Exercise 83 under lunar conditions. (See Exercise 86
for the acceleration due to gravity on the moon.)

The rate of growth of a rabbit population in a certain
state park, where food supply is limited and predators
are present, is proportional to e ", where ¢ is time
measured in months. If the initial population size is
300 rabbits, which grows to 400 in three months, find
the population size in a year. (Hint: Let P(t) stand

for population size, and use %P(t) =ke™™"))

The rate of growth of a population of a certain virus
in a medical experiment is proportional to 3t, where
¢ is time measured in days. If the initial population
size is 1000, which grows to 1500 in a day, find the
population size in five days. (See and appropriately
modify the hint given in Exercise 88.)

90.* A modern Formula One car is able to come to a

91.

92.

complete stop from 200 km/h (124.3 mph) using a
braking distance of only about 65 meters. Assuming
constant deceleration (which is not fully realistic),

what multiple of g is this? (Hint: 1 m/s =3.6 km/h)

The Bugatti Veyron, the fastest production grand
tourer from 2010 to 2017, can go from 0 to 100 km/h
in 2.5 seconds. Find its position function when
accelerating from a standstill and the distance
covered during the first 1.5 seconds. What is the

car’s acceleration time from 0 to 60 mph? (Use the
simplifying assumption that acceleration is constant.
Also see the hint provided in Exercise 90.)

Jerry the mouse is running toward his hole at a steady
speed of 11 ft/s. Still 20 feet from his destination,

he is discovered by Tom the cat, who is 2 feet behind
Jerry at that moment. If Tom can reach his top speed
of 40 ft/s in 3 seconds, will he be able to catch
Jerry? (Suppose the locations of Tom, Jerry, and the
mousehole remain collinear throughout the pursuit.)
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93.* Assume that an airplane needs to reach a liftoff COncept Check
speed of 180 mph and that it can achieve the same
on a runway that is 0.8 miles long. Assuming . 97-103 Determine whether the given statement is true or false. In
constant acceleration during takeoff, what would this  c45p of 3 false statement, explain or provide a counterexample.

94.

95.

96.

acceleration be?
97.

The acceleration function of a particle moving along

the x-axis is a(t) = 3\/; —% units/s2 . If it starts at
t
98

the origin with an initial velocity of 2 units per second,
find the position function of the particle. Where will it
be in 5 seconds? 99

Repeat Exercise 94 for the acceleration function

a(t)=(2-1) Jt, if the particle starts from rest at the 100
point (3,0). Where will it be in 5 seconds, and when

will its instantaneous velocity be zero?

101.
It follows from our discussions in Section 3.6 as

well as the present section that an antiderivative

of —1/\/1 —x* can be written as —sin"' x. Use the

graphs of inverse trigonometric functions provided 102.
in Section 3.6 to argue that cos™ x is also an

antiderivative of —1/\1—x? . (It follows that the

103.
general antiderivative of —1/ 1= (kx)2 , |kx| <1

is (l/k)cos’1 (lcx)+ C. See also Exercise 67 of
Section 3.6.)

OHAWKES LEARNING

If f (x) has an antiderivative on an interval /, then
it has infinitely many antiderivatives on the same
interval.

. All polynomials have antiderivatives on the entire real

line R.

. Itis possible for a function to have an unique

antiderivative on an interval /.

. Whenever F, and F, are both antiderivatives of / on

an open interval, then F, — F), is a constant function.

If a function has an antiderivative on the interval (—a,a)
for some a > 0, then it has exactly one antiderivative
whose graph goes through the origin.

Every antiderivative of a polynomial function of
degree n has degree n + 1.

If F(x) is an antiderivative of /(x), and G(x)

is an antiderivative of g(x) on an interval /, then
F(x)-G(x) is an antiderivative of f(x)-g(x) on the
same interval.
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S E XMW Finding the Area Bounded by the x-Axis

and the Graph of a Function

Find the area under the graph of f (x) =x" and above the x-axis on the interval
[0,1].
Solution

For variety, we will construct an expression for U, (the underestimate based on
n subintervals) and evaluate limU,. In Exercise 77 you will show that the same

n—w

answer is obtained by evaluating limO,.
n—>%

If we divide [0,1] into 7 subintervals of equal width, each one has width Ax =1/n.

The minimum value of f on [x,.fl,xl.] occurs at x; =x, ,, thatis, at the left endpoint

i-19
of each subinterval. So x; =0, x, =1/n, x; =2/n, and in general x; =(i—1)/n. So
we have the following Riemann sum.

0.5 1()ar=3 (2 (1)L Sy

=L\ N n n o

We have already simplified the sum Z(z - 1)2 in part c. of Example 3.

i=1

U :%(2n3—3n2+nj: 2n® =3n’ +n

" n 6 6n’
342
Hence, imU, = lim 22— *7 _2_1
n—w n—w 67’1 6 3

5.1 Exercises

1-2 Use (04 +U, )/2 to estimate the area under the graph of the function and above the x-axis on the interval [0,8].

y y

4 Y

8 8

6 6 y=2g(x)

4 4

2 2

> X
0 0 2 4 6 8 °F

3—4. Repeat Exercises 1-2 using eight rectangles.
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5. The figure below shows the upward velocity (in feet 6. The velocity of an object undergoing simple harmonic
per second) of a model rocket during its rise. Use the motion is given by the graph below (time is measured
method of Example 1 to estimate how high the rocket in seconds, distance in feet). Using subintervals of
rose by calculating Oq. Is your estimate an over- or width £,
underestimate?

a. give an overestimate for the total distance covered
v fromt=1stot=6s;

b. estimate the total displacement from =1 s to

i v(t)=61"—471+87 t=6s.

7. The given table contains the velocity data recorded by an automotive testing device during an acceleration test.

Time(s) 05 1 1.5 2 2.5 3 35 4 45 ) 5.5 6
v (m/s) 3 66 98 13 161 191 216 238 258 276 285 291

a. Use 12 subintervals to give over- and underestimates of the distance covered by the car during the acceleration run
(ie., find O, and U,,).

b. Approximate the above distance using 6 subintervals of equal width and choosing the midpoint of each as the
sample point (we shall call the resulting quantity M,).

¢. Compare M, with (O, +U,,)/2. Which one is greater? Explain why this is the case.
8. In order to estimate the length of the runway, a passenger on an airplane jotted down some velocity data during takeoff

from the on-board entertainment screen. From the resulting table given below, calculate (O8 +U, ) / 2 to find his
estimate.

Time (s) 6 12 18 24 30 36 42 48
v (mph) 30 79 115 150 180 204 223 230

9-14 Use four rectangles to estimate the area between the graph of the given function and the x-axis on the given interval. Construct three
estimates for the function: the first using the left endpoints of the subintervals as the sample points, the second using the right endpoints of the
subintervals, and the third using the midpoints of the subintervals. Can you tell which are guaranteed to be underestimates or overestimates?
(Hint: Consider the increasing/decreasing and concavity features of the graph. It is helpful to make a sketch.)

3

9. f(x)=+x on [0,4] 10. f(x)=f—6 on [0,4] 11. f(x):i on [1,5]
12. f(x)=v4-x* on[-22]  13. f(x):cosg on [0,7] 14. f(x)=¢"" on [0,2]

15-24 Write the given sum using sigma notation.

15. 3+6+9+---+99 16. 1+2+9+28+---+(253+1)
17. 1+l+l+i+---+ ! 18. l—l+l—l+---—L
4 9 16 10,000 2 3 4 50
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19. a,+a_ +a +a,+a,+---+a, 20. by+b, +bs+by+b, +--+ by,

)1, f(%j+f(gj+f(%j+.._+f[3(nn—1)J+f(3) 22, g(c,)+g(cs)+g(cn)+g(es)++g(ce)

23, f(xy)Ax+ £ (o) )Ax+ f(x) ) Ax+eot £ (x] ) Ax 24 s(t))At+s(6)Ar+s(6 ) Ar+-+5 (1 ) At

25-30 Assuming that » a, =36 and D b, =100, find the given sum.
i=0 i=0

25. i(bi—ai) 26. Zn:(Zai+3bi) 27. (56, +1)
i=0 i=0 i=0
" (a b n(4a. b, n (4 b
28. ——— 29. L2142 30. ——2aq, +-+
2&[6 2] 12;(3 4+j k_1[3 a"+2]
31-42 Find the value of the sum. Use a summation formula when possible.
4 10 n
31. Z'Ll 32. > Jj+2 33. Y (5i-2) 34. > (1-3i)
i=2 1= j=—2 i=1 i=1
no47 n 249 30 100
35. Z%Sn 36. % 37. > (277 -4j+1) 38. > (2i-1)(3-i)
J=1 k=1 = o1
39. S (3j+1) a0. > (ﬁ-z;ﬂlj a3 277(j-2) 2. S k(k+1)(k+2)
= =l h j= k=0

43-48 Write out the first few terms as well as the last few terms of the sum. Find a way to simplify and use your observation to evaluate the
sum. (Sums of this type are called collapsing sums.)

43. i[;—ﬁj 44. g{%—(kil)l 45. Z(\ﬁ—\/ﬁ)

i=1 j=1

46. Smr 47 f(ef—ef“) 48 2n+l[sink7r—sin((k+1)7r)]
' = ' = ' =

49-52 A geometric sum (or geometric progression) is a sum of the following form.

n
a+ar+ar’+--+ar" =y ar', r#i
i=0

(Notice that each term is a constant multiple of the preceding term; this constant is called the common ratio and is denoted by r.)

_ g+l

n

Use the formula E ar' =a
= —r
i=0

to evaluate the sum.

0 8 1Y 99 L2\ 1000 .
49. >3 50. Zs(-} 51. > (-1) (—j 52. >°4.9(-3.9)
i=0 = \2 k=0 3

n=0

53. Prove the formula for the sum of the first # + 1 terms of a geometric progression given in the directions preceding
Exercises 49-52. (Hint: Let S denote the sum, recognize S — S as a collapsing sum, evaluate, and solve for S.)
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54-57 Sometimes, sums become easier to manage (the general

term becomes simpler) after an appropriate shift in the index.

n+1

For example, Z(/—1)2 can be rewritten as " i, Perform an

= i=0
appropriate shift in the indexing of the given sum to simplify its
general term.

S|

54. i2(i—4)3 55. Y ——
i=5

=l

56. > n(k-3)’ 57. icos((ﬂ +2)7)

k=0 1=4

58-63 Follow the lead of Examples 2 and 4 in using the limit

process to find the area under the graph of f(x) and above the
X=axis on the given interval. (In Exercises 58 and 59, use a formula

from geometry to check your answer.)
58. f(x):%x+l on [0,4]
59. f(x)=
60. f

62. f

(x)
(x)
61. f(x)=x-x" on [0,1]
(x)
(x)

63. f

X =<1—x2)(1+x) on [0,1]

64-67 |dentify the region whose area is the given limit. Do
not evaluate the limit. (Hint: For guidance, see Example 4 and
Exercises 58-63.)
64. hm (1 j
n—w n
65. hm H }
n—o0 n

66. lim= Z 1+—

n—ow ny

= ]
67. lim— » sin—
nw 2p ; 2n

68.

69.

70.

71.

72.

73.

74.

A fruit vendor stacks apples in a rectangular,
pyramid-like pile. If the foundational layer consists
of 8 rows of 10 apples, and the top layer is a single
row of apples, find how many apples are in the stack.
Generalize to the case of an m x n bottom layer of
fruit.

A TN

r~\"’

8 rows |®

O e |
Y ; — 10 apples —
RRn,
e 9Py
(e

In statistics, the standard deviation of a data set

X,y X,, ..., X, 1s defined to be the square root of the
average of the squares of deviations of the data from
their mean Xx.

Rewrite the definition of s using sigma notation, and
use summation facts to derive the following formula
for the variance of the data set, which is the square of
the standard deviation.

2 _ lﬂ 2| =
#=(33+)

Find the distance covered by the pebble in Exercise 79
of Section 4.7 from ¢ =2 seconds to ¢ = 5 seconds. (Hint:
Find the velocity function first.)

Assuming constant acceleration, use the method of
Exercise 70 to find the distance covered by the Bugatti
in Exercise 91 of Section 4.7 from # = 1 second to

t =3 seconds.

Assuming constant deceleration, use the method
of Example 2 to find the distance covered by the
braking race car in Exercise 90 of Section 4.7 from
t =1 second to # = 2 seconds. (See the hint given in
Exercise 70.)

The velocity function of a moving object is given by
v(1)=9-0.5¢> m/s from7=0sto=3s. Find the
distance covered by the object during this time.

Repeat Exercise 73 for v(7)=4-0.5¢° on the interval
[0,2].
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75.

76.

77.

78.

79.

80.* Use mathematical induction to establish the summation

Use geometry to show that the shaded area under
the curve s(7) in Example 2 is 128 square units.
(Hint: Divide the region into a rectangle and a
right triangle, and use well-known area formulas.
Alternatively, you may want to use the area formula
for a trapezoid.)

Show that you can obtain the same answer in
Example 2 by evaluating limU,, that is, by choosing

t; =t, , for every index value i.

Show that you can obtain the same answer in

Example 4 by evaluating lim O, , that is, by choosing
n—ow

x; = x, for every index value i.

Show that you can obtain the same answer in

Example 2 by choosing #, to be the midpoint of the i
interval for every index value i.

Use an elementary argument to prove the following
summation formula.

n+1)
2

£t

(Hint: Letting S = Zi, add to S its terms in “reverse

i=1 n n—
order”; that is, calculate 2S5 as 2.5 = Zi+ le(n—j),

i =0

and notice that, after rearranging terms, thijs latter sum

equals (1+n)+(2+(n—1))+(3+(n—2))+-~-
=(n+1)+(n+1)+(n+1)+---.

Use this observation to complete the argument. Note

that this argument is attributed to C. F. Gauss, who

discovered it as a barely nine-year-old elementary
school student.)

formula of Exercise 79.

81.* Use mathematical induction to establish the following

summation formula.

n(n+1)(2n+l)

n'z_
2.7 = 6

82.* Use mathematical induction to establish the following

summation formula.

Zi3 ={n(n2+l)}2

Section 5.1 Technology Exercises 399

83.* Prove the summation formula of Exercise 82 by
making use of the following identity.

(i+1)" —i* =4 +6i> +4i+1

84.* Inscribe a regular n-gon in a circle of radius . Use
radii to divide the n-gon into n isosceles triangles, and
add the areas of the triangles to obtain the area of the
inscribed n-gon. Finally, let # — oo to obtain the area
formula for the circle.

85-87 Double summations are important in many areas of
mathematics, statistics, computer science, and the sciences in

general. They have the form »">"a, .

i=1 j=1

Evaluate the given double sum.

5.1 Technology Exercises

88-91 Use a graphing utility to express the area under the graph of
f(x) and above the x-axis on the indicated interval as a limit. Then
use technology to evaluate the limit to find the area.

88. f(x)=x° on [0,1]

89. f(x)=sinx on [0,7]

90. f(x)=e" on [1,2]
(x)

91. f(x)=x+cos’(mx) on {0,%}
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5.2 Exercises

1. Use the given graph along with appropriate formulas 2. Calculate the total distance traveled by the stone of
from geometry to evaluate each of the indicated

Example 1 by evaluating I4|v(t)| dr.
definite integrals. (Note that the graph of f consists of 0

linear pieces and a semicircle.) 3. Suppose that in Example 1, George shoots the stone
| 9 upward while standing near the edge of a deep
a. .[73 f(x)dx b. I N (x)dx canyon, and this time pulls the slingshot a bit harder,
6 9 . . . .
¢ jo |f(x)| dx d. Io [f(x) _2de achieving a velocity function of v(¢)=80-32r ft/s.
What is the height of the stone, relative to its initial
y
\ height, at # = 4 seconds? How about at # = 6 seconds?

10 seconds?

4-13 Use the given partition and sample points to approximate the definite integral of £ (X) on the indicated interval. (Note that the
subintervals do not always have to be of equal width, and the sample points may be unevenly spaced.)

4. f(x)=§x+1, x,=0<1<2<3<4<5<6=x, x, =x

5. f(x)=x’+x+2, x,=-1<0<1<2<3=x,, x, =x_

3 ) * * *
6. f(x):—x——z, X, =-2<-15<-09<0<1l=x,, x, =-18x,=-1Lx;,=-04,x,=0.5
1 . . .
7. f(x)=—, x=1<2<3<4=x,, xi:x'*l"'x:
X 2
! . XX
8. xX)= , X :—3<—2<—1<O<1<2<3:x’ x = i1 i
f() 1+ <2 0 . , -

9. f(x)=x"-x, x,=0<03<05<1<1.5=x,, x =0250x,=050x,=1x,=12

10. f(x)=sinx, x0=0<£<z<z<£<2—w<3—w<5—w<w=x8, X, =x,,
6 4 3 2 3 4 6

11. f(x)zln(x+l), X, =-05<1<2<25=x,, x =0,x,=e-1,x;,=2

12. £(x)=10", x,=0<0.05<0.15<I=x,, x =001, x;=0.1,x =1

1 4 9 16 ,
13. Y O LI —x. X =x
F )= x <2525 25 25 S

14-27 Use the concept of the definite integral to find the total area between the graph of f (x) and the x—axis, by taking limits of the
associated Riemann sums. When setting up the Riemann sums, make your choice between the left-endpoint, right-endpoint, and midpoint
strategies. (Hint: Extra care is needed on those intervals where f(x) < 0. Remember that the definite integral represents a signed area.)

14, f(x)=2x+4 on [0,2] 15. f(x)=x-1 on [0,5]

16, f(x)=22%

on [0,5] 17. f(x)=x" on [1,3]
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18. f(x)=x*—1on[-11]

19. f(x)=x—4x on [0,5]
20. f(x):%+2 on [-2,2]
2. f

(x)

2. f(x)

23. f(x)=x"on
(x)
(%)

=x’—2x-3 on [-1,4]

[0.1]

24. f(x)=4x’-32 on [0,2]
25. f(x)=x’+3x>+1on [0,3]
20 f(x):{l—(x—l)z if 0<x<3
x—6 if 3<x<4
2. £(x) x* if 0<x<2
. X)=
8x—2x” if 2<x<4

28. Generalize Exercise 13 to n subintervals and find the

definite integral L:\/; dx by letting n — co. (Hint: Let

x, =i’ /n*)
29. Use the same approach as in Exercise 28 to find

‘[Ozi/;dx. (Hint: Let x] =2i°/n’))

30-33 Express the integral as a limit of Riemann sums. (Do not
attempt to evaluate the limit.)

31 4,
30. 1;cbc 31. J.O(x —log2x)dx
[l 33. [ 4xdx
—ax”+1 2

34-45 Sketch the region whose (signed) area is represented by the
definite integral, and then use appropriate formulas from geometry to
evaluate the integral.

34. [ 3ax 35. [ (-2)dr
36. [ (1-x)dx 37. I:(4—%yc]dx
38. [ |2x-3ar 39. [ (5|2} e
40. Lm(|x—2|—|7—x|)dx at. [ \25-x% ar
42. [ Na’-x’dx, a>0

43. J_2(2—[[x]])dx

44. [ [3x-1]ax a5, [ (x-[x])ar
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46. Use Riemann sums resulting from midpoint estimates
to prove j xdx = ( ) / 2. (Hint: Notice that

after using (b+a)(b—a)=b"—a’, each Riemann
sum becomes a collapsing sum.)

47. Provide an alternate proof for Exercise 46 by making a
sketch and using areas of triangles.

48.* Mimic the argument used in Exercise 46, but using

x; = (32, +x, 3, +27 )3, o prove the formula
[[xdv=(b"-a") 3.
49. The Dirichlet function is defined as follows.
¢(x)=

Prove that £(x) is not integrable. (Hint: For a given
n, form a Riemann sum by choosing each sample
point x; to be rational, then see what happens if each

{0 if x is rational

1 if x is irrational

x, is irrational. Use your observation to argue that

lim Z f ( )Ax does not exist.)

n—0

50. Prove that the function f ( )

integrable on [0,1]. 0 if x=0

{l/x if x#0

(Hint: By examining the first term of each R, show
that lim R, does not exist.)

n—o0

51. Repeat Exercise 50 for g(x) = on

[0,1].

(Hint: Show that arbitrarily large Riemann sums can
be constructed by choosing appropriate x,’s.)

I/x if x#0
0 ifx=0

52-59 Decide whether the function is integrable on the indicated
interval. If not, say why. (Do not evaluate the integral.)

52. f(x) =

on [-1,1]

1
Nx+2
53. g(x):g on [—2,2]
X
-3

54. h(x):—l on [0,5]
x—

55. F(x)= ﬁon [-3.4]

56. G(x)=x-[x] on[-2,2]

sin x

57. H(x)=4 «x
0 if x=0

if x#0
()

n [-1,1]
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cosl if x=0 3.14 if x is rational

58. u(x)z X on [—1,1]
0 if x=0

on [0,2]

59. v(x)= {

s if x is irrational

60-65 Match the given property of the definite integral to the relevant illustration (labeled A-F).

60. [ kdx=k(b-a) (Property3)

61. ['if (x)dx=k[ f(x

62.

N

63.

W

)dx (Property 4)

Ij[f(x)ig(x)]dx:_[jf dx+_[

64. 1 £ (x)< g(x) on [a,0]. then [ f(x)

65. If m= mlnf( )andM maxf() then m

asx<h

asx<h

B.

dx

dx<‘[

(Property 5)

[ F(x)de+ [ f(x)de=]"f(x)ds (Property 6)

dx (Property 7)

(b-a)<[ f(x)dx<M(b-a). (Property8)

A. y
y=/(x)

—>Xx

66-75 Use the properties of the definite integral to find the given integral, if possible, given that _[ dx 3, .[ dx——1 and

Lg( )ax =-5.

66. [/ (x)-g(x)]ax 67. [ 2/ (x)+1]dr 68. ["10/ (x)d
69. [/ (x)g(x)d 70. _[{4]" l(g)}dx 71. :gg(x)dx
72. [/ (x)+2g(x)-2]ax 3. /()] ax 74. J:ﬁdx

75. jb[ (3x —Trg(x):|dx
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76-83 Use the results from Exercises 46 and 48, along with the
properties of the definite integral and formulas from geometry, to
evaluate the given integral.

76. [ (3x-1)dx 77. J.ﬁl(l—%x}bc
78. [ (x*+5)ax 79. ['(20% —x)ax

j;(t2+£+4)dt 81. I;(Zx/;+x)dx

80.

(=

82.

]

2| 4

J‘)(ﬁ_ﬁ]dx 83. fz(u—3i/;)du

84. Suppose that f is an even function, g is odd, and both
are integrable on [—a,a]. Use the properties of the
definite integral to prove the following statements.

[ fx)de=2["f(x)dx and [ g(x)atr=0

85-90 Suppose that f is an even function, g is odd, both are
integrable on [—2,2], and we know that .[Ozf(x)dx =1, while
.[Ozg(x)dx =2.5. If possible, find the integral.

8S. _[i[f(x)—i—g(x)] dx
86. Ji[Zf(x)—3g(x)]dx
87. lezg(x)dx 88. J.if(x)g(x)dx

89. [ [/(x)] ax 90. [ |g(x)|v

91. Use Property 8 of the definite integral to prove the
validity of the following upper and lower estimates:
12< [V +9dr<20.

92-96 Use an argument similar to the one you gave in Exercise 91
to give upper and lower estimates for the given definite integral.

92. .[_41\/5+xdx 93. E\B—xdx
2
94, js L 95. j" EINEE NN PN
ix—2 032 4 2

5
96. L ’ arctan x dx

97. Use Property 7 of the definite integral to prove the
following inequalities.

a. j'ﬂdxsf\/l—xz dx
0 0

/2 Sin x
j dx

/2
b. I cosxdx <
0 0 x

98.

99.

100.

101.

102.

103.
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Prove Property 4 of the definite integral. (Hint: Write
a typical Riemann sum for / on [a,b]; use the
Constant Multiple Rule for Finite Sums, followed by
properties of limits.)

Prove Property 6 of the definite integral

in general; that is, prove that the property

[ 7 (x)ar+["f(x)dv=[" 7 (x)dx holds
irrespective of the order of the points a, b, and c.
(Hint: The standard case of @ < ¢ < b is discussed in
the text. To start you off with the remaining cases,
assume, for example, that a < b < ¢. By an argument
analogous to the one given in the text, we see that

ij(x)dx+j:f(x)dx =J:f(x)dx. Observe

by Property 2 that J:f(x)dx = —J‘.hf(x) dx, and
rearrange the terms. Handle the remaining cases in a

similar fashion.)

Prove Property 7 of the definite integral. (Hint: For
a particular partition of [a,b] and choice of sample

points, argue that Zf(x, )Ax < Zg(xi* )Ax, and
i=1 i=1

take the limits as n — «.)

Use Property 7 to prove that the definite integral of a

nonnegative function is nonnegative: If ' (x)>0 on

b
[a,b], then I f(x)dx > 0. Then state and prove the
analogous statement for nonpositive functions.

Prove Property 8 of the definite integral. (Hint: Use
Property 7 with the constant function g(x)= M. The
other inequality can be handled in a similar manner.)

Use Properties 4 and 7 to prove the following
statement: If f is integrable on [a,b], then

ij(x)dx
Lbf(x) dx
k-f(x)< |f(x)|, along with Properties 4 and 7.)

S‘[j|f(x)|dx. (Hint: Letk=1ork=—1

b
so that =k- I £ (x)dx. Use the fact that

104-115 Find the average value of the function over the given
interval. (Hint: Instead of using Riemann sums, try using the results
from Exercises 46 and 48 along with formulas from geometry and the
properties of the definite integral.)

104.

105.

106.

107.

108.

f(x)=3x—-1 on [0,4]
g(x)=-1-x on [2.2]
h(x)=x"=2 on [-1,5]
F(x)=-3x"+7x+12 on [-2,3]

G(x)=9x—x" on [-4,4]
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109.

110.

111.

112.

113.

114.

115.

Chapter 5  Integration
H(x)=x"=2x"~1 on [0,2]
k(x)=|x—4/-2 on [0,7]
m(x)=|x|+|x+1] on [-3,2]

u(x)=1-(x~1)" on [0,2]
v(x) =[] on Ea}
t(x)=+/x -1 on [0,5]
w(x)=3/x —x on [-18]

116-119 Recognize the given limit as a Riemann sum of a function
over an interval and then use geometry to evaluate it.

116.

118.

120.

121.

122.

123.

S| i 3 (20
lim) —|2—— 117. lim ) —| —+4
n»w;n( }’Z\J n»oc,zln(:sn j

i=

n-1 ; n \2
lim2(2+4—;j 119. 1im23 4—(£J
i n

n—o0 P n
Prove that if f (x) is an increasing nonnegative
function on [a, b], then for every n,
b
L, < _[ f (x)dx < R,. Then state and prove the

analogous statement for a decreasing function g (x)
on the same interval.

Prove that L, corresponding to f'(x) of Exercise 120
is increasing as n — oo, while R is decreasing. Then
state and prove the analogous statement for g(x).

Use geometry and a fundamental trigonometric
identity to find j 0 sin® xdx. (Hint: Start out by
comparing the given integral with J: cos” xdx.)
Use the result of Exercise 122 to evaluate

™

_[O (Zsin2 x+x* —3x)dx.

124.* Suppose that the nonnegative function R (x) has

the property that R(x)=0 whenever x is rational.
If R is integrable on the interval [a,b], prove that
Ih R (x) dx =0.

Concept Check

125-130 Determine whether the given statement is true or false. In
case of a false statement, explain or provide a counterexample.

125.

126.

127.

128.

129.

130.

If f and g are both integrable on [a,b], then
I;f(x)-g(x)dx :J.:f(x)dxj.:g(x)dx
The integral J ’ f (x)dx is numerically equal to the area

between the graph of f(x) and the x-axis.

A Riemann sum for f(x) on [a,b] can be based upon
a division of [a,b] into subintervals of unequal width.

If |f(x)| is integrable on [a,b], then so is f(x)
If f(x) is positive and increasing on [a,b], then
["7(x)dv> 1 (a)(b-a).

1f " (x)dr <0, then £(x)<0 on [a,b].
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ZA'E1 WM Using the Fundamental Theorem of Calculus,

Part Il, to Evaluate a Definite Integral

Recall that the difference between the functions # and G in Example 4 was determined
tobe X2
o be L

x+1
Solution

dx. Evaluate this integral.

As always, an antiderivative of the integrand will make the evaluation of the integral
an easy task. In this case, though, it will take a bit more thought to arrive at an
antiderivative—it’s not immediately clear what sort of function has a derivative of

(x—2)/(x+l).

We will learn many techniques for systematically developing antiderivatives in
coming sections, but in this case rewriting the integrand as follows will suffice.

x-2 (x+1)-3 i 3

x+1  x+1 x+1

The same result can be obtained by dividing x — 2 by x + 1.

x+1) x=2
—(x+l)
-3
x-2 3
x+1  x+1

Also, since i1n(x+ 1)= L (you should verify this),
dx x+1
Ilo )C_2dx=j10 1——3 dx
Sox+l1 3 x+1

= [x—3ln(x+l)]lo
=(10-3In11)-(5-31n6)
=5-3In11+3In6

= 5+31n£.
11
5.3 Exercises
1-8 Find every point ¢ in the given interval at which £ (x) takes on its average value.
Lof(x)=x [0.2] 2 f(x)- "(62"“); [0.6]
3 ()= [2] 4 f(x)=c [0
5. f(x)zsinx; [0,7r] 6 f(x)zx—\/x+l; [0,8]
) 3 42
7. f(x)zcsc X; [%’Tﬂ-} 8. f(x): xxer ; [1,3]
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9-10 Let F(x) = onf(t)dt. Use the graph of f to answer the questions. (Note that the graph in Exercise 10 consists of linear and

parabolic pieces.)

9. a. Evaluate F(2), F(4), F(6), F(8), and F(10).
b. Give a formula for F (x) (Hint: It will be a

piecewise-defined function.)

c. Sketch the graph of F (x)

10. a.
b.

-2

-4

Evaluate F(0), F(2), F(4), and F(7).
Give a formula for F (x) (Hint: It will be a

piecewise-defined

function.)

Sketch the graph of F (x)

11-16 Find the area between the graph of f(x) and the x-axis on the indicated interval.

1. f(x)=+/x on [14]

14. f(x)=e"+0.6x on [0,2]
y

y=1(x)

12. f(x)=6x—x" on [0,6]

A
8+ y=r(x)
6l
4l
i
0 c

15. f(x)=-2.5x"+5x on [0,8]

y

y=17(x)

©HAWKES LEARNING
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17-32 Use Part | of the Fundamental Theorem of Calculus to find the derivative of the given function.

17. F(x)=j;§(z2+\ﬁ)dt 18. F(x)=[ Insds
1. G(x)=]" 14[:4611 20. G(x)=[ V> ~udu
21, y=|'sinJr+ldi 22. y=| rarccostdr
23. y:jj:(t2+3)e”2dt 24, yzjo"zsec”ﬁdt
25. y:j:m(t2+e’)dt 26. :J'1 log  dt

27, y= jx“sinzdt 28. j

29. F(x):jgosilvmdt 30. G(x)= j sint dt
31 H(x)=[ Intdr 32. K(x)= j 1+7°

33-38 Find a formula for F (x) that is free of the integral symbol. Then differentiate it to verify Part | of the Fundamental Theorem of
Calculus.

3. F(x)=[2di 34. F(x)=]"(5-1)r 35. F(x)=[ (¢ +)dr

37. F(x)_j]flds 38. F(x)=]""(1+u")du

w+2
=1 s

39-65 Use Part Il of the Fundamental Theorem of Calculus to evaluate the definite integral.

Y

39. [1(-5)ax 40. ["3n dx 4t [ (4x+3)dr 42. [ (1-5u)du

43. j_“z(1.5x2—x+3)dx 44. j0(5s—1)(2+s)ds 45. J17(2.4x3—4x2+1)dx 46. '[_1](2x2+1)2dx

_ 5_ 2 2_
47. Lz(l—gjdx 48. jf(i+2+3jdx 29, J;udx 50. j;zx 4*/;dx
X X X - X
st [7|x e s I4de 53. [ |23~ iﬁ 54, j1x+3\/;dx
1 \/; 2 \/; 18 0 Q/;
=2( sin x w2 1 3 1 -5
55. | ( > —\/;jdx s6. |/ —d0 57. J'ﬁ/zﬁdt 8. [pp T
59. _[Oﬂ/3(e"+secxtanx)dx 60. f}Z‘dx 61. J.f2|x(x—2)|dx
, sin’>  if 0<x<2
62. L f(x)dx, where f(x)= 4
(x=2)° +1if 2<x<3
3n/4 /2 2 1 Vx+1 if —-1<x<0
63. LM (1—cschcotf)do 64. 7/41—coszxdx 65. J.lg(x)dx,whereg(x):{ex 0z

66—69 Recognize the given limit as a Riemann sum of a function over an interval and then use the Fundamental Theorem of Calculus to
evaluate it.

66. hmz\{/_z 67. 11mz (n) 68. 11mZ—cosZ 69. hmz (e 1)

n—o n—o0 on n—o0 n—o o I’l+l
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70-78 Find the area of the region between the graph of the given function and the x-axis on the indicated interval.

70. y—cosxon[ Z,%T} 71. y=-x"on [—2,2] 72. y=-x"+lon [—1,2]
73. y:l on F,ez} 74. y=-2|x-3|+60n [0,10] 75. y=-x"+7x’~10x on [0,6]
X e
76. y=2x-xon[0,9] 77. y:lz_Z)i on [0,1] 78. y=x'-x" on [-11]
X+

79-87 Use the method of Example 7 to evaluate the definite integral.

79. j“ X 80. j””sdx 81. je’l 275
3 x-2 Sox— o x+1
2_
[ 3=l 8. [ 2% Py 84. | St
32 2x+4 o x*+1 0 2x"+4
8s. 6 3x +2x— 9 86. 2 2x? +4x+11dx 87. J-l X +5x7 +4x+1
4 X —3 0 x*4+x+5 - X +2xr+1

88-90 The function v(t) gives the velocity, in units per second, of a particle moving along the x-axis, having started from the origin. Find a. the
position of the particle at t = ¢ and b. the total distance traveled by the particle in the time interval [O,IOJ.

88. v(r)=1-(1-1)"; 1,=4 89. v(t):z( D1, =3 90. v(t)=1(t-3)(r=5); 1,=6

91. Find a formula for f 1f j f dt =sin2x+x.
92.* Repeat Exercise 91 if '[OX f(t)dr=x°
93.%Let f ( ) x— |[x]] and F I f dt Prove that F'is continuous, briefly discuss its graph, and sketch it on paper.

-1x*if x<0
94. Show that the piecewise-defined function F (x) = ° is an antiderivative of f (x) = |x| Then find an
1x* if x>0
easier formula for F (x) and use the Fundamental Theorem of Calculus to evaluate jb|x| dh.

95. Write a paragraph entitled “Differentiation and Integration as Inverse Operations.” Quote the Fundamental Theorem of
Calculus and include concrete examples.

96.* Use the properties of the definite integral to show directly that if f (x) is integrable on [a,b] then F j f dt

is continuous on the same interval. (Hint: Argue that there is an M so that | f (x)| <M on [a,b] and use the result of
Exercise 103 of Section 5.2.)

97. Let [(x) be defined as the integral function of 1/x, that is, /(x)= J.lx(l/t)dz. Show that /(x)=Inx. (Hint: See the
discussion in Example 4.)

98.* Use the definition from Exercise 97 to show the following well-known property of logarithms: For positive a, b € R,
I(a-b)=1(a)+I(b). (Hint: Use the definition to show that /'(ax)=1/'(x), which implies /(ax)=1(x)+C for some
constant C. Argue that / (a) =C. Finally, letx=5.)

99.* Use the definition from Exercise 97 to show that /(1/x)=—I(x).
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100. Taking a cue from Exercises 97-99, let

lnx:.[lx%dt,x> 0

be the definition of the natural logarithm function—
that is, let all our knowledge of the natural logarithm
function be determined by this particular definite
integral. Note that, by the Fundamental Theorem of
Calculus (which applies, since 1/¢ is continuous on
the interval 0 < ¢ < o), the natural logarithm is a
differentiable function and

%(lnx) =%.

a. Prove that In1 = 0 and that limIn x = co. (Hint:

X0
Construct a Riemann sum based on the given figure

to show that

I 1 1
=—+—F—+-

2 2 2
for sufficiently larger x.)

t

T 1234567509
Note that these two facts, along with the fact that
Inx is a continuous function, implies that Inx

takes on every positive real value over the interval
1 <x < oo (and also, given the result of Exercise 99,

every negative real value over the interval
0<x<1).

b. Prove that Inx is one-to-one and hence has an
inverse function. (Hint: Prove that Inx is strictly
increasing.) Given this fact, define " to be the
inverse of Inx; that is, define ¢* by ¢* =In"' x. In
particular, define e =1In""(1).

c. Use L’Hopital’s Rule to prove lim—t=1.
u=0 In (1 + u)

h

h
(Hint: Let u = ¢" — 1 and note that u — 0 as

h—0.)

=1.

d. Use the result from part c. to prove %m(}
>

101. Archimedes (287-212 BC) discovered that the area
under a parabolic arch is two-thirds the length of the
base times its height. Sketch the graph of y = & — ax’,
the general parabolic arch with vertex at (0,/4) and
use the FTC to verify Archimedes’ formula. (Note the
interesting parallel between Archimedes’ formula and
that of the area of an isosceles triangle of the same
base and height.)

102. The marginal cost of production of baby toys
at a small company has been determined to be

C'(x) =200/(3%/x ) dollars. How much will it cost to
increase production from 400 to 500 toys?

Concept Check

103-108 Determine whether the given statement is true or false. In
case of a false statement, explain or provide a counterexample.

103. If f(x) is continuous on [a,b] and ce [a,b] is the
point guaranteed by the Mean Value Theorem for
Definite Integrals, then y = /(x) and the constant
function y = /(c) both have the same definite integral

on [a,b].

104. When evaluating a definite integral using the
Fundamental Theorem of Calculus, we can use any of
the antiderivatives of the integrand.

105. If f(x) is a continuous, odd function on R and
F(x)= .[_Y f(¢)dt for some a> 0, then F(x) hasa
zero atx = a.

106. If f(x) is integrable on R, then J’xf(t)dt and

J. : va (Z)dt have the same derivative for all a, b € R.
d ¢+ 3 3 3

107. EL (t+1) dr =(x" +1)

108. If f is continuous on [a,b] and F is any antiderivative

of f, then the area of the region bounded by the graph
of f and the x-axis is F(b)—F(a).
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432 Chapter 5  Integration

c. This integral is difficult to get a handle on in its original form, but it is more
tractable if we multiply the numerator and denominator by 3",

dx 1 3"
= — |dx Multiply the integrand by 1.
5o I3 oy the ngrand by
3x X X

=I 5 dx Setu =3";s0 du =3"(In3)d.
37 +1
1 1 ) 2

=— du 37 =(3%) =u?
In3? u?+1 ( )
1 -

=——rtan u+C
In3

= étan’l (3")+ C

5.4 Exercises

1-15 Evaluate the integral, definite or indefinite, as indicated. (Hint: 15. I_—72 dx
See Examples 1 and 2 and the subsequent table of integrals.) V1-25x
1. j (12x5 +7.5x  —x* + 2) dx 16-36 Perform the suggested substitution to evaluate the given

indefinite integral.
2. [(-3x* +0.8x° —6x" +4x—7)dx ]
16. j6x(3x2+5) dx; u=3x>+5

17. Ix3\/x4 +2de; u=x*+2

3. [2(x+1)(5x-2)ex

4. Ill—x(x+4)(2x—l)dx
- 2x . _ 2
5, _[lei/;dx 18. I4x2+1dx’ u=da+l
x*=3Jx 2
L ONE 19. dx; =2
6. ,[ x? dhx I4x2+1 M
x*—=2x 20. I462’+3dt' u=2t+3
7. | =—%=4d '
'[\/;+\/§ i
, 21. j4e2’+3dt; u=e*"
1
8. 3/..2 - d
j(ﬁ+&] g 22. [cos50db; u=50
9, I(ﬂsecx—tanx)secxdx 23 ﬂdx' u = arctan x
) 1+x*
x x/ .
10. .[(83 +2 3)dx 24. ﬂdx; u=sin*x+1
" J' cot 2x " Vsin? x+1
" I 2sinxcosx secz(1+\/§)
25. |————*ds; u=1
12. jm LI j N o
0 1+4x

1 . _3
26. 1352/3 o ds; u=3s

27. jizsecz la’x; u 1
x x x

13

J-l/z 2 dr
¢ J1-4x>

14

3
o |
J|4x| V16x? -1
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28.

31.

32.

33.

34.

35.% j J1—x di;

36.

j\/;cos3 (x

3/Z)dx; u=

x¥* (Hint: Use u = x*?

and cos’ u =cos?ucosu = (l—sin2 u)cos u, and then

perform another substitution w = sinu.)

29. I\/1+cot2 xcotxcsc xdx; wu=Il+cot’x

30. j(x+1)(x—7)8dx; u=x-7

I ZZZ—I %,

u=

2z-1

jz 22 —5dz; u=z*-5

jxm dc, u

(Va -2+

=

jsin“ xcos® xdx;

=x-5

x=sinu

u=sinx

dx; u=l+\/;

37-84 Use an appropriate substitution to evaluate the indefinite
integral.

37.

39.

40.

41.

42.

43.

45.

47.

49.

51.

53.

55.

[3(3x-2)" ax 38.
[(4x+3) (262 +3x) " aix
[-2x°o—x" dx
[cotzdz

j(z - 2)(322 —122)99 dz

sz (x3 —5)19 dx 44.
j SN cos x d 46.
[(5-s)"ds 48.
jx3 Yx* +11dx 50.
2x+1 A 52.
(x +x—7)2
_ 3
I\/;T dx 54.
| (1+1j3 L 56.
t) ¢
2
'[tln2t >8.

j—2xxl9—x2 dx

j6x3 (x4 + 2)14 dx

je" cscz(e")dx
.[s s*+1ds

J-\3/5x+9 dx

sz dx

x -1

4x* +10x
[
x"+5x"+6

J‘ 3t+9

\2¢? +12t
jlnx

Section 5.4 Exercises

59. J'xexz’3 dx

61. Icos wx dx

63. Isin3 2tcos2tdt

2
65. J.Ziiv_‘l} dv
Jx
67. | ———
I (30-x")
j sin 2x

69. dx

sin® x+2
71. jcosxcos(sin x)dx

73, J- sin2x i
1—cos2x

75. J‘tan3 2xsec2xdx
1+\/;

77.j N

79. [(x=5)(x+1)" dx

dw

x+2
j4x+1

81. x

60.

62.

64.

66.

68.

70.

72.

74.

76.

78.

80.

82.

83 J-(2ln)c+5)(l—1nx)3 "

2x
84. j 24+ +x dx

dg 2lns
86. —= ; 1)=
ds s g( )
dy sin 2¢
87. —= ; 0
dt sin’t+e’ (0)
88. »'(x)= 3

()
89. y"(x)=cos4x;

2

90. 97 _
d

OHAWKES LEARNING

jxsin(xz)dx
J‘;dx

cos? (xz)

j3xsec2 (x2 +1)dx

55
dav

1%
1

I—zdx
i)

J-tan xseC\/;dx

Jx
Imdx

X

Izdz

1-z

I 1+\/;dw

I2x\/x+2 dx

x*+x+1
J. x=2

dx

85-90 Find the function that satisfies the given conditions.

85. Z—f:4x\/4x2+4; f(0)=
X

433



434 Chapter 5  Integration

91. A particle that started at the origin and is moving along the x-axis has a velocity function given by

1+r+1
="

What is the particle’s position at = 3 seconds?

units/s.

92. A particle is undergoing simple harmonic motion along the y-axis around the equilibrium y = 0, while its acceleration is
given by

71'(1 +8t)

a(t)=4n"sin units/s” .

Find the particle’s position at # = 1.5 seconds and the total distance covered by the particle from # = 0 seconds to
t=1.5 seconds.

Concept Check

93-98 Determine whether the given statement is true or false. In case of a false statement, explain or provide a counterexample.
93. If f is defined on the interval [a,b] and has an antiderivative, then the indefinite integral of f on [a,b] is a number.
94. If f is defined on the interval [a,b] and has an antiderivative, then the indefinite integral of f on [a,b] is a function.

95. Two different elements of ‘[ f (x)dx can only differ by a constant; that is, if both F (x) and G(x) are elements of the
set, then there is a constant C such that F (x) = G(x) +C.

96. The Substitution Rule can be interpreted as the Chain Rule in reverse.

5 (cosx+1)3
97. .[(cosx+1) dx :f+C

98. Iﬁdx = ln|x2 +x+1|+C
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440 Chapter 5  Integration

ZASE XM Finding the Area Bounded by

Figure 7

the Graphs of Equations

Find the area of the region bounded by the graphs of the equations y = 0, 3x — 5y = 12,
and y = Jx.
Solution

Two edges of the described region are lines, and the remaining edge is the graph of the
function y = Jx , which we can also think of as the upper half of the parabola x = )*.
As always, if it’s possible to sketch a picture of what we are doing, such a sketch is
bound to be helpful—in this case, it’s easy to graph the region we’re discussing (see
Figure 7).

Note that we need two integrals if we want to express the area of the region as
an integral in x, since the lower function changes at x =4. On the interval [0,4],
the lower function is g(x) =0 (corresponding to the equation y = 0), and on the
interval [4,9] the lower function is g(x)=2(x—4), which we obtain by solving
3x — 5y = 12 for y. The upper function is f(x)=+/x for the entire interval [0,9]. So
the total area of the described region is

A= j:&dﬁjj{\/}—%(x—g}dx.

This is certainly doable, and you are asked to evaluate the above integrals in Exercise 52.
But if we think of the region as being composed of horizontal strips, we see that the left
edge can be described as a single function of y, and the same is true for the right edge—
we don’t have to divide the interval of integration into subintervals. Specifically, the left
edge of the region is the function g ()= y* (corresponding to the equation x = y*) and
the right edge is the function f(y)=2y+4 (obtained by solving 3x — 5y = 12 for x).
So, each horizontal differential element of area can be written as

5
da=[f(y)-g(»)]dv= [§y+4—y2jdy
and thus the area is calculated as follows.
3 3( 5
A =IO dA =J.0 (§y+4—y2jdy

3
=Fy2+4y—ly3}

6 37 1,
:E+12—9:2
2 2

5.5 Exercises

1-51 Evaluate the definite integral. Whenever possible, take advantage of symmetry.

L[ 2(20+1) dx
4. I:(x—2)(2x2—8x)4gdx

7. ['(2-x) ax

w

2. joz 2xv4—x* dx J.:(xz —1)(x3 —3x)8 dx
5. J-]2 w? (W3 + 4)99 dw 6. le 2x° (x4 —1)49 dx

8. j:x 2 +1dx 9. j:x3%/x4+1dx
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10.

13.

16.

19.

22.

4

25.

28.

31.

34.

37.

39.

42.

45.

48.

51.

52.

N

[ Vax+Tan 11. f%dx
(x +x+1)
2 x3 3 8)(3 +20x
.[0 \/Fdx 14. J‘lmdx
2 6x+105 & 1
I V2x? +7x i I sln(s3)ds
J.lﬁ(ln 2)x-2*2’l dx 20. J‘f 4xcos§dx
J o Sm—zc)dx 23. J-OW/4sin22xcos 2x dx
:7/1?6 W(jx 26. J'_: sin xsin (cos x ) dx
1 eZt ) t3
-[0 e +1dt 2. J‘% t? +1dt
cscz(w+\ﬁj =
w2/4 4 PICE
L%sTd’ R [}
2 1 N earclanx
——dx 35. dx
b Ay b
J‘()m%dx 38. J-ol —e " sec(e" —l)tan(e”' —l)dx
9 \/2+\/; 4
[, N dt 40. [ 2+ dr
2
[ (1““)(51“”3) a4 [(x3)(x-2) ds
[ xva—x? de 4. [ 2;_*3561);
¢ (2nx+3)(Inx-1)’ o (2 1)1V
) A 49 | dx
x Jx

/4 3
IO tan xsec” xdx

Evaluate 4 = j \/_dx+j [ x—%(x 4)}dx from Example 4.

12.

1

18.

21.

24.

27.

30.

33.

36.

41.

47.

50.

53-56 Find the area of the region bounded by the graphs of the given equations, as shown.

53.

gl

Section 5.5 Exercises

1 Z2
I S dz
0z +2

2
2 1 1
L [1+t—2j t—3dz
J-loo log x
10 xInl10

[ sinm
[ xsec® (207 ~1) v
I ( )
[reeh 0,

cot T oot

[
N v

1 1
I0x2/3(1+x2/3)dx

J‘l X 4+x+1
ox=2

dx

J:O] x3/x—=1dx

J-O Xt —=x+3
- x+5

dx

J‘Oﬂm Jx sin? (x3/2 )cos3 (x3/2 )dx

" 4. 2y =2x" +3x% —12x
2y =—4x" +17x+2 y
2y =x’
2y = 2 f %1 > X
y=x+ a 0 b
—> x
0 b
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Chapter 5  Integration

y
y=02x"-0.4x"

} } X
a ‘ii\J/b

|
y=02x"-0.5x" —1.1x* +1.2x

56.

>
'!i
B

57-96 Find the area of the region bounded by the graphs of the given equations. Be careful to find intersection points, if applicable, and to
identify the upper and lower functions on each interval. If convenient or necessary, divide the region into horizontal rather than vertical strips

and integrate with respect to y. Whenever possible, take advantage of symmetry.
57.
59.
61.
63.
65.
67.

69.
71.

73.
75.

77.
79.
81.
83.

85.

87.

89.

91.

93.

95.

y=x), y=2x
y=4x-x), y=x
y=[ 1|, 3y=sx+11
y=2x-x), y=x

2

x=), y=x, x20

2xy—-y=3-2x, y=x, y=0

y=~x+1, y=x2—l

1
y=E—, y=—, x=e
X X

y=4-x' y=-5¢
YV -x=2, y=x
3y—x=3)", 6 =x+6)
y=x-6+5 y=-x+12x-11
y=2x+1, y=2-x, y=0
x=3"—10y" + 20y, x=4y"—33y+40
y=4x, y=—%x2+18, y=0

y=cosx, y=sin2x, x=0, x=m

y=sinx, y:\/z—sinx, x:%, xX=—
y=x+1, y= 18—(x+1)2, y=0

y:cos(%xj, y=x"-1

y=sin’x, y=cos’x, x=0, x=7

58.

60.

62.

64.

66.

68.

70.

72.

74.

76.

78.

80.

82.

84.

86.

88.

90.

92.

94.

96.

2

y=x, y=2

y=l-x* y=|x-1
y=x,
y=+x, y=2-x

y=x, y=Ux

x+30y=2)"+5,

y=x'

9 -31=x+)"

y=x, y=x
y—x3 y 3 x

2 Y
y=3-x-4, y=x"+3x+2

2

-y =x, (1_y)2:x

y=x-3+2x, y=x"—x

y=x"-—-4x", y=——
\/— 1

y=A/x, y—x—z, x=4

x=y'=3y" =y, x=5"-8y

(y—l)zz—, x=2=4y, y=0
x2+l

y=cotx, y=2cosx, O<x<m

T
y = arctan x, y+x:1+z, x=0
y=22sinx, y=csc’x, O<x<m

y=tan’x, y=0, x=0, x:%
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97. Use the Substitution Rule to prove the following
property of the definite integral.

I:f(x)dx = J‘:::f(x—c)dx

Note that the above is often referred to as the
translation invariant property of the definite integral.
Using a generic f (x), make a sketch of both integrals
and explain the reason for the name of this property.

98. Use Exercise 97 to explain why the following definite
integrals are equal.

fl4xi/mczx _ j14(4x—8)ﬂ¥dx

99. Italian mathematician Bonaventura Cavalieri
(1598-1647), who can be considered as one of the
early forerunners of modern calculus, discovered what
we today call Cavalieri’s Principle. Use our discussion
preceding Example 3 to prove the following version
of Cavalieri’s Principle: Suppose two plane regions
are included between the lines x = ¢ and x = b, and
are bounded by graphs of integrable functions. If they
have the property that any vertical line intersects both
regions in line segments of the same length, then the
regions have equal areas.

([

y

100. Consider the region bounded by the graphs of the

equations y = Jx , x =9, and the x-axis. Find the
vertical line x = @ that bisects the region in two
subregions of equal area.

101. The graphs below show the velocities of two bikes
at a motorcycle race right after the start (velocity is
measured in km/h). Use the figure to answer the
following questions.

a. Which bike is ahead initially?

b. What happens at the instant when the curves
intersect?

Section 5.5 Technology Exercises 443

c. Do the curves suggest that a pass happened, and if
so, approximately when?

X
200 +
y=v2(t)

150 +
100 +

y:vl(l)
50 +
o1 2 3

102. Suppose that the function B()=85-(1.1163)’
approximates the birth rate of a rabbit population

on an isolated island, while the death rate is

D(t) =21 (1.081 l)t (¢ is measured in months). Find
the area between the graphs of these two functions
on the interval [0, 12]. Use your own words to give a

real-life interpretation to this number.

5.5 Technology Exercises

103-107 Use a graphing utility to plot the graphs of f(x)

and g(x) on the same screen. After choosing the appropriate
viewing window, identifying intersection points, and finding the

region bounded by the curves, use the integration features of your
technology to find the area of the region. (Hint: As in Examples 3

and 4, be sure to identify the upper and lower functions on each
subinterval and integrate accordingly. As a final step, you may want to

check your answer by evaluating Lb|f(x) — g(x)|dx, where aand

b are the first and last of the intersection points. Do you obtain the
same answer?)

103. f(x) =35x-9,

g(x) 6x’ —4.95x% —3.04x —22.2525
104. f(x)=3sinx, g(x)=03x
105. f(x)=c" g(x )=%x+2
106. f(x) =2x"—8x’ —6.5x> +29x 12,
g(x) =2x" —4x* -3.5x+2.5
107 f(x)z 0.8x;in2x, g(x):%\/;
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-R

Figure 19

¥y
Arc length = RO
Y
X
RK R
Figure 20

dA=2nrdr

-R

Co

Figure 21

6.1 Exercises

1. Find the volume of a skateboard ramp with a
rectangular base of 4 meters by 1.5 meters, if each

Chapter 6  Applications of the Definite Integral

ZASEWIEE N Using Integration in Multiple Ways to

Derive the Formula for Area of a Circle

You know that the area of a circle of radius R is 4 = 7R’, and one straightforward

way to arrive at this formula is to integrate the function f (x) =+R’—x" over the
interval [—R,R] and then double the result (see Figure 19). However, this is not the
easiest way (finding an antiderivative of f is best done using a technique we will
learn in Chapter 7). Here are two other approaches.

1. The area of a triangle is half the product of its base and height. A thin sector of our
circle is approximately a triangle (and the approximation gets better and better as
the angle approaches 0), with the base of the triangle equal to Rd6 and the height
equal to R (see Figure 20).

dA = Gj(R)(Rda) = %RZ do

1r
2R0]

=27
6=0

2w 1
02
2. If we assume the formula for a circle’s circumference is known, then we can
decompose our given circle into a sequence of thin concentric rings with each one
having area approximately equal to its circumference times dr (see Figure 21).

dA =27rdr

r=R
A:jdA:jkzwdrzzw.’_ R
0 2

r=0

Z@ S EWJEREN Using Integration to Derive the

Formula for Volume of a Sphere

Assume the formula for the surface area of a sphere of radius » is known: 4 = 477
(we will soon find this formula on our own). Then an alternative way of finding the
volume of a sphere of radius R is to decompose it into a sequence of thin concentric
shells, each with volume approximately equal to its surface area times dr.

vertical cross-section is congruent to the “parabolic

triangle” bounded by the x-axis, the vertical line x = 4,
and the graph of y = 0.1x” (longitudinal units are

meters).

dV =4nr’ dr
r=R 4
R
v=[av=[ ar’dr=4n-"—| =7’
0 30, 3
y=0.1x"

1.5m

——S e
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Section 6.1 Exercises 461

2. Mimic Example 2 to derive the formula for the volume The cross-sections perpendicular to the x-axis are squares.
of the right circular cone of height 7, if the radius of its
base is 7.

3. Let’s modify Example 3 by assuming that the cylinder
is parabolic, that is, the base of the wedge is bounded
by the graph of x = 1 — )” and the y-axis. Moreover,
suppose that the second plane makes a 30° angle with
the xy-plane. Find the volume of the curved wedge
under these conditions.

4-x

6. The base of S'is a half disk of radius 1, and the
cross-sections perpendicular to the diameter are squares.

4. Suppose we “carve out” the faces of the pyramid

of Example 2 so that the “side view” (i.e., the >y
perpendicular cross-section that contains the altitude
and is parallel to a pair of base edges) becomes the 7. Repeat Exercise 6 if the cross-sections are equilateral
_ 4h sV triangles.
region bounded by the graphs of y = —z(x - —) ,
4h sV ' s 2 8. The base of S'is a disk of radius 2, and the
y= s—z(x + Ej , and the x-axis (-s/2<x<s/2). cross-sections perpendicular to the base are rectangles,

each with a height that equals twice the width.
Find the volume of the resulting “concave pyramid.” & d

9. The base of S'is a disk of radius 2, and the
cross-sections perpendicular to the base are isosceles
triangles, each with a height half as long as its base.

2 y

5-14 The base of a solid S is described in the xy-plane along with its
cross-sections in a certain direction. Find the volume of S. 10. The base of S is bounded by y = x’, the y-axis, and the
line y = 8. Cross-sections perpendicular to the y-axis

5. The base of S'is the region bounded by the graph of are squares.

y =+/4—x and the coordinate axes.
11. The base of S is the region bounded by y = x* and
y=x%,0<x<1, and each cross-section perpendicular
to the x-axis is an isosceles right triangle with the right
angle’s vertex sitting on y = x’.

12. The base of S is bounded by the x-axis and y = sinx,
0 <x < 7. Each of its cross-sections perpendicular to
the x-axis is an isosceles triangle of altitude 1.
©OHAWKES LEARNING
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13. The base of S is bounded by y = cosx and
2
y= (ng —1, —7/2<x<m/2. Each of its
T

cross-sections perpendicular to the x-axis is an
isosceles triangle of altitude 2.

14. The base of S is bounded by y =+/4—-x, y=0, and
x =0. Each of its cross-sections perpendicular to the
x-axis is a rectangle of perimeter 10.

15.* A solid modeling the nose of a race car has a base
in the shape of an isosceles trapezoid with a height
of 180 cm and base lengths of 80 cm and 40 cm,

respectively. Suppose the vertical cross-section through

the axis of symmetry of the base (i.c., the cross-section
that “cuts the model in half” longitudinally) is the
region bounded by the graph of y =34/180—x

and the coordinate axes. All vertical cross-sections
perpendicular to the axis of symmetry of the base are
rectangles. Find the volume of this model.

y

f

80 cm

y=3J/180—-x

180 cm

16. Find the volume of water remaining in a spherical
reservoir of radius 7 if the water’s depth is /3.

17. A piece in a wooden toy set is a sphere of radius 2 cm,
with a cylindrical hole of radius 1 cm drilled through
the center. Find the volume of this piece.

18.* Two plastic pipes (with circular cross-sections) of
radius r inches cross at right angles. Find the volume
of the solid region that is common to both pipes.
(Hint: Find cross-sections that are squares.)

Chapter 6  Applications of the Definite Integral

19. Find the volume of the “bowl” that results from
rotating the graph of y = x*?, —4 <x <4, around the
y-axis.

20. Find the volume of the solid that results from rotating
the graph of y=1/x, 1 <x < q, around the x-axis (this
solid is known as Gabriel s horn). What can you say if
a—> o?

-1+

21-28 Find the volume of the solid that results from rotating the
region between the graph of the given equation and the x-axis about
the x-axis over the indicated interval.

21. y=—%x+3; 0<x<3

22. y=2x+§; 0<x<lI

23. y=x2+%; 0<x<2
24, y=x"; -1<x<3
25. y=—J5-x; 1<x<4
26. y=x"; —-1<x<l1

27. y=+9-x7; 0<x<3

28. y=secx; 0<x<7/4
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29-36 Find the volume of the solid that results from rotating the
region bounded by the graphs of the equations about the y-axis.

29.

30.

31.

32.

33.

34.

3S.

yzéx—l, x=0, y=0
2y+6x=9, x=0, y=0
y:(x—1)2, x=1, x=4, y=0
y=x', x=2, y=0
y:i/;+1, x=0, y=3

y=x3/5_25 x=0, J’:_Z, y=6

y= 4—x*, x=0, y=0

36.* y=csc'x, x=0, y=n/4, y=n/2

37-48 Find the volume of the solid generated by rotating the region
bounded by the graphs of the given equations about
a. the x-axis and b. the line y=—1.

37.
38.
39.
40.

41.

42.
43.
44.
45.

46.

47.

48.

49-57. In each of Exercises 3947, rotate the region about a.

1
=—x, =0, x=2
y 2 y
y=3x-1=0, »=0, x=1
y=x, y=0, x=1
y—2\/;, y=0, x=4
4
X 2
=—, =x", x=0, x=2
y 7 y
yzi, y=0, x=0, x=2
x+1
y=x", y=0, x=0, x=1
y=e, y=0, x=0, x=1
y:i/;, y=0, x=1, x=8
1 23 1 32
=—x7, =—x77, x=0, x=1
7 2 7 2
y=y1-(x-1)", y=0, x=2 (Hint: When

evaluating J.Oz,ll —(x - 1)2 dx, use a well-known

formula from geometry.)

y=cosx, y=0, x=0, x=m7/2

(Hint: When evaluating the integral, use the
identity cos” x = (l +cos 2x) / 2 or the identity
cos’x +sin“x =1.)

the y-axis and b. the line x = -2, and find the volume
of the resulting solid. (For Exercise 54, use the

antiderivative I(ln x)2 dx =2x—2xInx+x(In x)z.

For Exercise 57, see the hint given in Exercise 47.)
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58-71 Find the volume of the solid that results from rotating the
region bounded by the graphs of the equations about the indicated
line. Use any of the methods discussed in this section.

58.

59.

60.

61.

62.

63.

64.

65.

66.

67.

68.

69.

70.

71.

y=-2x+5, y=-1, x=0; aboutx=-1
y—4x-3=0, y=0, x=0, x=3; aboutx=-3
y:xz—\/g, y=0, x=0, x=2

about the x-axis

x:2y(y—5), x=0;

xl+y? =1, x=0, y=0, y=+3;

about the y-axis

about the y-axis

x=)’, y=x% abouty=1

y=32x+1, y=0, x=4
y:(x—Z)\/x2+1, y=0, 0<x<L2;

about the x-axis

y:J—xcos(szrw), y=0, x=0, x=.7/2;

about the x-axis

about the x-axis

X=4\y+2, 4x:y2, y=0, y=4
about the y-axis

y=sin"'x, y=0, x=1; aboutthe y-axis (See the

hint given in Exercise 48.)

y=cosx, y=sinx, x=0, x=n/4, y=0;

about the x-axis

x=e'+e?, x=0, y=0, y=1;

about x = —e

y=cscx, y=cotx, x=n/4, x=7/2;

about the x-axis

72-79 The given integral represents the volume of a solid of
revolution. Describe the solid. (Do not evaluate the integral.)

72.

74.

76.

78

79.

J‘Oﬁ37ry2 dy 73. Io4ﬂxdx
75. J;(Wez—ﬂezx)dx

77. WI;(\/; —x* )dx

_[2#(4 -y? )dy
J: W(arctan y)2 dy
J.Oﬂﬁsin2 x dx

71"'.12[(10g2 x)2 - (x—l)szx
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80. A regular hexagon of side length 1 lies in the

xy-plane so that its center of symmetry coincides

with the origin. Suppose the hexagon moves 6 units
vertically upward so that its center rides on the line
perpendicular to the xy-plane (the line is actually

the z-axis), the hexagon at any time is parallel to the
xy-plane and makes three revolutions around its center
(at a constant angular speed) as it moves. Find the
volume of the resulting corkscrew-type solid.

z

81.* A student is drinking from a standard soda can. Find

the volume of the remaining soda when the can’s axis
of symmetry makes a 15° angle with the horizontal
direction. Express your answer in milliliters. (Hint:
Approximate the soda can with a right circular cylinder
of radius 1.26 inches and height of 4.7 inches. Assume
that when the can is held as described in the problem,
the soda is level with the lowest point of the top rim of

the can.) \4 )
Y

1.26 in.

82.*% Let D denote the depth of water in a bowl that has

a tiny hole in the bottom. According to Torricelli’s
Law, water drains through the hole at the rate of
dV/dt =-m~ D, where m is a positive constant. Find
the rate at which the water level is decreasing if the
bowl is generated by rotating around the y-axis the
graph of a. y = cx” and b. y = ex*, ¢ > 0. Which of the
two rates do you think can be used as a “water clock,”
and why?

83. Although we typically work with circular cones, in a

more general sense, cones don’t have to be circular. In
fact, if C is a simple closed curve in a plane S, and M is
a point not in the same plane, then the solid generated
by a line passing through M and moving along C, is
said to be a cone (the region bounded by C is the base,
M is the vertex of the cone, the distance between M
and S is its height). Use the results and methods of this
section to prove that the volume of a cone of base area
B and height /1 is V' =1 Bh. (Hint: Mimic Example 2,
using the fact that by similarity, in the general case, we

A(y) »? . B
have %=F, that is, A(y)=?'yzo)
M
h
Area=B

84.* Consider the circle in the xy-plane defined by the

following equation.
(x—R)2 +y°=r" (R>r)
By rotating the region bounded by this circle around

the y-axis, prove that the volume of the generated
solid, a torus, is ¥ = 2R,

y
3

iy

85.* Rotate about the x-axis the region between the graphs

of y=+4—-x and y = ¢ (0 < ¢ <2) over the interval
[0,4]. Find the value of ¢ that minimizes the volume
of the resulting solid. For what c-value is the volume
maximal?
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6.1 Technology Exercises

86. Use a graphing utility to repeat Exercise 85 for the
region bounded by y = cosx,y=0,x=0, and x=m/2
rotating about the line y=c (0 <c < 1).

87.* With the aid of a graphing utility, revisit Exercise 81,
assuming this time that the angle between the can’s
axis of symmetry and the horizontal direction is 10°.

88-92 Use a graphing utility to find (or approximate) the volume of
the solid generated by rotating the region bounded by the graphs of
the given equations about the indicated axis.

88. y=——, y=0, x=-1, x=1 about the x-axis

89. y=arcsinx, y=0, x=0, x=1; aboutthex-axis

90. y=¢, x=0, y=1, y=¢* aboutthe y-axis

1
log x
x-axis

91. y=

, y=0, x=10, x=100; aboutthe

92. x=e€", y=0, y=1, x=0; aboutthe y-axis

93-94 Use a graphing utility to sketch the region bounded by the
graphs of the given equations. Approximate the intersection points,
then find an approximation for the volume of the solid generated by
rotating the region about the x-axis.

93. y=xcos’x, y=2x(2-x)

94, y=x+3, y=e'+e" -2
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Method 2: The Washer Method

In this example, the washer method applies just as well. The setup differs, of course,
as we need to describe the inner and outer radii of a sequence of vertically stacked

washers. Using this formulation, the outer radius R, is the function /y and the
inner radius R, is the function y*. Note that our integration will be with respect to
v over the interval 0 <y < 1; Figure 13 illustrates the region and a typical washer
cross-sectional cut of the region. The volume computation is as follows.

V=l (R~ R2)dy =, (v 5" )dy

2 5!
S A .3
2 5], 10

Lty
Y

—_

(@) (b)
Figure 13 The Washer Method

6.2 Exercises

1-6 Use the shell method to find the volume of the solid obtained by revolving the shaded region about the indicated line.

o
<
)
<
)
[ty
<
<
I
\S]

1 5
v

14 X
y=—
4
> X > X
4 0 1 2
4. 6.
2,,
2
1+ y:(x—l) x=3
= : —>x
0 1 2 3
Ly x
¥ 1 a
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7-8 Use the shell method to find the volume of the solid that is
generated by revolving the region bounded by y= 0 and the graph of f

about the x-axis over the indicated interval.

7. f(x)=2-05x; 1<x<4

=]

9-26 Find the volume of the solid generated by rotating the region
bounded by the graphs of the given equations about the y-axis.

9. y=-2x+6, x=0, y=0

10. y—-x=0, y=0, y=6
11. 2y—-5x+8=0, y=0, x=—, x=3

12. 3y —x=0, x=0, x=3, 3y+2x-9=0
13. y=x’, x=0, y=9
4. y=x"-1, y=2x-1
15. y=x2—2x+3, x=0, x=3, 3y=2x+12

16. y=+4-x, x=0, y=0

35
b

17. y=x y=0, x=1
18. y= 4-x*, x=0, y=0
19. y=(x—2)3, x=2, y=8

20. y=3x+1, x=0, x=1, y=0

©HAWKES LEARNING

22.

23.

24.

25.

26.

Section 6.2 Exercises 471

Jr
= 2 2’ = 1 2 2’ :0, = —
ycos(x)ysm(x)x X 5

Jr
=sec’(x?), x=0, x=—1 ) y=0
y =sec (x) X X 3 y
1
y= 5, x=0, x=1, y=0
(x+1)
——1 x=1, x=4, y=0
y 3\/;5 B b
y=e , x=1, x=2, y=0
X
1—cosx
if
y= X 1 x>0, y=0, x=0, x=27
0 if x=0

27-38 Find the volume of the solid generated by rotating the region
bounded by the graphs of the given equations about the x-axis.

27.

28.

29.

30.

31.

32.

33.

34.

35.

36.

37.

38.

Ty+4x=28, x=0, y=0
y=x+1=0, y+2x-8=0, y=0
y:\/;, y=x-2, y=0

y=2x*-8, x=0, y=0

1
y=33-x, y=5x y=0

xX= , x=0, y=0, y=2
y+2
2x\y+1=1, x=0, =0, y=3

y y3+1=x, x=0, y=0, y=2
1

y2+1

=x, x=0, y=0, y=4
_ 1
y(y2+1)’

y=yIn(l-x)+1, x=0, y=0

y=+arcsinx, x=0, y:\/§

x=0, y=1, y:\/g

X =

39-44 Revolve the region bounded by the graphs of the equations
about the given line and use the shell method to find the volume of
the resulting solid.

39.

y=5-2x, x=0, y=0
a. Aboutx=-2 b. Abouty=-1

¢. Aboutx=2.5 d. Abouty=7
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3 53.
40. y=5x, x=2, y=0
54.
a. Aboutx=-1 b. Abouty=-2
c. Aboutx=2 d. Abouty=3 s5.
41. y=+/x, y=0, x=4 56.
a. Aboutx=-1 b. About y=-% 57,
c. Aboutx=06 d. Abouty=2
58.
42. y=x, y=x, x=0, x=1
59.
a. Aboutx=-3 b. About y=-1
c. About x=32 d. Abouty=2 60.
43. y=4x-x’, y=0
a. Aboutx=-1 b. About the x-axis
c. Aboutx=2 d. Abouty=-1
44, y=+4x-x*, y=0
a. About the x-axis b. Abouty=-1
c. Aboutx=2 d. Abouty=2

45-50 Using the shell method, find a formula for the volume of
the solid that results when the region bounded by the graphs of
the equations is revolved about the indicated axis. Do not evaluate

the integral.

45. x=0,

about the y-axis

y=2e"-1, x=In2, y=0;

46. x=0,

about the x-axis

y=2e"-1, x=In2, y=0;

47. x=0,

about the y-axis

y = arcsinyx, y=0;

48. x=0,

about the x-axis
x=0, y=43;
x=0, y=4/3;

y = arcsinyx,

49. y=tanux, about the y-axis

50. y=tanx, about the x-axis

51-59 The given integral represents the volume of a solid of
revolution. Describe the solid. (Do not evaluate the integral.)

47TJ.02(2x -x’ )dx

52. ZWJ.Oﬁ(Sy—f)dy

anf yi-y* dy

4rf w1 (x-3) d
2 (1+x)(1-x" )
27r'[;(y+2)(e—
2

27TJ' 3ydy+27rj (——1}@

ey)dy

smxdx

7TJ.:;4/ (2x+2)cscxdx

Use the washer method to solve the problem posed
in Example 3. (Hint: Completing the square for

. 2
f(y)=-y>+yyields f(y)=x=4-(y-1)"
Express y in terms of x to obtain the graphs bounding
the given region. Since the axis of rotation is

y=2,you will obtain R, =2— [#j and
R,=2- (1 J Simplify the integral

V= 7rj R2 —R2 dx and verify that it equals 7/2.)

out

61-66 Use the shell method or the disk/washer method to find the

61.

62.

63.

64.

65.

66.

volume of the solid obtained by revolving the region bounded by the
graphs of the equations about the given axis. Choose the method that
seems to work best.

y(x+1)=1, y=0, x=0, x=1

about the x-axis

=1-(x-1)",

about the y-axis

x=0, y=0;

y=x —6x"+ 8, x=0, x=2;

about the x-axis

y=0,

y:2x+i2, y=0, x=1, x=2;
X

about the y-axis

2
X

=3- ?, y=0; about the x-axis

sinx .
if x>0
y=3 x )

1 if x=0

about the y-axis

y=0, x=0, x=m;
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67. The solid that remains after “chopping off” the upper
part of a right circular cone by a plane parallel to its
base is called a frustum of a cone. Suppose that the radii
of the base and top are R, and R,, respectively, while the
height is 4.

a. Use the shell method to prove that the volume
of the cone frustum is ¥ = %h(Rf +RR,+R; )
(Hint: One approach is to rotate the region between

the line segment y = —! ;z 2y, 0 <x<h,and the

line y = —R, about the said line and use the volume
of the resulting solid to find that of the frustum.)

b. Now use the method of disks to establish the above
formula. Which method do you prefer?

68. Use the shell method to prove the volume formula for
a sphere of radius R: V =47R’.

69. Use the shell method to find the volume of the wooden
toy piece of Exercise 17 of Section 6.1.

70. How deep is the water in a bowl-shaped hemispherical
tank of radius » when the tank is filled to exactly % of

its full capacity?

71.% Use the shell method to find the formula for the
volume of the torus of Exercise 84 of Section 6.1.

2 2
72.* The graph of the equation x_z + % =1 is an ellipse
a

centered at the origin, with its axes of symmetry of
lengths 2a and 2b, coinciding with the coordinate axes.
By rotating the region bounded by this ellipse about
the x-axis, use the shell method to find a formula for
the volume of the resulting ellipsoid.
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Concept Check

73-77 Determine whether the given statement is true or false. In
case of a false statement, explain or provide a counterexample.

73. If Vis the volume of the solid obtained by revolving
the region bounded by y = f (x) and the x-axis
(a < x < b) about the x-axis and £ is a positive constant,
then the volume of the solid generated by y = kf(x)
over the same interval is kV.

74. The volume of the solid generated by revolving about
the y-axis the region bounded by y = x’, the y-axis, and
y = b is directly proportional to b.

75. The volume of a solid of revolution can be interpreted
as the limit of Riemann sums.

76. The shell method always results in a less complicated
integral than the disk method.

77. If R is the region bounded by y = f(x) and
y=g(x), while R, is bounded by y = f(x)+1 and
y=g (x) +1, then the solids obtained by revolving
about the x-axis the regions R and R, respectively,
have equal volume.

6.2 Technology Exercises

78-81 Use a graphing utility to sketch the region bounded by the
graphs of the equations. Then use the shell method, along with the
integration capabilities of your technology, to find the volume of the
solid generated by rotating the region about the given line.

78. y=x’cos’x, y=0, x=0, x=m/2;
about the y-axis

79. xP+y =1, x=0, y=0; about the y-axis
T 3
80. x:(g—yJ cosy, y=0, x=0; abouty=-1

81. x3:y(y—2)2, y=0, x=0; abouty=-2
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6.3 Exercises

1-4 Use integration to determine the length of the given line 20. y= ; 3<x<4
segment. Then use the distance formula to check your answer.

1
1. y=3x-5; 1<x<7 21, y=—; 1<x<2

2. x:Z\/Ey+1; \/ESyS\/ﬁ 22. y=2Inx; 1<x<e

3. y:%x+1; 2<x<8 23. y=e 0<x<2

24. y=cosx; ZSx§3—7r
4. x=3--y; 0<y<6 2 2
. 1 1
25. y=sin" x; ——<x<—
2 2

5-16 Determine the arc length L of the curve defined by the

equation over the given interval.
26-35 Find the surface area of the solid obtained by revolving the

ye 5+2x77 l<r<8 indicated curve about the x-axis.

26. y:%x—l; 2<x<5

) 27. x=5-y; 1<x<3
7. y=—-Inx; 1<x<e
28. x:{/;; 0<y<1
3
8. y=X—+L; 1<x<3 29. y=2Jx; 0<x<4
3 4x
1 30. x=y"+3; ISyS\/E
9. ' —x*=—; —<x<I
60 2 1 1
31, y=x'+—13 —<x<I1
10. 8y =x"+2; 1<x<3 12x" 2

1942 .
1. y= 1—x%: 0<x<I 32. 6yf—12x x; 1<x<2

—X

. e 1
12. y:3x(x4/3_i); 1<x<8 33. y=e + 2 N OSXSE

e 34, y=+4x-x’; 0<x<4
13. y:?+e’x; 0<x<l1

35, X¥+3"=2x; 1<x<2, 0<y<l1

14. y= J-;z\/cos 2tdt; 0<x< z
4 36-41 Find the surface area of the solid obtained by revolving the

15 indicated curve about the y-axis.

T
16. x=In(cosy); 0<y<—
(cosy); 0<y<g 37. 4y=x 0<y<2

17-25 Set up, but do not evaluate, an integral defining the arc 38. y=v4x; 0<y<l
length of the graph of the equation over the given interval. Then find 39, 2v=x—1: 0<v<l

, . ) . LY =X > SrVs
the corresponding arc length function s(x) or s(y) as appropriate.

40. 20xy " =20y -9; 0<y<l
17. y=x"+1; 0<x<2 Y Y y

41. 12xy=4"+3; 1<y<2
18. 3x—)'=y+2; 1<y<4 Y= y

19. x+y=)% 0<y<lI
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42-45 Find the surface area of the solid obtained by revolving

the given curve about the indicated line. (Hint: Remember that

A= I 27rds, where rdenotes the radius from the axis of revolution
to the surface and ds is the arc length differential.)

42.

43.

44.

45.

y=x-1; 1<x<3; abouty=-2

y:%x—l; 0<y<2; aboutx=1

12xy=6y*+2; 1<y<2; about x:—%

2y=e"+e"; 0<x<1; abouty=-1

46-53 Set up, but do not evaluate, an integral defining the surface
area of the solid obtained by revolving the given curve about the
indicated axis.

46.

47.

48.

49.

50.

51.

52.

53.

54.

S5S.

56.

57.

T 37 .
y =COSX; E <x< 7; about the x-axis
. 3 .
y=sin"'x; 0<x< %; about the x-axis

y=Inx; 1<x<e; aboutthe y-axis

y= %; 2<x<4; about the x-axis

X' —=7=)y"+4y; 0<y<2; about the y-axis
y:i/)_c; 1<x<8; abouty=-3
x(y=5)=1; 6<y<8; about the y-axis
y=x'-1 1<x<¥2; aboutx=-2

By generalizing Exercise 11, prove that the

circumference of a circle of radius R is C = 27R.

Recall that the equation of the astroid of Exercise 28 of
* =10. Rotate the graph about
the x-axis and find the surface area of the resulting
solid. Do you get the same answer if you rotate about
the y-axis? Why?

Section 3.5is x** +y

The shape of a clothesline stretched between two trees
at a campsite can be approximated by the equation
y=1tx?+1, -1.5<x<1.5 (distance is measured in
yards). Find a formula for the length of the clothesline.

A particle is moving in the two-dimensional coordinate
system so that its position (the x- and y-coordinates)

as a function of time is given by x =#/2 and

y=t"? 0<r<4.

a. Sketch the path of the particle. (Hint: Paying
attention to the domain of the variable 7, use 7 to
express y in terms of x.)

Section 6.3 Exercises 481

b. Find the distance traveled by the particle.

(Hint: Use the formula you found in part a.

dy dy/dt
Alternatively, you may observe that LA L,
dx  dx/dt

and use the notation of Example 4.)

58. Show that the surface area of a sphere of radius R is
47R* by the following steps.

a. Show that the distance 7 in the diagram above is
given by r = Rsin§ and note that the arc length
differential is given by ds = Rd6.

b. Determine the appropriate limits of
integration and apply the surface area formula
A= IZWF ds.

59.* Suppose that a pair of parallel planes intersect a
sphere, as in the illustration provided for Exercise 58.
However this time assume that the fixed distance
between the planes is D units. Modify your argument
in Exercise 58 to prove that the surface area of the
zone of the sphere that falls between the planes is
A =2nRD. (Notice that this area depends only on the
distance between the two parallel planes, not their
actual location!)

60. Recall that the lateral surface area of a circular
cone of slant height s and base radius r is A = 7rs
(circumference of base-slant height/2). Use
the surface area integral of this section to verify
this formula. (Hint: Rotate the line segment

y:rx/\/sz—r2 , 0<x<+/s’ =7 around the y-axis.)

61. Find the surface area of the solid generated by
revolving the region bounded by the graphs of x* = 5y
and 5y + 36 = 5x” about the y-axis.

62. Use the methods of this section to find the surface area
of the torus that is obtained by revolving the circle
2 2 .
x*+(y—2) =1 about the x-axis.

63.* Generalize your solution to Exercise 62 to obtain the
surface area of the torus of Exercise 84 in Section 6.1.
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2 2 H
64.* If we rotate the ellipse ic_6 +2 =1 about the X-axis, 6 ; 3 TeCh nOIogy ExerC|seS
the resulting solid is called an ellipsoid. Find the 66-74. Use the formulas you found and the integration
surface area of this solid. (Hint: Handle the integral capabilities of a graphing utility to evaluate the arc
of type J‘\/kz —u’du by substituting u = ksin 6. Next, length integrals in Exercises 17-25.

for the integral of type jcosz tdt use the formula

R 75-82. Use the formulas you found and the integration
cos’r =(1+cos2r)/2.)

capabilities of a graphing utility to evaluate the

. . . XXy’ surface area integrals in Exercises 46—53.
65.* Generalize Exercise 64 for the ellipse —+ e =1
(a > b) to finds the surface area of the rcelsulting 83. Use a graphing utility to find the length of the
ellipsoid clothesline in Exercise 56.

84. Rotate the parabola of Exercise 56 about the vertical
axis. Find the surface area of the resulting paraboloid.
(For example, a large satellite dish might have this
shape.)
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6.4 Exercises

1-3 Find the moment M, about the origin and the center of mass x
for the point masses located on the x-axis.

Chapter 6  Applications of the Definite Integral

1. m=4,x,=-3; my=5x,=-1; m=2,x,=6

2. m;=2,x,=-5;
my=8,x;=1;

m, =10, x, =-2;
my,=3,x,=7

3. m=35x=-10; m,=5,x,=-2;
my=2,x,=55 m,=25x,=11

4-6 Find the moments M,, M, about the coordinate axes and the
center of mass for the system of point masses.

4. m =4,P(-6,-8); m,=5,P(152);
my =2, P,(3,4)
(What do you notice about x ?)

5. m=2,P(-26); m,=4,P(-1-5);
my=7,P(2,0); m, =8, P,(3,4)

6. m =25P(-9,0); m,=3 P (-45,0.25);
my =2, P(0,-2.5); m, =6,P,(2.25,5);
my =15, P,(5.5,-3.5)

7. Tyler and Christina are sitting on the ends of a 14-foot
seesaw, unable to balance it because of their weight
difference. However, Tyler’s little sister, Lisa, is quick
to come to the rescue. If Tyler and Christina weigh
110 and 80 pounds, respectively, while little Lisa is 35
pounds, where should she sit in order for the seesaw
to balance? (Note: Strictly speaking, when you are
multiplying weight by distance, you are calculating
torque rather than moment, but the technique in
obtaining balance is the same.)

8. The design of a certain front-wheel-drive family
sedan allows for 54% of its total mass to rest on the
front axle, while 46% is resting on the rear axle.

The distance between the front and rear axles (the
wheelbase of the car) is 2.65 meters. How far behind
the front axle is the car’s center of mass?

9. An experimental rocket is fired toward the north and
is on track to hit the target when a midair explosion
breaks it apart. The tail section, which is twice as
heavy as the nosepiece, is found 200 yards southwest
from the intended target. Where is the nosepiece likely
to be found? (Hint: Even after breaking apart, the
center of mass of the rocket will arrive in the target
area.)

10-11 Athin rod of length /, with the given continuously varying
density is placed into the coordinate system so that it lies horizontally
on the x-axis with its left endpoint coinciding with the origin. Find its
center of mass.

10. /=225m, p=1+x kg/m

1. /=110cm, p=0.6+0.0lx g/cm

12-15 Use the indicated coordinates to determine the center of
mass of the given region. (Hint: Divide the region into appropriate
subregions and treat the centers of mass of the subregions as point
masses.)

12. y
(-46) 7 (6.6)
s RERRREIS
(-4,-4) s
13. "
(-12) *] (5:2)
, il
o | 56
(=3,-1) 24 (4,-1)
14. v
(-2.4)°]
I (5.5,2.5)
F
_141 I_” 21 f 41‘ f éx
2401 _
(-1,-0.5) (1,-1.5)
15. y
(6.5)
Al (4.5,3.5)\ ‘
- 4
:( 3’3'5)1\> x
-4 -2 | 2 4 6
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16. Show that if the plate of Example 3 has constant
density, then its center of mass is located at (3,).

17-40 Find the centroid of the plane region bounded by the given

curves. If possible, use symmetry to simplify your calculations.

(In Exercise 31, use the formula cos® x = (1+0052x)/2 before

integrating.)
17. y=x+4x, y=0
18. y=+4-x, x=0, y=0

19. y=2x", 32x+1’=0

2
20. yz%, x=2, y=0

21. y=§+l, y=%x+1

22. y=x, y=x
23. y=3-x, x=0, y=0

24, x+2y=13, 2x—-y+4=0, x=0

25. y= x=1, x=3, y=0

1
X
26. szZ, y=x
27. y=x"-9, y=0
28. y=x"-9, x>0, y=0
29. y=x, y=4x, x>0
30. y=+/x, y=x
31.¥ y=cos’x, y=0, 0<x<m
32. xy=1 x=1, y=3
33. y:%, y=-—, 1<x<2
34. y=x"* x=0, y=1
3S. y:(x+2)2, y:(x—Z)z, y=0
36. y=2Jx+4, 2y=8-x, y=0
37. y=x+], y(x-i—l)zl, y=0, x=1
38. y=\3-x, y=2J-x, y=0
39. 4*+97=49, x>0, y=>0

40. x4(1—x2):y2, x>0, y=0
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41-50 Find the center of mass of the plane region of varying density
that is bounded by the given curves.

41.

42.

43.

44.

45.

46.

47.

48.

49.

50.

51.

52.

53.

3y=6-x, x=0, y=0; p(x,y)=x
3y=6-x, x=0, y=0; p(x.y)=l+y
y=x" y=ix; p(xy)=vx

2

y=+l-x", x>0, y=0; p(x,y):x

y=4-x, y=2-x; p(x,y)=2+x2

3 1
y:x—3, XZE, X:L y=0, p(x’y)zl_x3
y=x, y=Jx; p(xy)=1-y
1
xp? =3, x=0, y=3 y=L p(xy)=y'-y’

y+2x=5 x=y+1, y=0; p(x,y)=5—x

x=Jy, w=1, x=0, y=2 p(x,y)=y

Find the center of mass of the wire if we modify
Example 4 by bending the wire to form three sides of a
rectangle as shown in the figure below.

y
\

_ 0 P

Find the centroid of the half disk shown in the figure
below. Assume constant density.

y

r

- 0| p

Find the centroid of the first quadrant of the half disk
in Exercise 52.

54.* Find the center of mass of the half disk of Exercise 52

55.

if its density function is p(x,y)=y. (Hint: To
eliminate the radical, use the substitution x = 7sin 0
where applicable.)

Find the center of mass of the wire in Example 4 if it
has a variable density of p(6)=|cosd)|.
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56.* Prove that the center of mass of a triangle is the

57.
x2

58.* The graph of the equation —-+
a

59.

60.

61.

62.
63.
64.
65.
66.

67.

intersection of its medians. (Hint: Recall what you
learned in geometry about the intersection point of the
medians.)

Prove that the distance of the center of mass

of a triangle from each side is one third of the
corresponding altitude. (Hint: Try to prove the result
for right triangles first.)

2
y . .
=1 is an ellipse
centered at the origin. Find the centroid of the plane
region bounded by the first quadrant of this ellipse and
the coordinate axes.

Find a formula for the centroid of the region bounded

by y= \"/;, y=0,and x =1 as a function of n. What
can you say if n — o?

Use Pappus’ Theorem for volumes to answer
Exercise 52 provided that you know the formula for
the volume of the sphere: V' =277’

Use Pappus’ Theorem for volumes to find the centroid
of a right triangle. (Hint: Place a right triangle into the
coordinate system so that its vertices coincide with the
origin and the points (4,0) and (0,R). Then rotate
the triangle and use the volume formula for the right
circular cone, along with Pappus’ Theorem.)

Use Pappus’ Theorem to find the volume of the solid
resulting from revolving the triangle with vertices
(-3,1), (4.,1), and (2,7) about the line y = 2.

Rotate the half disk of Exercise 52 about the line

y =r. Use Pappus’ Theorem to find the volume of the
resulting solid.

Rotate the region of Exercise 24 about the line y = —4.
Use Pappus’ Theorem to find the volume of the
resulting solid.

Rotate the region of Exercise 28 about the line y = 1.
Use Pappus’ Theorem to find the volume of the
resulting solid.

Rotate the region of Exercise 30 about the line y = 3.
Use Pappus’ Theorem to find the volume of the
resulting solid.

Use Pappus’ Theorem to find the volume of the solid
generated by revolving the rectangle with vertices
(-14), (5,4), (5.8), and (~1,8) about the line
y==x-2.

68.

69.

70.

71.

Use the result of Exercise 40 along with
Pappus’ Theorem to find the volume of the solid
obtained by revolving the right loop of the curve

x* (1 —xz)—y2 =0 about the y-axis.

Use the result of Example 4 along with Pappus’
Theorem to find the surface area of the solid in
Exercise 63.

Use Pappus’ Theorem for surface areas to verify

that the lateral surface area of a right circular

cone of slant height s and base radius r is 4 = 7rs.
(Hint: Appropriately place a line segment of length s
in the coordinate system and rotate to obtain the cone.)

Generalize your solution to Exercise 70 to verify the
formula for the lateral surface area of a frustum of a
cone (for the definition, see the discussion preceding
Example 3 in Section 6.3).

Concept Check

72-75 Determine whether the given statement is true or false. In
case of a false statement, explain or provide a counterexample.

72.

73.

74.

75.

The center of mass of a thin triangular plate always
coincides with the intersection of its medians (this
point is also called the centroid of the triangle).

The center of mass of an object is always a point on
the object itself.

Pappus’ Theorem makes integration unnecessary for
calculating volumes.

If a child is 50% heavier than another child, then in
order for them to balance on a seesaw, he or she has to
sit 50% closer to the pivot point.
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Multiplying both ends of this last equation by either pg or 6 (depending on the context), we

obtain the following result.

F = pgyd =674

[S1E
o= 1

and area.

Solution

. 1 2
plateis 1 m".

_3
2

Figure 10

x S EWIEE N Using the Centroid and Area of a Vertical Plate

to Find the Fluid Force Exerted on It

Calculate the fluid force on the square cover plate of Example 7 using its centroid

The centroid of the plate is 1 m from the water’s surface, and the area of the square

F = pgyd = (1000 kg/m*)(9.81m/s)(1 m)(% mzj

kg-m

=4905 ——=4905 N

2
S

6.5 Exercises

1. A dad is pushing his child on a sled with a constant,
horizontal force a distance of 100 m. The child and
sled together have a mass of 35 kg and the coefficient
of friction is = 0.1. Find the work done against
friction. Use g ~9.81 m/s’. (Hint: For a refresher on
friction and coefficient of friction, see Example 5 of
Section 1.5.)

2. An object of mass 10 kg is pulled 8 m up a 30° ramp.
If the coefficient of friction is pu = 1/(4\/5 ), find the
work done during the process. (Hint: Work needs to

be done against both friction and gravity. The normal
force between the object and the surface of the ramp
is F| =mgcos30°.)

3. The graph of a variable force is shown below as it
moves an object in a straight line a distance of 10 ft.
Find the work done during this process.

F(Ib)

d(ft)

OHAWKES LEARNING

10.

A 15 cm long unstressed spring requires a force of 3 N
to be held stretched to 20 cm. How much work will be
done in stretching the spring an additional 5 cm?

A force of 50 Ib stretches an 8 ft spring by 1 ft. Find
the work done in stretching the spring a. from its
original length to 10 ft and b. from 11 ft to 13 ft.

A particle is moving along the y-axis from the origin
to the point (0,4) under the influence of the variable
force F(y)=1y"+ Jy (units are in meters and
newtons, respectively). Find the work done by the
force.

If a 3 1b force compresses a 5 ft spring by 18 in.,
how much work is done in a. compressing it from its
original length to 3 ft and b. stretching it to 6.75 {t?

When a mass of 100 g is hung on a vertical spring, the
spring is stretched by 4 cm. How much work is done in
stretching the spring an additional 5 cm?

A bumping post at a railway company has a spring
constant of 3.8x10° N/cm. Find the work done in
compressing this spring by 2 cm.

Suppose that 12.5 ft-1b of work is needed to stretch a
spring from its unstressed length of 1.5 ft to 2 ft. Find
the spring constant.
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11.

12.

13.

14.

15.

16.
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If the unstressed length of a spring is 20 cm and 0.12 J
of work is required to stretch it from 22 cm to 24 cm,
how much work is required to stretch it from 24 cm to
30 cm?

Suppose the work done in stretching a spring from
8in. to 10 in. is 1 ft-1b, and an additional 2 ft - Ib

of work will stretch it by another 4 in. Use this
information to find the unstressed length of the spring.

We will call a spring linear if it obeys Hooke’s

Law (recall that this can only be expected between
reasonable limits). Prove that the work done in
stretching (or compressing) a linear spring by x units
from its original length is W =Lkx”, where k is the
spring constant.

Suppose that an elastic rope with an unstressed length
of 20 ft behaves in the following, nonlinear manner: the
force required to stretch it by x ftis F =kx”* Ib. Ifa
force of 3 1b stretches the rope to 21 ft, how much work
is done in stretching it from 21 ft to 22 ft?

Two identical springs with a spring constant of 5 Ib/ft
are attached to each other at point P, with their other
ends fastened to the top and bottom of a wooden box,
so that they are in a vertical, unstressed position. Find
the work done in moving point P vertically up or down
by 6 in. (Ignore the weight of the springs.)

=
==  0in.
e P «}

A 15 ft chain that weighs 4 Ib/ft is hanging from
a cylindrical drum so that its other end touches the
ground.

a. How much work does it take to wind it up
completely?

b. How much work does it take to wind up only
two-thirds of the chain?

17.

18.

19.

20.

21.

22,

23.

A 120 ft cable is supporting a 50 1b piece of equipment
at a construction site. In order to lift the equipment by
30 ft, the cable is wound on a cylindrical drum. If the
cable weighs 3 Ib/ft, find the work done during this
process.

I'n g
4
120 ft

, 4

.
30 ft
[ N |
50 Ib

A cable starts to unwind from a cylindrical drum

at £ =0, at a rate of 0.5 m/s. If the cable weighs

20 N/m, find the work done by gravity from =0 to
t=12 s. (Hint: Let x denote the length of cable already
unwound at time ¢.)

Find the work done in lifting 300 kg of coal from a
400 m deep mine by a rope that weighs 35 N/m.
(Note: The original term horsepower was coined by
James Watt after actually watching ponies lift coal
from a mine and calculating their work done in unit
time.)

A5 1b bucket is used to draw water for livestock from
a 60 ft deep well. The bucket weighs 50 Ib when full,
but is leaking water at 0.11b/s. If it is being pulled at
arate of 1ft/s, find the work done in getting it to the
surface. (Ignore the weight of the rope).

A crane is lifting a leaky container full of fresh liquid
mortar at a construction site. If the container weighs
40 kg and is able to hold 250 kg of mortar, but is
leaking at a rate of 0.6 kg/s and is being lifted at
1.5m/s for 10 s, find the work done by the crane.

A cylindrical tank of depth 5 ft and radius 4.087 ft
holds about the same volume as the tank in Example 5.
If such a tank is filled with gasoline, determine the
work required to pump all the gasoline to the top of the
tank, and compare the answer to part a. of Example 4
and to Example 5.

Find the work required to pump the gasoline out of the
tank of Example 4 over its top if the tank stands on its
base. Compare your answer to part a. of Example 4
and explain.
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24.

25.

26.

27.

A tank in the shape of an inverted cone frustum has
cross-sections of radius 3+ y feet at an altitude of
y feet above the base. If its height is 6 feet and it is
filled with water, how much work is done to pump
all of the water out over the top of the tank? (For the
weight density of water, see Example 6.)

A rectangular tank of base 5 ft by 8 ft and of height
10 ft is filled with oil. The weight density of oil is
50 Ib/ft>.

a. Find the work required to pump the oil out of the
tank through an outlet on the top.

b. Find the work required if the tank is only half full
at the start of pumping.

c. Isthe answer you gave in part b. half of that given
in part a.? Why?

d.*How long will it take for a 1-horsepower pump to
empty the tank? What if we start with the tank half
full? (One horsepower (hp) is 550 ft-1b/s.)

A cistern in the form of an inverted rectangular
pyramid with a square base of side length 2 m and a
depth of 4 m is full of water. The weight density of
water is § =9810 N/m’.

a. How much work is required to pump all of the
water out over the top edge of the cistern?

b. How long will it take for a 1 hp electric pump
motor to do the job? One horsepower is
746 watts (W), where 1W =1J/s.

The two ends of a watering trough are isosceles
trapezoids sitting on the shorter base which is 2 ft,
with the legs making 120° angles with that base. The
opening of the trough is a 4 ft by 12 ft rectangle.
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28.

29.

31.

32.
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Starting with a full trough, find the energy expended
(i.e., total work done) in pumping all of the water out
of the trough over its top edge. (For the weight density
of water, see Example 6.)

Answer Exercise 27 if the ends of the trough are
semicircular with a radius of 2 ft.

A water trough with the same top opening as that in
Exercise 27 has vertical cross-sections in the form of
an equilateral triangle. Find the work required to fill it
with water through an opening on its bottom.

. How much work is necessary to pump all fluid of

weight density 6 out of a hemispherical container of
radius R through an opening in its top?

Find the work required if the tank in Exercise 30 is
inverted.

The shape of a kerosene tank can be approximated
by rotating the graph of y = x*, =2 < x < 2, about

the y-axis (units in meters). Find the work required
to fill up the empty tank through an opening at its
lowest point x = 0. The weight density of kerosene is
8016.24 N/m’.

. According to Archimedes’ Principle, the buoyant

force acting on a body immersed in fluid is equal to
the weight of the fluid it displaces. Use this principle
to find the work required to completely immerse in
water a cube of negligible weight if its edges are 1 ft.
(Hint: Keep the top horizontal during immersion.)
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34. Repeat Exercise 33 for a buoy that is a circular cone
of base radius R and height /4, when it is immersed
vertically, vertex first in a fluid of weight density 6.

35-43 Use the integral formula for fluid force to answer the
question.

35. A2 ft by 3 ft rectangular plate is positioned vertically
on the bottom of an 8 ft pool. Find the fluid force
exerted on one side of the plate if it sits a. on its long
edge and b. on its short edge.

36. An equilateral triangle of side length 204/3 cm is
standing on its base that is 50 cm underwater. Find
the fluid force against one face of the triangle. Use
5=9.81-10" N/cm® for the weight density of water.

50 cm

'—20\/§ cm—

37. Find the force against one face of the triangle from
Exercise 36 if the upper third of its vertical altitude is
sticking out of the water.

38.* Answer Exercise 36 if the triangle is tilted, making a
30° angle with the horizontal.

39. Suppose that a vertical, parabolic gate is installed on a
vertical side of a 10 ft deep gas tank. The gate is given
by the equation y = 1 — x, so that y = 0 coincides with
the bottom edge of the tank (units in feet). If the gate
is designed to withstand a maximum force of 600 b,
verify that it won’t break when gas is stored in the
tank. Will the gate break if the tank is filled up with
0il? The weight densities of gas and oil are 44 Ib/ft’
and 50 Ib/ft’, respectively.

10 ft

40. Find the force exerted on the end of the full trough in
Exercise 27.

41. Find the force exerted on the end of the full trough in
Exercise 29.

42.* Find the force exerted on one end of a trough with the
same ends and opening as the one in Exercise 29, but
with its ends tilted outward by 45°.

43. Suppose that an outlet near the bottom of the trough in
Exercise 27 is covered by a 3 in. by 3 in. square plate,
so that the lower edge of the plate coincides with that
of the trough. What force is pressing against the plate?

44-47 Consider a certain gas of pressure Pand volume V; confined
in a cylinder, closed on one end by a moveable piston. If Ais the area
of the piston, the force acting on the piston is F= PA. Thus, as the
gas expands, pushing the piston by a small increment of Ay, the
work done on the piston is AW =FAy = PAAy = PAV. Integrating,
we obtain the work done by the gas as it expands from a volume of
Vito 1,

W:JVVQPdV

(Note: This argument can be “reversed” to obtain the work required to
compress the gas.)

In Exercises 44—47, apply the above formula.

44. Assume that 0.5 ft’ of gas in a cylinder under an initial
pressure of 300 Ib/ft* expands to 1.5 ft’. Assuming that
PV = c (a constant) during this process, find the work done
by the gas on the piston.
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45. Suppose that 3 L of gas under initial pressure of
150 kPa in a cylinder is compressed to 1 L. Find the
work done by the piston. (Assume, as in Exercise 44
that PV =c.)

46. Repeat Exercise 44 under the assumption that
PV'* = c. (This happens when heat loss is negligible.
We say that in this case, P and V" are related
adiabatically.)

47. Repeat Exercise 45 under the assumption that
Pri=c.

48-55 According to Newton’s Law of Gravitation, two masses m,
and m, attract each other by a force that is directly proportional to
the product of their masses and inversely proportional to the square
of their distance (or rather the square of the distance between their
respective centers of gravity):
m.m,G

Fo= 1r22 ,
where G is the universal gravitational constant. Its value in metric
units is 6.67x107"" N-m?/kg?.

48. Use the above formula to show that the acceleration
caused by gravity on a free-falling mass near Earth’s
surface is approximately

MG

SR

where M and R are the mass and radius of Earth,
respectively (we are assuming that Earth is perfectly
spherical).

49. Show that if an object of weight w is launched to a
height / above the surface of Earth, then Earth attracts
it by a force of

R’w
(R+h)

(Hint: Use the fact that w = mg along with the result of
Exercise 48.)

50. Find the work done against gravity in moving a
3-pound object to an altitude of 500 miles above the
surface of Earth. Assume that the radius of Earth
is approximately 4000 miles. (Hint: Integrate the
variable force obtained in Exercise 49 between
appropriate limits.)
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51. Find the work done against gravity in moving a 2-ton
satellite to an altitude of 200 miles above the surface
of Earth. Express your answer in the units foot-pounds.
(Hint: Ignore the work done to accelerate the
spacecraft, air resistance, as well as the weight of the
launching vehicle and fuel.)

52. How much energy is expended (i.e., work done) in
lifting a rocket of mass 10 metric tons to an altitude
of 300 km above Earth? Assume the radius of Earth
is approximately 6371 km. (See the hint given in
Exercise 51.)

53. Calculate the work done in Exercise 52 if the rocket
is launched from the moon. The acceleration due to
gravity on the moon is 1.6 m/s’, about L of'that on
Earth. The moon’s radius is approximately 1737 km.

54. Find the work done in moving a spacecraft of mass
110 metric tons to an altitude of 300 miles above
the surface of Earth. Use 1 mile ~ 1600 m and
2 ~9.81m/s”. Express your answer in megajoules.
(Hint: Ignore the work done to accelerate the
spacecraft, air resistance, as well as the weight of the
launching vehicle and fuel. See Exercise 52 for Earth’s
radius.)

55. Find the limit of the work done in moving a weight w
to a distance d above Earth’s surface as d — oo.

56-57 The magnitude of the force acting between two point charges
g, and g, at a distance of r units from each other, is described by
Coulomb’s Law, as follows.

-
Notice the analogy between Coulomb’s Law and the law of gravity!
The charges are analogous to the masses, while k is analogous to
the universal gravitational constant. The approximate value of K is
8.98755x10° Nm?/C?. (A coulomb (C) is the SI unit for electric
charge. Note that all units are SI; there is no British system of
electrical units.) It is also worth noting that Coulomb’s Law only gives
the magnitude of the force, since electric forces can be attractive or
repulsive, while the force of gravity is always attractive.

In Exercises 56-57, use Coulomb’s Law.

56. Two like electrical charges of 10~ C each, are 50 cm
apart, with one of them fixed. Find the work done in
bringing the other charge to a distance of 20 cm from
the fixed charge.

57. Iftwo point charges of opposite sign attract each other
by a force of 200 N when 3 cm apart, find the work
done in moving them from 2 cm apart to 8 cm apart.
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58-64 The centroid can be used in some circumstances to simplify
work calculations, as well as fluid force calculations. For instance,
when the 5 Ib rope in Example 3 is extended 50 ft down the well, it
behaves, from a center of mass perspective, like a 5 Ib point mass

25 ft down the well. The work required to lift such a point mass to the
surface is (5 1b)(25 ft) =125 ft-Ib. Added to the 500 ft-Ib of work
required to lift the 10 Ib bucket 50 ft, we get the total work required:

625 ft-Ib.
In Exercises 58—64, use this centroid argument to find a second
solution.

58. Exercise 16 59. Exercise 17

60.

62.

63.

64.

Exercise 18 61. Exercise 19
Exercise 25
Exercise 28 (Hint: Use Exercise 52 of Section 6.4.)

Exercise 29

65-68 Use the technique of Example 8 to find a second solution.

65.

67.

69.

Exercise 33 66. Exercise 34

Exercise 36 68. Exercise 41

Prove the following statement: If two cylindrical tanks
hold the same volume, but the height of tank B is

half of the height of tank A, then the work required to
pump all liquid out of a full tank A over its top is twice
the work required to do the same for tank B. Do the
proof in two ways: a. by using integration and b. by
using the centroid approach.

6.5 Technology Exercises

70-71 Use a graphing utility to solve the problem.

70. Suppose that the rocket in Exercise 52 runs out of fuel

71.

after 1.9 x 107 kJ of useful energy is expended. How
high will the rocket go?

Suppose that in Exercise 25 part d., the pump stops
due to an electrical failure 3 minutes after starting the
job. What is the fluid level at that instant?
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»ode s ]
b. IO T —[tanh x]O = tanh (gj

Note that we

used tanh'x as the antiderivative (as opposed
coth™ x) because, in the given interval of integration, x* < &* (k = 1). Further, if we
apply the result of Exercise 74, we can rewrite our answer as follows.

1
tanh ™ 1 :lln I3 :lan
3)72 \1-1 )72

to

6.6 Exercises

1-4 Find the value of the function.

1. a. cosh0 2. a. tanhO

b. sinh(-2) b. cosh1

c. sinh% c. sinh(In3)
3. a. sinh™'0 4. a. tanh™0

b. cosh™1 b. sech™1

c. sinh™'2 c. csch™'(-3)

5-10 Use the given equation to classify the hyperbolic function as
even or odd. Then use the definition of the function to prove your
assertion.

5. sinh(—x)=—sinhx 6. cosh(—x)=coshx

7. tanh(—x)=—tanhx 8. coth(—x)=—cothx

9. sech(—x)=sechx 10. csch(—x)=—cschx
11-22 Sketch the graph of the equation on a piece of paper.

(Hint: Study the graphs of the six hyperbolic functions and their
inverses in the text.)

11. y=1-sinhx 12. y=cosh2x-3

13. y=—tanh(x-1) 14. y=2-2sech(x-1)

15. y:—lcschx+1 16. yz—lcothx—2

2 4
17. y:%sinh’l(x—?)) 18. yzZCosh"(l—x)
19. y=—tanh™ (gj 20. y=-3csch™ (x+ 2)

21. y=Sech1(1_§j_1 27. y=200th](§+lJ

23-42 \erify the given identity.

23.

24.

25.

26.

27.

28.

29.

30.

31.

32.

33.

34.

35.

36.

37.

38.

39.

40.

41.

42.

€™ = cosh kx + sinh kx

e™ = coshkx — sinh kx

sinh(x+ y) =sinhxcosh y + cosh xsinh y
sinh(x — y)=sinhxcosh y —cosh xsinh y
cosh(x+ y) = cosh xcosh y +sinh xsinh y
cosh (x - y) =cosh xcosh y —sinh xsinh y
sinh2x = 2 sinhx coshx

cosh 2x = cosh’x + sinh’x

h2x+1

coth’x = 1 + csch’x

tanh(x N y) _ tanh x + tanh y
1+ tanh x tanh y
tanh(x B y) _ tanh x —tanh y
1—tanhxtanh y
tanh2x = m
1+ tanh” x
2
coth2x = w
2cothx

sinhfzir /coshx—l
2 2

/coshx+1
2

tanhizi fcoshx—l
2 coshx+1

? — cosh 2x + sinh 2x

cosh X
2

(cosh x+sinhx
n

)
(coshx+sinhx)" =coshnx+sinhnx, neN
)

(coshx—sinhx =coshnx—sinhnx, neN
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43-50 Verify the differentiation or integration formula.

43.

44.

45.

46.

47.

48.

49.

50.

—(sinh x) =coshx
Isinhxdx =coshx+C

i(tanhx) =sech?x
dx

%(coth x) =—csch’x

—(ceschx) =—cschxcoth x
x

Icschz xdx=—cothx+C
Itanhxdx =In(coshx)+C

Icoth xdx=In |sinh x| +C

51-62 Find the given derivative.

51.

53.

5S.

57.

58.

59.

60.

61.

62.

i(sinhz x) 52.

X

%(sech2 21)

dx 3

%[sech(l -x’ )}

di(tanh2 x) 54.
lx

ix(e* sinh Zx) 56.

in(cosh(2x +1))|
(1" +1)eosh (¢ +1)|
étanh(zz)}
cosh(In(2y+1))]

Sl Sl &l & &

x+1

1

63-71 Evaluate the given integral.

63.

65.

67.

69.

J1+smh al 64. Jsech2(£+5jdx
cosh x 3
1
sech—tanh—
2 coth/x
; dz  66. j N dx
jtanh(2—w)dw 68. .[xcosh(xz)dx
[lesch?(2-r)dr 70, [ sech®uvtanhu du
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sinh ¢

71.
J. \4—cosh? t

72. By differentiating, verify the given identity.

%[tan’l (sinh x)] =

%[Sﬁfl (tanh x)] =sechx

73-74 Given that the hyperbolic functions can be expressed in
terms of exponential functions, it's not surprising that their inverses
can be expressed in terms of logarithms. For example, if we let

y=sinh™" x, then x = sinh y and hence

e —e”
2
2x=¢’-e”’
-2x-e7’ =0
2 _2xe’ —1=0
2
(ey) -2xe” -1=0

ey=2xi\/4xz+4

2

‘e
e/ =X +VxX2+1

X

Solve for e”.

Multiply through by e

Express as a quadraticin e”.

x*+1<0bute’ >0,

50 discard x — v/ x*+1.

=In(x+\/m).

Use the procedure above to verify the identity.
73. cosh™'x= ln(er\/x2 —1), x>1

74. tanhlx:%h{H—x), “l<x<l

—X

Take the natural logarithm of both sides.

(Hint: Begin by setting y = tanh™' x; then write the
equation as tanhy = x, square both sides, and apply
the identity tanh’y = 1 — sech’y. Solve the result for
coshy, apply cosh™ to both sides, and apply the result
of the previous exercise. Then apply some logarithmic

properties.)

75-77 Given a function f, let 1/f denote its reciprocal—that is,

f
functions £~ and (1/f)”,

) (IJ["H] [, MT

assuming both of these
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516 Chapter 6  Applications of the Definite Integral

Applied to inverse hyperbolic functions, this fact indicates the
following relationships.

, 1 1 1
csch™x=sinh™— sech™ x=cosh™— coth™ x =tanh™" —
X X X

Use these relationships to verify the equality.

' 2
75. csch'x= ln{l + ﬁ}

;o x#0
x|

76. sech™' x= ]1{
X

_ 2
Lo JlJ el

77. coth™'x= %ln[x—ﬂj; |x|>1

x—1

78-81 Prove the given formula for the derivative of an inverse
hyperbolic function.

78. i(cosh’]x)z ! , x>1
dx x? -1

79. i(sech’lx)z_—l, 0<x<l1
dx xVl—-x?
d _ 1

80. E(tanhlx):l_xz, x| <1
d _ 1

81. E(cothlx):l_ - x>1

82-88 Find the given derivative.

82. d lsinh’l(Sx) 83. d cosh™ 7_xj
dx| 2 dx 2

84. %[sech’l (sin x)] 85. %[tanh’1 (cos2x)}

d _ T
86. E[cosh 1(secx)]; O<x<5

7. & cothl(ij 88. i(x-zsi"h"*)
dx 2x dx

89-102 Evaluate the given integral.

dx X
89. | —— 90. | ——=dx
J-\/16x2+9 J-\/25)64—4

dx x
91. |———M— 92, | ————dx
I—x2+6x—8 I\/x4—4x2+3
03. [—5% i o4 [" 2
Jsin? x +sin’ x 0 1-4x
95

. J'SLQ{X 9. IL
0 J1+25x° V9 +e*

-1 _1
97. dx
'I.'3/2 (x+ 2)\/—3—4x—x2

98.

99.

101.

P |
—dx
L a1+ x2

IL 100. IL
xl+x® \/;\/l—i-x
J.IML 102. IQ_—4dx
/8 X 1—4x2 7 —x2+6x—5

103-110 Evaluate the given limit.

103.

105.

107.

109.

111.

112.

113.

lim COS? ol 104, 1lim S22
X—»0 X x—0 X
s 11

Jim 0% 106, lim 20X
x—0 X x—0 X

. coshx . 1
lim — 108. limxcoth™ x
X—0 e X—0
liml_.sihx 110. lim(cschx —coth x)
x>0 ginhx x50

To exhibit another nice analogy between trigonometric
and hyperbolic functions, prove that the area of both
the circular and hyperbolic sectors corresponding to
the parameter u in Figures 4 and 5 equals 4 =u/2.
(Hint: For the circular sector, use the fact that the arc
length of the sector is # units, while the radius is 1. For
the hyperbolic sector, notice that

4 (u) _ cosh uzsinhu 3 Lcoshu m o,

and show by differentiating that A’(u) =1)

Prove the following interesting property of the
hyperbolic cosine function: The area under the graph
of y =coshx (0 <x < ¢) is equal to its arc length over
the same interval.

A flexible chain or cable suspended between two fixed
points forms a curve called a catenary (from the Latin
word “catenarius,” meaning “related to a chain”). The
equation of a catenary is y = acosh (x/ a). Note that
the clothesline of Exercise 56 in Section 6.3 is much
better approximated by the equation y = 5cosh (x/5)—4.
Use this equation to answer the following questions.

a. What is the slope of the clothesline at each of its
endpoints? Compare your answer to the slope
predicted by the parabolic model.

b. What is the length of the clothesline? Is your
answer close to that given to Exercise 83 in
Section 6.3? (Galileo observed that the parabolic
model is almost exact when the angle of elevation
is less than 45°.)
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114

.* Suppose that a dog is 3 yards away from a sidewalk,
held on a tight leash by its owner, such that the leash is
initially perpendicular to the sidewalk. The dog’s owner
starts walking on the sidewalk at a steady, slow pace,
pulling the dog while it is offering slight resistance,
thereby keeping the leash tight. The curve of the dog’s
path in this situation is called a tractrix (from the Latin
word “trahere,” meaning “pull” or “drag”), and can be
given by the equation y =3sech ™ (x/3)-v/9—x*. (We
assume that the owner started from the origin, walking
along the positive y-axis, while the dog’s initial position
was (3,0).)

y=3sech™' (x/3)-v9-x*

0

a. Find how far the owner has to walk in order to
bring the dog within 1 yd of the sidewalk.

b. Prove that the dog’s velocity vector at any time
is pointing toward its owner. (For this reason, the
tractrix is also called a “curve of pursuit.”)

Concept Check

115-118 Determine whether the given statement is true or false. In

case of a false statement, explain or provide a counterexample.
115. tanhx= ez -1
e +1
116. [sechx|<1 forall x
117. The value of cschO is infinity.
118. The function f(x)=sech'x is defined on [0,1].
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6.6 Technology Exercises

119.

120.

121.

122.

119-120 Use a graphing utility to solve the problem.

The Gateway Arch of St. Louis (constructed in
1963-1965) was designed by Eero Saarinen so that
its central curve (the curve tracing the centroids

of the triangular cross-sections) is an inverted,
“flattened” catenary that is described by the equation
y=-68.7672 cosh(0.0100333x) +693.8597 (units in
feet).

a. How tall is the central curve of the arch?
b. How wide is the central curve at ground level?

c. What is the slope of the central curve at an altitude
of 600 ft above ground level?

Suppose that the clothesline of Exercise 113 became
loose, and resembles the parabola y =1 x*+0.1,

—1.5 <x <1.5 (in particular, it is sagging so that its lowest
point is just 0.1 yd above the ground). However, we
know that in reality, the clothesline can be much better
approximated by a catenary. Find an equation for such a
catenary, and graph both curves on the same screen. Do
they seem to “overlap,” or are they distinguishable? Then
graph both the parabolic model and the catenary from
Exercise 113 on the same screen. Comparing the two sets
of graphs, what can you conclude?

121-122 Use a graphing utility to graph the given function and to find
its derivative and any relative extrema.

f(x) = (x2 —x)tanhx
g(x)=x?(sinhx—3tanhx)
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532 Chapter 7 Techniques of Integration

7.1 Exercises

1-4 Evaluate the integral using integration by parts with the
suggested choice for v and av.

1. Ixex dv; u=x, dv=e'dx
2. I4xcos2xdx; u=x, dv=2cos2xdx
3. I4x3 Inxdx; u=Inx, dv=4x>dx
4. Iarctan xdx; wu=arctanx, dv=dx
5-36 Evaluate the integral. (Hint: For some integrals, you may

use an alternative method of integration in addition to or instead of
integration by parts.)

5. J-(t+1)e5’ dt 6. J‘xzex3 dx
7. IZx sin x dx 8. Iarcsinxdx
d
9. [xin(x*)dx 10. len(xxz)
ln(xz)
11. sz In x dx 12. J-de
13. J‘(s—})es’3 ds 14. I(s —3)(3(“3)2 ds

15. [(2x+7)e"dx 16, [JzIn(2’

17. [xdx—2dx 18. [(3x+1)Yx—Tdx

19. [Bxinxdr 20. [log, xd

21. jln[ 22. [(0+1)sin0do
23. [xsecxtan xd 24. [sec’ xtan xd
25. [xesc” xdx 26. [xese? (x)dx
27. I32;ldx 28. [x7e" d

29. [(1+2)coshrar  30. J.\/zj:—_sdx

31, [xx+ldx 32. [(3-4x)sinh 2xdx

33. j(3x+2)sech2xdx 34. j2csch2xcothxdx

35. Ix\/Zx—de 36. j@cos(@z)dH

37-48 Evaluate the integral. If necessary, use integration by parts

more than once.
37. j@zcosﬁdﬁ 38. jr%’dx

39. je"cosxdx 40. jsinxcosxdx

41, [9¢ sin3tdr 42. 207" dr
43. [esin2xdy 44. [2¢*sinxcosxdx
45. [ x” sinh xdx 46. [sec’ xdx
47. [cos(Inx)dx 48. [(inx) dx

49-56 Combine the method of integration by parts with substitution
to evaluate the integral.

49. je&dx 50. j2x3sin(x2+1)dx
arctan 1/f
51 | 2\(f ) 52. [tin(2—t)dr

sinx

54, Jsin(Zx)e dx

53, J~ arccos f

55. J9x2 (ln x)2 dx

56. jcosa(:/ ) gt

57-64 Evaluate the definite integral. (Use integration by parts only
when necessary.)

1
57. J arccos x dx
12

59. J.(:r e”’

Ng 1
61. Iﬁb arctan;dx

58. jzelnfdx
22
sinfdb 60. j:tzsintdr
62. Ixe dx

eInx?
64. [ d

63. j; In(r* +1)dr

65-70 |Integration by parts can often be used to evaluate integrals
involving inverses of functions, and in fact leads to a general formula,
as follows.

Lety =f"(x),s0
x=f(y)and dx=r"(y)dy.

u=y dv=Ff(y)dy
—jf d
du=dy v=£(y)

jf“(x)dx = ny’(y)dy

= xf™ jf

For instance, if we let f(x)=e”, then y=f"(x)=Inx.

J.In)(dx:_[f’1 X dx
= xf J'eydy
=X|nx—ey

=xInx—e™ y=Inx
=xInx—x
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In Exercises 65—70, use this method to evaluate the given
indefinite integral. (Hint: In starred exercises, show that
cosh(sinh“ x) =+/1+x? and that cosh(tanh’1 x) = 1/\/1 —x? as

part of the process toward the answers.)

65. J.sin'I xdx 66. J.cos'l xdx
67. J“[an’1 x dx 68. Jlogz xdx
69.% j sinh™" x dx 70.% j tanh™' x dx

71. Use integration by parts to find the area of the region
bounded by the graphs of y =6tan™" (2x), y=0, and

x:\/§/2.

72. Use integration by parts to find the area of the region
bounded by the graphs of y =sin(Inx) and y =0
(1<x<e.

73. Consider the region bounded by the graphs of y = ¢,
y=0,x=0,andx=1.

a. Find the centroid of the region.

b. Use the shell method to find the volume of the solid
generated by revolving the region about the y-axis.

74. Repeat Exercise 73 for the region bounded by the
graphs of y = xcosxand y=0 (0 < x <7/2).

75. Consider the region bounded by the graphs of
y=arcsinx, x =0, and y =m/2.

a. Find the centroid of the region.

b. Rotate the region about the x-axis and use the shell
method to find the volume of the resulting solid.

76. Use the shell method to find the volume of the solid
obtained by revolving the region bounded by the
graphs of y =2,y =0, x =0, and x = | about the line
x=-1.

77. Find the centroid of the region bounded by the graphs
ofy=Inx,y=0,andx =e.

78. The definite integral le xsin(nx)dx, neN is called
7r =T

a Fourier coefficient. Use integration by parts to verify

n+l 2

that its value is (—1)"" =. (The theory of Fourier
n

series is very important in applied mathematics. You
will be introduced to infinite series of functions in
Chapter 10.)
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79. Use integration by parts to prove that if f(x) is
continuously differentiable on [—7r,7r], then the limit
of the Fourier coefficients is 0.

lim — Jf sin (nx)dx =0

n—o qr

80. Use integration by parts to prove the formula

n+l

x"Inxdx = n+l)lnx—1|+C.
T (n+1)

(n+l)

81-87 Use integration by parts to prove the given reduction
formula for n e N,

sin”™" xcosx

81. jsin”xdx:— +n_1fsin"’2xdx
n

n

n

);( sin (kx) —%jx”’l sin (kx) dx

82. jx” cos (kx) dx =

k

cos ((kx)+ ZJ-x”" cos (kx) dx

. "sin(kx)dx =—
83 jxsm()x p

84. I dx——xe ij"’lek‘dx, k#0

85.* jtan xdx—

—Itan n#l

tan xsec” > x

2
86. Isec"xdx = A I Isec”’zxdx, n#l
n— n—
.

87. I(ln x)n dx = x(ln x)n —nj(ln x)n dx

88-95 Use the above reduction formulas to evaluate the integrals.

8. [sin® xd 89. [x’cos2xd

90. [’ sin (mx)dy 91. [cosxsin® xe™™ dx
92. [sec’ xax 93. [(inx) dr

94. [tan" xax 95. [ x'e" d

96. Use the appropriate reduction formula to evaluate the
. w2 .
definite integral jo sin® xdx. Can you conjecture a

possible formula for n =8, 10, 12, ...?

97. Use integration by parts to prove the formula
I'sin (kx)—k cos (kx)

PERE e +C.

jsin(kx)elx dx =

98. Use your solution to Exercise 97 to find a similar
formula for jcos (kx)e™ dx.
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534 Chapter 7 Techniques of Integration

99-102 In Exercise 91, you had to use a reduction formula to
evaluate J'u3e” adu. Note that you can obtain the same answer by

using the method of undetermined coefficients, as follows. Assuming
that the answer has the form

Au’e’ +Bue" +Cue" +De" +E,
differentiating yields
u'e’ = Au’e" +(3A+B)u’e’ +(2B+C)ue’ +(C+D)e".
By equating coefficients we obtain
A=1 3A+B=0, 2B+C=0, and C+D=0.

Solving the above system yields B= -3, C= 6, and D= —6 (while
E=C, is arbitrary).

In Exercises 99-102, use the method of undetermined coefficients
to evaluate the given integral. (Note that this method will become
important in Section 7.2.)

99. J.8x3e“ dx 100. _[(x4 —x)e" dx

101. _[13e3" (sin2x)dx (Hint: Anticipate the answer in the

form stated below.)

Ae*sin2x + Be** cos 2x

102. .[5 sin2xcos3xdx (Hint: Anticipate the answer in the

form stated below.)

Asin2xcos3x+ Bcos2xcos3x

+ Ccos2xsin3x+ Dsin2xsin3x+ E
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542 Chapter 7 Techniques of Integration

j[—3 +—= ! jdx
x—-1 x"+x+1

r , 1 3
=3ln|x—l|+j 12 dx X’ 4x+l=x +x+Z+Z
1 3 2
(3] [re3) 3
I 4
:3ln|x—1|+j 3 5 dx Multiply top and bottomby%.
4(x+l] +1
3 2
3 33
=3lnfx—1+ S /N W2l Ll 2]
2 1 (2, L
(\/gx+\/§j +1 —[\BXJF \/5]
w2 x+ L
=3ln|x—1|+(ij ﬁj du NERNE
32 JTur+d du:%dx
:3ln|x—l|+%tan_l(2f/§lj+C J.uzdilztan’]zwc
7.2 Exercises
1-9 Use the guidelines discussed in this section to write the form of 14. j x+2 dx
the partial fraction decomposition of the given rational function. Do not (x+1)(3x=1)(x+3)
solve for the coefficients in your decomposition. 15. j 2x die
2 5 5x (x—2)2(x+1)
x(x-1) (v +4)(x-2)(x+7) 16, [— 7. [
3 2x+5 s 3x-1 (x+di) 2(221)
' _3) T (2x+3)(x 42 - =
(x+1)(x-3) (2x+3)(x*+2) 18. jx(x2+2) 1. [ —
5 x—4 6 14x-3 5 5
(v +x+2) (3x-1)(x* +1)° 0. [Sd: 21 [
3 2x+1
7. ——— 8. -3 t—1
2x* —5x-3 5x° —11x* +7x -1 22. jmds 23. _‘-mdt
2
4 -1 x +1 x*-9
+xt 20 4227 +x+1 24. _‘-mdx 25. -‘-x4+3x3
x*+2x+
10-35 Use the partial fractions method to evaluate the given 26 J' 5x° —5x—40
integral. x4 4Ax? v 4x
i 4 - 12
10. | — 11. | —dx .
Ix(x+2) I(3x—1)x Ix(xz +x-6)
x—4 2 3x* —=5x° +15x% —=8x+20
12 |———dx 13, |————d
'[(x—i-Z)(x—l) I(x+3)(2x+5) g 28. Ix5—2x4 +4x° —8x% +4x—8
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32
29.
Ix4—4x3—2x2+12x+9
4 2
30 [P 2 0 s [ g
v’ —16

(1+x2)3

—x?-1
32, |——dx
-[x4 +5x*+6

33. Ixfildx

X

34. jmdx 35. j x+b

36-41 Use the Heaviside cover-up method to evaluate the given

integral.
19x-12 16 x+2
36. dex 37. j i
(x —x— 6) x —1)
2 —
38, .[ 2v jl3v+6 & 3 J~1 3St Jg8z+19 ar
v —v —10v-8 0 +2¢t°—5t-6

J‘26S —38s7 +485+12d
1 og* —6s* +552 +12s

40.

_[1 —x’+4x* -11x-6
! ()c2 - 4)<x2 - 9)
42. If k € R, use partial fractions to prove the formula

J.% e )
x -k 2k
43. Complete the square in the denominator of Example

1 and use the formula in Exercise 42 to arrive at the
same answer as in Example 1.

41.

[u

dx

+C.

x—k

44-46 Use your approach taken in Exercise 42 to establish the given
formula for k, / e R.

4. | de Ll x e
x(kx+l) I k1|
45. I —i—él T ic
(ke+1)  Ix 17 kel
46. [——dr= l[ +ln|lcx+l|]+C
(kx+1) k* ke +1

47-61 Use any of the techniques seen in Examples 3—7 to evaluate
the given integral (definite or indefinite, as indicated). Whenever
applicable, use the formulas from Exercises 42, 44—46. (Note: If the
integrand is not a proper rational function, be sure to divide first.)

47, Jx +1 48. J3x —4x? +2d

s dx 2
BT 50. J.—ds

49.
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2 dx N
1. 2.
> '[1 x(x+2) > '[0 x2+9dx
3x° 2 dx
. 4. _
53 J‘x3—1dx > jl xz(x+2)
55 J- 3x? —8x+2 ar
) (x—3)(x2—2x+2)
2 x?—5x
Rl i
3 A% 16x5
57. J-O (v+5)2 dV 58. Imdx
2
59 [— 9 g 0. [0 4
Jesnie=y Eewe:
4
61 [l

x’ +4x

62-73 Combine integration by substitution and the partial fractions
method to evaluate the given integral. (When applicable, also use
integration by parts.)

cos x
62. j
sin’ x + 2s1nx

sin x cos x
63. '[(cosx—l)(cosx+2)
2sec’ x
64. J‘mdx
6
65. dx
x[(ln x)2 —1n(x3 )J
4e*
R i
67. J.izdx
(1+Vx)
68 jidx
e
0. [—2—
. x\/1+\/;
70. [e'In(e™ +2)dx
sin(lnx)
7. J.x[cosz (Inx)+cos(In x)] dx
REO
72. dx
e' +1
. I [ln(w2 )} [arctan(ln w)] "

w

2
(s +1)
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74.

75.

76.

Chapter 7 Techniques of Integration

Use the disk method to find the volume of
the solid generated by revolving the graph of

£ (x)=2/x* =3x=10, 6 <x < 10, about the x-axis.

Use the shell method to find the volume of the

solid obtained by revolving the region bounded by
g(x)= 1/(—x2 +2x+8),y =0,x=0, and x = 2 about
the line x =—1.

Find the centroid of the region bounded by the graphs

off(x):%,yzo,xzo,andx:l.

77.% Suppose that we are looking for a function y = y(¢)

whose rate of change y'(r) is directly proportional
to (04 -yt )/y2 (c is a constant). In other words,

. . dy
t) then satisfies the equation — =m(c* —y*)/y’
(1) q o=l =)y
for some constant 7. (Such an equation, containing

a derivative of an unknown function, is called a
differential equation. You will learn more about
differential equations in Chapter 8. The equation

in this exercise is used in physical chemistry.) Use
partial fractions to find an implicit formula for

y(t). (Hint: As a first step, rewrite the equation in
differential form, yz/(c4 —y4)dy = mdt, and then use
partial fractions to integrate.)

7.2 Technology Exercises

78.* If the ability of the environment to support a

population is limited and, thus, the population
cannot grow larger than a certain size, the model
P'(1)=mP(r) and its solution P(¢)=P(0)e™

is no longer adequate to describe the population
growth. Instead, the so-called logistic model

dP/dt = mP (L~ P) has been proposed, where L is
the upper limit of the population size. If the world’s
population in 1940 was 2.3 billion, which grew to
6.9 billion by 2010, and supposing that Earth cannot
support more than L = 15 billion people, what will be
the world’s population by 20507 (See the hint given in
Exercise 77.)

79.* Assuming that the rate at which a disease is spreading

after an infected person enters a community of N
susceptible people is proportional to the product of the
number of already infected individuals by the number
of still-healthy people, and letting /(¢) stand for the
number of individuals already infected, this latter
function satisfies dl/dt = kI (N —1I), with 1(0)=1.
Use your approach taken in the previous two exercises
to find a formula for 7(¢).

80-81 Use a computer algebra system to find the partial fraction decomposition of the given rational function.

80.

81.

37 +20x" +81x° +123x* —61x" ~1033x> —2056x — 2401

/(%)

o+ 7x7 +31x° + 66x° +78x* —78x> —203x> —245x +343

3t 41707 +47x° +97x° +156x* +207x° +194x> +107x +42

/(%)

x8+6x° +16x* +26x> +27x* +20x+12
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We have seen this situation arise before; since the integral we are trying to evaluate
appears on both sides of the equation, we can solve for it.

2[56(:3 xdx = secxtanx+1n|secx+tanx|

Isec3 xdx =%(secxtanx+ln|secx+tanx|)+C

7.3 Exercises

1-36 Evaluate the given indefinite or definite integral involving 35. J-sin x+/1—sinx dx 36. I cos” x
powers of sines and cosines. V1+sin x
. . R (Hint: In Exercises 35 and 36, use the identity
1. .[sm X cos x dx 2. _[smxcos xdx x
sinx = cos(——xj )
3. Icossxdx 4, Icosxsinxdx
5. [sin* xdx 6. [sin™ xcosxd 37-57 Evaluate the given indefinite or definite integral involving
powers of tangents and secants. Note that the integrals involving
7. I 7 052 xsin x dx 8. I i 21 di cotangents and cosecants can be handled by rules analogous to
0 0 those discussed in this section.
n of 0 cos 4a
. LTcos [2}10 10. -[ sm4a 37. _"tans xdx 38. _"cot“ xdx
11. Isin7 xcos® xdx 12. _[ sin” xcos” xdx 39. Isec4de 40. Itan3xsec3xdx
13. Isin“[%jcos“(%jd@ 14. _[ sin’ x dx 41. J’ tant9 1. J‘COtS X
\secd cscx
T . o,
15. IO sin” x dx 16. .[cos 3tsin® 3t dt 43. jtanxsec6 dx 44. J‘ sec’ X
. J.\/_ 5 \3/tanx
. cosxsin’ x
45, jcsc“tcoty2 tdt 46. _"tan xsec* xdx
3m 3 t 2 t
18. .[o sin [gj cos (Ej dt 47. Itanz xsecxdx 48. Icsc3 xdbx
. ™2 . - m
19. Is1n3 xcos’ xdx 20. .[0 sin” xdx 49. _[0 "tan® xsec’ xdx 0. Iz/3/3 cscxcot” xdx
= 8cos’ v sin® Vx 4
2. |, ————"dx 2 esct cse 2
_Lz/4 I~ 51. L/G csc” xdx 52. j otz dz
sin 2x +sin’ x 42
22. I—dx 53. j sec3 Y da 54. IsecG 33cot’33d3
cos X cot” 2«
23. Il6sin2 xcos’ xdx  24. Icosé xdx 55. ICSC4 4xcotdxdx
. 7 3 . .
25. _[sm xcos’ xdx 26. _[smxsmedx 56. J-y\/T_S2 osc ( )cot“ (Sg)ds
/2 ™ .
27. IO cos2xcos3xdx  28. IO cos(—4x)sm 6xdx . ” cot i 1

0 t
29. [sin8xsin(~7x)dx  30. J./%dﬁ e

3 sin 3x > 58-63 The given integral does not directly fit any of the cases
31. ,[ m 32. _[0 V1—cosx dx discussed in this section. Use trigonometric identities and familiar
integration rules to evaluate it.

1. J- coS x 14, J- cos x
«ll—smx «ll—cosx 58. jsinxc0t2xdx 59. J-xseczxdx
60. IsecS xcotxdx 61. Iztanz 2zdz
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62.

64.

65.

66.

67.

68.

69.

70.

71-73 Use the product-to-sum identities of this section to verify the

63. | sindx .

Icsc“ xcos’ xdx
secx

Verify the following reduction formula for m, n € N.
(Hint: Use integration by parts.)

s om—1 n+l
. S X COS X
J.sm’" xcos" xdx=——-—"—"-——
m+n

m—1
+

J‘sin’"’2 xcos” xdx
m+n

Use Exercises 3, 24, and 64 to evaluate the following

integrals.
a2 5 .2 6
a. Ism xcos’xdx b. Jsm xcos’xdx

Find the area of the region between the x-axis and the
graph of f(x)=sin’ xcos’ x fromx=0to x=7/2.

Find the volume of the solid obtained by revolving the
region bounded by the graphs of y = tanx + cotx, y =0,

x=m7/6, and x =7/3 about the x-axis.

Repeat Exercise 67 for the graphs of y = cosx + secux,
y=0, x=—7/4, and x =7/4.

Find the centroid of the region bounded by the graphs

of y=x+sinx, y=0,and x = 7.

A particle is starting from the origin and moving
along the x-axis so that its velocity at # seconds is
v(1)=mtan® (m/18)sin(mz/18) units per second
(0 <1< 8). Find its position at ¢ = 6 seconds.

given formula for m, n e N,

71.

72.

73.

T, . 0if m#n
_[ sin mxsin nx dx = )
-7 mif m=n

™
J sinmxcosnxdx =0
=T

0 if m#n

™
j COS mx oS nx dx = .
-7 w if m=n

Section 7.3 Exercises 551

Concept Check

74-77 Determine whether the given statement is true or false. In
case of a false statement, explain or provide a counterexample.

74. jsinzxdx—x=C—jcos2xdx
75. joﬂsinzxdx=‘|‘:coszxdx

76. According to the text, the best way to evaluate
jsec4 xtan® xdx is by using integration by parts.

77. According to the text, the best way to evaluate
jsec3 xtan* xdx is by using integration by parts.
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Note that our antiderivative is a function of 0, but the limits of integration are still in
terms of ¢. In order to evaluate the expression, we sketch the triangle in Figure 6 and
write everything in terms of 7.

t=3
Lsin@} 1!
12 o 12 P44
13
Figure 6 tand=t/2 12 V13

7.4 Exercises

7-12 Choose the correct answer. (You should be able to identify the
correct answer without actually evaluating the integral.)

1-6 Choose the substitution(s) that are helpful in evaluating the
integral. (Do not actually evaluate the integral. There may be more

than one correct answer.) J- dx
7.
2
1. jx\/x—ldx x"+1
a. +arctanx +C
a. x=tanf b. x =sech
¢. x=sinf d. 0=x-1 b. 2 x2+1+C
2. | e N
. m ¢. InjVx +1+x/+C
a. x=sind b. tanx =0 d. InVx*+1+C
¢c. x=tanf d. x=secl 2
8. I = dx
3. va9—x2dx 9-x
x? . X
a. x=3secl b. 0 =3sinx a. 73r051n5+C
c. x=3sinf d. 0=9-x%7 24

b. =—9-x*+C
3

4 J- dz
2Nz’ =9 c. \V9-x*+C
a. z=sint b. z=sect
z z d. 2arcsin£—£ 9-x+C
c. z=3sect d. z=3cosh¢t 2 3 2
t2
5, J‘L 9. I = df
x*4x* +9 1-1
-1
a. x =2tant b. x=§tant a. L 1- 2 _tan ¢ C
2 2 2
3 sin"'t ¢ 3
c. x=3tant d. x=—sect b. ——A1-t"+C
2 2 2

9_(x_1)2 C. —Vl—t2+c
6. I—“dx .
x-1 d. E(t 1—t2+ln‘t+\/t2—l‘)+c

a. x=3sinf+ 1

¢c. x—1=23sect

. x=3sinf

. x—1=3tant
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10. j“l_x2
X

dx

1

xarcsin x

_ _ 2
b. \/l—x2+ln#+c
X
32
2(\/1—x2)

+C

c. 3—+C
X
d. +x*-1+arctan +C
x* =1
dx
11.
'[\/xz—4
1 .X 2
a. —arcsin—+C b. 24x"—-4+C
2 2 32
2(\/x2—4)
c. lnx+\/x2—4‘+C d. . e
dx
12 j —
(x +9)
a. * __.cC b. 2 +C
9Vx? +9 x> 49
1 X i 32
c. 5 arctang +C d. 1n(x+9) +C

13-48 Use the three trigonometric substitutions discussed in this
section to evaluate the given indefinite or definite integral. (Note: Not
all integrals require trigonometric substitution.)

14. .[x\/):dx

3

13. j mdx

15 J:de 16. | 92;"2
2

18

17, [ . ds

\25— 12 Vst —4
Vxi=2
]

dx

20. dbx

x3

o, [—E
' x*\x? =36
-Xx x?
21. d 22, | ———d
J-\ll—xz ) J'\/x2+2 ’
2—x x> =2x+5
23. dx dx
'[\/4+x I

dz 26

3
R e fomdz
[.2
27. jfw%/s—wz dw 28 js Y29

3 X

24.

29. |

31. j“4_9x2

33. j(—
3. jzy

37. |
39. |

41. o
'[\/3x2 +1

3. |

45 |

—X

dx
x*\25-9x2

dt
47. IZW

49-60 Complete the square and use applicable substitutions from
this section to evaluate the given integral.

dx
49, | —
J‘\/xz +x+3

x2
51. dx
j V6x — x?

53.

55. |

59j

J‘3 dx
x4 8x—4

dx

57. I\/7+6x—x2 dx

x —10x+29)

30.

32.

34.

36.

38.

40.

42.

44.

46.

48.

50.

52.

54.

58.

dx 60.

56.

S2
ds
j \Js? =25
dy

"-y\/25+9y2

_[2 dx
D 4x?\4x® +1

[V1-3 ax
[+

dx
i
x2
j(x2 +16)" *
J‘ dt
\or* -4
J- dx
Vox* +4
dx

(x2 +1)2

I

—18v +5)

dx
L e
j dx
Vx? —6x+10
V2
—
V3+2v-1?

j 4x> —16x +25 dx

ds
(s ~8s+17)"

61-63 Use an appropriate substitution followed by a trigonometric
substitution to evaluate the integral.

61. j e

cotxcsc x

1—e™ dx

03 J‘ '\/Sll’l x+1
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62.

I\E

—dx
1+ x



64-71 Use an appropriate trigonometric substitution to find a
general formula for the expression. (Assume a > 0.)

64.

66.

68.

70.

J\/x2+a2 dx
.[ ¢x2_a2 dx
X

65. J x*—a* dx
dx
67. | —
J‘x ,xZ _a2
dx
o [
—dx
1. | —
'[x\/xz +a2

J\/az —x? dx

(x>0)

_[ —dx
xa® —x?

72-74. Use hyperbolic substitutions to find alternative

75.

general formulas for Exercises 69-71.

Evaluate Exercise 42 by using the hyperbolic
substitution x = 4 sinh ¢, and then generalize your result
to arrive at both a trigonometric and a hyperbolic
formula for

X2
dx

(x2 +az)3/2 .

76-77 Combine integration by parts and trigonometric substitution
to evaluate the integral.

76

78.

79.

80.

81.

82.

83.

84.

Jtarcsintdt 717. Jtarccostdt

Find the area of the region between the graph of
1
Y =-———5; and the x-axis fromx=—Itox=1.
(x2 + 2)

. 1
Repeat Exercise 78 for the curve y = ————=—— on

) x*x* -3
the interval [2,3].

Find the area enclosed by the unit circle x* +3* = 1 and
the parabola y = V2x2.

Rotate the region bounded by the graph of

_ Jx? -9

3
X

, 3<x <5, about the y-axis. Use the shell
method to find the volume of the resulting solid.

2
Repeat Exercise 81 for the curve y = P on

ox? +4)"
the interval [0,1]. ( S )

Use the method of disks to determine the volume of
the solid obtained by revolving the graph of the curve

)= V16 —4x7
S

X

, 1 <x <2, about the x-axis.

Find the arc length of the prototypical parabola y = x>
between the origin and the point (2,4).

OHAWKES LEARNING

8s.

86.

87.

Section 7.4 Exercises 559

Find the arc length for the graph of y = Inx between
x=+/3 and x=22.

A cylindrical fuel tank of radius 10 in. is positioned so
its axis is horizontal. Find the fluid force acting on one
end of the tank if it is partially filled with diesel fuel so
that the top 4 in. of the tank are empty. Use 55 Ib/ft’
for the weight density of diesel fuel.

In an attempt to square the circle, Hippocrates of Chios
showed about 2500 years ago that the area of the red
shaded region (called a lune) in the figure below is
equal to the area of the shaded triangle (which in turn
is half of a square). Given that the bigger circle is
centered at (0, —r), use calculus to prove Hippocrates’
result.

>

88.* Find a more general formula for the area of the lune in

89.

90.

91.

the case where the radius of the bigger circle is R.
y

ﬁ:iz'i'yz_rz

X

Concept Check

89-92 Determine whether the given statement is true or false. In
case of a false statement, explain or provide a counterexample.

According to the text, the best substitution for

.[ 1
Jx?r =1

Substituting x = sin #, we obtain

IZx\/l —x’ dx = jzsinecosede = jsin 20d6.

dx is x = sinf.

A straightforward way to evaluate .[1/2 ! dx isto

0 1-x
find I;/z \/1i7 dx by substituting x = sin¢ and then

squaring the answer.

2
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92. According to this textbook, the only way to evaluate the integral _[2;45]’“ is to substitute x = 2 sec 6.
X% —

7.4 Technology Exercises

93-96 Use a graphing utility to revisit the given exercise. Do you get the same answer that you obtained by hand?

93. Exercise 22 94. Exercise 37 95. Exercise 54 96. Exercise 58
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7.5 Exercises

1-20 Use the integration guidelines listed in this section to evaluate
the given indefinite or definite integral. (Hint: Whenever possible, try
to simplify before integrating.)

dx 2x
I5x(x+5) = I(2x+3)2 “

2dx 2 2
3. | —— 4. |sin” xsec” xdx
I f
. Itanz 2x+1dx 6. J-cos 2 fcsc’ 0
csc’ 2x tan 0
dx
7 '[x2+4x+8
8. J~3x3—122x2+15x+2dx
x—4x+5
x(\/;—i-Z) 1—cos2x
9, | ——~dx 10, | ——
I Jx I sin x dx
3
X X
11. Imdx 12. Imdx
3. [P +2ee5de 14 j“;tjs
15. ﬁaraﬂdu 16. _[\/ez+ex dx
VB3 u2

.[ﬂ/z 1+cosz

17. dz 18.

t
Imdt

20. _[\/;cos\/;dx

/4 1—cosz

2
19. | ——d-
I\/z+2 ++/z

21-40 Transform the integral into a form that you can integrate by
using a table of integrals or any of the techniques discussed in the
previous sections. Then evaluate the integral.

J- x+2dx 2 _[ COS X »
x=2 ) sinx(2sinx+7)
dx dx
23, | —— 24, | —=_

Ix\/2x2+9 I 62‘—9
3x2
25, | ——dx 26.
I °(2x +1) Ix +4
tanu
217. di
'I.coszu\/5+2tanu !
dx
28. | —
'I.\/3ex—l6
29. jln\/}dx

30. Isin 2x(2 sin x + 3)3 dx

cotx

31 [———— & 32. jr2\/16—4 dt
\2sinx —sin? x
33. j“3x_2dx 4. [ L
X X
x =2x+1
35. 36. | xvVx?+2x+5dx
'[\/1+6x 3x2 '[
213 sin2x
37. j csc’ tdt 38. j
/3 \J2sinx+9
39. j;arCCOS\/;dZ 40. Iez’ tan ‘e’ dt

41-45 |[f the integrand is a rational function of sin x and cos x,
we can turn it into a rational function of u by the substitution
x=2arctan v. The figure reflects the aforementioned substitution
(as you will determine in Exercise 41). Using the figure along with
differentiation, we obtain the following.

200 2u 1-u?
dX=—2, sinx = s and cosx = 5
1+u 1+u 1+u
1+
2Uu
X ]
1-u?

After integrating the resulting rational function, we express our answer
in terms of the original variable x by using u = tan(x/2).

sin x

41. By using the identity tan% = , show that the

1+cosx
figure indeed reflects the substitution x = 2 arctan u.

Use the above substitution technique to evaluate the given integral.

42. j 4. | S S
3—-sinx cosx—sinx+2
M [— Y w4 | _du
14+ cosx—sinx 2cosu+3

46-55 The given integration formula can be found in most tables
of integrals. Verify it by an appropriate integration technique learned
from this chapter.

du 1
46. >=—1In
'[a —u’> 2a

u+a
+C

u—a

2

47. J-\/a2+u2 du:%\/a2+u2 +%ln(u+\/a2+u2)+c
48. Isin’luduzusin"u+\/1—u2 +C
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du 1 | u |
. =—1
9 ju(a+bu) n|a+bu|+c
1
50. Iarbudu I (a+bu aln|a+bu|)

51. I a’ +u’ =vJa’+u’ —aln|——— atya tu’
u

2
u . u
a*—u* +—arcsin—+C

2

u
— du=-—— -
J.Iaz_uz “ 2 2 a

52.

2 2
SN PR KA LA e
u\/az—u2 a u
du u’—a’
54. juzm: ——+C
du u
55, j(uz_aZ)”:_az uz_a2+c

7.5 Technology Exercises

56-59 Use a computer algebra system to solve the given exercise. If
the answer looks different from what you obtained by hand, prove that
the answers are equivalent.

56. Exercise 6 57. Exercise 13

58. Exercise 27 59. Exercise 34

60-65 Compare a computer algebra system’s answer to the given
exercise with those obtained by substitution and/or integration tables.
Use the differentiation feature of your technology to prove that both

answers are correct.
60. Exercise 5 61. Exercise 16
62. Exercise 21 63. Exercise 24

64. Exercise 30 65. Exercise 36

66-68 Use a computer algebra system to find £ () that satisfies
the given condition. (This problem type is called an initial value
problem. We have already seen similar problems in Section 4.7, but
you will learn more about them in Chapter 8.)

dx

. F(x)= 52— F(0)=
66 F(x) jx2—2x+4’ (0)=0
67. F(x)=[3x/x’ —4x+5dx; F(1)=0

68. F(x) = Ixz arccos x dx; F(O) =1

Section 7.5 Technology Exercises 567

69-71 Use a computer algebra system to give an approximate
solution to the given equation. (These are examples of integral
equations.)

xdt xtan !¢
69. I"\/m: 70. L dr=1
=2
71. j””—“l_smtdz:z
X tant

72. Paper-and-pencil skills are important, even when
powerful software is at your disposal. Use an
appropriate substitution to evaluate

J- l + x
Vxte™ +1
and then use a computer algebra system to check your
answer. What do you find?

73-78 Even with all of our integration techniques, tables, and
computer algebra systems, we are far from being able to find
antiderivatives for all elementary functions (roughly speaking, these
are finite combinations of the types of functions you have studied so
far). Even more surprisingly, many elementary functions do not even
have elementary antiderivatives! Some of these appear relatively
“easy,” so that you might even be tempted to try and integrate them.
For example, f(x) =¢*" does not have an elementary antiderivative.
Integrals such as j " dx are called nonelementary integrals.
Working with them requires infinite series (see Chapter 10) or the
numerical methods that we shall learn in Section 7.6.

Try to evaluate the nonelementary integral using a computer algebra
system. What answer do you get? (Answers will vary.)

73. jexz dx 74. jidx
X

75. Icos(xz)dx 76. j sinx
X

77. Iln(lnx)dx 78. —11 dx
nx
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7.6 Exercises

1-2 The function f(x) is given by its graph. Use the Trapezoidal
Rule and Simpson’s Rule, respectively, to approximate the shaded

areaj dx by a. 7,and b. S,.

1. y

12

10

12

10

3-17 Use the Trapezoidal Rule and Simpson’s Rule with n= 8 to
approximate the integral. Then find the exact value and compare
your answers.

3. I;x4dx 4. fldx
X
1
5. fydx 6. j:\/}dx
7. I04x3dx 8. J.02W|sinx|dx
9. [*fx+2ds 10. [ e dv
11. J.lslnxdx 12. J62(4—%xjdx
13 [ (16-x)ar 4. [ 16-x dv
4 1
15. [ xx?+2dx 16. jo‘émdx

8 X
17. jo x2+1dx

Section 7.6  Exercises 575

18-20 Use a. the Trapezoidal Rule and b. Simpson’s Rule to
approximate the definite integral for the indicated value of n.

18. j:i/de; n=4
20. I:\/x4+4dx; n=10

/2
19. j cosxdx; n=6
/2

21-23 Some texts discuss the Midpoint Rule as a numerical
integration method. The idea is simply forming a Riemann sum by
choosing the midpoint of each subinterval as the sample point.

Use the Midpoint Rule with n= 8 to approximate the integral and
compare your answers to those in Exercises 3-5.

21. j;x“ dx 22. f%dx

51
23. jl x—zdx

24-29 Use the formula discussed in the text to find an error
estimate for the Trapezoidal Rule when it is used to approximate the
integral of f(x) over the given interval. Use n=10.

24. f(x)=x°, [0,2]
25. f(x)=cos2x, [m/2,3m/2]
26. f(x): X, [1 4]

27. f(x)=

X

28. f(x)=

29. f(x) :%, [1.11]

30-35. Repeat Exercises 24-29, this time providing an
error estimate for Simpson’s Rule with n = 10.
Compare your error bounds to those you gave for the
Trapezoidal Rule.

36-41 Determine a number of subintervals that will guarantee an
approximation of the given definite integral to within an error of 0.001
using the Trapezoidal Rule. (Answers will vary.)
1 x4 T
36. [ “-dx 37. |, sin xdx
2 0

39. jole dx

22— x?
8. | S

40. j:xlnxdx 41. J-Oﬂ/zxsinxdx
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576 Chapter 7 Techniques of Integration

42-47. For the integrals in Exercises 3641, find a number
of subintervals that will guarantee an approximation
of the same accuracy (within an error of 0.001), this
time using Simpson’s Rule. Compare your answers to
those you gave for the Trapezoidal Rule.

48. Use Simpson’s Rule with n = 6 to approximate
In2= Lzl dx, and find the percentage error of your
X

approximation (the actual error divided by the true
value expressed as a percentage).

dx.

49. Repeat Exercise 48 to approximate m = _[l 5
0x”+1
50. Use Simpson’s Rule with n = 24 to approximate
the area of the region bounded by the graphs of
y=+1+x* x=-6,x =6, and the x-axis. (Notice that
this problem leads to a nonelementary integral.)

51. Use the shell method along with the Trapezoidal Rule
to find the approximation T, for the volume of the solid
obtained by revolving the region between the graph of
y=e"/x* (1 <x<2)and the x-axis about the y-axis.

52. Combine the disk method with Simpson’s Rule to
find the approximation S, for the volume of the solid
obtained by revolving the region between the graph of
y= e (0 <x <1) and the x-axis about the x-axis.

53. The following table summarizes acceleration data for a
Ford Mustang Boss 302 Laguna Seca. Use Simpson’s
Rule to estimate the total distance traveled by “the
Boss” during its timed 0—120 mph run. (Hint: Sketching
a graph similar to the one in Example 2 is useful. Be
sure to identify which area you can approximate and
how it yields the answer to the problem.)

Acceleration Times

Miles per Hour  Seconds
0-120 13.0
0-110 10.9
0-100 9.1
0-90 7.6
0-80 6.3
0-70 5.2
0-60 4.1
0-50 3.3
0-40 2.4
0-30 1.7
0-20 1.1
0-10 0.4

Source: Road & Track

54. Use the Trapezoidal Rule to estimate the amount of
water needed to raise the water level by two inches in
a pool with the shape shown in the figure. At 2-foot
intervals, the distances across the pool (in feet) are as
indicated in the diagram.

(
!

I
1
I
I
=l
b=
I
I
-1
I
I
I

TT—=
W

55. The figure shows the vertical cross-section of the
Lazee river where the Dinkatown ferry docks. The
depth of the river is indicated at 5-foot intervals in the
diagram. If the river flows at 5 ft/s, use Simpson’s
Rule to estimate the amount of water passing by the
dock every second.

St

56. Prove that Simpson’s Rule actually gives the exact
answer for definite integrals of all polynomials of
degree 3 or less.

7.6 Technology Exercises

57-60 Write a short program for a computer algebra system

to approximate the given integral using the Trapezoidal Rule with
n=100. Then ask the software to evaluate the integral directly and
compare your approximation with the exact value.

57. IOZ\/;\/x+2dx 53, (&

0 3+x7
59. 02°1dx3 60. ["\1+1+x dx
+Xx

61-64. Modify the program you wrote for Exercises 57-60
to find S, for the integrals. Compare your answers
with the exact values you found in Exercises 57-60.
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65-70 Use the program you wrote for Exercises 61—64 to find the
Simpson approximation S, for the given nonelementary integral.

To get a feel for how close your answer is to the exact value of the
integral, use the graph of the fourth derivative of the integrand, and
identify an error bound as small as you can by using the theorem from
this section. (Answers may vary slightly. Hint: You may check your
error bound by using the command specific to your CAS to obtain
the “exact value” of the integral. Note that the CAS uses numerical
algorithms to obtain that answer and, thus, it isn’t exact either. It is,
however, more accurate than what we can obtain by Simpson’s Rule
with n=50.)

65. Iole dx 66. fidx
X

67. jo"cosx2 d 68. jl"smxdx
X

69. ['In(inx)ds 70, Slde
cInx

71-73 With the help of a computer algebra system and Simpson’s
Rule, approximate the solution of the given integral equation. (Use
n=100).

1. j:eﬁdt:3 72. j:tantzdtzl

73. j(f\/lﬂ“ dt =4
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[© Example 9 Using the Direct Comparison Test

Determine whether

Solution

Section 7.7

Improper Integrals

583

'[ Vx* =0.01

For x > 1, we have the following.

Vx*-0.01

1

————dx converges.

0.01

\Y
% |- =

You will show in Exercise 17 that the integral J l/x dx diverges, so

j (1/\/x —-0.01 )dx diverges as well.

7.7 Exercises

1-8 Decide whether the given integral is an improper integral. If so, explain why and identify its type. (Do not evaluate the integral.)
4. jl 1
w1

9-16 Use the definitions from this section to write the given improper integral in terms of limits. (Do not evaluate the integral.)

12. j“;

1. j”z-*dx 2. I1]1+1x2dx
5. j 4/5 6. :;O%dx

© 1 1 1

9. [——ar 10. [ ——ax
2 x" -1 0x" -1

13. [ etax o[ a
- "(x-1)

17-20 Determine whether the improper integral pictured is convergent or divergent. If it is convergent, find its value.

17.

<

LTS
3. on dx

w ]
7.

-0 ]+ x?

11. 71_—3dx
.

15 ("2
0 x

18j
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584

Chapter 7 Techniques of Integration

21-64 I|dentify the type of the improper integral and determine
whether it is convergent or divergent. If it is convergent, find its

value.

w1
21. J‘l de
1]
23. J.Oﬁdx

25. J? xe " dx

27. jlz(x‘f"ly
29. J?:Z—ixg
31. joz(x‘f"l)z
33. j:e%ldx

dt

35. j:m

i d
il
39. _[:%dx
qa. [
" gy

43.

. d
45 L zlnzzz
47. jo Iz,

® dx
., 2x (x+1)
51. jiﬁ
53. j \/xj
55. L x\/xi
57. Exz(ixzx

7/
59. _[0 2secxa’x

61. | —dx

°Vx

Illnx

22.

24.

26.

28.

30.

32.

34.

36.

38.

40.

42.

44.

46.

48.

50.

54.

56.

58.

60.

62.

,__dx
X

.[_lm 2e” dx

o0
J.O cos x dx

d
J =

s

J-w dx
2

(x-2)

Iw arctan x
[

» dx
L x* —2x

© dx
Io( 2

x+2)(x+3)

© dx
Io ( 2

X x+2)

/2
IO tanfdo

65.

66.

o dt o x—2
64. ——dx
L 3t +1 0 X% +x+2

Classify the integrals of the form Lw(l/ x? )dx

according to convergence for all possible values of p.
(Hint: Consider the three cases of p > 1, p=1, and

p<l)

Repeat Exercise 65 for the integrals of the form

[ )

67-74 Use the Direct Comparison Test to determine whether the
integral converges.

67.

69.

71.

73.

75.

76.

w dx Inx
L Vxt +2x+3 o8 I
J‘lwezx-df—xx3/2 70. jlcosx
j}mede 72. jf%fdx
o dx

Jwy [

Rotate the infinite region bounded by the graphs of
y= xz/\ll—x2 ,¥=0, and x = 1 about the y-axis. Use
the method of shells to find the volume of the resulting
unbounded solid.

If the infinite region between the graph of y =1/x

and the x-axis (x > 1) is revolved about the x-axis, we
obtain the solid nicknamed Gabriel s horn (see figure).
Use improper integrals to show that Gabriel’s horn
has a finite volume and infinite surface area. Note that
this means that, at least theoretically, Gabriel’s horn
can be filled with a finite amount of paint, but it would
take an infinite amount to paint its surface! Can you
find a mathematical explanation for this conclusion?
(Hint: To show that the surface area is infinite, use the
Direct Comparison Test.)

>

Gabriel’'s Horn
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77. Show that the process in Exercise 76 results in a solid
of finite volume when revolving about the x-axis, but
in a solid of infinite volume when revolving about the
y-axis.

78. Find the area between the graph of y = 2/ (x2 —1) and
its horizontal asymptote for x > 2.

79. Find the total area between the graph of
yi=x / (16 —16x2) and its vertical asymptotes.
(Hint: Be sure to consider both branches of the graph.)

80.* The figure below shows the graph of the following
piecewise-defined function.

L if 0<x<1

Fx)=

1 .
— if I<x<oo
X

Show that _[:f(x)a’x =3.

81. Sketch the graph of x** + y¥* =1 (hypocycloid with
four cusps) and find its perimeter.

82. Fora >0, find a formula for the integral

© dx

83. In probability theory, f(x)= e is called the

1
N2
density function of the standard normal distribution.
Show that its mean is 0 and its variance is 1; that is,
p=["xf(x)dc=0and o” =" x’f(x)dv=1.
(Hint: For the first integral, adapt your solution to
Exercise 36. For the second, use integration by parts
along with L’Hopital’s Rule.)

Section 7.7 Exercises 585

84. Find the function in the one-parameter family
y=c (x2 +1) so that
[F =1
= x"+1

(The function you just found is another probability
density function, called the Cauchy density function.)

85-87 In certain cases, substitution can help turn an improper
integral into a proper one. For example, as part of your solution to
Exercise 35, substituting v = Jt you may find

T odu

Tooat
I°(t+1)ﬁzzjouz+1'

the latter being a proper integral.

Use the above idea to turn the given improper integral into a proper
one and evaluate.

12 dx le&
gs. P& __ 86. [ < ax
IO \/;\ll—x '[0 \/;
87. ["—dr (Hint: Substitute u=1/x)
L]+ x?

88-93 The Laplace transform of a function f(), denoted
L{f(t)}, is defined by the improper integral

L{f(1)}(s) =], e *r(r)at,

as long as it converges. The Laplace transform is very useful in
physics and engineering, most notably, for solving certain linear
ordinary differential equations.

Find the Laplace transform of the given function (we assume sis
appropriately restricted so that the Laplace transform converges).

88. L{l} 89. L{1}

90. L{r’} 91. L{e"|

92. L{sinkz} 93. L{coskt}

94. Recognizing a pattern from Exercises 88-90,
conjecture and use induction to prove a general

formula for L {t"} (n e N). (Hint: You may want to

calculate L {t3} to firm up your conjecture.)

OHAWKES LEARNING



586 Chapter 7 Techniques of Integration

95-97 Suppose you invest money at an annual interest rate of r,
which is compounded continuously, with a goal of having N dollars in
tyears. The amount you invest today to achieve that goal is called the
present value (denoted PV) of the N dollars that is still fyears out in
the future. This present value can be calculated by the formula

PV =Ne™,

since investing PV dollars today will yield (Pv)e” =(Ne’”)e” =N
dollars in tyears.

Using Riemann sums, it is straightforward to derive the formula for
the present value of an annuity, a terminating income stream of fixed
payments over a finite time period, say T years:

PV = At)e e,

where A(t) is the amount paid out annually (we assume continuous
payment).

In Exercises 95-97, use this formula to generate the required
improper integral.

95. If the annual interest rate is 5%, find the present value
of a perpetual annuity (one paying dividends forever)
that continuously pays $10,000 every year.

96. How much should we invest at an annual interest rate
of 4% if we want a never-ending income stream of
continuous annual payments of $500?

97. Suppose we expect an investment to generate profits at

p (z) = 6500~/te"*™* dollars annually forever (¢ stands
for the number of years elapsed). If the annual interest
rate is 6%, find the present value of this income
stream.

98. Use an improper integral to find the work done in
propelling a 500 kg satellite out of Earth’s gravitational
field. (Hint: Approximate the radius of Earth by
6371 km. For the magnitude of the force of gravity at
great altitudes, see Exercise 49 in Section 6.5.)

99. Ifan object is leaving the surface of Earth with
a velocity v, big enough that its kinetic energy
E,, =1mv; is equal to the work required to propel it
out of Earth’s gravitational field, then the object will
never return, but rather travel “infinitely far away”
into outer space. Use Exercise 98 to find the value of
the escape velocity on the surface of Earth. (Hint: As
in Exercise 98, approximate the radius of Earth by
6371 km. See also Exercise 55 of Section 6.5 and the
Chapter 6 Project.)

100.* The gamma function, which after an argument
shift becomes an extension of the factorial function
f(n)=n, is defined as follows.

F(n) = J.: x"e™ dx

Note that here x can be any real (or even complex)
number. The gamma function is especially important in
the fields of combinatorics, probability, and statistics.

Prove each of the following statements.

a. The above improper integral converges for all
n-1
AP
et X
for all appropriately large x-values and use the

Direct Comparison Test.)

b. I'(1)=1

n > 0. (Hint: Show that forn >0, 0 <

¢. I'(n+1)=nI'(n)
(Hint: Use integration by parts.)
d. I’(n+1):n!, neN

(Hint: Use mathematical induction.)
Concept Check

101-104 Determine whether the given statement is true or false. In
case of a false statement, explain or provide a counterexample.

101, 1f [ (x)dx diverges, then lim f (x) =L with 2 =0

or lim f(x) doesn’t exist.
102. If f(x) is continuous on [1,00), positive, and
decreasing, and if for any M > 0 there is a b > 1 such

that Lb f(x)dx>M, then Lw f(x)dx diverges.
” ln(x3)
103. The integral L ——=dx diverges.
x

104. For any positive a € R, Jm% converges.
ax
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/.7 Technology Exercises

105-106 The function, defined in terms of an improper integral,
is important for its applications within or outside of mathematics,
for example in number theory, statistics, probability, physics, or
engineering. Use a graphing utility to sketch the graph and observe
important features. (Answers will vary.)

105. erf (x i (the error function)

):i [le
N
106. Li(x)zjz'”li—’t (the logarithmic integral function)

107-108 Attempt to use a computer algebra system to evaluate the
improper integral (from Exercises 67 and 74) and see what happens.
(Note: Theoretical results such as the Direct Comparison Test are
extremely useful, even when powerful mathematical software is at
our disposal. As we mentioned during our discussion in the text,
sometimes concluding the fact of convergence is more important
than the actual value of the integral; and the Direct Comparison Test
provides a fast and trouble-free way to do just that.)

107, [ == 108. [ Ay
. T . —(—ax
D xt+2x+3 > JxInx
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604 Chapter 8 Differential Equations

8.1 Exercises

1-6 Rewrite the first-order differential equation in the form 29-40 Solve the separable differential equation.
dy/adx = f(x,y). (Do not attempt to solve the equation.)

29. y':2x(y2+1) 30. y'=y(x2+4)
dy — _ 2x
1. \/;E_\/; 2. dy=3ydec+etdx 31. y' =3xp+6x 32. y'=9y°x’
3. J1-)? i 4 By _ o F 33. dy-3x’ydx=0 34. y'=secysec’ x
X X Ly —
N ' -V &
5 xy=y—x"y' 6. 3x’y=xe" —xy' 35. yNa-x" =y 36. y :\’Te
1x dx 2
. . . o , 37. eV —=-2tx 38. (x+2)dy=(x+5)dx
7-12 Verify that the function (or family of functions) is a solution of dt
i ' i ' 6
the given differential equation. 39, dy= v+ i 40. xPydy= (y2 N l)dx
X

7. xy'=5y; y=Cx’
41-43 Solve the given separable equation, treating y as the

3x* . . )
8. Y- =0, y=2x'+5 independent variable and solving for x = x(y).

y

2
9. 2% dy—ds =0: y:6_1 41. xdy—(y+1)dr=0 42 de=3(x"+1)dy=0
X
;o 2x

10. 3y +2xy=0; y:Ce"“/3 43. y_y+2

eSx

1. y+y=e"; y=Ce ™+ <

44-53 Solve the given initial value problem.

12. xdy—(y—x)dsz; y=Cx—xlnx ¥ ¥ 1
44. y'z—;; y(l)zl 45. y'= " ; y(0)=2
13-20 Solve the differential equation with the given initial condition. 4x® +2x
46. y'=—71—; y(2)=5
Y

13. y'=x’+cosx; y(0)=5

1
~2. y(0)=0
xt+1 »(0) 48. X’y'=(x-1)y* y

15. »'=1+x y(1)=0

16. y'Jx =x+1; y(1)=5

47. y' =™, y(O) =0

14. y'=

1
49, y'secx =y’; T-z
syt o2

dy _
17. de=x’dy; y(2)=3 50. —-=dxle”s y(0)=1
18. Ji-x’y'=x; y(0)=2 5. y;':yuy; y(0)==2
19. N1-x?y'=1 y(0)=2 2
X"y y( ) 5. y,:1+y : y(l):—Z
, 1 1+ x?
20. y'=——; y(l)=—4 p
ot 53. y =2e’ costdt; y(O)zO
1+sint

21-28 Determine whether the differential equation is separable. (Do

not solve the equation.) 54. A 50-gallon tank is filled with brine (water nearly

saturated with salt; used as a preservative) holding

21. ' =(2x-1)e’ 22. Y=y’ +4 12 pounds of salt in solution. A salt solution containing
, 0.5 pounds of salt per gallon is added to the tank at the

23. xy'+4y =0 4. y'=x+y rate of 1 gallon per minute. The contents of the tank

25, )= \/;y et 2. y'= (x + y)z are continuously and thoroughly mixed and drained

out at the same rate. What is the amount of salt in the
27. V' =3x"y-xy 28. x’ a?y—(y2 +yx)dx:0 tank after an hour?
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55.

56.

57.

58.

Section 8.1 Exercises 605

A tank contains 2000 gallons of diesel fuel. A fuel mixture containing a lubricity additive is pumped into the tank through
two inlets. The mixture flowing in through the first inlet contains 0.48 oz of additive per gallon and is being pumped in

at a rate of 25 gal/min. Meanwhile, the mixture being allowed in by the second inlet at a rate of 10 gal/min contains
10.4 oz of additive per gallon. The mixture in the tank is continuously and thoroughly mixed and drained out at the rate
of 35 gal/min. If there should be 16 oz of additive for every 120 gallons of diesel fuel, how long will it take to reach the
right mixture?

To freshen the air, a small window is opened in a room initially containing 0.12% carbon dioxide. Fresh air with 0.04%
carbon dioxide is pouring in at a rate of 6 m*/min, and we assume that the uniform mixture is leaving the room at the
same rate. If the dimensions of the room in meters are 4 x 6 x 3, how long will it take to cut the initial carbon dioxide
content down to half?

The cane sugar in fruit juice converts into dextrose under certain conditions. At any time, the rate of this process is
proportional to the amount of cane sugar that is yet to be converted. If 100 grams of cane sugar is added to a certain
fruit juice and we know that 12 grams are converted into dextrose during the first hour, how much dextrose will be
present in the juice after 3 hours?

Suppose that an ice cube melts so that its volume V (t) decreases at a rate proportional to its surface area.

a. Find a differential equation satisfied by V(t).

b. If an ice cube of side length 1 inch loses a third of its volume in 2 minutes, use your model to predict how long
it will take for it to completely melt away. (Consider the cube melted away when your model predicts less than
1 percent remaining.)

59-61 Suppose a container is filled with fluid to a height of h. According to Torricelli’s Law, when viscosity and friction are ignored, the speed
v of efflux of the fluid through a small, sharp-edged opening through the bottom of the container equals the speed that the fluid would acquire
when falling freely from a height of 5, as follows.

v =4/2hg

59.%If A4, is the horizontal cross-sectional area of a vertical cylindrical tank, while 4, denotes the area of the hole at the

60.

bottom of the tank, prove that the rate at which the fluid level is falling in the container is described by the following
differential equation.

(Hint: First find the rate of fluid leaving the tank dV/dt; then use the fact that V'=A4 h.)

If a cubic tank of side length 1 m is initially full of water but is draining through a circular orifice of diameter 2 cm
that is on the bottom of the tank, what is the water level in the tank 2 minutes later? (Hint: Use the formula from
Exercise 59.)
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Chapter 8 Differential Equations

61.* Answer the question of Exercise 60 if the container is

an inverted right circular cone of height 1 m and base
radius 0.5 m. The opening on the bottom is the same
as that in Exercise 60. (Hint: First, convince yourself
that even though A, = 4, () now depends on 4, the
formula dh/dt =—(A4,/A4,)\[2hg remains in effect.
Next, adapt your solution for Exercise 60. Ignore the
geometrical change to the cone caused by the presence
of the orifice.)

62.* The figure below shows a series circuit containing a

63.

resistor and a capacitor (this is called an RC circuit).

Find a differential equation for the charge ¢ (t) if the
impressed voltage V on the circuit is constant. (Hint:
Use Ohm’s Law, as well as the fact that the voltage

N |
drop on the capacitor is Eq. For a statement of

Ohm’s Law, see the discussion preceding Example 5 in
Section 8.2.)

© :

Suppose that the air resistance encountered by a falling
body is proportional to its velocity v.

a. Use Newton’s Second Law of Motion (see
Section 3.7) to find a differential equation satisfied
by a falling body of mass m.

b. Solving your equation, find a formula for the
terminal velocity of a body if it is falling from rest.

64. When starting from rest, the acceleration of a sailboat
is proportional to the difference between the boat’s
velocity and that of the wind. Suppose that two
minutes after starting from rest in 18 mph wind, a
sailboat is moving at 8 mph.

a. Find a differential equation satisfied by the boat’s
velocity function.

b. Find the boat’s velocity function.

c. How fast is the boat moving 4 minutes after it
starts?

65-73 Determine the orthogonal trajectories of the family of
curves, where a is an arbitrary nonzero constant. (If technology
is available, sketch several curves from both families and visually
check orthogonality.)

65. y=ax’ 66. y=ax’
67. y= i 68. y=ae'
x+2
1
69. y= 70. y=
ax+1 a+x
71. ¥ +ay'=1 72. y=acosx
a
73. y=
7 1+x7
Concept Check

74-77 Determine whether the given statement is true or false. In
case of a false statement, explain or provide a counterexample.

74. A differential equation is an equation that relates an
unknown function and at least one of its derivatives.

75. The equation x’y'+1=xy—x+y is separable.

76. A separable equation in the variables x and y always
has a solution in the form y = f(x).

77. This is the first time in this text that we are solving
initial value problems.
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612 Chapter 8 Differential Equations

(R/L)t
I(t)=e ™ {j ¢ - Vot + C}

= e_(R/L)t KJ(£) e(R/L)t + C — K+ Ce—(R/L)t
L)\ R R

The current / begins at 0 when ¢ = 0, so it must be the case that C =—F/R and hence
the particular solution is as follows.

4 R R

I(t) 4 Ke—(R/L)t B %[1_67(R/L)t:|

As t — o, [l—e_(R/ L)'] — 1, so the steady-state current in the circuit is simply

y=1 (z) V/R. The inductance in the circuit is most significant immediately after voltage is
applied—it is then that the term 1— e ¥ has greatest effect, as shown in Figure 4.

‘ The length of time L/R is referred to as the circuit’s time constant and is a measure
% 2.L 3.4 of how its inductance and resistance interact to affect the current. In Exercise 44,
you will show that (t) attains slightly more than 95% of its steady-state value after
three time constants.

Figure 4

8.2 Exercises

1-6 Classify the differential equation as linear or nonlinear. (Do not 11-25 Solve the linear differential equation. (Hint: In some cases,

attempt to solve the equation.) X has to be the dependent variable in order for the equation to be
. 5 linear.)
;€ y
Loy -y
oAl X 1. y+32-o
X
. e 2y
2. v FUTEAR RA 12. x'-2y=x’e"
3. Z:xzy' 13. xy'+4y=1
X

14. y'+2xy=4x

dy 2
' 15. x—=y+2x"-3x+5
5 tanx—2x+y dx
y
16. (x—1)y'=4(x—1)" ~y
6. y'—xy’=x

17. dx+8—xdy =ydy
7-10 Decide if the equation is linear in the dependent variable Y
y. I not, check whether it is linear when x is considered to be the 18. y' —ytanx=e
dependent variable.

sinx

19. y' =sinx+cosx—y

7. 2dy—xdx:y(1—3\/;)dx 2. p'—x=ye

8. xdy=cosydy—ydx
4 Ty 21. (x4+1)y':x4—4x3y+1

9. ydx=(5x+2y—-4)d
7 ( 7 )y 22. cotxdy + ydx=cscxdx

10. ydy—(1+x*)ydx=e"dx
i ( )y 23. x(lnx)y’+y=1nx
24. dx—xydy=ydy

dx
25. —+xtanf=ttant+sect+1
{
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26-33 Solve the given initial value problem.
dy
26. —+4y=16x; y(0)=0
o =tes »(0)
dy 2 2
27. —+3x"y=x"; 0)=2
& Y »(0)

28. (1+x7)y +2xp=1; (0)=10

29. (1+x7)y' —2xp=1+x"; »(0)=10

30. (B _5-0 s51)=7
dt
ex
31. (1 "—xy= ; 0)=0
(L+x)y' =2y =—: »(0)
32. y'sinx+ycosx = ; y(m/2)=-3
csex

33. ydx=(41ny—2x)dy; x(l) =4

34-37 Find a first-order linear differential equation in standard form
that has the given general solution. (Hint: Identify the integrating
factor and “reverse” the solution technique discussed in the text.)

34. y=e2 +1+Cx'2 35. y:sinx+£
X X X
3

36 y=*+C 37. yo1425C

X
38-41 A first-order differential equation of the form
ay
=—+P(x)y=Q(x)y"
o TPy =Q(x)y

is called the Bernoulli equation (named after Jakob Bernoulli), where
a is any real number. You should check that by introducing the new
dependent variable v = y™ (a# 0, o # 1) and noting that

au L ay
= (1= a7
ax ( a)y ax

we can turn a Bernoulli equation into the following standard-form
linear one.

&+ (1-a)P(x)u=(1-a)a(x)

In Exercises 38—41, use the above substitution method to solve the
given Bernoulli equation.

38. Q+2y:x b%
dx

40. y'+2y=e"y’
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42.

43.

44.

45.

46.

47.

48.

Section 8.2 Exercises 613

Explain why it is no loss of generality to always let
the constant of integration be 0 when determining the
integration factor in the solution of a linear differential
equation.

Find the time when the additive in the tank of Example
4 reaches a maximum.

Show that / (t) in Example 5 attains slightly more
than 95% of its steady-state value after three time
constants.

A 50-gallon tank is filled with brine (water nearly
saturated with salt; used as a preservative) holding

12 pounds of salt in solution. A salt solution containing
0.5 pounds of salt per gallon is added to the tank at the
rate of 1 gallon per minute. The contents of the tank
are continuously and thoroughly mixed and drained
out at 5 quarts per minute. What is the amount of salt
in the tank after an hour? (Compare with Exercise 54
of Section 8.1.)

A tank contains 2000 gallons of diesel fuel. A fuel
mixture containing a lubricity additive is pumped into
the tank through two inlets. The mixture flowing in
through the first inlet contains 0.48 oz of additive per
gallon and is being pumped in at a rate of 25 gal/min.
Meanwhile, the mixture being allowed in by the
second inlet at a rate of 10 gal/min contains 10.4 oz
of additive per gallon. The mixture in the tank is
continuously and thoroughly mixed and drained out
at the rate of 20 gal/min. If there should be 16 oz of
additive for every 120 gallons of diesel fuel, how long
will it take to reach the right mixture? (Compare with
Exercise 55 of Section 8.1.)

Suppose that ¥, gallons of gasoline contain a, pounds
of a seasonal additive. A gasoline mixture containing
a, pounds of additive per gallon is added to the tank
at the rate of 7, gal/min. The gasoline solution in

the tank is continuously and thoroughly mixed and
drained out at a rate of r, gal/min. Set up the initial
value problem whose solution is y(t), the amount of
additive in the mixture at time .

In learning theory, the rate of memorization, or
learning, is considered to be proportional to the
amount of material yet to be memorized. On the
other hand, the amount forgotten is proportional to
the amount already learned. If 7 stands for the total
amount of material to be memorized, and M (z) is
the amount memorized at time ¢, find a differential
equation satisfied by M (t) What type of differential
equation did you obtain?
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49.

50.

51.

Chapter 8 Differential Equations

Find 7 (t) in a simple RL circuit if 5 volts are applied
attime =0, 7(0) =0, the inductance is 0.2 henries
and the resistance is 10 ohms.

Find a formula for / (t) in Exercise 49 if the
impressed voltage is V(1) =1.2.

Suppose that 150 volts are impressed on an RC
circuit with resistance of 50 ohms and capacitance
of 10° farads. If ¢(0) =0, find the charge ¢(r) on
the capacitor. What happens to the charge as t — «?
(Hint: See Exercise 62 of Section 8.1.)

52.* Find the current in the RL circuit of Example 5 if the

53.

impressed voltage (also called electromotive force) is
V(1) =V sin(wr).

Antibiotics are taken by a patient at the rate of

d milligrams per day. Assume that the drug is
removed by the body from the bloodstream at a rate
proportional to the amount present.

a. Find the differential equation satisfied by A(r), the

amount of antibiotics present in the bloodstream.

b. Solve for A(z), assuming A(O) =0, and
determine what happens as ¢ — oo.

54.* Find the current induced by a discharging capacitor

in an RC circuit if V(t) =0 and I(O) =1,

(Hint: Consider the differential equation satisfied by
q (t), and start by differentiating both sides of the
equation.)

Concept Check

55-58 Determine whether the given statement is true or false. In
case of a false statement, explain or provide a counterexample.

55.

56.

57.

58.

A linear differential equation cannot be separable.
The equation ydx + 3xdy — 2ydy = y*dy is linear.

The only way to solve a linear differential equation is
by the use of an integrating factor.

The integrating factor for a standard-form linear

differential equation is the function 7(x)= eI i

8.2 Technology Exercises

59-69. Use a computer algebra system to solve the

equations in Exercises 15-25. Compare the results
with the ones you obtained by hand.

70. A skydiver jumps out of a plane at 2000 meters and

deploys his chute after 10 seconds of free fall. The
total mass of the diver and his gear is 80 kilograms.
Assume that air resistance is proportional to velocity
both before and after deploying the chute, with
respective constants of proportionality of 8 and 100.
Use a computer algebra system to create a model to
find how long after the jump the skydiver will land.
(Distance is measured in meters, time in seconds.)

OHAWKES LEARNING
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h=0.5

n X, Y,

0 0 1

1 05 15

2 1.0 175

3 15  1.625

4 20 009375
Table 1

Approximate solution

Exact solution

>

Figure 8 h=

0.5

Approximate solution

Exact solution

0.5 1

Figure 9 h=

1.5\\2 T

0.1

8.3 Exercises

@S EJEEN Using Euler’s Method

Use Euler’s method to approximate a solution to the IVP y’=y —2x with the
condition y(O) =1.

Solution

We have x,=0,y,=1,and f(x,y)=y—2x. We need to choose a step size h in order
to apply the iterative approximations x, =x,+nh and y, =y, , + h( Vo —2x, )
We will compare the results with #=0.5 and 2 =0.1.

h=0.1
n X, Y, n X, Y,
0 O 1 11 1.1 1.3470
1 041 1.1 12 1.2 1.2617
2 02 119 13 1.3 1.1479
3 03 1.269 14 1.4  1.0027
4 04 13359 15 15  0.8230
5 05 1.389% 16 1.6  0.6053
6 06 14285 17 1.7 0.3458
7 07 14514 18 1.8  0.0404
8 0.8  1.4565 19 19 -0.3156
9 09 14422 20 20 -0.7272
10 1.0  1.4064

Table 2

The tables show the results of calculating (xn , yn) up to x = 2 with the two different step
sizes, and Figures 8 and 9 compare the graphs of these estimated points (in red) with the
exact solution y =2x+2 —¢" (which you will determine when you solve the first-order
linear equation y’ =y — 2x in Exercise 295).

1-6 Match the differential equation with its slope field (labeled A-F).

y'=x 2. y'=l-x 3. y':l

2x

xzy
' .
y'= = 5.y =x"+y? 6. y'=ysin2x
y B. y C. y

NNk PP o r~vuds o ViR e
~~~~\\\\\'|///7rrrrr~ AN ISNANF TN/ VANt s 0
~SSSSNN\\\\}/ /e AN/ /~\\+//-\N\N/] VANNANANNNSx-v /777000
~~~~N\\\\|// /s \\N -/ /~\\+//-=\N\~N// VANANANNNSF—~r 770700
~~~~N\\\Y}+/ /s \\N~//~\9Q+//—=\\~N// VANANNN NS /70
—~——~~~\\|/ \N—//~\\+//—\\~// VANANNANNNS 7770000
\\\\\ <~ NN/ e SNNF N~ s VANANNNNSE~v /770
——————— ~|l-——————— NS~N— e —NNF NN —— VANNANANNNSNF~27 777011
f — — > X F—f—t— F—t—F+—+>x N e e e e o S N 9
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7-10 An autonomous equation and its slope field are given. Find any equilibrium solutions and classify them as stable or unstable.
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11-12 An autonomous equation and its slope field are given. Sketch the graphs of the particular solutions satisfying the specified initial conditions.
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13-16 Graph by hand the slope field of the given differential
equation. If applicable, find and classify each equilibrium solution as
stable or unstable.

13.

15.

17.

18.

19.

20.

21.

1 1
i 4. y'=|2-=y°
Yy 3y y ( 2)/ jy

y'=—y(1—y)(2—y) 16. y'=x-3y

Create a rough sketch of the slope field of the
differential equation y'= f(y), where the graph
of f is given below. Classify equilibria as stable or
unstable.

4,

f(»)

3,,
2,
1,

A can of soda that was forgotten on the kitchen
counter and warmed up to 22 °C was put back in the
refrigerator whose interior temperature is kept at a
constant 3 °C. If the soda’s temperature after 5 minutes
is 17 °C, what will its temperature be after 20 minutes?
Sketch the slope field resulting from your model;
include the equilibrium and the soda’s temperature
curve.

A cake is removed from a 320 °F oven and is kept at
a room temperature of 72 °F to cool down. The cake’s
temperature after 4 minutes is 190 °F. Use Newton’s
Law of Cooling to model the cooling process, and
make a rough sketch of the slope field for your
model, highlighting the equilibrium and the cake’s
temperature curve.

Recall from Exercise 79 in Section 7.2 that the

spread of a disease in a community of N people

can be modeled by the logistic differential equation
dlfdt =kI(N—1), where I(1) stands for the number
of persons already infected. Sketch the slope field

and graph of this model, assuming a community of
200 people with one sick person initially, and five
more catching the disease three days later.

An owl population grows logistically with a carrying
capacity of 500 owls and constant of proportionality
k=0.3 per year.

a. Find the population size P(t) as a function of time
if initially 100 owls are present in the ecosystem.

b. How long does it take for the owl population to
reach 300?

22,

23.

24,

25.

Use the method of Example 4 to answer the question
in Exercise 63b of Section 8.1.

Repeat Exercise 22, this time assuming that the air
resistance is proportional to W

Find the terminal velocity in Example 4 by solving

2

the equation ? =g- Ev and finding limv(t).
l‘ m 1—©

(Hint: Begin with the two steps below.)

ﬂzg[l_i‘}}
dt mg

mgf_dv o

k @_vz
k

Verify that y = 2x + 2 — ¢" is the exact solution of the
initial value problem of Example 5, that is, y' =y — 2x
with the condition y(0)=1.

26-31 For the initial value problem, a. use Euler’s method with the
indicated step sizes to approximate the given value of y and

b. solve the IVP by conventional methods and compare your
approximations with the exact answer.

26.

27.

28.

29.

30.

31.

¥'=3y; »(0)=2

approximatey(l) with (1) #=0.25 (ii)) h=0.125
y'=2y+x; y(0)=1

approximate y(1) with (i) h=0.25 (ii) #=0.1
y'=x: y(0)=1

approximate y(2) with (i) 2 =0.4 (i) 2#=0.2
y=x'-y; y(0)=3;

approximate y(1.5) with (i) 2=0.3 (ii) #=0.15
y'=2x-2y+1; y(0)=-1;

approximate y(1) with (i) h=0.25 (ii) #=0.1
y'=1+y* y(0)=0;

o

approximate y %) with (i) h = % (i) b=
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32-33. The following formula is called the improved

Euler’s method, or Heun’s method.

X,=x, ,+h=x,+nhand
f(xnfl’ynfl)-’rf(xn’y:)

2

y; =V +hf(xn7]’yn—l)

Yo=Y, th , where

(Note that the quotient appearing in this formula
can be interpreted as the average slope between x,
and x,. The derivation of Heun’s method is left for
a textbook on differential equations or numerical
methods.)

Use Heun’s method to redo Exercises 2627 with
h =0.25 and compare your results with your earlier
answers to illustrate the accuracy of the improved
Euler’s method.

8.3 Technology Exercises

34-37.

38-43.

Use a graphing utility to create the slope fields you
sketched in Exercises 13—16. If applicable, visually
check the location of, and classify, any equilibria.

Use a graphing utility to improve your
approximations in Exercises 26—31, using Euler’s
method with 20 equal increments. Then graph the
results along with the exact solutions to visually
check the accuracy of the method.

OHAWKES LEARNING
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Figure 4

¢ =

| e’ +et
and ¢, =

e’ —1 e -1

The graph of y (x) =c,e" +c,e”" for these particular choices of ¢, and c, is shown
in Figure 4. Note that the graph does indeed satisfy the boundary conditions.

b. The boundary conditions y(O) =0 and y(Z) =0 can only be imposed on the
general solution y(x)=c,e” +c,e”™ by letting ¢, = 0 and ¢, = 0, resulting in the
trivial solution y(x)=0.

Boundary Value Problem Solution

8.4 Exercises

1-18 Find the general solution of the given differential equation.

1. y'+y'=2y=0 2. y'—4y=0

3. 3y"-5y"-2y=0 4. 2y"+9y'-5y=0
5. y"+2y"+y=0 6. 2y"—12y'+18y=0
7. y"+y'+%=0 8 »y'+y=0

9. y"—4y"+13y=0 10. y"-2y'+5y=0

1. 25)"—10y'+y=0 12. 31"=3y' +y=0

13. dy J_ =0

2
14. df—lzszo
d*w dw
15. 2—+2—+w=0 16. y"+k*y=0
dt’ dt 7 7
17. y"—k*’y=0 18. y'—k*y' =

19-26 Solve the given second-order initial value problem.

19. y'-3y=0; y(0)=5; »'(0)=0

20. y"-3y'—4y=0; y(0)=1 »'(0)=-1
21, Y-y -2y =0; y(0)=4; ¥'(0)=5
22, y'-2y'+y=0; y(0)=-1 »'(0)=0
23. y"-2y'+5y=0; »(0)=1 »'(0)=-
24. y"—6y"+18y =0; y() 0; y'(o)

25. 4y"-12y'=-9y; y(0)=-1 »'(0)=1%

26. y"-10y'+26y=0; y(0)=-2; »'(0)=

-7

27-34 Solve the boundary value problem, if possible.
27. y"-5y'=0; y(0)=5-5¢"; y(1)=0
28. 9y"—6y'+y=0; y(0)=-1 y(1)=0
29. y'-y=0; y(0)=1 y(l)=e

30. y"+0.2y"+0.01y=0; y(O) 0;
31. y"+9y=0; »(0)=0; y(—jzl
32, y'+4y'=0; y(0)=-5 »(3)=-5

33. y"-2y'+17y=0; y(0)=2; y(—j=
34. 4y"-4y'+5y=0; y(0)=1 y(%j:

35-38 Our techniques from this section easily generalize to higher-
order homogeneous linear equations with constant coefficients. For
example, the characteristic equation of

ym_3y"+yl_3y:0
is the cubic polynomial
r® =32 +r-3=0

with characteristic roots r, = 3 and r, , = £/. These give rise to the
following general solution.

_ 3x H
y=ce" +¢,C08X +C,Sinx

In Exercises 35—38, use this generalized technique to find the general
solution of the differential equation.

35. y"-2y"-3y'=0
36. y"—-4y"+5y'-2y=0
37. y"—y"+2y'-2y=0

38. yW_3y"_4y=0
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39-42 The following exercises offer a glimpse into one way of 43-44 Use the method described in the directions for Exercises
handling certain nonhomogeneous linear equations. A more general 39-42 to solve the given initial value problem.
version of the theorem below is proved in differential equations texts.

43. y"+y=x"; y(O) =—1 y'(O) =1

Theorem: If y_is any given particular solution of th
eore ¥, is any given particular solution of the guessypzAx2+Bx+C

nonhomogeneous linear equation
ay"+by' +oy =F(x) (1) 44. y"-2y'=4sin2x; y(0)=1 »'(0)=-2

. o guess y, = Acos2x + Bsin2x
on aninterval /and y, (also called the complementary function) is the

general solution of the associated homogeneous equation 45. Show that the only solution of the boundary value
ay"+by'+cy=0 (1b) problem

on.the same interval, then the general solution of (1a) on / can be V' dy =0; y(O) —0: T o

written as follows. 4

y=y.ty, is the trivial solution y = 0.
In other words, the general solution of (1a) is the sum of any one 46. Show that the boundary value problem
of its particular solutions and the general solution of the associated o
homogeneous equation (1b). Y'+9y=0; y(o) =0; y(?J =0
For example, you can easily verify that y, =Jsinx —Jcosx isa has infinitely many solutions. (Contrast this with
particular solution of the equation Exercise 31.)
V') =cosx @ 47. Suppose that
while the general solution of its associated homogeneous equation dJ° d
) _ . . Y )y
y"+y'=01s y, =c, +c,e”. Thus, the general solution of (2) is as 2 et 5y=0
follows.
is the equation of a damped oscillating motion. Find
Y=y, +y,=0+ce" + Esinx _ECOSX a value of ¢ such that the motion is a. underdamped,
b. critically damped, and ¢. overdamped. Using the
But how can we find a particular solution ,, in order to put the case analysis of Example 5, explain why these terms
theorem to work? One method that works well for certain equations is are appropriate for each type of motion. (Answers to
one we have already seen in Exercises 99-102 of Section 7.1—the parts a. and c. will vary.)
method of undetermined coefficients. In the above case, knowing that
all derivatives of the sine and cosine functions are again of the same 48. The viscosity of hydraulic fluid in automobile shock
type, we might guess that a particular solution of (2) has the following absorbers will determine the value of ¢ in an equation
form. of damped oscillating motion (see Example 5 or
y, = Acos X +Bsinx Exercise; 47). Discuss \fvhich of the thrf:e cases is
appropriate for the design of automobile shock
Substituting this into (2), we obtain absorbers and why. (Shock absorbers are designed

. for cars to prevent or “smooth out” wheel oscillations
(B—A)cosx —(A+B)sinx =cosx,
caused by an uneven road surface.)
i i ici =_1 =1
which yields the coefficients A= ; and 8=y, andthus, 49. When suspended at one end of a spring, an object of
mass 0.1 kg stretches the spring by 5 cm. Find the
value of ¢ such that the resulting motion is critically
damped. (This value is called the critical damping
constant. For a refresher on how to determine the

spring constant, see Example 2 in Section 6.5.)

y,= %sinx —%oosx.

In Exercises 39-42, use this theorem and the method of
undetermined coefficients to find the general solution of the equation
with the indicated initial “guess” for y,.

50. Suppose that a 5 kg object attached to a spring
with spring constant k = 13 is pulled down 25 cm
below equilibrium and released. Find and graph the
displacement function if the surrounding medium

41. y"+4y'-5Sy=sinx; guessy,=Acosx + Bsinx offers resistance with a damping constant of

c=2kg/s.

39. y'+y'-2y=x; guessy, =Ax+B

40. y"+2y=x’+1; guessy, =Ax’+Bx+C

42. y"+4y=e"; guessy,=de™
O©HAWKES LEARNING
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51.

52.

53.

54.

5sS.

56.

Chapter 8 Differential Equations

A 4 1b weight stretches a spring by 6 in., while the
damping constant is 1 slug/s. The weight is pulled
down 9 in. below equilibrium and released with an
upward velocity of 2 ft/s. Find the equation of motion,
solve it for the displacement function, and graph your
result. Use 1 slug = 32 Ib.

A 4 kg object stretches a spring by 12 cm. The object

is then pushed upward from equilibrium by 20 cm and
released. Find and graph the displacement function if the
damping constant is ¢ =3 kg/s.

If we place the system of Exercise 52 in a high-viscosity
fluid with a damping constant of 75 kg/s, the motion
will become overdamped. Find and graph the
displacement function in this case.

Show that if the mass-spring model of Example 5

is critically damped or overdamped, that is, if

¢ — 4mk > 0, then the oscillating object cannot pass
through the equilibrium more than once. (Hint: Show
that the equation y(7)=0 cannot have two or more
solutions.)

Prove that y = ¢, cosh (kx)+c, sinh (kx) is a general
solution of the equation in Exercise 17. Show that the
above family of functions is the same as the one you
obtained in Exercise 17. (Hint: Start by showing that
both y, (x) =sinh (kx) and y, (x) = cosh(kx) satisfy
the differential equation, and argue that they are also
linearly independent. Compare this answer to the one
from Exercise 16.)

Show that if y (t) is the solution of a damped
mass-spring model

d’y dy
m +c—+ky=0,
dt* dt hy
then
limy(t) =0.

—>®

(Hint: Handle the critically, under-, and overdamped
cases separately, using the fact that all constants

m, ¢, and k are greater than 0 in the equation of motion.

Note that the conclusion of this exercise is consistent
with our everyday experience of damped oscillations
“dying down” over time.)

57.* At an amusement park, a boat slides down a ramp

and splashes into the water at a speed of 15 m/s. The
resistance offered by the water is proportional to the
boat’s speed with a coefficient of 270 kg/s. If the
combined mass of the boat and passengers is 300 kg,
how long does it take for it to come to a complete stop?
What distance will it travel in the water while slowing
down? Consider the boat stopped if your model predicts
a velocity less than 1 ¢cm/s. (Hint: See Example 5.)

58.% An RLC circuit is a simple electric circuit with

inductance L (in henries, H), resistance R (in ohms,
), and capacitance C (in farads, F). The differential
equation describing an RLC circuit is as follows.

2
d°q +R aq + 1 q=V

L 2
dt dat C

(Note that I(t) =dq (t)/dt. See Exercise 62 in
Section 8.1 and Example 5 in Section 8.2.)

Suppose that in an RLC circuit a switch is open (i.e.,
there is no current), V' = 0, and the capacitor has an
initial charge of 3 coulombs. Then, at time ¢ = 0, the
switch is flipped closed. Find and graph the current
I(¢) if the capacitance is C = 107 F, the resistance is
1.5 Q, and the inductance is 0.1 H. What happens to
1 (Z) ast— o?
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9.1 Exercises

1. Given the parametric equations x = 5 + ¢ and
y=t/(t-2), construct a table of the points (x,»)
that result from integer #-values from 0 to 6, and then
sketch the curve.

. Given the parametric equations x = (tan 9) / 2
and y = cos* @ + 3, construct a table of the
points (x,y) that result from the values
0=0,7/6,7/3,7/2,27/3,57/6,and 7. Using these
points, sketch the graph of the equations.

3-9 A straightforward way of parametrizing the graph of a function
y=f(x) is with the equations x = t and y =£(t). Use this
technique to construct parametric equations defining the graph of the
given equation.

3. y=-—x*-5 4. x2+y7=1
5. x=)y"+4 6. x=4y-6

7. y=|x—1| 8. x=2(y—3)
9. y¥=1-x

24-29 Match the parametrization with its graph (labeled A-F).

Section 9.1 Exercises 647

10-23 Sketch the curve defined by the parametric equations by
eliminating the parameter.

10. x=3(t+1), y=2t 1. x=+t-2, y=3t-2

12. x=1+1, yz% 13. x=|t+3|, y=t-5

t 5 t
4. x=—, y=t 15, x=——, y=A+1
4 7 1+2 7
16. x=+t+3, y=t+3
2
17. x=—", yp=2t-1
-3 4
18. x=cosf, y=2sinf
19. x=3sin6-1, y="
20. x=1-sinf, y=sinf-1

x=2cosf, y=3cosl
x=2sinf+2, y=2cosf+2

x=sinf, y=4-3cosd

3

24. x=10cosf, y=60 25. x=2+3t, y:t 1 26. x=1+41, y=3+2t
27. x=tcost, y=tsint 28. x=4-27 y=£-9 29. x=4sinf, y=4cosd
A ) B. C. ’
y 3
<k”/
) i ) GD i
<\
D. E. F. y
v 7 '
M}c \/<j> i |
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Chapter 9 Parametric Equations and Polar Coordinates

30-33 Sketch the curve defined by the parametric equations and
indicate the orientation of the curve using arrows.

30.

31.

32.

33.

34.

35.

36.

37.

1 1
x= +1, y=—o
t—1 t—1
x=(lnt)2, y=L, 1<¢<5
Ji
x=e?, y=e', 120

Vs
x=sec’t, y=tan’¢, OStSE

Show that the curve defined by the parametric
equations x = rcos(nt) and y = rsin(nt),
0<¢<27/n, is a circle of radius r, centered at the
origin.

Show that the curve defined by the parametric
equations x =acos(nt) and y =bsin(nt),a> b,
0<7<2n/n, is an ellipse with a horizontal major axis
centered at the origin with respective lengths of the
major and minor axes being 2a and 2b. (Hint: Recall
fr(;m prg:calculus that the equation of such an ellipse is

Taking advantage of Exercise 34, along with horizontal
and vertical shifts, derive the general parametric form
for a circle of radius r, centered at (h,k).

Using Exercise 35 along with horizontal and vertical
shifts, derive the general parametric form for an ellipse
with a horizontal major axis and axes of lengths 2a and
2b, centered at (h,k).

38-45 Find parametric equations to represent the graph described.
(Answers will vary.)

38.

39.

40.

41.

42.

43.

44.

45.

Line, slope -2, passing through (-5,-2)

Line, passing through (6,-3) and (2,3)

Line segment connecting the points (—2,—1) and (3,4)
Line segment connecting the points (—3,1) and (5,-5)
Circle, center (7,-5), radius 4

Circle, center (0,-2), radius 6

Ellipse, center (5,—1), a=3, b= 242, vertical major
axis (Hint: See Exercises 35 and 37.)

Ellipse, center (0,1), a=6, b= J11, horizontal major
axis (Hint: See Exercises 35 and 37.)

46.

47.

48.

Suppose that a baseball is hit 3 feet above the ground,
and it leaves the bat at a speed of 100 miles per hour
at an angle of 20° from the horizontal. Construct
parametric equations representing the path of the
ball’s flight, and sketch a graph of the ball’s travel.
(Hint: Supposing that the ball starts at the point (0, 3)
and treating time ¢ as the parameter, express the ball’s
x- and y-coordinates as functions of z. Do not forget
to decompose the initial velocity into horizontal and
vertical components!)

100 mph

Suppose the ball in Exercise 46 has been hit toward a
10-foot-high fence that is 400 feet from home plate.
Will the ball clear the fence?

Suppose that a circus performer is shot from a cannon
at a rate of 80 mph, at an angle of 60° from the
horizontal. The cannon sits on a platform 10 feet above
the ground.

a. Construct parametric equations representing the
performer’s path as he flies through the air.

b. Sketch a graph of his flight.

c. How high is the acrobat 1.5 seconds after leaving
the cannon?

d. How far from the cannon should a landing net be
placed, if it is placed at ground level?

e. At what time ¢ will the performer land in the net?

f. Ifa 12-foot-high wall of flames is placed 70 feet
from the cannon, will he clear it unharmed?
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49. On his morning paper route, John throws a newspaper
from his car window 3.5 ft from the ground. The paper
has an initial velocity of 10 ft/s and is tossed at an

angle of 10° from the horizontal.

a. Construct parametric equations modeling the path

of the newspaper.

b. Sketch a graph of the paper’s path.

50.

Section 9.1 Exercises 649

Frangois shoots a basketball at an angle of 48° from
the horizontal. It leaves his hands 7 ft from the ground
with a velocity of 21 ft/s.

a. Construct parametric equations representing the
path of the ball.

b. Sketch a graph of the basketball’s flight.

c. Ifthe goal is 15 ft away and 10 ft high, will he
make the shot?

51-54 Use the given graphs of f(t) and g(t) to make a rough sketch of the curve defined by the parametric equations x =f(t) and

y=g(t). (Hint: Plotting a few points may help.)

51. 4

53.

55. Verify that the three parametrizations below
represent the same curve. Then come up with two

parametrizations on your own. (Answers will vary.)

a. x=r, y=r, —-1<t<1

. Vs
b. x=1-cos’t, y=sin’t, _ESIS_

56-57 Find all intersection points of the given parametric curves.

56. x=3t-2, y=3t—1; x=2u, y=4u’—4u+1

2

57. x=t—1, y=3£—6t+3; x:%, y:—uT+2u
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52.

54.

58.

59.

A wheel of radius 12 inches rolls along a flat surface in
a straight line. There is a fixed point P that initially lies
at the point (0, 0). Find parametric equations defining
the cycloid traced out by P.

A ball is rolled on the floor in a straight line from one
person to another. The ball has a radius of 3 cm and
there is a fixed point P located on the ball. Let the person
rolling the ball represent the origin. Find parametric
equations defining the cycloid traced out by P.
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60.

61.

62.

63.

Chapter 9 Parametric Equations and Polar Coordinates

o 1-7
Prove that the parametrizations x, = >

2 I+
—, —0 < t<oo,and x, = cost, y, = sint,
1442 2 Y2

—m < t <, represent the same curve. What is the
curve?

=

A ladder of length / is leaning against a wall, sliding
slowly all the way down to a horizontal position.
Suppose that there is a paint mark on the side of

the ladder, exactly one-third of the way up from

the bottom of the ladder (see point P in the figure).
Assuming that the ladder started sliding from a vertical
position, prove that the curve traced out by P during
the slide is one-quarter of an ellipse. (Hint: Let ¢ be
the radian measure of the angle that the ladder makes
with the horizontal, and use it as the parameter to
determine the parametric equations of the curve.)

One way to generalize the cycloid is to consider

the curve traced by a point P on a fixed radius (a
“spoke”) in the circle of Example 4. Generalize the
argument of Example 4 to prove that if P is b units
(b < a) from the center, then the parametric equations
of the resulting trochoid (also called curtate cycloid)
are x =af — bsinf and y = a — bcos §. (Note that

the case of a = b yields the equations we obtained in
Example 4.)

y

,
WA~
|

Repeat Exercise 62 for the case a < b (imagine each
spoke extending an appropriate length beyond the
circumference of the circle; the resulting trochoid is
called a prolate cycloid).

X

y

64.* Derive the parametrization of the hypocycloid seen in

the Technology Note by using the angle ¢ in the figure
as a parameter. (Hint: Since the circle rolls without
slipping, you may use the equality of the lengths of the
two red arcs in the figure.)

65.* The epicycloid is the curve traced out by a fixed point

P on a circle of radius r as it rolls without slipping
on the outside of a larger circle with radius R. Using
the technique of Exercise 62, derive the parametric
equations of the epicycloid.

66.* The famous curve in the figure below is called the

witch of Agnesi and is derived as follows. Suppose that
a circle of radius 7 is centered at (O,r) and the line
y= (tant)x intersects the horizontal line y = 2r and
the circle at the points 4 and B, respectively (B is not
the origin). The curve is then traced out by the point
P, which is the intersection of the horizontal segment
through B and the vertical segment through 4. Use ¢ as
a parameter to derive the parametric equations for the
witch of Agnesi. (Hint: If O is the origin, and C is the
center of the circle, start by examining the isosceles
triangle OCB.)

y
y=2r ] A
€t B P
(0,7") 1 \
0 > X
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67. Eliminate the parameter to find the Cartesian equation

of the witch of Agnesi in Exercise 66.

Concept Check

68-71 Determine whether the given statement is true or false. In
case of a false statement, explain or provide a counterexample.

68.

69.

70.

71.

If x= f(¢) and y=g(r) are both quadratic
functions, then the parametric curve defined by
x=f(t), y=g(r) is aparabola or a parabolic arc.

The parametric equations x = ¢, y =¢%* =2 and x = 8¢,
y =4¢** —2 have the same graph.

The graph of x =1,y =1° is the prototypical parabola.

The graph of parametric equations can either be
represented in the form y = f (x) (i.e., y as a function

of x), or in the form x = g () (i.e., x as a function of y).

Section 9.1 Technology Exercises 651

9.1 Technology Exercises

72-78 Use a graphing utility to sketch the given curve for various
values of k and explore how the value of k affects the shape of your
graph.

72. x=2t—ksint, y=2-kcost (trochoid)

73. x= 2cost+kcos§t, y= 2sint—ksin§t

(hypotrochoid)
74. x=2kt—4, y=3t"—kt* (swallowtail catastrophe
curve)
2
75. x= 3kt = 3kt (folium of Descartes)

R T
76. x:cos(t—cos(kt)), y = cos(kt)

77. x=2t—cos(kt), y=1t>—sin(kt)
k* cos(kt k* sin (kt
78. x=—57—5— (2), y=—F—5 (2)
t"+k " +k
79. Use technology and your parametrizing skills to
display the following picture on your screen.

A
© i ®
. [ ] x
1
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658 Chapter 9 Parametric Equations and Polar Coordinates

A= r/z 2mrds
-2

—271'_[ Rcost) (Zj (dtjzdz

/2 K
= 27TRI /zcost\/Rz sin® #+ R*cos*t dt

_ 5 /2
=27mR - costdt

=27R? [sint]”’ = 4nR®

9.2 Exercises

1

1-4 Identify the curve as differentiable, smooth, or neither. 17. X=— y=t'-1; (1,-1)
1+
L x=t+3, y=2[t-1], 0<r<2 18. x=+, y=2+l; (1.3)
_ _ 2
2. x=t-1, y=2t", teb 19. x=rte', y=e; (0’1)
_hg2 _ 3 _
3. x=-2t, y=t+l, -5st<5 20. x=cost, y:ln(cost); (%,—anJ
4. x=3cosf, y=2sinf, —-w<0<m
2
5. Show that (t,t) is a smooth parametrization of the 21. x=sint, y=sin2s; (7’ J
(smooth) curve y = x, while (t3 0 ) is not.
sin®¢ cos’ t f f
Beox=m s I AT
6-14 Find the equations of any horizontal or vertical tangent lines to 3
the curve. 23. x=Int, y=2\/;; (0,2)
_ _ 2
6. x=51-2, y=6r"+I 24. x=cos2t, y=sin3t [%,lj

7. x=t"—t, y=1+21’

8. x=200+1, y= (1—2)2 25-28 Find the value(s) of the parameter for any inflection point(s) of
the given curve.

9. x=0£’+1, y=t
25. x=t+2, y=t-10¢

1
p— 2 —_— J—

10. x=3¢", y——t+3, t>-3 26. xztz(t2—4), y =243

1. x=f, y=Ihnt, t>1 27. x=t*—1, y=¢

12. x=+ft, y=1*-2 28. x=+t, y=t'-5¢

13. x=2cost, y=>5sint
29-34 Find the area enclosed by the given curve.

e Y
14. x=tant, y=sect, —5<t<5 ;
29. x =sint, y:sinE, 0<r<L2m
15-24 Find the values of dy/dx and d®y/dx? for the curve at the

. T i
given point. 30. x=2cost, y=sin2t, 2 <t< 2

3
—ns_ _92 1.
15. x=2t-1, y=2"+1; (O’zj 31. x=2tcost, y=2tsint, ——Zﬁts—g

16. x=20+1, y=(t+1)’; (3,4
( ) ( ) 32. x=%cost+%cos3t,y:%sint—%sin3t,0£tS27r
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33.

34.

35.

36.

37.

—1/2
e

x=sint, y 0 <7< and the y-axis

x=t'-4, y=£-2t, -2<t<\2

Use the parametric representation of the ellipse from
Exercise 35 of Section 9.1 to arrive at its area formula
of A = mab.

Prove that the area 4 under one arch of the cycloid
generated by a circle of radius « is three times the area
of the circle, 4 = 3ma’. (This result was first proved
by the French mathematician Gilles de Roberval ca.
1630.)

Sometimes it may be necessary or convenient to
divide a region between a curve and the y-axis into
horizontal strips when approximating its area. Modify
our discussion preceding Example 4 to arrive at the

formula .[yy:;(:)) xdy = j:; f(1)g'(¢)adt.

38-39 Use Exercise 37 to determine the area between the given
curve and the y-axis.

38.

39.

x=2t-1, y=t"-2, —<t<3

1
2

x=2cost, y=l1+sint, ——<¢<

SN

T
2

40-47 Find the arc length of the given curve over the indicated
interval.

40.

41.

42.

43.

44.

45.

46.

47.

x=t%, y:3—£, 1<¢<3
3
x=At SOl i<
YT Ty T
eZl
x=e', y=—-1, 0<t<2
8
1 t 1 1
x=-, y=—t—o\, —<t<I
ARV
X =sin’t, y:cos3t, 0<t<27
x =+/2¢' sint, yzﬁe’cost, OStsg

x=¢, y= (f‘—%j, 0<r<1

Section 9.2 Exercises

48-57 Find the area of the surface generated by revolving the
parametric curve about the indicated axis.

t-1

48. x=t+1, y:T, 1St£5,

a. about the x-axis b. about the y-axis

49, x=2(-3, y=8-21 2<t<4,

a. about the x-axis b. about the y-axis

50. x=4r—4t+4, y=2t—1, 1<t<2,
about the x-axis
|
51. x=t¢t, y=t'+—, 1<¢<2,

12¢°

a. about the x-axis b. about the y-axis

52. x=1¢7, y:2t3—é, 0<r<l,

a. about the x-axis b. about the y-axis

53. x=Int, y:t+i, 1<t<e,
4¢

a. about the x-axis b. about the y-axis

9t
54 x=t'-—, y=t,
20 7

about the x-axis

0<r<2,

55. x=2sin’t, y=2cos’t, 0<¢<m,
about the y-axis

56. x=2cost, y=sint, 0<t<T,
about the x-axis

57. x=2t+1, y=cosh2t, 0<¢<1,

a. about the x-axis b. about the y-axis

659

58. Suppose one arch of the cycloid generated by a circle
of radius 1 rolling along the x-axis is rotated about the

x-axis. Find the area of the resulting surface.

59. Revisit Example 5 by using the more general

parametrization found in Exercise 34 of Section 9.1.

Do you obtain the same answer?

60. Evaluate the integral in Example 6 by writing it as

1+¢2 | £
dt = dt + dt;
J.\/1+t2 '[\/1+t2 '[\/1+t2
then show
2
j ! dt:t\/1+t2—j\/l+t2dt,
1442

and finally proceed to solve for I\/l +t* dt.
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61-64 Consider a particle moving along a curve in the xy-plane
such that its coordinates at time tare x =f(t), y=g(t), a<t<b.
Since the distance traveled by the particle at time £ can be calculated
from the arc length

s()=[\[x )] +[r @] @

by Part | of the Fundamental Theorem of Calculus (Section 5.3) we
obtain

speed = % = %f:\/[x'(u)]z + [y’(u)]2 adu

-] 0]

In Exercises 61—64, use the above formula to determine the speed
of the particle traveling along the given curve at the specified time.
(Distance is measured in meters, time in seconds.)

61. x=¢t>, y=2t+1; t=2

62. x=In(r+1), y=’-2; 1=1

™

63. x=3cos3t, y=sin3s t:2

y=At; 1=4

65. Suppose that the position of a particle in the
xy-coordinate system is given by x=¢>—1,y =1’ —6t,
t > 0. When does the particle reach its minimum
speed?

64. x=1¢,

66. Using the discussion preceding Example 4, prove
the following: If x = f(t) and y = g(t) define
a parametric curve over [a,b] such that g is
continuous, fis continuously differentiable, and y(x)
1s a continuous function of x, then

7(b) b ,
g@yszg@yxgm

67-70 Use the result of Exercise 66 to solve the exercise.

67. Find the volume of the solid generated by rotating
the parametrically defined curve x=2¢-1,y =1-¢7,
—1 <t< 1, about the x-axis.

68. Repeat Exercise 67 for the parametric curve x = sin’,
y=cos’t, —m/2<t<7/2.

69. Find the centroid of the region bounded by the
parametric curve x =9 —¢, y = \ﬁ, 0<¢<9,and the
coordinate axes.

70. Repeat Exercise 69 for the parametric curve x = 3 cos?,
y=2sint, 0<¢<7/2.

Chapter 9 Parametric Equations and Polar Coordinates

71. Prove the following property of cycloids: If P is the
intersection point of the rolling circle and the cycloid,
then the line tangent to the cycloid at P passes through
the highest point of the circle, while the normal line
intersects the circle at its lowest point.

y
3

0

72.* Prove that if the curve C defined by x = f(¢) and
y=g(t), t€[a,b], is differentiable with both
/" and g’ bounded (meaning there are constants
K, and K, such that |f'(t)| <K, and |g'(t)| <K,
forall t e [a, b]), then C has finite length (such
curves of finite length are called rectifiable).
(Hint: As a first step, use the boundedness of the
derivatives and the Mean Value Theorem to prove
that there is a constant M such that whenever

Pl(f(tl),g(tl)) and P, (f(tz),g(t2)) are two
points on C, |f(t2)—f(tl)|£M|t2—zl |, and
|g(t2)—g(t1)|£M|t2 —1,|. As a consequence,

| BP,|<2M|t, -1, |. Now you can use a

Riemann-sum argument to finish your proof.)

73. Use Exercise 72 to prove that if the parametric curve C
is continuously differentiable on [a,b] (i.e., both 1’
and g’ have continuous derivatives on [a,b]), then C
is rectifiable.

Concept Check

74-78 Determine whether the given statement is true or false. In
case of a false statement, explain or provide a counterexample.

74. Every smooth parametric curve is differentiable.

75. Every continuous, differentiable parametric curve is
smooth.

76. If Cis smooth at (x,, y, ), then for every parametrization
such that x, = f(¢,) and y, = g(,), both f' and
g’ are continuous at 7, and at least one of f”(z,) and
g'(¢,) is nonzero.

77. If the graph of a parametric curve is a continuously
differentiable function y = f (x), then the curve is
smooth.
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Section 9.2

78. If a parametric curve is defined by x = f (t) and

dy d'y/ds’
— g(r), then L2 =4 yid
y=g(1), then 73 dPx/dr’

9.2 Technology Exercises

79. Use a computer algebra system to approximate the
length of the ellipse parametrized by x = 5cos¢?,
y=4sint, 0 <t <27,

80-81 Use a computer algebra system to approximate the length of
the curve with the given parametrization.

80. (ﬁ,sint), 0<t<2rm

81. (1n(t+1),\/;), 0<t<9
82-83 Use a computer algebra system to approximate the area of

the surface obtained by rotating the given parametric curve about the
a. x-axis and b. y-axis.

82. (3t—2, /1+%J, 1<t<2

83. (4z+1, 12+1), _l<<2
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9.3 Exercises

1-6 Plot the point given by the polar coordinates.
1. —1,5—7T 2. (—5,3—”J
4 2
4. (\/5,—3]
3
5. (ﬁ,_wj 6 | =T
9 272
7-12 Convert the point from polar to Cartesian coordinates.
7. (5,7_7fj
4
9. [6.25,—3—7Tj
4
1. (35_]
6

8. (0,2m)

10. (—2.25,1j
4
12. (—11,5—7T
6

13-18 Convert the point from Cartesian to polar coordinates.

13. (-3,0) 14. (-6,3)

15. (12,-1) 16. (8.0)

17. (—3,9) 18. (=5,-5)
19-30 Rewrite the rectangular equation in polar form.

19. x*+y*=25 20. x*+y* =81

21. x=12 22. y=16

23. y=x 24, y=b>

25. x=16a 26. x’+y*=a

27. x>+’ =dax 28. x*+y’=4day

29. y*—-4=4x 30. x*+y*=36a

31-40 Rewrite the polar equation in rectangular form.

31. r=5cos0 32. r=28sinf
33. r=7 34. 9=2
6
35. 18r=9csch 36. r=2sect
2 . 2
37. r°=sin260 38. r=
1—cosf
39, r:L 40. 721—6.
4sin @ +7cosl 4+4sinf

41-46 Rewrite the polar equation in rectangular form; then sketch
the graph.
41. r=2 42. r=6
4. 0=" 4. 90="
6 4
45. r="7Tsecl 46. r=2cscl
47-68 Sketch a graph of the given polar equation.
47. r=4 48. r=>5
49. 0= 50. 6=—
3 3
51. r=6cosf 52. r=2sinf
53. r=3-3sinf 54. r=6+5cosf
55. r=7(1+cos0) 56. r=2(1-2sin0)
57. r=4-3sinf 58. r=3+4sinf
59. r=3sin30 60. r=5sin30
61. r=2sin26 62. r=4sin26
63. r=5cos50 64. r=4cos50
65. r=4cos40 66. r=3cos40
67. r*=16siné 68. r>=9cos20

69-72 Find all points of intersection of the given polar curves.

69.

70.

71.

72.

73.

74.

r=sinf, r=cosf
r=sin20, r=cos0
r=1-cosf, r=1+sinf

r>=4sinf, r=1-sinf

For a fixed a € 0, explain in geometric terms how the
graphs of f (0) and f (0 —a) are related. (Hint: For
guidance, recall the rectangular analogue.)

a. Describe the graph of r =sec(6—m/4).

b. How are the graphs of r = ksec(6 —/4) related as
k ranges over nonzero values? (Do not use graphing
technology.)
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9.3 Technology Exercises

75-81 Use a graphing utility to sketch the given curve. Whenever applicable, explore how different values of the parameter(s) affect the shape
of the graph. Experiment with both integer and noninteger parameters.

75. r=coskf
76. r=1-kssink,0

_1+ksinf

77. r=—7—
1—ksinf

78. r=0cosl, 27 <0<2x(Garfield curve)
.0 .
79. r=1+2 sz (nephroid of Freeth)

80. r=k +kb

81. r=1-kcosk,d

OHAWKES LEARNING
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L= J.OZW\/Z —2cosf df
= J.ZW 4sin’ [QJ do

0 2
= 2J.2Wsin (gjdG

0 2

Ll

=4+4=8

Note that sin(6/2)2 0 for 0 <6 < 2.

9.4 Exercises

1-14 Find the slope of the line tangent to the given polar curve at
the indicated point.

10.

11.

12.

13.

14.

™

r=2cosf; 0=— 2. r=2sin26, p="
6 6

r=asinb,; p="
6

r*=4csch; 6 =T
6

P =sin20; =1
3

r=l; 9=2_7r
0 3
r=a(l+sinf); 0=2T7r

r=Inf; 0=1

r = cos 40, p="
4

O=m

r=sin—;
4

r=3-2sinb; g="
4

15-18 Find all points where the given polar curve has a horizontal or
vertical tangent line.

15.

17.

r=1+sin6 16. r=acosf

r=a(l+cosf) 18. r*=4cos26

OHAWKES LEARNING

19-20 Notice that even in the case of polar curves, we still need to
find dy/dx in order to determine tangents. The derivative dr/d@,
while indirectly informing us about the tangent line at any given point,
does not yield the slope of the tangent line. Exercises 19 and 20 shed
some light on the relationship between dr/dg and dy/akx.

19.* Suppose that the curve C is defined by the equation

20.

r=f(0), Pisapoint on C, and there is a unique line
tangent to C at P. Let § be the angle determined by the
ray OP and the tangent at P. Prove that if dr/d@ is
not equal to 0 at P, then

7

t. = .
anf=

(Hint: In the formula we obtained for dy/dx in
the text, divide the numerator and the denominator
by f'(#)cosf, and use the trigonometric identity
tano, +tana,
tan(Oz1 +a2) =
I-tana, tan v,

C

P(r,f))

o

Prove that if the graph of = f(6) passes through
the pole and « is an angle such that r = () =0,
then the slope of the tangent to the graph at the pole
is tan o; that is, the line 6 = «v is tangent to the graph
at the pole. (Hint: If f'(cv)# 0, use the formula we
obtained for dy/dx in the text. Otherwise, examine

sing- f'(6)

i cosf- f(6) )
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21-26 Notice that if the graph of r =£(6) passes through the pole,
we can use Exercise 20 to determine the polar equation of a tangent at

the pole by solving the equation f (0) =0. Use this observation to find r=1
all lines tangent to the given curve at the pole.

21. r=1-cosf
23. r’=cos20

25. r=4sin6

22. r=sin30

24. r=cos40

26. r=asinnb

27-41 Find the area enclosed by the given curve.

27. r=3sin6

29. r=1+sinf
31. r:E—sinH
2

33. r=3-sinf
35. r=2+cosf+
37. r=sin6d

39. r=4sin40

41. r*=4cos20

42-45 Find the area of

r=1

28. r=-2cosf

30. r=4-4sinf

32. r=3+2cosl

34. r=3(1+cosb)

sinf  36. r=2cos30
38. r=6sinfd

40. r*=2sin26

the shaded region.

r=2cos0

N

@

43. 2 p=4sinf

=23

D
\J

RS

r=1-cosf

S

r? =2sin26

77{'
46-49 Find the area of the specified region.

46. The innermost loop of the spiral » = 36 bounded by the
polar axis and 0 = /2

47. The inner loop of the limagon 1 + 2sinf

48. The region common to the circle » = 1 and a petal of
r=2sin30

49. The region inside » = 3 + 2sin 6 but outside r = 2

50-57 Find the arc length of the given polar curve.
50. r=3sinf, 0<0<m
51. r=360, 0<0<4r

52. r=3el, 0<0<m

53. r=csch, ZSGSZ—W

3 3
54.% r=1-sinf, 0<0<2m
55. r=0% 0<0<27m

56.* r=sin’f, 0<O<m

57.% r=1+sinf, 0<O<7
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58.

Use our derivation of the arc length formula for polar
curves along with the surface area formula of Section
9.2 to arrive at the following formulas for the area

of the surface generated by rotating the polar curve
r= f(Q), a <0< b, where f'is continuous on [a,b]
and the curve is traced out only once over the interval.

2
A=2ﬁjbrsin9 r2+(ij do
a do

(rotation about the polar axis)

2
A=2wjbr0059 r2+(i] do
a do

(rotation about § = 7/2)

59-62 Use Exercise 58 to find the surface area of the solid
generated by rotating the given curve as described.

59.

60.

61.

62.

63.

r = sin @, rotated about the polar axis
r = sin6, rotated about 0 =7/2

The spiral » = 3ef, 0 < 0 < T, rotated about the polar
axis

r=2(1+sinf), 0<6 <7/2, rotated about § = /2

Show that the values of dy/dx at the tips of the petals
of the curve in Example 2 are as claimed.

64.* Prove that if P is a point on the cardioid

65.

66.

67.

r=a(1—cosf), then the smaller of the two angles

determined by OP and the tangent at P is one-half the
angle determined by OP and the polar axis.

A point O inside a polar curve is called equichordal if
every chord passing through O has the same length.
(An obvious example is the center of a circle of radius
r.) Prove that the pole is an equichordal point of the
limagon = a + cos# (assume a > 1).

Find the polar equation of the circle whose diameter
has the same length as the chords in the limagon of
Exercise 65, and prove that the areas of the limagon
and the circle are not equal. (As a consequence, we see
that the existence of chords of equal length in every
direction through a common point is insufficient to
determine areas of regions.)

Suppose the polar curve r = f(H), a <0< b, has
length L and encloses an area of 4 square units.

Prove that for any constant k, the curve r =kf (),

a <0 < b, has length |k|L and encloses an area of k°4
square units.

Section 9.4 Technology Exercises 679

9.4 Technology Exercises

68-72 Use a graphing utility to sketch the given curve. Then use
the integration capabilities of your technology to approximate its arc
length.

68. r=2+cos20

69. r=~0cosf, 0<6<3m

70. »=3—-2sin30

71. The inner loop of the limagon =1 + 2sin 6

72. The 3-petaled rose r = sin 36
73-76 Use a graphing utility to approximate the surface area of the
described solid of revolution. (Hint: See Exercise 58.)

73. r=3e0, 0 <0 <, rotated about the polar axis

74. r’ = sin20, rotated about the polar axis

75. The outer loop of the limagon » =1 + 2sin @, rotated
about 0 =7/2

76. r=4—4cos20, rotated about 0 = /2

OHAWKES LEARNING



9.5 Exercises

Section 9.5 Exercises

1-6 Use the discriminant to determine whether the given equation represents an ellipse, a parabola, or a hyperbola.

1 y*+2y+12x+13

3. 4xP 437+ 18y +

=0

19 =8x

5. 3x*—6xy+3y*+3x-9=0

7-21
-1y 2
7. u+y_:1
4 16
2
TR )
4
PN L)
9 4
16 (x—3)2_(y+1)2:1
) 4 9
19. (y-1)" =-2(x-2)
A.
——t—>x
2 4
D. y
8,,
6,,
4,,
C.D
A
-8 -6 L2 4
-2+
4+
G. y
6,,
4,,
2,,
F———+— / — — X
6 4 2N 4 ¢
-2+
4]
—6-

8.

11.

14.

17.

20.

2. 2x7+12x—p*=2y+9=0

4. 2x* - 8xy+2y>+2y+5=0

6. x’—xy+47°+2x-3y+1=0

(x-2)" =4y

OHAWKES LEARNING

|dentify the type of conic section defined by the equation and match the equation with its graph (labeled A-0).

9. x’—y’ =1
" (x—3)2+(y—2)2 .
) 9 25
1)
15. (x4) +yi=1
18.
21.
C.
F.
A
I y
4,,

691
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22-25 Find the eccentricity and the lengths of the major and minor ~ 36-45 Graph the parabola and determine its focus and directrix.

axes of the ellipse. 5 5
36. (x+1) =4(y-3)  37. (y-4) =-2(x-1)

22. x> +9y*=36
38. 2 +2y+12x+37=0 39. x’-8y=6x—1
23. 5x2+8y>=40
40. x>+ 6x+8y=-17 41. x>+ 2x+8y =231
24. 20x*+10y* =40
25. lx2+iy2:l
47 12 2 44. 4y + 2% =4 45. 2> - 10x =10

42, P+ 6y-2x+13=0 43. x’-2x—4y+13=0

26-35 Graph the ellipse and determine the coordinates of the foci.
46-55 Graph the hyperbola, using asymptotes as guides, and

26. (x;;)z +(J’—44)2 -1 determine the coordinates of the foci.
2 2
2)’ 1y’ (x+3) _(r+1) _
b 2 O+l 46. =1

16 9

47. 4y’ —x*-24y+2x=-19
28. 9x>+ 16y +18x — 64y =71

48. x* =9 +4x+18y—14=0
29. 9x’+4y>—36x-24y+36=0

49. 9x*—25y°=18x— 50y + 241
30. 16x°+y°+160x — 6y =393

s 2 50. 9x*—16y*+ 116 = 36x + 64y

31. 25x"+4y - 100x+8y+4=0 (y—1)2

51— —(x+3)" =1
32. 4x7+9y* +40x +90y +289=0 9

52. 9y®—25x% - 36y — 100x = 289
33. 16x*+y° —64x+6y+57=0

53. 9x’+ 18x =4y’ +27
34, 4P+’ +4y=0

54. 9x’—16y> —36x+32y—124=0
35. 9x?+4y* +108x — 32y =352

55. x’—y’+6x—6y=4
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56-73 Find the equation, in standard form, for the conic with the given properties or with the given graph.

56.

57.

58.

59.

60.

61.

62.

63.

64.

65.

66.

67.

68.

71.

74.

Ellipse, center at (—2, 3), horizontal major axis of length 8, minor axis of length 4
Parabola, focus at (—2,1), directrix is the x-axis

Ellipse, vertices at (5, ) and ( ), minor axis of length 2

Hyperbola, foci at (1,5) and (1,—1), vertices at (1,3) and (1,1)

Parabola, focus at ( ) directrix is the line y =—1
Hyperbola, foci at (-

1,3) and (—1,—1), asymptotes given by y =+(x+1)+1
Parabola, vertex at (—4,3), focus at (—3,3)

Ellipse, foci at (0,0) and (6,0), e=1

Hyperbola, asymptotes given by y =+(2x+8)+3, vertices at (—6,3) and (-2,3)
Ellipse, vertices at (—4,6) and (—14,6), e=%

Hyperbola, foci at (2,4) and (—2,4), asymptotes given by y = +3x + 4

Parabola, symmetric with respect to the line y = 1, directrix is the line x =2, and p = -3

y 69. ¥y 70.

Exercises

A 2

Focus 4
-2+

y 72. 73.

N

DR N I o

Focus

693

The orbit of Halley’s Comet is an ellipse with the sun 75. Pluto’s closest approach to the sun is approximately

at one focus and an eccentricity of 0.967. Its closest
approach to the sun is approximately 54,591,000
miles. What is the furthest Halley’s Comet ever gets
from the sun?

OHAWKES LEARNING

4.43 x 10° kilometers, and its maximum distance
from the sun is approximately 7.37 x 10’ kilometers.
What is the eccentricity of Pluto’s orbit?
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76.

77.

78.

79.

80.

Chapter 9 Parametric Equations and Polar Coordinates

The archway supporting a bridge over a river is in the
shape of half an ellipse. The archway is 60 feet wide
and is 15 feet tall at the middle. A large boat is 10 feet
wide and 14 feet 9 inches tall. Is the boat capable of
passing under the archway?

PR

AUATOR TN TR N AR OO AR OO AR RO
v: AT (o

Use the information given in Example 2 to determine
the length of the minor axis of the ellipse formed by
Earth’s orbit around the sun.

Since the sum of the distances from each of the two foci
to any point on an ellipse is constant, we can draw an
ellipse using the following method. Tack the ends of a
length of string at two points (the foci) and, keeping the
string taut by pulling outward with the tip of a pencil,
trace around the foci to form an ellipse (the total length
of the string remains constant). If you want to create

an ellipse with a major axis of length 5 cm and a minor
axis of length 3 cm, how long should your string be and
how far apart should you place the tacks?

One design for a solar furnace is based on the
paraboloid formed by rotating the parabola x* = 8y
around its axis of symmetry. The object to be heated in
the furnace is then placed at the focus of the paraboloid
(assume that x and y are in units of feet). How far from
the vertex of the paraboloid is the hottest part of the
furnace?

A certain satellite dish antenna is a paraboloid with
a diameter of 6 feet and a depth of 1 foot. How far
from the vertex of the dish should the receiver of the
antenna be placed, given that the receiver should be
located at the focus of the paraboloid?

81.

82.

83.

84.

A spotlight is made by placing a strong lightbulb inside
a reflective paraboloid formed by rotating the parabola
x* = 6y around its axis of symmetry (assume that x and
y are in units of inches). In order to have the brightest,
most concentrated light beam, how far from the vertex
should the bulb be placed?

As mentioned in this section, some comets trace one
branch of a hyperbola through the solar system, with the
sun at one focus. Suppose a comet is spotted that appears
to be headed straight for Earth as shown in the figure. As
the comet gets closer, however, it becomes apparent that
it will pass between Earth, which lies at the center of the
hyperbolic path of the comet, and the sun. In the end, the
closest the comet comes to Earth is 60,000,000 miles.
Using an estimate of 94,000,000 miles for the distance
from Earth to the sun, and positioning Earth at the origin
of a coordinate system, find the equation for the path of
the comet.

Earth, /|
7/

’

Placing the foci at (—¢,0) and (c,0) and introducing
d, + d, =2a, derive the standard form of the equation
of an ellipse.

Denoting |al1 - d2| by 2a, use the approach suggested
by Exercise 83 to derive the standard equation of a
hyperbola.
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85. Suppose two LORAN (LOng RAnge Navigation) radio

transmitters are 26 miles apart. A ship at sea receives
signals sent simultaneously from the two transmitters
and is able to determine that the difference between
the distances from the ship to each of the transmitters
is 24 miles. By positioning the two transmitters on the

y-axis, each 13 miles from the origin, find the equation

of the hyperbola that describes the set of possible
locations for the ship. (Hint: See Exercise 84.)

86.* Three high-sensitivity microphones are located in a
forest preserve, with microphone 4 two miles due
north of microphone B and microphone C two miles
due east of microphone B. During an early morning
thunderstorm, microphone 4 detects a thunderclap
(and possible lightning strike) at 3:28:15 a.m. The
same thunderclap is detected by microphone B at
3:28:19 a.m. and by microphone C at 3:28:25 a.m.
Assuming that sound travels at 1100 feet per second,
graphically approximate the source of the thunderclap.
(Hint: Place microphone B at the origin, with 4 and C
on the y- and x-axes, respectively. Then, by a repeated
application of the method used in Exercise 85,
construct two intersecting hyperbolas to locate the
thunderclap.)

87-90 Find the x'y’-coordinates of the point for the given rotation

angle 6.

87. (8,6); 0=30° 88. (-5,1); 0:%

89 (—l,—l], 6=2" 90. (-1,1); 6=Z
278 2

91-96 Use the discriminant to classify the conic section as an
ellipse, parabola, or hyperbola. Then determine the appropriate
angle 6 by which to rotate the coordinate axes, and use that angle to
convert the equation by eliminating the xy-term. Finally, sketch the
graph of the conic section.

91. xy—4=0

92. X’ +2xy+y’—x+y=0

93. 7x*+5Bxy+2y> =14

94. 22x% +6\3xy+16y> —49 =276
95. 2\/§x2—6xy+\/§x—9y=0

96. 34x> +83xy+42y% =1380
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97.

98.

99.

100.

A.

B.

Section 9.5 Exercises 695

97-100 The given equation is that of a rotated conic. Match the
equation with its graph (labeled A-D).

3x?+2xp+y°—10=0
x2—4xy+4y2+5\/§y+1:0
3+ 8xy+4y°-7=0

X —6xy+9°—2y+1=0

v
3
6,,
4,,
1l %
—t —f——F—+—+>x
2 | T2 a6
-2+
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101. You have just used the rotation of axes to rotate the
x- and y-axes until they were parallel to the axes of the
conic. The resulting equation in the x"y’-plane is of the
form

AX? £ BYY +EY +F' =0,

where A', B', E', and F" are all nonzero. What is wrong
with the resulting equation?

102. What must the angle of rotation  be if the coefficients
of x* and y* are equal and B # 0? Support your answer.

103. An expression involving the coefficients of the general
form of a conic section is said to be rotation invariant
if it has the same value under every possible rotation.
Using the equation 7x> —6+/3xy+13y? —16 =0,

a. show that the relationship F = F" is true (so F'is

rotation invariant in this equation);

b. show that the relationship A+ C = A"+ C’ is true
(so 4 + C is rotation invariant in this equation);

c. show that the relationship B> —4A4C = B> —4A4'C’
is true (so B* — 44C is rotation invariant in this
equation).

104.* Show in general that the quantity 4 + C and the
discriminant B> — 44C are rotation invariant. (See
Exercise 103.)

Concept Check

105-108 Determine whether the given statement is true or false. In
case of a false statement, explain or provide a counterexample.

105. It is possible for a parabola to be tangent to its
directrix.

106. The graph of Ax* + Cy* + Dx + Ey = 0 is a hyperbola if
A and C have different signs and D, E # 0.

107. It is not possible for a line tangent to a hyperbola to
have more than one point in common with the graph.

108. If the eccentricity of an ellipse is greater than 1, the
ellipse is extremely narrow.

Chapter 9 Parametric Equations and Polar Coordinates

9.5 Technology Exercises

109-118 Use a graphing utility to sketch the given curve.

109. 15x% +9y° + 150x — 36y = 276

110. 5x>+12y% = 20x + 144y +392 =0

1. x*—6x+12y+21=0

112. x> —5y°=14x+20y -4

113. x> +6xy+y>=18

114. x> —4xy +3y* =12

115. 36x> — 19xy + 8y> =72

116. 72x” + 19xy + 4> =20

117. 40x +20xy +10y> +(2\/§—6)x—(4\/§+8)y =90

118. 72x + 18xy — 9> = 14
119-120 Use a graphing utility to sketch the given curve. Explore
how different values of the parameters , and k, affect the graph.

Experiment with both nonnegative and negative values. (Answers will
vary.)

119. kx’+kxy+50°—6x+7p+15=0

120. kx*—4xy+ky’ +2x+3y—1=0
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We will conclude this section with an example of rotation of conics in polar form. In general,
the graph of an equation r = /(6 —¢) is the rotation of the graph of r = f(¢) by the angle
0 counterclockwise. This makes rotation in polar coordinates particularly easy to handle.

@S EWIEEM Graphing a Rotated Conic Section in Polar Form

\ 1+ cos@

1

+ COS )

Figure 6

2

l+cos(9—wj
6

We constructed the equation r =2/(1+cos#) in Example 2, so we know its graph is
a parabola opening to the left with directrix x = 2.

2

l+cos(0—wj
6

counterclockwise, as shown in Figure 6.

Sketch the graph of the conic section 7 =

Solution

The graph of r= is the same shape rotated =/6 radians

9.6 Exercises

1-6 Match the given polar equation with its graph (labeled A—F).

3

=4—cos0
1

- 2+2cosf

9 3
=— - 3. r=———
6—2sin0 3+4sin0
L 6 re—0
1+3sin6 1+3cosf
B y C. 4%’
\4—/ b
2t 27
IR B 4+ 2 24
o+ —2
Ml -
E f’ F.
4,,
\2,,
— x
4 2 2 4
_2—7
74,,
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7-20 |dentify the given conic section as an ellipse, parabola, or
hyperbola and find the equation for its directrix.

7 2
y=— 8. r=
1+6sinf 1-sin@
9. r=—3 10. r=—4
4—cosb 2—2cosf
11. r:; 12. r:;
1+3cosf 3+2sind
13. r:; 14. r=4
2+cosf 4—-3sin6
15 =5 16 re—35
3—-5cosf 5—6sin6
17, re— 3 18 ro— L
2+2sinf 3+4cosf
19, po_ % 20, jo_ 2
6—7cost 5—4sin6

21-26 Construct a polar equation for the conic section with the
focus at the origin and the given eccentricity and directrix.

21. Parabola; eccentricity: e=1; directrix: x = -2

22. Hyperbola; eccentricity: e = 2;
directrix: x = -3

23. Hyperbola; eccentricity: e =4;
directrix: y=-2

24, Parabola; eccentricity: e=1; directrix: x =2

25. Ellipse; eccentricity: e=+;  directrix: x =12

26. Ellipse; eccentricity: e=1; directrix: y =8

27-36 Sketch the graph of the conic section.

27. r:; 28. r= 3.
1+3cosf 2+sinf
29, po_ 4 30, o0
1-2sin6 2—4cosb
Moo 32, o2
3-2cosf 3+sind
3B oot 3. ot
1+2cos0 2+2sinf
35. r= 2
1+cos[0—ﬁj
4
36. r= 4

2+2sin(e—”J
3

37.

38.

39.

40.

41.

42.

43.

44.

45.

The planets of our solar system follow elliptical orbits
with the sun located at one of the foci. If we assume
that the sun is located at the pole and the major axes of
these elliptical orbits lie along the polar axis, the orbits
of the planets can be expressed by the polar equation

all1-¢*
_a(1=¢)
1+ecosd

where e is the eccentricity. Verify the above equation.

Using the equation from Exercise 37, answer the
following exercises.

a. Show that the shortest distance from the sun
to a planet, called the perihelion distance, is
r=a (1 - e).

b. Show that the longest distance from the sun to a
planet, called the aphelion distance, is r = a(l + e).

c. The distance from Uranus to the sun is
approximately 2.74 x 10° km at perihelion and
3.00 x 10° km at aphelion. Find the eccentricity of
Uranus’ orbit.

d. The eccentricity of Neptune’s orbit is 0.0113 and
a =4.495 x 10° km. Determine the perihelion and
aphelion distances for Neptune.

Derive the polar form of the equation of a conic with
vertical directrix x = —d and focus at the origin.

Derive the polar form of the equation of a conic with
horizontal directrix a. y = d, b. y = —d, and focus at the
origin.

A chord through a focus of a conic section that is
parallel to the directrix is called its latus rectum (from
the Latin words “latus,” meaning “side,” and “rectum,”
meaning “straight”). Find the length of the latus
rectum for the conic r = ed/(1+ecos ).

Find the polar coordinates of the vertices for the ellipse
with polar equation r =ed/(1+ecosf), 0 <e<1.

Find the polar coordinates of the vertices for the
hyperbola with polar equation r = ed/(1+ecosf),
e>1.

Use Exercise 42 to find the rectangular equation of the
ellipse r =12/(5+cos®).

Use Exercise 43 to find the rectangular equation of the
hyperbola r =12/(5+7cos®).
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46-55 Use a graphing utility to graph the conic section.

46.

48.

50.

52.

54.

56.

-3

y=—
4—-9cost

-11
=
3—cosf

3
y=—
7+3cosf

=

—3—2cos(0+ﬂj
3

Section 9.6 Technology Exercises

4. e
—4+2sind

® re 2
10+4sin6

S1op—— 2
2+3cos(0—wj

4

53. r= > 2
—2—4sin(9+”j

55. r= !

1+4sin[9+ﬂj
6

703

Use technology to sketch the conic section » = ed / (1 +ecos 9) for various values of d and e, e > 0, and examine how

these values affect the shape of the graph.
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Squaring both sides, we obtain the equation L*=2+ L, or L* —~L —2=0. One of
the solutions of this equation is L =2, and the other (L =—1) is extraneous to this
problem.

10.1 Exercises

1-4 List the first six terms of the given sequence.

1. a,= n2n+l 2. a, :(_§]” 3. a,= (nil)! 4. a, = n(n2+1) cos(nm)
5-8 Find the first six terms of the given recursively defined sequence.

5. a,=1, a,=2a, +1forn>2 6. a, =2, a,=3, a,=a, —a,,fornz3

7. a,=4, a,, =(n+l)a, forn=1 8 a,=1 a,=1, a,,=-2a,+3a,, forn>2

9-12 Recognize the apparent pattern and find an explicit formula for the sequence. (Answers will vary.)
9. {2,6,12,20,30,42,...} 10. {2,6,18,54,162,486,...}
1. {9,6,1,-6,-15,-26,...} 12. {2,4,7,11,16,22,...}

13. Notice that the sequences in Exercises 9—12 are actually not uniquely determined. For example, show that in each case
the formula you obtained for @, and the formula b, =a, +(n—1)--+(n— j) define two sequences that match for the first
terms and then differ.

14-19 Match the sequence with its graph (labeled A-F).

-1)" n(n+1
14, q, - 15 a, "% 16. a,=(-2)"
Jn 2
1 n
17. a, =cos(nr) 18. a,=— 19. a,=—r
n+l n+l
A a, B. a, C a
N N
6 25+ 14
0.6+ o
0.5+ o 207 : 0.5 ° o
044 15+ . 1 . . , . >
0.3+ . 10} . 1 2 3 4 5 6
02+ L sl . 05+ . .
0.1+ .
. ° . . . . . —l+ e
T T T T T —>»n i T T T T >N
1 2 3 4 5 6 2 3 4 5 6
D a, E. : F. a,
A
1 1+ . ° ° 60 °
. 404
0.8+ . o ° 0.5+ 201
L] L]
0.6+ AT .« "
o — >
044 1 2 3 4 5 6 04+ 12 4
orl 0.5+ ol .
| | | | | > 7 -1+ ° ° ° —60
1 2 3 4 5 6
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20-23 Use the definition of the limit of a sequence to establish the given statement.

20. lim-% =0 21. lim(lj -0 2. lim>" o3 23. lim(\/n+2—\/;)=0

n—»® nz n—w\ ) n—o 41 n—w

24-69 Find the limit of the sequence if it converges, or prove that the sequence diverges. (You can use any theorem from this section.)

J— 2 —
24, q =273 25, q =03 2. a =271 27, a, =211
n 6n—1 2n—-1 4n” +1
n+1 n \/; nsinn
28. a,=—— 29. a,=(-1)"-"— 30. a,=— 31. a,=\n+l1-n
In n+l n-+2
4 _ 3 2 n n
32 g =" A2+l 8. a,=" M. a ="
3n"+n"+2 n 2"
35. a,== 36. b, =07 37. ¢, =05+(-05)"
4" 2n
v n N
38. aH:4"+[—j 39. g, =—Y" 4. d, ==
4 In 4
n4—4 n! 2 2
41. h, = 42. a,=— 43. a,=In(3n"+2)~In(n"+7)
e}'l 4}7
v ~In 1
44. a,=(-1 45. p =27 46. g, = [1+—
! ( ) Jn+1 P 4 n
2 2
47. a =sin| TH¥2 48. a,=| 2L (5,1 49. r =2
2n° +1 3n° -2 n (0_6)”
I/n I/n
50, 5, =03 51, a =L 52, a,="
In4n n Inn
n" 1 v
53. 1,= 54. u,=tan"'(Inn) 5sS. an:(—j
n! Inn
Ink)’
56. a, =nsin— 57. m,=e 58. Nkz(_l)k(n )
n k
2" -1 1)
59. a,="— 60. K,=%3n+1 61. L, = E)
s

62. S, =

2/k n k n
o) o n-t) o a-1v1)
— n
1 2n 1 n
65. a :(1+—j 66. z(l+—) 67. a :(

68. a,=1, a Z%(a +i] 69. a,=1, a :éa +L
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70-73 Use the Squeeze Theorem to prove that the given sequence

converges.
2 o0
1. cos n
3” n=l1

0. { sinn }
n n=1

72. {(—1)” M}w 73. {27 cosn}

n

74.* Prove the Bounded Monotonic Sequence Theorem.
(Hint: Suppose first that {an} is increasing and
bounded above. Let L be the least upper bound of
the set of values {an neN } and fix an € > 0. Since
L — ¢ is not an upper bound for {an neN }, there is
an index N such that a,, > L — . Use monotonicity to
finish the argument. Note that the decreasing case can
be handled similarly, or by considering the sequence

{=a.})

75-80 Use the Bounded Monotonic Sequence Theorem to prove that
the given sequence converges. In Exercises 75—78, find the limit.

2
n

75. a,=—
n°+1

76. al=\/g, a,,,=+6+a,
71. al=\/§, a,, =+2a,

78. a,=0, a,=

2
7. a _WE)E)-

80. a =1+l+—+—

81-82 The Fibonacci sequence has many interesting applications
in combinatorics and the mathematics of computer algorithms.
Fibonacci numbers also appear in nature, in the arrangements of
leaves and flower petals and the geometry of some shells. We can
derive the explicit formula for £, the n™term of the Fibonacci
sequence, as follows. First, notice that ¢ and « in Example 2 are the
roots of the quadratic equation ¥ — x— 1 =0 and, thus, we have

¢’ =@+ 1andy? = +1.Using, say, o’ = ¢ + 1 we obtain the
following equations.

¢’ =pp? =p(p+1)=p" +o=(p+1)+p=2p+1

o' =09’ =p(2p+1) =20+ =2(p+1)+=3p+2

Section 10.1  Exercises 723

Notice that the coefficients are Fibonacci numbers, and if we repeat
the process for higher powers of ¢, the Fibonacci numbers keep
coming up. More precisely, using an induction argument one can
show the following relationships.

o"=Fo+F , (1)
w” =Fn¢+Fn—1 (2)

In Exercises 81-82, use this observation to derive the explicit formula
for F.

81. Verify the explicit formula given in Example 2 for the
n' term of the Fibonacci sequence. (Hint: Subtract
equation (2) from (1) above and solve for F,.)

82.* Complete the induction argument referred to in
the discussion preceding Exercise 81 to prove
p"=Fp+F, .

83-84 The popular Tower of Hanoi puzzle was invented by the
French mathematician Edouard Lucas in 1883. It consists of three
pegs, with n disks placed on the first peg in order of increasing size
from top to bottom (see figure). The objective is to transfer all disks to
the second peg so that they end up in the same order, according to
the following two rules. Only one disk can be moved at a time, and no
disk can be placed at any time on top of a smaller disk. In Exercises
83-84, you will find T, the number of moves necessary to solve the
puzzle with n disks.

n disks

3

83. Find a recursive definition for the sequence {T n}.
(Hint: Use T, steps to move the top n — 1 disks to
the third peg, then place the largest disk on the second
peg, and then repeat the previous moves to complete
the tower on the second peg.)

84.% Prove that an explicit formula for {7} is 7, =2" - 1.

85.* Prove that if @ > 1, then lima” = .

n—o0

86.* Prove that if |a|<1, then lima" =0.

n—o

87.* Prove that if a sequence {an }w

., is convergent, then it
is bounded.

88. Give an example of an unbounded sequence {an}il
such that a, 7400 and a, 74 —o0,
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89.* Prove that if a sequence {an }:O:l

has a largest or a smallest term.

is convergent, then it

90. Suppose that lima, = and {b,} is a sequence such

that there is an N with b, > a, for all n > N. Prove that
limb, = oo,

n—0

91.* Prove that the limit of a convergent sequence is
unique, that is, no convergent sequence can have two
different limits. (Hint: Create an indirect argument by
first assuming that {a,} converges to both L, and L,,
L, # L,, and then using the definition of convergence.)

92.* We call {an} a null sequence if lima, = 0. Prove that

if {an} is a null sequence and {bn} is bounded, then

{a,-b,} is anull sequence.

93. Suppose that all terms of the sequence {a,}” are

nonzero and lim|a,|=c. Prove that {I/a,} is anull

n—»0

sequence.

94.% Prove that if lima, =0 and {b,} is bounded, then

n—>%0

lim(an +bn) =0,

n—0
95.* If every term of a sequence is positive, it is called
a positive sequence. Prove that if {a, } is a positive

sequence and lim(a,,,/a,)=L>1, then lima, = oo.
n—0 n—w

96.* Prove that if {a,} is a positive sequence and

lim(a,, /a,)=L<1, then {a,} isanull sequence.

n

97.% Prove that if lim(a,,, —a,)=L >0, then lima, = o.
n—>0

n—»0

98.* Suppose that for two convergent sequences,
lima,=L,, limb,=L,, and that L, < L,. Prove that

n—o0

there is a positive integer N such that a, < b, for all
n=N.

99.* Suppose that for two convergent sequences,
lima,=L,, limb,=L,, and that a, < b, for all n.

n—0 n—o0

Prove that L, < L,. Can we conclude that L, < L,?

100. Prove that for any irrational number » € R there is a
strictly increasing sequence { rn} of rational numbers
sothatr, —r.

101.

Let {a,} be a recursively defined sequence as follows:
a,=1,a,=2,and a,, =4(a,+a,,) forn>2.

Prove that the sequence converges, find an explicit
formula for its n'" term, and find its limit. (Hint: Start
by finding the “gaps” between consecutive terms:

)

a a

el — Yn

102.*If a > 0, prove that the recursively defined sequence

a=1a, = (af + a)/(Zan) is convergent, and its

ntl —

limit is v/a. (Hint: Think about Newton’s method.)

Concept Check

103-114 Determine whether the given statement is true or false. In
case of a false statement, explain or provide a counterexample.

103.

104.

105.

106.

107.

108.

109.

110.

111.

112.

113.

114.

If {an }:0:1 is convergent and its limit is L, then for any
e >0, the interval (L—¢,L+¢) contains all but finitely

many terms of {an }w

n=1"

If for any ¢ > 0, the interval (L -, L+ 5) contains
infinitely many terms of {aﬂ}:l1 , then {an}::1 is
convergent.

If {a,} " is convergent, then so is {|a, |}

0
n=l"

If {|an|}: is convergent, then so is {a,} .

If the first n terms of a convergent sequence are
altered, the resulting sequence still converges to the
same limit.

If lima, = L, then lima. = L.

n—o n—0
If lima’ = L, then lima, =+/L.
n—ow0 n—o

If lima, = L, then lima, =3L.

n—o n—0

If lima, =L, and L > 1, then lima = o.

n—o n—om

Ifboth {a,} and {b,} diverge, then {a,+b,}
diverges.

If {a,+b,} converges and {a,} converges, then {b,}

also converges.

If {a,b,} converges and {a,} diverges, then {b,}

also diverges.
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10.2 EXxercises

1. Suppose that a, = 2n’ / (n3 - 1) and consider the series

©
Zan. One of your classmates argues that the series
n=2

converges, because the numerator of ¢, has a lesser

degree than the denominator, therefore lima, =0,

n—>0

which makes {s"} convergent, and thus, Zan has a
n=2
finite sum. Is this argument correct? Why or why not?

2-5 Find the first five terms of the sequence of partial sums {s, }
for the given series.

P .
n=0 3 n=1

6. Determine the index 7 so that the difference between
the sum of the series Z(l/ 2") and the partial sum
{s,} (the error) is less than 0.0001.

7. Write a short paragraph on the difference between the
sequences {a”} and {sn} for the series in Example 5.
(Mention convergence and limits.)

8-17 Determine whether the given geometric series converges. If
S0, find its sum.

1 1 1 1
8. I+—+—+—+—+
4 16 64 256

9. 5—1+l—1 L—L+
125 625

5 25
10. 1-1.1+(11)° = (1.1) +(1.1)* -
4 5 25 125
_— ]+ —— ...
5 4 16 64

11.

12. X7 13.

14. fp(ﬂj 15. 32(-
12

16. i%

18-19 Find all values of x for which the geometric series converges.

18. ' 2(1-3x)" 9. 34
nZ:I: ( ) n=1 (ZX—S)IH

20-23 Recognize the repeating decimal as a geometric series and

write the decimal as a ratio of two integers.
20. 0.5 21. 0123

22. 0.5384 23. 3.379

24-29 Find the sum of the series. (Hint: Use partial fraction
decomposition wherever appropriate to express it as a telescoping
series.)

24. i( N \/nT) 25. 2n+1 )(n+2)

=2 - 3
26. ;20#—5 27, ,,Z::‘n2+5n+6
28 i— 29 iL
TS (4n+3)(4n-1) ’ 1212 =3

30-49 Decide whether the given series converges. If so, find its

w© 3n71 o (_1 n—ln
30. Z; 7 31. nzz;—n—z

32. 3 (-1) [%) 33. i(%_ij

n=0 n=l1 n
21 i L, R
34. 231/" 35. ) >
n=1 n=1
36. Z(;(z\/?) 37. Z; —

38. i(”"ljn 39. Y(37-47)

S 3" -1
40. Z3n+2 41. Yy T

42. i(-l)”(ij 43. 2—2'3"1}5 7

n=l1 Q n=0

2 243" -5" - won
44. 2;‘7— 45. ;(—1) —
46. i(ulj 47. i(\/n+1—\/;)

n=1 n n=1

1 1
4. ;{H‘m(mﬂ -
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50.

The series i(l/ 2") converges and its sum is 1, as
n=1

we have seen in Example 1. Examine what happens
when we a. drop the first three terms of the series,
and b. adjoin the three terms 3 + 2 + 1 to the series.
Conclude that deleting or adjoining finitely many
terms to a series may change its sum, but not the fact
of convergence. Can you provide a rigorous proof of
this more general statement?

51-52 Use the definition of series convergence to prove that the
series is convergent.

51.

53.

54.

5S.

56.

57.

58.

59.

1
25

n=1

52, zﬁ

n=l1 n

Use Example 5 to show that it is possible for

i(an —b,) to converge if both ian and ibn are
n=1

n=1 n=l1

divergent.

Give an example of two divergent series such that

i(an +b,) is convergent.

n=1

Give an example of two divergent series such that

i(an +b,) is divergent.

n=1

Give an example of two divergent series such that

0

> (a,—b,) is divergent.

n=1

Prove that the series ) (a+nd) (a, d € R) converges
n=0
if and only if @ = d = 0. (Such series are called

arithmetic series.)

In one of Zeno’s famous motion paradoxes, Achilles
races a tortoise, giving the tortoise a 100-meter head
start. Even though we assume that Achilles is ten times
faster, the statement is that Achilles will never actually
catch the tortoise. The reasoning goes as follows.
Soon after the start, Achilles will reach the starting
point of the tortoise, but by that time, the tortoise will
have advanced 10 meters. Achilles’ job is to quickly
cover that 10-meter distance, but during that time, the
tortoise will have advanced, namely, a meter, and so
on. Give a calculus-based solution to the paradox by
proving that Achilles will actually catch the tortoise
and find the total distance Achilles will have run when
it happens.

By examining partial sums and using properties of
n

logarithms, prove that Zln diverges.

n=3 n—

60.

61.

62.

63.

64.

65.

66.

67.

Section 10.2 Exercises 735

Prove that Z(l —x)" is convergent if 0 < x < 2, and
n=0
find its sum.

Prove the Sum Law for convergent series:

> (a,+b,)=> a,+Y b, (Hint:Fix n, and write
the statement for the n™ partial sums first; then take the
limits and use the appropriate limit laws.)

Prove the Difference Law for convergent series:
> (a,-b,)=> a,-Y.b,. (See the hint given in
Exercise 61.)

Prove the Constant Multiple Law for convergent
series: Zka” = kz a,. (See the hint given in
Exercise 61.)

Suppose a large state injects a 2-billion-dollar stimulus
package into its economy. Consumers and businesses
in the state save approximately 30 percent of that
money and respend 70 percent. Of that latter amount,
approximately 70 percent is again spent, and so on.
What is the total spending generated by the stimulus
package? (Hint: Find the sum of the geometric series
that models the process. In economics, this is called
the multiplier effect.)

Use the figure below and the fact that J.lw(l/ x)dx =00

to argue that the harmonic series diverges. (We will
refine this idea in Section 10.3 and use it to “test” the
convergence of various series.)

y

Prove that if the series Zan is convergent, then
> (1/a,) is a divergent series.

Suppose that for the series D a, and ) b, there
exists a natural number N such that for all n > N,
a,=b,. Prove that the series either both converge or
both diverge.
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68.* Prove that if Zan is convergent, then it satisfies the
n=1

so-called Cauchy criterion for convergence: For any
€ > 0, there is a corresponding natural number N such
L)

appropriately small e-neighborhood around the sum of

that <¢ forall n, n,> N. (Hint: Choose an

L)

2 4

n=n+1

the series, noticing that

=|s —s |)

ny m

69.* Use Exercise 68 to prove that »"(1/n!) is convergent.

n=1

70. Prove that if Zan is a positive series, that is, a, > 0

n=1

for all n, then Za" is convergent if and only if the

n=1

sequence {s,}  of its partial sums is bounded.

71. Prove that Z(l/ Jn ) diverges. (Hint: Prove that the
n=1

n'™ partial sum s, > Jn )

72.* Let Zan and an be positive series such that Zan

n=l1 n=I1 n=1

is convergent and a, > b, for all n € N. Prove that

an is convergent. (Hint: Examine partial sums.)

n=l1

73.%Let D a, and ) b, be positive series such that »"a,

n=1 n=1 n=1

is divergent and a, < b, for all n € N. Prove that an
n=l1

is divergent. (See the hint given in Exercise 72.)

74. Use Exercise 72 to prove that Z(l/ nz) is convergent.
n=1

(Hint: Use the inequality below.)

1 1 1 1
—< -

n’ n(n—l)_n—l n

75. Use Exercise 73 and Example 6 to show that

0

Z(l/n”) diverges forall 0 <p < 1.

n=1

76.* Two trains, 200 km apart, are on a collision course
toward each other, each traveling at a rate of 50 km/h.
Afly is zigzagging between the trains, flying at
75 km/h. Assuming constant rates and that the fly
turns around in zero time, how much total distance
will the fly be able to cover before being crushed to
death by the trains upon their impending collision?
(Hint: First, find the time required for the first “leg”
of the flight, then, taking into consideration how much
the original distance of 200 km between the trains has
shrunk during this time, find the time required for the
second “leg” of the fly’s flight. Conclude that the time
required for each leg is a constant times that required
for the previous leg. Consequently, the fly’s total time
will be the sum of a geometric sequence; use this to
find the total distance covered by the fly.)

77. Solve Exercise 76 “the easy way,” without using an
infinite series, that is, simply using the fact that the
fly’s total travel time equals the time necessary for
the trains to reach each other. According to a well-
authenticated story, when John von Neumann (born
Janos Neumann), the great Hungarian American
mathematician of the 20" century, was challenged with
a version of this problem, he answered correctly within
a few seconds. “Interesting,” his challenger remarked,
“most people try to solve this problem using infinite
series.” “Why,” came von Neumann’s reply, “that is
how I did it!”

78-81 The following figures were generated by Rick Mabry as
“pictorial proofs” for the convergence of various series. For example,
dividing an equilateral triangle into four congruent parts and

iterating the process, as below, provides illustration for the fact that
i(1/4” ) :% (assume that in the figure below, the area of the
n=1

original triangle is 1; you can visually check what portion of the area is
occupied by each color).
Source: www.lsus.edu/rick-mabry
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In Exercises 78—81, use the visual approach discussed above to
identify the convergent series illustrated by the figure.

78.

79.

80.

81.

Section 10.2 Technology Exercises 737

10.2 Technology Exercises

82-85 Often we can readily show that a particular series is
convergent, but finding the sum may be extremely challenging, if
not impossible. For example, it is not difficult to prove that the series

2(1/ np) is convergent if p> 1 (see Exercise 74 and, for the full
n=1

story, Example 2 in Section 10.3), but finding the sum often defies
the best efforts of mathematicians. For example, letting S(p) denote
the sum of the above series for a particular p > 1, we know that
S(2)=n"/6 (this surprising result was first proven by Euler), but
formulas for the sums for odd p-values, such as 8(3), 8(5), etc.
are still unknown.

In Exercises 82—85, use a graphing utility to verify the indicated sums.

0 1 2 0 1 4
82. 2—2=% 83. 27=79T—0

84. i%=7r_ 85. i(_l) _1
1 e

86. On the same screen, graph the function you
obtained in Exercise 60 along with the partial sums

p(x)= ﬁ:(l —x)" on the interval (0,2), for higher
0

and highér N-values. What do you see?
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Solution

Since

jwizdx = 1im[—lJ = 1im[—l+lj L
n x 1—0 X . 1—>w t n n
we can make the following estimates.

1 1
a. s10+ﬁS5Ssm+E

1.5540.09<5<1.554+0.10
1.64<5<1.65

1
Sio00 T———<8<S8,000 T ——
1000 1001 1000 1000

1.643935+0.000999 < s <1.643935+0.001
1.644934 < 5 <1.644935
Since s lies within an interval of width 1 x 107, we could approximate s by the
average of the two values, 1.6449345, and know that the approximation is accurate to

within %(1 x 10’6) =5x107". (The exact value of s is 7°/6, as shown in Exercise 82
of Section 10.2)

Although the harmonic series diverges, we can still use an integral comparison to gain an
appreciation for how slowly the sum grows. As we saw in proving the Integral Test, the
relationship J.ln f (x)dx <s, , is valid for any series of positive but decreasing terms.

Z@SE XM Finding a Lower Bound for a Partial Sum

Find a lower bound for the sum of the first 1 million terms of the harmonic series.

Solution
Using [ f(x)dx<s,, withn=1,000,001 gives us

J.l1,ooo,001(l/x)dx _ ln(l, 000, 0()1) ~13.816.

In fact, after a significant amount of computation, a computer algebra system can tell
us that s, ;000 & 14.393, so the lower bound given by the integral is a very quick and
reasonable indication of the rate at which a divergent series of positive decreasing
terms grows.

10.3 Exercises

1-32 Use the Integral Test to determine whether the series converges or diverges.

2 1 SN 2

1. —_— 2. . 4. —_
,,Z:,:n+l ;3;1—2 3 ,,Z:.:n2+1 ;ns/“
< = 6 & 6 & n—1

5. o 6. —_ 7. 8. _
;ne nz:;{nz—9 ,,Z:;(n_3)2 ~n?—2n+0.75
- 2Inn - 2Inn = 2 )

9. 10. 11. 12.
n=1 n ; n2 n=2 n(lnn)2 n=2 nlnn
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. im 14. i‘,ﬁ
15. iaﬁinzn 16. gnzizn

1. Zm 20 Zmlﬁ

21, Zne 22. W’z"ﬂ)
23, gn(nlﬂ) 2. ,:an1+b’ @
25. 2324 26. wl nf}il

’. nz“;néin:l 28. §[2n5/4+nl—3j
. Z[W+L . zﬁﬂ)

N

31 i(n i 32. 2(2{%”

33-36 Explain why the Integral Test is not applicable to test the
series for convergence.

33, Y Lhcosn 34. i(_l)n

3

n=l1 n n=1 n
35. Z:;C(;n 36. Z:;e""' cos(7rn)

37. Use the Integral Test to show that the series

; n(lnn)p

diverges when p < 1 and converges if p > 1. (These are
called logarithmic p-series.)

38-43 Use our estimates immediately preceding Example 3 with the
indicated number of terms to find an interval containing s, the sum of
the series.

38. Z%, four terms 39. Z 13; five terms

n=1

3

40. Ze’"; five terms 41. Z 2+1; six terms

n=1 n=1

Section 10.3 Technology Exercises 743

0

42. ; five terms

el n(n+1)’

43. ; five terms

29

=2 n(lnn)

44-49 Find the smallest possible value of nto approximate the
sum of the given series within the indicated error  and provide the
requested estimate.

4. YL 20005 45 YL 2=0005

40
n=1 n n=1 n

46. Z arctan n

; €=0.01

47. ine'”z; e=5x10"
n=1

8.y 2 S =001
w1 (n+2)[In(n+2)]

0

49. >

~1+n

€=0.05

2;

10.3 Technology Exercises

50-54 Use a graphing utility and remainder estimates to
approximate the sum of the series with the given error . Find the
smallest possible value of nyou can use and give an approximation
with the requested accuracy. (Answers may vary slightly. Recall
that formulas for these sums are unavailable; see the discussion
preceding Exercise 82 in Section 10.2.)

50. Z%, e=10"" 51. Zis; e=5%x10""

3

R M) DL FRSS I

n n=1 N

M

52.

n

54. Approximate 7 to eight decimal places using the series
< 1 ? .
—= I What value of n did you use?
a(2n-1)" 8

(Answers will vary.)
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10.4 Exercises

1-32 Use the Direct Comparison Test to determine whether the
series converges or diverges. (Wherever applicable, combine the
Direct Comparison Test with previous techniques, such as the Integral

Test, p-series test, etc.)

e S

—n +1
= 4n

30— 4
n=2\N _1

5 ii 6.
n=1 n2+\/;
= n®+1

7. 8
,,Z:(;n4+1
2 1

9 10
;n”h/;
© 5n2

11. —_ 12.
;n4+1

13. ; 14.
n=0 5n3+2

15. i 16.
“lnn
2. cos’n

17. > — 18.
n=0 \| N +2
2. sin’n

19. le—f 20.
> 3nm

21. 22.
,,Z:;e"lnn
21

23. 24.
2 et
2 Inn

25. 26.
,,Z:;‘n3+l
2 Inn

27. Y = 28.
n=2\ N —1
Inn

29. Z; 7 30.

3y i 32

’ n=2 \/Zlnn )

Chapter 10 Sequences and Series

series converges or diverges.

33-50 Use the Limit Comparison Test to determine whether the

= 25 = 2n?
33. 34.

; n’+1 ,;2 n' -1
. 3

n=1 n2 +1

© n4
36.

nzz;\/2n9+n5+3n3+2

- 2n+4 * 2
37. —— 38. —_—

,,Z:;n(n—Z)(n—4) ,,Z::‘\/E+lnn

ks \/Zln n+l1 |
39. Z% 40. szn

n=1 n=l1
41. iljz—zn (Hint: Compare with Zw:ni/z )

n=1 n=1

“30 -1 LG
42, 2317 (Hint: Compare with Z—.)

n=1 n=1

1

© d; © 2+;
43. 44.

;«/Zlnn ; 2n?

© ’/leﬂ'l2 © nZ
45. 46.

;1+e’" ;3n5/2+1

= 3 = 3
47. 48.

nZ:(; n’+3 ; n'+3

- n+3 - n+3
49, 50.

; n*+3 ; n’+3

51-70 Use any test covered so far in the text to determine whether

the series converges or diverges.

21
51.
;2”+3
2 2 2
53. -
Z(m mj
54 i !
=N
55 i !
n:02n2_3
57.

M
5
3

OHAWKES LEARNING

52.

56.

58.

o0 2}1
Z "+3

n=0

\9)

d 1
,,Z:;'n\/;—ircosn



59.

61.

63.

65.

67.

69.

71.

72.

73.

< 1-sinn — n—3
>— 60. > N

n=l N n=1 N
glnnl—l o Zﬁ
gr;;?a 66. 22"21;2
ii:;‘ 68. gsin%
g‘sin% 70. i‘;(nzzj

Prove part b. of the Limit Comparison Test. (Hint:
Choose K > 0 and a natural number N, > N for which
0<a,/b, <K forall n 2 N, and apply the Direct
Comparison Test.)

Prove part c. of the Limit Comparison Test. (Hint:
One possibility is to notice that lim(b,/a,)=0 and

make use of the argument you gave in Exercise 71.)

Suppose that Zan is a positive series, {a,} is
monotonically decreasing, and {”an} is convergent
with limna, # 0. Prove that Zan diverges. (Hint:
Use tﬂgoiimit Comparison Test to compare Zan with
an appropriate series. For the definition of a positive

series, see Exercise 70 in Section 10.2.)

74-77 Use Exercise 73 to provide a quick proof of the divergence of
the given series.

74.

0 nZ 0 2
;3# +1 7 Zlﬁ

t
7. arctann

M

|l\)

M
a

=

n
—_—
=
S

=
i

Section 10.4 Exercises 749

78.* (The Cauchy Condensation Test) Suppose that

79.

o0
D" a, isapositive series and {a,} is monotonically
n=1 o

decreasing. Prove that Zan converges if and only

if iZ"azn converges. ?Iilint: Fix n and k, and let s,

be ntBOe n™ partial sum of ian, while letting ¢, denote
the k™ partial sum of the Zzlondensed” series i2"a -
Group the terms of ian as "~

n=1

ian =a,+(a,+ay)+(a, +a,+a,+a,)+--,
=

o0
while ZZ"azn can be written as
n=0

ibaz” =a1+(a2+a2)+(a4+a4+a4+a4)+....
n=0

Using the monotonicity of {an}, notice that if n < 2,
then s, < c,, while if n > 2", then s, >1¢,. Use these

observations to show that the sequence of partial sums

of Zan is bounded if and only if that of ZZ”az,, is

n=l1 n=0

bounded. Now use Exercise 70 from Section 10.2 to
finish your argument.)

Use Exercise 78 to give a new proof of the p-series test
(see Example 2 of Section 10.3).

80.* Suppose we stack idealized building blocks (perfectly

rectangular, perfectly homogeneous, perfectly smooth,
perfectly level, etc.) with the indicated fraction of
each block protruding to the right of the block above
it, as shown in the figure below. If we continue
building in this way, that is, by making sure exactly

1/ (2n) of the n™ block protrudes to the right, how
high can we build the structure before it topples?
Assuming vertical sunrays (and an infinitely high sun),
how far to the left will the shadow of the structure
extend? (Hint: Starting from the bottom, consider the
substructure consisting of the first n blocks and the
location of its centroid relative to the right edge of the
(n+ 1)th block.)
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81.* Prove that a positive series Zan converges if and

aﬂ

only if the series z converges. (Hint: Show

a +1

n

that a, <2a, /(a,+1) if n is large enough.)

Concept Check

82-91 Determine whether the given statement is true or false. In
case of a false statement, explain or provide a counterexample.

82. If Y a, and ) b, are positive series, Y b, diverges,

and a, < b, for all n, then Zan converges.

83. If Zan and an are convergent positive series, then

Zanbn is convergent.
84. If lim(a, /b,)=0 and D b, diverges, then ¥ a,
diverges.

85. If lim(a,/b,) = and an converges, then Zan

converges.

86.* If Zan is a convergent positive series, then

> In(1+a,) is convergent.

87. If ) a, is a convergent positive series and » b, and
ch are positive series such that b ¢, = a, for all n,
then both an and ch are convergent.

88. If Zan is a convergent positive series and an and
ch are positive series such that b, + ¢, = a, for all n,
then both Zb" and ch are convergent.

0

89. Ifp>1,then )

= (Inn

> diverges.

R |
90.* The series Z—]M converges.
n=2 ln}’l)

0

91.* The series Z 1 )
n=2\1Nn

converges.

n
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Soasn — o, a,,, [a, oscillates between values approaching 0 (for odd #) and values
growing unboundedly large (for even n)—in other words, lim(an+l / an) fails to exist
in a fairly extreme fashion. But "

%_{n'/"/z if nis odd

< if niseven

and n'" —>1 as n — o, so

limy/a, =1 <1

n—om

and the series converges by the Root Test.

10.5 Exercises

0 3n-2 © 3 '
1-34 Use the Ratio Test to determine whether the series converges 27. > 22 28. Z( Z)
or diverges. 1 2n +3n = n
Lyl 5 5 (1Y) 2. 32 0. 32
) n=0 n! ) ;n 5 n:()(n'f‘z)n ,,:03”"1‘1
o &n o i 31 i 3" 32 i(l’l')z
2 4. Zln T4 " Z(2n)
= 3 Y 33 2 . 4 s 2" .
5 Z(;(Zn)' 6. Zn T 1.2:3 2.3:4 n(n+1)(n+2)
n= * n=1
= l’l5 N 3 34 l+ 15 +...+1.5 .... (4n_3)+
7 ;en 8. g(an)! 3239 3" (n!)(2n-1)
© 2 o
9. z 2”_ 0l 10. > 2n > 35-38 Verify that the Ratio Test is inconclusive for the series. Then
":l( e w2 (n-1) determine the convergence or divergence of the series by some other
> 2 pn" means.
1, Y2 12. Y-
n=0 5 n=1 n' 35 i n2+1 36 © \/;
. — .
13 iifilis)l 14, ig—ﬂ' o (n+1) ~n+2
o =0 < arctan n = n+l1
37. 38. —_—
- = (In2)" 2, ;J;(Hz)z
15. > — 16. Y.
n=1 5” n=0 (n+1)'
o g . 39-62 Use the Root Test to determine whether the series converges
n .
17. ;(n+4)n 18. ;WM or diverges.
o 5 n 0 1
0 2 4 2, (n!)4" 39. Z(—j 40. ) -
Y2 20- ;(4“1)! A = (n+1)
o 1 ) 3n71

2 41.

42. Y —
n=1

. Y (22 j 2. Y1 (
3n-2)(3n+2) 43. i[ " ) 4.yt

- n3 OO( 2 n
23. 24, Y~ i\ +3 = (Inn
2 3y 2 1 3 2)
o0 n o0 e n
o n 0 2 45. 46.
25. Z("+3)3 26. L 2o g;(lnn)”
n=0 }’l' n=l1 (ln’]T
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s 3

n=0 (n+2)n n=1

| (
S
(=)

47.

2n+3j

T R N

53, in(%j 4. Y2

n=l n:12

> (nn) 2 (2n-1Y
55. Z;'(Tj 56. ;(3“2)

@ nf2 © n
57. Y1 58, z("g

39. i 2n 60. i n2+2
61. i:sin"i2 62. i—

63-66 Verify that the Root Test is inconclusive for the series. Then
determine the convergence or divergence of the series by some other
means.

63. Zw:( - J 64. Zw:( )

n=1 n+5 n=1 (4}’l+1)

(0 1Y > 2n
65. 1-— 66.

;( nj n=1 (}’l+1)3

67-70 Suppose that the series Zan satisfies the condition

im (a,, /a,)=

n—0

67. i 3"a,
n=1

7. Decide whether the given series is convergent.

69. i(%) a, 70. iai

n=1

71. Prove that for all exponents p, the series Z(n” / 2") is

convergent.

72. Prove that Z(p"/n!) converges for all p > 0.

73. For what positive p-values does the series Z( "/ n)
converge?

Concept Check

74-79 Determine whether the given statement is true or false.
In case of a false statement, explain or provide a counterexample.
(Zan is a positive series in each problem.)

74. If ) a, is convergent, then }}ﬁn;(aw1 Ja,)<1
75. If Zan is divergent, then lim¢/a, >1 or the limit
doesn’t exist.

76. If there is an N > 0 such that y/a, <1 foralln >N,

then »’a, is convergent.
77. The series z<3"z /n') is convergent.
n=l1

78.% If Zan satisfies condition a. of the Ratio Test, then it

satisfies condition a. of the Root Test.

79.*%If Zan satisfies the condition a. of the Root Test, then
it satisfies condition a. of the Ratio Test.

10.5 Technology Exercises

80. The following series, discovered by the great Indian
mathematician Srinivasa Ramanujan, converges to
1/ with amazing speed.

22 &

9801 =

(4n)!(263907+1103) 1
(n!)" 396" m

a. Prove that the series is convergent.

b. Use Ramanujan’s series with a graphing utility
to approximate 7, correct to 31 digits after the
decimal. How many terms did you have to use to
achieve this accuracy?
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10.6 Exercises

n+l
= (-1
1-24 Determine whether the alternating series converges and give a 28. Z( ) ; accurate to 6 decimal places

"
reason for your answer. = 20
o —1)" Inn
S et 1 S w2 29. Z( ; accurate to 3 decimal places
1. )" = 2. —1)" = TR p
;( ) n2 ;( ) \/; n=2 e
© —1)" Inn
N wit 2n+1 N w1 30 Z( ; accurate to 4 decimal places
3. -1 4. -1 . T p
;( ) 3n-2 Zl( ) 2n-1 = 2n
5. i(_l)n 3 6. i(—l)”” 27 -1 31-58 Determine whether the given series converges absolutely,
n=2 nlnn o 4" converges conditionally, or diverges. Use any convergence test

discussed so far in this chapter.

T nt+2 T & n22" 31 > Ly I~ =, cosn
° ;( ) n?+1 ° ; n?
= a1 2R - n3
9. 2 (-1)" 10. > (-1)" = .
p In2n p n 33 Y 1 4. oyl
HZ:I:( ) e ;( 1) (2n)!
T Y| A RS PAD R Ge - w 1
= " w2 35. 3 (1) 32 36. 3 (-1)"" cos—
n=l1 n n=1 n

3oSEy () e () sind ,
2 )(S‘EJ Zl( ), 3. (1) L 38 (1)

15. i(—l)” 16. i(—l)”z—"' B} . B}
Vn+3 oo 39. > (-1)" 40. > (-1)" n\/in_n

17. i(—l)"3 21 18. i(—l)”“(%)n

= ot = ar. Y (-1y e 2. Y (1) 2
S )Y
- a1 2 a1
19. ;(—1) — 20. ;(—1) tan lbj p i(_z)n . i( 1)“] |
) n=1 n2 ' n=1 n(\/;+2)
© © (] n
21. Y (-1)"e"sinn 22. Z(—j . " ;
n=1 n=1 11 45 (_1) 46 —l n+l . l
( ) . nzz;—n+1+\/; B ;( ) }’lSlnn
© cos(nm * (—1)"
23. ) 24. ) ey e
— 1 . 3 = (-1)" n = (-1)" tan"'n
n=1 1 . n=2 (lnn) 4 . 4 .
" n 7 nzzl: 4" ; nzzl: n’
25-30 Approximate the sum of the alternating series, accurate to at " (_1)n+l . Y
least the indicated number of decimal places. 49. Z ) 50. Z[ln—j
il n=l [N\ N+ n=1 n
25. Z(_l) ; accurate to 2 decimal places u u
n=1 n3 51 i(—ﬂj 52 i(l—%j
1 n+l ) n=2 n ) n=1 S5n
26. z(_n3)” ; accurate to 4 decimal places " (Y . (—1)”“n3
= 53. Zz:(—l) (FJ 54. Z‘ >

()" .
27. Z (n n 1)' accurate to 5 decimal places
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5S.

57.

59.

60.

61.

i(_l 56. g(—l)"log(ﬂn%J

converges by Leibniz’s Test, because it is an
alternating series of the form Z:(—l)n+1 a, and
a,— 0. Is she right? Why or why not?

Prove that the series consisting of the positive terms of
the alternating harmonic series diverges to infinity.

Repeat Exercise 60 for the negative terms of the
alternating harmonic series.

62.* Prove the first part of Riemann’s Rearrangement

Theorem; that is, the statement that the terms of

a conditionally convergent alternating series can

be rearranged so that the sum of the series is any
preselected real number. (Hint: Let s be the desired,
preselected sum, and start adding up the positive terms
of the series until their sum first becomes greater than
s. Then add enough negative terms until the resulting
sum becomes less than n, and continue.)

63.* Prove the second and third parts of Riemann’s

Theorem; namely, that the terms of the series in
Exercise 62 can be rearranged to diverge to oo or —oo,
or to diverge in an oscillating manner.

Section 10.6 Technology Exercises 763

64.* Prove the following so-called Polynomial Test for

65.

infinite series: If p(x) and g(x) are polynomials with
n
degrees r and s, respectively, then the series Zp(—))
q(n
is convergent if and only if s > + 1 (we are assuming
q(n)=0 for any value of the summation index ).

Prove that if the series Zan is absolutely convergent,
then Zaf is convergent. Then give an example

to show that the statement is not true if Zan is
conditionally convergent.

10.6 Technology Exercises

66-68 Use a graphing utility to solve the problem.

66.

67.

68.

Find an approximation of e with an error no greater

0 _1 n

than 10, knowing that ZQ ~1 How many
= n e

terms did you use?

Find an approximation of 7 with an error no greater

© (~1)"
than 107, knowing that Zu =2 How many
n=0 <N

n+l 4
terms did you use?

Find an approximation of In2 with an error no greater
n+l
> (-1
than 107, knowing that Z—( ) =In2. How many

n=1 n
terms did you use?
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10.7 Exercises

1-32 Determine the radius and interval of convergence for the 35. i(—l)" [fj 36. iz(fj
power series. Be sure to check for convergence at the endpoints. =0 3 = \3
L) w© 2 x_3 " > (2x+3)”
n n 37. 38. ~—
1 3(3) 2 3 Z(;[ 5 j 2y
2n n
& (4x)° (1) 3. 35529 w0, 323
PR DR 2y 2
o0 xn 0 (Sx)n M . ” . e ey .
5 Z pE 6. Z ! 41-48 By “reversing” the process used to find the limiting function
n=0 n=0 in Exercises 33—40, we can find the power series about 0 for certain
© ! " = 2n!(5x)" functions. For example, if f(x)=1/(1-3x), we can recognize it as
7 32 ‘(fx) ‘. Z% ple.if () = (1-3x). v g
= 2n = (2n) the sum of the geometric series Z(Sx)" =3"x". (This is valid
© (2)6)" - onlv if xis i . n=0 . nI:O ; :
n y if xis in the interval of convergence, in this case, —1 < x <1,
9. ;(n_l)' 10. Z;nx g : L)
) . Use this approach to find the power series representation of the given
11. i n(x+3) 12. iﬁ k20 function. What is the radius of convergence? (Hint: In Exercises 47
= 2 o k" and 48, use partial fractions.)
2 (xY' = (x-3)" 1 1
13. Y[ 2] g 30 A1. - 2. -
,,Z_(;bj " 2 S =175, )=
& (x=4)’ - (x+1)" 3. f(x)=— 4. f(x)=—
15, 3 16. ;(mz)y (¥)=1= (¥)=1—
n n 3
= (x=5)"n! o (x— 45. = 46. -
17. Z@CS& 18, Z((x )%) T0)=375 I0)= 35
n=0 n=1 -1) n
3 2x
. " ., . 47, f(x)="2 8. f(x)=—"
2 _
19. Z% 20. Z(xkf) k>0 1-x’ 1-4x?
o\ =0 49. Find the power series representation of f(x)=1/x
. i (x- l)" . i ( X+ 2)” centered at @ = 1. What is the radius Olf convergence?
=4 (”—2)(’7—3) = n (Hint: Start by rewriting 1/x as m, and
23 i (_1)n x 24 i n’ (2x —3)" proceed along the lines of Exercises 41-48.)
. ~ . —
"~ (lnn) " " 50. Use series multiplication to find a second solution to
= " “ x"lnn Exercise 48. (Hint: Multiply the series expansions of
25. ;’ﬁ (x=1) 26. ; ! 1/(1-2x) and 1/(1+2x), and then multiply the result
, by 2x.)
© n+5
27. ; Inn 28. ;x“ 51. Differentiating the result of Exercise 49, find the power
(x+2) series representation of g(x)=1/x" centered ata = 1.
3" (x+2)" S 3ntl What is the radius of convergence?
29. _ 30. "
Z;, e Z(;z (x+4)

52. Use the result of Exercise 49 to find the power series

> n < 1" n representation about a = 1 of /(x)=Inx. What is the
31. - 32. 1+— -3
Zﬂ-(x 3) Z[ " j (x ) radius of convergence?

. | .
33-40 Determine the interval of convergence for the given series 53. Use Exercise 52 to prove that In2 = Z—n - Use this
T . . . n=l
and the limiting function of the series on that interval. series to approximate In2 to three decimal places. How
© , © ., many terms did you use? (Hint: Start with the series
33. > (3x-1) 34. > (2x+3) approximating In{=-In2.)

n=0 n=0
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54.

55.

56.

57.

58.

59.

60.

61.

Chapter 10 Sequences and Series

Find the power series representation of f(x)=1/x
centered at ¢ = 3. What is the interval of
convergence? (Hint: Start by rewriting 1/x

as and proceed along the lines of

L
3-(3-x)
Exercise 41-48.)

Find the second and third derivatives of the power
series of Example 4. In both cases, express your
answer as a power series and in closed form.

= (2x-3)"

Find the closed form of the series Z
n=1 n

by first

determining the closed form of the series Z(Zx - 3)”.
n=0
What is the interval of convergence?

Find the closed form of the series

29(;12 - n)(3x - 1)"72 by first determining the closed
2 )

form of the series Z(3x —1)". What is the interval of
n=0

convergence? (Hint: Differentiate twice.)

Integrate the series you found in Exercise 43 to obtain
a series expansion for F(x)=arctanx about a = 0.
Find the radius of convergence for the series you
obtained.

Use differentiation and the result of Exerczzise 43 to find
a series expansion of g(x) = 2x/(x2 + 1) . Find the
radius of convergence for the series you obtained.

Even when differentiated, a convergent power series
retains its radius of convergence. But as we have
noted, the behavior at the interval endpoints can
change—in particular, the original series may converge
at an endpoint, while its derivative diverges. Verify this
by examining the intervals of convergence of f and its
first two derivatives for

7=

ﬂ:() n +

Show that for any natural number £ € N, the power

(k-1)!

(1-x)

is

series expansion of

0

Y (n+k=1)(n+k=2)--(n+2)(n+1)x".

n=0

62.* In general, series of functions are not nearly as well

63.

64.

65.

behaved with regards to termwise differentiation and

integration as power series are. As an illustration,

examine the convergence set (the set of x-values for
< sin(3"x

which the series converges) of f(x)= Zg—n)
n=0

and that of its first derivative. (Note: This is not a

power series.)

B

x2n

Verify that y = Z

n=0 M-
equation y'=2xy. (Hint: Differentiate term by term.)

satisfies the differential

Find a power series solution of the differential
equation, y' =2y satisfying the initial condition
¥(0)=1. Then solve the equation by traditional
means and conclude that the solutions are equal.
(Hint: Starting with undetermined coefficients, write

y= Zanx", obtain the power series for both y" and
n=0
2y, and finally equate terms.)

Find a power series solution of the differential
equation, y"+4y =0 satisfying the initial conditions
¥(0)=1, »'(0)=0. Then solve the equation by
traditional means and conclude that the solutions are
equal. (See the hint given in Exercise 64.)

Concept Check

66-70 Determine whether the given statement is true or false. In
case of a false statement, explain or provide a counterexample.

66.

67.

68.

69.

70.

If the series ) a, (x+1)" converges at x = —4, then it

must converge at x = 1.

If the series ) a, (x+1)" converges at x = —4, then it

must converge at x = 2.

If the series Zanx" converges at x = 1, then

> na,x"" must also converge at x = 1.

If a series converges on an interval, we may
differentiate it term by term to obtain the derivative of
its sum.

If the interval of convergence of the series Za”x" is

(—a,a) foran a € R, then the interval of convergence

of ¥ a,(x—a)" is (0,2a).
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sinx i(—l)—x

COSXx i(_l)n |

x3 xs
=xX——+—=——"- x| <o
3l s i
2 4
1= X x I < o0
21 4

10.8 Exercises

1. Find the Maclaurin polynomial of order 4 generated
by f(x) giventhat f(0)=
f"(0)=-1, f"(0)=3, and s (0)=1.

2. Find the Taylor polynomial of order 4 generated
by f(x) abouta =2 given that f(2)=1,
f'(2)=-3, f"(2)=0, f"(2)=5, and
rY2)=-2.

3-10 Determine the Taylor polynomials generated by the given
function about the indicated point. Find the radius of convergence.

3. f(x)=2x'-x"+5x"+3x-7; a=0

4. f(x): "/2 a=0

5. f(x):

6. f(x):smx, a=m/2
7. f(x)= a=1

x+4

9. x):L2 =2

~

(

8. f(x)=Inx; a=1
(

10. f(

x)—tanh x; a=0

11-29 Use the Taylor series (or Maclaurin series if the center

is not specified) we discussed so far in the text (see Table 1) to
determine that of the given function. In each case, find the radius of
convergence.

11. f(x)=cos(x2)

1+ cos2x
2

12. f( )—coszx

Inx = eyt 0<x<2
Table 1
13. f(x):sinxcosx: sin2x
4, f'(0)=
(©) 14, f(x)=x’e™
15. f(x)=coshx
16. f(x)zxex; a=1
x+1
17. f(x)zcos x 18 f(x)—;
19. f(x)= (2x3 —x)e" 20. f(x)=sinhx
21, f(x)=mn(1+x?) 22, f(x) 1+xx

23. f(x):iz; a=3
24, f(x)zlnl—, a=0

25. f(x)=

26. f(x)=

27. f(x): 5

28. f(x)=tan"'x; a=0
29. f(x):xcos(x3/2); a=0
30-35 Use the definition to find the first five nonzero terms of the

Taylor series generated by the given function about the indicated
point.

30. f(x)=tanx; a=w/4
31. f(x):arctanx; a=1

32. f(x)=secx; a=0
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33. f(x) “ra=0
34. f(x) W a=0
3s5. f(x) = a=1

36-47 Find the first five nonzero terms of the Maclaurin series
generated by the indicated function by using operations on familiar
series (try not to use the definition). In Exercises 40-42, try long
division.

36. f(x)=sinx+cosx 37. f(x)= le—x

38. f(x) =e"cosx 39. f(x) e 'sinx

40. f(x)= i"if 41. f(x)=tanhx

42. f(x) = tan x 43. f(x) = ln(1+ )smx
44. f(x)=xsec2x 45. f(x)=In(1-x)cosx
46. f(x):cos(x2 +2x)

47. f(x)z(x—l)zcoswx

48-57 Find the Taylor series approximation of the given function
value or definite integral that guarantees the indicated accuracy. How
many (nonzero) terms did you use? (Hint: See Example 8 and note
the nonelementary integrals that we cannot evaluate exactly.)

48. In1.2; error < 107" (Hint: Use the Taylor series
expansion of In(x+1).)

49. l; error<107

e

50. sinl; error<107

51. J.Ole”‘4 dx; error <0.001
52, J‘(: cos(x3 )a’x; error <107
53. J: sin(x2 )dx; error <107

s4. X

0 x

error <107°

55. I;tan"(xz)dx; error <0.01
56. J‘(:xzsin(xz)dx; error <107

57. error <0.01

1
——dX;
IO NEaES|

Section 10.8 Exercises 783

58-60 Prove that the Maclaurin series converges to the function by
showing that the error r, () satisfies lim r. (x)=0.

o (_1)" 21
s8. o -3

n=0 n'

& (=)
59. =y -+
cosx nzz(; (2n)!

ntl
60. x+1=Z( )

n=1

|x|<1

61-64 Use Taylor series to find the indicated limit.

. e —e” . 2x° -1
61. lim< - ¢ 62. hmx—5+005x
=0 sInx x—0 X
) tan’lx—sin(xz) _In(x+1)
63. im— 7 64, lim——~
x>0 X x>0 xsinx

sinx
65. Use power series to show that lim =1.

x—0 X

66. Find the Taylor series expansion of the function
f(x)=3x’=5x%+2x—7 about @ = 2. What can you
tell from your answer?

67. Use the Maclaurin series expansion of
f(x)=1/(1-x) and differentiation to find
Z(n/ 2" )
n=1

68.* Calculate the first few terms of the Maclaurin series
expansion of f'(x)=arcsinx; then notice the apparent
pattern and derive the general form of the series. What
is the radius of convergence?

69.* Suppose that the function f has derivatives of all
orders throughout an open interval / and there is an
M > 0 such that ‘f ‘<M for all n e N over L.

Prove that if a € I, then the Taylor series generated by
f(x) about a converges to f atany x € 1.

70. Use Exercise 68 to prove that if f(x)=sinhx or
f(x)=coshx, then the Taylor series expansion of /
about any a € [ converges to f at every real number x.

71.* Find the value of the 162" derivative of
f(x)=tan™' x atx=0. (Hint: Examine what happens
to the Maclaurin series after repeated differentiation
and substitution of x = 0.) What is the 163 derivative
at 0?

72. Use the Maclaurin series expansion of

f(x)z(x+x2)e" to prove i(nz/m):ze

73.* Use an appropriate Maclaurin series expansion to

prove i(rﬁ/n') = 5e. (Hint: See Exercise 72.)
n=1
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10.9 Exercises

1-5 Use Euler’s formula to express the complex number in the form

X+ Iy
1 ei7r/2 2. 6731‘#/4
3 582+i7r/3 4. &°
s el 2
3

6-10 Use Euler’s formula to express the complex number in the
form e*e” =re”.

6. 1 7. —2(1 + \Ez‘)

V2

3+3i 4
8. 9. (1+:
3 -i (1+1)
3i
10. ——
2e4+t

11. Use Euler’s formula to verify the following formulas.
i0 —if
a. sing=2"%_ b. cosf =
2i

eiG + e*iﬁ
12. Use the Maclaurin series to verify the following

formulas.

a. sinhif =isin0 b. coshifl = cost

13-21 Find the first six nonzero terms of the binomial series
expansion of the indicated function.

3. f(x)=(1+x7) 14 f(x)=

15. f(x)=1-x 16. f(x)=(1-x)"

17. f(x)=1+x> 18. f(x):(1+§j3
19. 7(x)=(1-2¢")"  20. f(x):(

5

21. f(x)= s

22. Show that if m € N, the Maclaurin series of (1+x)"
is finite, and use this observation to provide a
“calculus-based” proof for the Binomial Theorem,

n

which says (A + B)" = Z[ZJA""‘B" , for any positive

k=0
integer n and any two expressions 4 and B.

Section 10.9 Exercises 791

23. Use the binomial series of f'(x)= 1/\1-x* to find
the series expansion of g(x)=sin"'x about 0. What
is the radius of convergence? (Hint: Use the equality

-1/2 a2
( / ):(—1) ( nJ/4”. Compare your result to that
n n
of Exercise 68 of Section 10.8.)

24-25 Use the method of Exercise 23 to find the Maclaurin
series expansion of the indicated function along with the radius of
convergence.

24. h(x)=cos 'x 25. h(x)=sinh™'x

26. By following the outline below, prove that the
binomial series

$ (7)o g o))

n=0 n '

converges to the function (1+x)" on (-1,1).

a. Using the Ratio Test, it is straightforward to check
that the above series converges for |x| <1. Letus
denote its sum by f (x) and differentiate the series
term by term to find the series expansion of f'(x).

b. Multiply the series expansion of f’(x) by
(1+x) and verify that the result is the
series for mf(x) (Note: Since |x| <1, the
series is absolutely convergent, so termwise
differentiation and rearranging terms is possible
without changing the sum.)

c. Conclude that f(x) is a solution of the separable
differential equation

d. Solve the above equation by conventional means to
conclude that f(x)=C(1+x)" for some constant C.

e. Finally, use the initial condition f (O):l to
conclude that C = 1.
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27-28 The period of a swinging pendulum of length L released from
rest can be well approximated by simple harmonic motion and its
period is approximately T ~ 27r\/% , Where g is the acceleration
caused by gravity. However, this model is inaccurate for larger starting
angles. In physics, it is shown that if the pendulum is released at
angle 6, from vertical, the actual formula is

T:4\/§K(k),

where k =sin(6,/2) and

72 ao
K(k)=| —
(k) IO V1-k?sin®6
is a complete elliptic integral of the first kind.

In Exercises 27 and 28, use a Taylor series approximation to derive an
estimate for the period of the swinging pendulum (keep in mind that
we don’t have a closed formula for this integral).

27.* Prove that if |k| <1, the Maclaurin series expansion for
K(k) is

K (k)

T T {MT}#

"2 24| 2)(4)(2n)

(Hint: Substitute ksin# in the Maclaurin expansion of
1/1-x%)

28. Use the series from Exercise 27 to establish the
following approximation for the period of the swinging
pendulum, which is much more accurate for larger
angles than the simple model we have seen previously.

2
T~2n £ 1+9—0
g 16

(Hint: In addition to the Maclaurin series, also use the
approximation sinx = x.)

29-30 Perhaps surprisingly, an explicit formula for the
circumference of an ellipse is not known, for the problem leads to an
integral that is (perhaps unsurprisingly) called the complete elliptic
integral of the second kind. (By now you are probably expecting the
fact that it cannot be evaluated in closed form, which is indeed the
case.)

Use the Taylor series of this integral to approximate the circumference
of an ellipse.

29.* The complete elliptic integral of the second kind is

30.

31.

32.

defined as

E(k)=["1-K*sin>6 ab.

Prove that if [k|<1, the Maclaurin series expansion for
E(k) is

E(k)=" Wi{(l)ﬁ)---(znq)}z i

"2 24| (2)(4)(2n) | 201

(See the hint given in Exercise 27.)

n=1

Given that the circumference of the ellipse

2 2
T4 2 =1, a<b, is C=4bE(k) where
a b

k= l—(az/bz), use the first four terms of the

series expansion from Exercise 29 to approximate the
2 2

circumference of the ellipse XT + ry =1.

The arc of a great circle of Earth connecting Shreveport,
Louisiana, with Gulf Shores, Alabama, is approximately
430 miles long. Use Taylor series to estimate how

much the arc will recede from its chord between these
two cities. Use the first three nonzero terms of the

series of cos 6. Approximate the radius of Earth with

R ~ 4000 miles.

Shrev-epolrt/}w_W\Gulf~ Shores

Use the Maclaurin series expansion of e' to prove that
e is irrational. (Hint: Expressing e as a power series,
you can argue by contradiction as follows. Assuming
p and q are positive integers with e = p/q and
multiplying the power series by ¢!, we obtain

p(q—l)!—2q!—(3-4 ..... q)_(4.5 ..... q)—---—q—l
_ + ! +
qg+1 (q+1)(q+2)
where the assumptions imply that the left-hand side must
be an integer. Finally, argue that the expression on the
right-hand side must be between 0 and 1, an apparent
contradiction, finishing your proof.)
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33. Recall from Section 8.2 that the differential equation 37. The phase speed at which a surface wave propagates
obeyed by the current in an RL circuit is on water of depth d is well approximated by the
dl expression

L—+RI=V.

dt /
s = )\_g tanh E R
Solve this linear equation for /(r) and use the series 2 A

expansion of your solution to show that when ¢ is
small,

where \ is the wavelength.

a. Explain why the following “rule of thumb” is
I (l‘ ) r—L. valid: If the water is deeper than three times the

wavelength, then s~ /Ag/(27). (Note that this

34. The weight of an object at a height / above the surface formula shows that the speed of propagation
of Earth is depends only on wavelength in deep water; in case
of large wavelengths such as tidal waves, this speed
W(h)= can be enormous. In March 2011, just before the
catastrophic Japan tsunami, s was about the same
speed as that of a passenger jet!)

R*W,
(R+ h)2 '

where W, is the object’s weight on Earth’s surface. Use

the first four nonzero terms of the Maclaurin expansion b. Use Taylor series to show that in shallow water,
of W(h) to approximate the height required for an s ~4/gd. (In contrast to the previous case, the
object to lose 5% of its weight. (Use R = 4000 miles.) speed of propagation in shallow water depends

only on water depth, rather than wavelength.)
35. According to Einstein’s theory of special relativity, if

a particle is moving with velocity v, the mass of the

C. 38-41 Find a power series solution of the equation. In each case,
particle is given by

use the initial conditions y(0)=a and y'(0)="b.

m(v) = R
| V2 38. y"-2xy=0 39. y"+9y=0
T2
C !

40. y =2

where m, is the rest mass of the particle and c is the 1-x

speed of light in a vacuum. Use the first 41. (1 —x? )y" —dxy'+2y

three nonzero terms of the Maclaurin polynomial of

m(v) to estimate the speed necessary to increase the 42. Explain why in our discussion preceding Example 5,

mass of the particle by 1%. (Use ¢ ~3x10° m/s.) we did not attempt to find a Fourier coefficient b, for

the index & = 0.
36.* The fastest average qualifying speed at the Indy 500

race, 236.986 mph (approximately 106 m/s), was 43. Verify the Fourier coefficients of Example 5.
reached by Arie Luyendyk in 1996. Using the error

term for the series of £, found in Example 3, estimate
the magnitude of the maximum error one makes when

a. a, :%fﬂxdx:O

1 ¢n

calculating the race car’s kinetic energy at this speed b. a, = —J: xcoskxdx=0 (k=1)
using the classic Newtonian formula of E, = mv?/2. i
(Hint: The series of £, can be rewritten as ¢ b= 1 J.w esinfordx

1Y 3(v2) s(»Y e

=met 2 [+ 2 2 | 4 2 2 .
Ey=me 2[02J+8[c2] +16{czj e =——coskm+——sinkm
k k*m

Substituting x =—v?/c?, notice that the series in _ (_1)k+1 [Ej k>1)
the brackets on the right-hand side is “almost” the k

binomial expansion of 1/ w1+ x. Next, use Taylor’s
Theorem with 7 (x), the remainder of order 1, note
that |v| <106, and give an upper bound for |r1 (v/ c)|.)
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44. Consider the function given by its graph below. After
extending it to R in a 27-periodic manner, find its

Fourier coefficients.

y
4

l,,

10.9 Technology Exercises

47-50 Use a graphing utility to graph the function along with

its Maclaurin polynomial of order 5 on the same screen (use the
polynomial of order 9 in Exercise 50). What is the largest interval on
which the approximation is acceptable? (Answers will vary.)

47, f(x)=(2x-1)
48. f(x)=—

27 -7 0

45. Repeat Exercise 44 for the function graphed below.

y
4

-

49, f(x) =

27 -7 0

46. Let f(x) =3x” be defined on the interval [—m,7],
and let f(x) be the function obtained by extending
/(x) to the entire real line in a 27-periodic fashion.
Find the Fourier series expansion of f (x)
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ZAE XM Finding the Distance between Points in

Cartesian Three-Dimensional Space
Find the distance between the points (—2,5,1) and (3, 0,—1).
Solution

Applying the previous formula, the distance is as follows.

V(23 (=0 +[1-(-)] - V5a -3

Z@3E XM Using the Distance Formula to Construct

an Equation of a Sphere

Construct an equation whose graph is the sphere of radius 2 centered at the point
(2,3,-1).

Solution

A We seek an equation in x, y, and z that describes all those points (x, v, z) that are 2
units from (2,3,—1). So using the distance formula, we need

. L.?\» \/(x—2)2+(y—3)2+[z—(_1)]2 =2,

1 I Y
.y % or, squaring both sides,
X i
(x=2)" +(y=3) +(z+1)" = 4.
Figure 11 The graph of such a sphere is shown in Figure 11. 2 2 2
Sphere of Radius 2 More generally, the graph of the equation (x—a) +(y—b) +(z—c) =r’ is a
Centered at (2,3,—1) sphere of radius r centered at the point (a,b,c).

11.1 Exercises

1-2 Describe the orientation of the third axis if the resulting system 9-16 Explain what you know about the coordinates of point Pif its
is to be a right-handed system. (Hint: Feel free to use the words “out  location in the three-dimensional Cartesian system is as described
of the page” or “into the page.”) below.

1. 2. X 9. P isin the xy-plane 10. P is in the first octant

>

11. P is on the y-axis 12. Pisin the yz-plane

13. P is on the negative x-axis

14. P is in the third quadrant of the xz-plane

>z y<

15. Pisin the plane y = -1
3-8 Plot the given point in the three-dimensional coordinate system.
16. P is in the second quadrant of the plane x =3
3. (1,0,0) 4. (-2,0,1)
5. (0’1’3] 6. (3.4.-1) 17-20 Find the distance from the point to the indicated plane.

17. (1,2,3); the xy-plane

5 7
7. | 1,-2,— 8. | -2,-1,—
( Zj ( 4} 18. (2,—2,—5); the xz-plane
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19.

20.

(0,-7,-2); the yz-plane

(1,-3,4); the plane z = -2

21-25 Find the coordinates of the projection of the given point.

21.

22.

23.

24.

25.

The projection of the point (5,3.2,-2) onto the
xy-plane

The projection of the point (—5, 1, 4) onto the
xz-plane

The projection of the point (3,0,0) onto the
yz-plane

The projection of the point (1,0,—7) onto the plane
z==-2

The projection of the point (1 3,m, —10) onto the plane

y=45

26-35 Describe the set of points represented by the given

equation(s).

26. z=0 27. y=1

28. x=3-y 29. x+y=1, z=0
30. x=y=z 31. xyz=0

32. y=0, z=4x-2 33. z=2y-1, x=5
34. z=|4| 35. z=[x]

36-41 Find the coordinates of the described point.

36. A point in the plane y = —2 whose projection onto the

37.

38.

39.

40. The point on the sphere x* + * + 6y + z* — 7 = 0 that is

41.

xz-plane is (1,0,-5)

A point on the line x = y = z, equidistant from the
xy-plane and the plane z =5

A point on the x-axis, equidistant from the planes z = x

andz=x-2

A point P with an x-coordinate of —1, so that the line
through P and the point (1,-2,5) is parallel to one of

the coordinate axes

closest to the plane y = 5

The point on the sphere x* + y* — 2y + 2 — 6z + 6 = 0 that

is closest to the point (2\/5 1,5 )
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42-45 Match the equation to its graph (labeled A-D).

42, z—x=1
4. >+ =5

A.

43. X+ +22=10

45. y—x"'=0

46-59 Describe the set of points represented by the given
relation(s). (Hint: A sketch may be helpful.)

48.

50.

52.

53.

47. X +y’ >1
X +y +22<4 49. (x—3)2+y2+zz=9
V' +22<9 51 ¥+y=1

xz+y2+(z—3,)2 =25 z=0
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54. xz>20, y=0 55. xyz=0
56. x’—4dx+y +22+62+12=0
57. ¥ +4x+)y"—8y+2°—-10z=0, z>5
58. X’—6x+) +z7+4z<3
59. X+ +8+2-22+8=0, z=-2
60-77 Find the equations or inequalities that define the indicated

set.

60. The plane through (2, 0,—1) that is parallel to the
xy-plane

61. The plane through (1,0,0) that is perpendicular to the

Xx-axis

62. The plane through (—4,7,2) that is perpendicular to
the y-axis

63. The plane through (%,1,e) that is perpendicular to the
z-axis

64. The line through (1,2,3) that is parallel to the z-axis
65. The line through (0, -1, 2) that is parallel to the x-axis
66. The line through (—4,1,5) that is parallel to the y-axis
67. The sphere of radius 2, centered at the point (0,2,0)

68. The sphere of radius J5 , centered at the point
(-1,3,5)

69. The sphere centered at (1,0,—2), passing through the
point (3,—3,4)

70. The circle of radius 1 in the xy-plane, centered at
(1,0,0)

71. The circle of radius 3 in the yz-plane, centered at
(0,-4,1)

Vectors and the Geometry of Space

72. The circle of radius v/2 in the plane y = —1, centered
at (-1,-1,1)

73. The sphere centered at (—1,4,-3) that is tangent to the
vz-plane

74. The sphere with a diameter joining the points
(0,-2,5) and (2,4,1)

75. The intersection of the first octant and the sphere
centered at (3, 2, —1) , passing through the point
(5.3,1)

76. A horizontal circular cylinder of inner radius » = 4 that
is tangent to the xy-plane along the line y = —1

77. The set of points equidistant from (-1,2,3) and
(7,2,3)

78-81 Find the distance between the given pair of points.

2

78. (0,4,2) and (-1,1,0)
79. (-3,4,10) and (5,-3,6)
80. £,3,—1] and (x/i,3,1)

81 2,3J§,—4) and (—1,J§,—2)

82-85 A triangle is given by the coordinates of its vertices. For
the triangle, select all that apply from the following list: a. isosceles,
b. equilateral, ¢. scalene, d. right triangle.

82. (0,6,2), (3,4,1), and (1,3,4)

83. (-12,7), (L13), and (5,3,2)
84. (2,10,4), (1,7,0), and (-3,1,-1)
85. (

2,1,1), (43,1), and (3,1,2)
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11.2 Exercises

1-8 Quantities are given that arise in everyday life. Decide whether
they are vectors or scalars.

1. The speed of your car

2. The cost of a telephone call

3. The velocity of your car

4. The mass of a golf cart

5. The weight of a gallon of milk

6. The displacement of a particle that moved from
(2,-1) to (5,8) in the xy-system

7. The distance covered by a flight from Houston to San
Diego

8. The restoring force exerted by a vertical spring when a
mass is hung on it

9-14 Decide whether the following is a vector.

9. (2,m) 10. (1,0,-4)

1. (0,0) 12. <0,1,cos1>
2772

13, (2,-1,3)-(1,510) 14, [(2,-13)|

15-20 Use the figure below to express the indicated sum or
difference as a single vector. (M is the midpoint of AB.)

B
M
C
A
15. CA+CB 16. CA-CB
17. BC-BM 18. AB+BM +MC
19. 34M — AB-AC 20. 2BM + AC

Vectors and the Geometry of Space

21-24 Geometrically construct the indicated linear combination from
the given vectors.

23. 2u+v—-w

Vw\
—
22. V+2w

24. 3w+lz—u
2

25-30 Find the linear combination in component form if the vectors
u and v are given in component form as u=(4,—1) and v=(58).

25. 3u 26. 2u+v
27. 4v—u 28. lu+gv
4 4
29. u—lv 30. Zv—7ru
2 5

31-34 Find the coordinates of the endpoint of the indicated vector
with the given initial point if u=(3,-1,2) and v=(2,1,-1).

31. 2u with initial point (4, 0,—1)
32. —4v with initial point (2,5,—3)
33. u-—2v with initial point (3,7,-10)

34. 5v—3u with initial point (—3,6,1 1)

35-36 Find a vector v that solves the vector equation.

35. 2v+(4,-8,2)=(2,2,2)

36. (4,-7,1)-4v=(5,-1,0)
37-38 Use vectors to determine whether the given points are
collinear (i.e., whether they fall on the same line).

37. P(2,0,-1), O(-4.31), R(8,-3,-3)

3 17

. P 19_9_ 5 5_13_1 B R 7__91
38 (2 sj 0(3 ) (9 5 3)

39-41 Express the vector w as a linear combination of u and v.
(Hint: Using undetermined coefficients, start with the vector equation
W = au+ bv, and solve the resulting linear system.)

39. w=(L2); u=(23), v=(0,1)

40. w=(4,-7); u=(L5), v=(2,1)
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41. w=(-13,6); u=(-3,1), v=(4,-8)

42-45 Find the magnitude of the given vector.

43. V=<l £>
575

45. z=<—%,—\/5>

42. u=(-43)

44. w= <3,2>
4

46-49 Find the indicated magnitude given that u=(-2,-5) and
v=(-13).
46. |u+2v| 47. |v—4u]|

u-v
3

48.

49. —Lu+zv
10 5

50-55 Determine whether the vectors PTOI and f@z' are equal.
0,(51). A(-1-2), 0,(4-2)
R(20). 0(2-3). (L), 0,(.2)
R(0,0), 0,(0.42), A(L1), 0:(22)
53. P(-5,0,2), 0/(L1,-4), P(0,-1,7), 0,(6,0,1)
P
B

50. P, (0,1),

51.

52.
2

0,0,0), 0 (3.5,-1),

54. P,(4,1,-3), 0,(7.6,2)

55. P(2,13), 0/(-1-44), P(3.21),
Qz( =1, )
56-61 Find the component form and magnitude of the vector PQ.
56. P(4,0,-3), 0(0,0,0)

57. P(2,9,-5), 0(2,9,-5)

58. P(-1,3,4), 0(-5,0,4)

59. P(-2,-13), O(L4,1)

P(
(-
(-
60. (5,1, J [—1,—%,0]

oL P(z,&@} Q[_l,s,lj

3 3 33

62-67 Decide whether the points determine a parallelogram in
three-dimensional Cartesian space.

B(-2,-3),
63. A(-14), B(-3.1). C(2.-5). D(S"%]

D(5,1,4)

62. A(-12), c(6,-2), D(7,3)

64. 4(2,0,-3), B(-4,1,0), C(-1,2,7),

Section 11.2 Exercises 819

65. A(-112), B(50,-2), C(9,-3,0), D(3,-2,4)

66. A4(0,1,0), B(-3,0,4), C(-114), D(2,L1)

67. A(-1,-2,-3), B(4L1), C(-5,-2,-4),
D(0,-1,0)

68-71 Use the technique seen in Example 5 to find the coordinates
of the indicated point.

68. The point one-third of the way from P(12,-3,0) to
Q (09 63 _9)

69. The point four-fifths of the way from P (4,2,—5) to
0(5,2.-10)

70. The point one percent of the way from

P(-3.8,-2.2,1.5) to 0(2.4,-5.6,10)

71. The point(s) on the line ?Q with a distance from
Q(—3,1,7) equaling three times the distance from

P(1,5,3)

72-77 For the given vector v, find the unit vector u pointing in the
same direction. Express your answer in terms of the standard basis
vectors.

72. v=(-8,6)

74. v=(2,0,-1) 75. v=(-4,-52)
1

13 7. v={1-2,-1
4 22

78. Find the unit vector u in R? that makes a directed
2m/3 radian angle with the positive x-axis. Express
your answer as a linear combination of the standard
basis vectors in R,

76. v= <3,—

79. Show that any vector u in R? that can be written as
u =cos i+ sindj, for some 0 <0 < 27, is a unit
vector.

80. Find an appropriate scalar a for the vector v =(2,1,~1)
so that av has a magnitude of 3.

81. Find an appropriate scalar a for the vector
= <—\/§,4, —5> so that aw has a magnitude of 5.

82. Find the vector s in R” that makes a directed 77/6
radian angle with the positive x-axis and has a
magnitude of 2. Express your answer in component
form.

83. By first solving the linear system of Example 7 for
|T1| and |T2|, verify that T, :<—4.55,2.12> and
T, ~(4.55,7.88).
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84. Suppose that in Example 7 the ten-pound weight is
suspended from two ropes that form angles of 75° and
51°, respectively, with the horizontal direction (refer
to Figure 10). Find the tension forces T, and T, under
these conditions.

85. A baseball bounces off a bat with an initial velocity
that has a vertical component of 35.2 m/s and
a horizontal component of 8 m/s. Ignoring air
resistance, determine its velocity at time ¢, and sketch
its position function. (Assume the initial height is 1 m.
See Example 2.)

86. A jetliner flying at 600 mph due west encounters an
80 mph headwind that blows 30° south of east. If
the captain wants to keep both his ground speed and
direction, how much increase in speed will be needed
and in what direction should he steer the plane?

80 mph 5 é !5

_
N 600 mph

I

S

87. A jetliner flying at 500 mph due southeast encounters
a 60 mph tailwind that blows from the north. At the
same time, a 20 mph updraft is affecting the flight.
Find the actual ground speed of the jetliner under these
conditions.

88. A guest in the restaurant section of a passenger train gets
up from his table and cuts across toward the bar walking
at a steady pace of 2 mph. If the train is moving at a
constant eastward velocity of 80 mph, and the passenger
is walking northeast (45° north of east), what is his
resultant (ground) velocity?

89.* A plane is taking off with a flight plan that calls for a
takeoff velocity of 250 mph in the direction of <1, 4, 2>.
However, the plane experiences a tailwind, blowing
at 15 mph in the direction (2,1,0). Calculate the
plane’s actual direction and ground speed at takeoff.
(Express your direction vector in a form where the first
component is 1.)

Vectors and the Geometry of Space

90. Suppose the following three forces are acting
simultaneously upon an object of mass 2 kilograms:
F =2i+j-k F,=3i-j+5k,andF,=7i-4j+2k
(units are in newtons). Find a unit vector u pointing in
the direction of acceleration as well as the magnitude
of the acceleration of the object. (Hint: Use Newton’s
Second Law of Motion.)

91. Use the component definition of scalar multiplication
to verify the five scalar multiplication properties of
vectors, as listed immediately preceding Example 3.

92. Use the component definition of vector addition
to verify the four vector addition properties listed
immediately preceding Example 3.

93.* Suppose that for some scalars a, b and c,
ai+bj+ck=0,wherei, j, and k are the standard
basis vectors in R?, and 0 is the zero vector. Prove that
a=b=c=0.

94-98 Generalize the rules of this section to answer the following
problems for vectors in higher dimensions.

94. Find |u| for u=(1,-4,2,3).

95. Find 3u—2v for u=(1,—4,2,3) and
v=(2,-5,0,-1).

96. Find [2u+v| for u=(3,1,1,5) and v=(-2,0,1,-4).
97. Find u—% for u=(2,0,-4,6,-8,0) and

v=(0,-3,9,-12,1,6).

98. Find for u=(4,-2,0,8,0,-6) and

E+3V
2

v=(2,-2,1,0,-1,1).
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11.3 Exercises

1-10 Find the dot product of u and v.

1.

2.

3.

9.

10.

O

u=i+3j-2k v=2i-j+k

u:1i+j+§k, v=8i-5j-9k
2 3
lu|=4, |[v|=3V2, theirangle is 45°

lu|=2.5, |v|=5, theirangleis 27/3

11-13 Suppose that the length and width of the rectangle below are
2\/§ and 2 units, respectively. Find the indicated dot product.

11.

13.

14-21

14.

15.

16.

17.

18.

19.

20.

21.

A B
M
C D
i 3D 12. Ci.3D
Ci-(Coi + D)

Find the angle between the given vectors.
u=(2,-5), v=(-43)
u=(-11), v=(3,3)

u=i-2j, v=3i+j

u = (c0s32°)i+(sin32°)j,
v =—(cos87°)i+(sin87°)j
u={4,-2,1), v=(2,-15)
u=(-112), v=(3,2,0)

u=i+2j-2k v=2i-2j+k

1 3
u=—i-j+k, v=i-=j-3k
2 2!
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22-26 Prove the indicated property of the dot product. (Hint: Start
by representing vectors u, v, and w in component form.)

22.

23.

24.

26.

27.

28.

uv=v-u
u(viw)=u-viu-w
wu=u 25. 0-u=0
a(u-v)=(au)-v=u-(av), aisascalar
Prove that for any positive c,

u-v

Mo ey
(Hint: Use the properties of the dot product.)
Prove the equation
|u - v|2 = |u|2 + |V|2 - 2|u||v| cosf

for the two cases 6 = 0 and 6 = . (Hint: Use the fact
that v = cu for some constant ¢ in these two cases, with ¢

positive if = 0 and ¢ negative if 0 = 7.)

29-40 Determine whether the given vectors are parallel, orthogonal,
or neither.

29.

31.

32.

33.

34.

3s.

36.

37.

38.

39.

40.

(2,6) and (-1,-3)
(2,-3) and <—%%>
(s,2r) and <—31,%s>

(1,0,-7) and <0,—§,0>

30. (6,4) and (-2,3)

<—s,5s,2s> and Es,_—lss,—3s
2 2
i+j and j—i

i+j and —Ek

7

l, . . 3.
—i+j+2k and i+—j-k

2 2
—i+2j—4k and 5i+2j—§k
3 4

<cos€,sin9> and <—sin9,cos€>

<cos(90° —6),—cos 9,1> and (-sin6,cos0,1)
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41-44 Use the vector method to decide which of the following are
true of AABC: a. acute, b. obtuse, c. isosceles, d. equilateral, e. right
triangle. (Hint: Determine interior angles.)

41.

42.

43.

44.

45.

A(1,2,5), B(-1,2,-4), C(838.5)
A(-4,5,6), B(-2,4,13), C(-1,-3,4)
A(2,-11), B(6,2,0), C(3,1,5)
A(3,-4,1), B(1,-3,4), C(0,-6,2)

Find the angles determined by the two diagonals of
the quadrilateral with vertices (1,2,§), (0,-1,0),
(3,1,-%), and (2,-3,-2).

46-49 Determine the value of the parameter so that the vectors are
orthogonal.

46.

47.

48.

49.

50.

51.

52.

53.

54.

5s.

<s,%s,2> and (-5,25,3)
(2,5,-3s) and (s,1,1)
(t,-2,¢) and <t,t,t2>
(4,5,-2) and (4,5,8)

Find a vector of length V3 in R’ that is orthogonal to
both (1,0,1) and (0,1,1).

Use vectors to show that a parallelogram is a thombus
if and only if its diagonals are perpendicular.

Prove that if the diagonals of a parallelogram are
perpendicular, then the parallelogram is a thombus.

Thales’ Theorem states that any point on a circle
determines a right triangle with the endpoints of any
diameter not containing the point. Use vectors to prove
Thales’ Theorem. (Hint: It is enough to prove the
statement for the unit circle centered at the origin.)

Find an equation of the line that contains the point
(a,b) and is perpendicular to the vector n = <nl, n2>
(m is called a normal vector to the line). (Hint: Notice
that for any point (x, y) on the line, the vector

<x —-a,y— b> must be perpendicular to n, so their dot
product is 0.)

Use Exercise 54 to derive the point-slope form of the
equation of a line of slope m through the point (a,b).
(Hint: Notice that n = <—m,1> is a normal vector.)

Vectors and the Geometry of Space

56.

Use normal vectors to determine the angle between
the lines with slopes m = 1 and m = 3, respectively.
(Hint: Note that the angle between the lines is the
same as that between their respective normal vectors.

See the hint given in Exercise 55.)

57-58 Find a unit vector that is normal (or perpendicular) to the

given line.
57. x-3y=7 58. y:%x—S
59. Generalize Exercise 54 to find an equation of the

60.

plane in R’ that contains the point (a,b,c) and is
perpendicular to n = <n1,n2,n3>. (The vector n is
called a normal vector to the plane. We will elaborate
on this approach in Section 11.5.)

Use Exercise 59 to find the equation of the
plane through (2,-4,1) that is perpendicular to
n=(5-31).

61-62 Find a normal vector to the given plane.

61.

63.

x—4y-2z=17 62. 2x+y—-5z=1

Use the results of Exercises 61 and 62 to find the angle
between the planes x —4y —2z=7and 2x+y — 5z = 1.
(Hint: The angle between two planes is the same as
that between their respective normal vectors.)

64-67 Find the direction angles of the given vector.

64. (1,0,-1) 65. (2,-1,4)
o [1o 2B) o 1S
3 3 2 3
68. Suppose the first and second direction angles of a

69.

70.

vector in the first octant are 7/6 and 7/3. Find the
third direction angle.

Prove the Cauchy-Schwarz Inequality: For any vectors
u and v in R? or R?,

R

Under what conditions does equality hold? (Note that
on the left-hand side, || means the absolute value of a
scalar, while the right-hand side is the product of the
magnitudes of the vectors.)

Use the Cauchy-Schwarz Inequality (Exercise 69) to
prove the famous Triangle Inequality: For any vectors
uand vin R? or R,

|u+v|£|u|+|v|.
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Under what conditions does equality hold? (Note
that this inequality states that the sum of the lengths
of two vectors never exceeds the sum of their
individual lengths. Hint: Estimate |u + v|2 by writing
2 .
lu+v|]" =(u+v)-(u+v). Then use the properties of
the dot product and the Cauchy-Schwarz Inequality.)

71. What can you say about v if |u| =2, |V| =4, and
|u . V| is maximum?

72. Use Exercise 70 to prove the following.
Juf=[v][<a+]

(This is often called the “left-hand part of the Triangle
Inequality,” or the “Reverse Triangle Inequality.”)

73. Prove the following so-called Parallelogram Law. Can
you give a reason for its name?

|u+v|2 -|-|u—v|2 = 2|u|2 +2|v|2.

74-83 Decompose u into a sum of two vectors, one parallel to v and
one perpendicular to v.

74. u=(3,-1), v=(1,7)

75. u= 2,l , V= é,—3
3 2

80. u=i+3j-2k v=2i-j+k

81 u=—i+j+ok, v=8i-5j-9k
273
82. |u/=4, |v|=3V2, theirangle is 45°

83. |u|:2.5, |V|:5, their angle is 27/3

84. For v= <2,—l>, find a vector u such that

b. |projuv

=3
>

H 5
a. |pl‘0]vll =3,

(Answers will vary.)

85. For v= <—3,0,l>, find a vector u such that

|projvu

=5
=3,

Section 11.3 Exercises 829

86.* Prove that the distance d from a point Q(x0 , yo) toa
line ax + by =c is
de |ax0 +by, —c| .
Ja* +b*
(Hint: Revisit Exercises 59 and 60 to identify a normal

vector of the line, then pick a point P(x,y) on the

line, and consider proan.)

87.* Prove that the distance d between parallel lines
ax+by=c, and ax + by =c, is

_ |cz _Cl|

d=————.
Ja® +b?

88.* Generalize your solution to Exercise 86 to three
dimensions to show that the distance d from a point
Q(xo,yo,zo) to aplane ax + by + cz= f is

de |ax0+by0+czo—f|

Nat+b*+¢?

89.* Generalize Exercise 87 to show that the distance d
between parallel planes ax + by + cz = f, and
ax+by+cz=f,is

|f2_f1|
Va? +b* +¢?

d=

90-93 Use the formulas from Exercises 86—89 to find the indicated
distance.

90. The distance between the point (1, 2) and the line
x-y=4

91. The distance between the lines 2x + 3y =2 and
2x+3y=-5

92. The distance between the point (1,2,3) and the plane
x=3y+z=2

93. The distance between the planes x — 2y + 5z = 1 and

xX—=2y+5z=7

94-95 Find the work done by the force F as it moves an object from
P to @. (Suppose F is measured in pounds and a unit distance is
1 foot.)

94. F=-2i—j+5k from P(1,2,3) to O(4,-7,6)

95. F=i-4j+2k from P(~7,1,-4) to O(-3,-6,2)
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96.

97.

98.

Chapter 11

In order to close a curtain, a hotel guest pulls a rod at
an angle of 45° with a constant force of 10 pounds.
Find the work done if the curtain moves 5 feet to its
closed position.

A sailboat is propelled a distance of 1 km by a wind
that makes a 45° angle with the boat’s direction of
travel. Find the work done by the wind if its force is
2000 newtons.

A father is pulling his little son in a sled up a 20° slope
that is 20 meters long. The rope makes a 30° angle
with the surface of the slope and the combined weight
of the child and the sled is 200 newtons. (Ignore
friction and any acceleration of motion.)

a. Find the work done by the father on the sled.

b. Find the force of tension in the rope.

99.* Repeat Exercise 98 under the assumption that the

100.

coefficient of friction is pz = 0.13.

Use vectors to find the angle between the diagonal of a
cube and

a. one of its edges,

b. the diagonal of one of the faces.

101.% Prove that the points (0,0,0), (0,1,1), (1,0,1), and

(1,1,0) determine a regular tetrahedron and find
the angle any edge makes with the face that doesn’t
contain it.

Vectors and the Geometry of Space

102.

103.

Use two-dimensional unit vectors to prove the
following well-known formula from trigonometry:

cos(a—(3) = cosacos 3 +sin asin 3.

(Hint: Considering two unit vectors, represent them as
in Exercise 17, and interpret their dot product.)

A company manufactures three different products,
producing n, of each during a given production cycle
(j=1,2,3). Accordingly, the total production of a
given cycle can be arranged into a three-dimensional
production vector: p = < D> D> p3>. If the selling price
of the j" product is s; dollars each, the price vector can
similarly be defined as s = <s1,s2,s3>. Interpret the dot
product p-s for a given production cycle.

Concept Check

104-120 Determine whether the given statement is true or false. In
case of a false statement, explain or provide a counterexample.

104.

105.

106.

107.

108.

109.

110.

111.

112.

113.

114.

115.

116.

117.

118.

119.

120.

(1,3,0)-(-2,1)=1

Julv=vlu

Julv=ul

u-(vow)=(u-v)-w
Juf-(v-w) = v+ (julw)
ul(v-w) = v-((ulw)

If (u-v)+w=0, then (u-v)=-w.
(wv)(wx) =[(wx)u]v =u[(wox)v]
Ifu-v=u-w and u#0, then v=w.

(v w) = ul + o

u-v <0 if and only if the angle between u and v is
obtuse.

(proj,u—u)-proj,u=0

If u is orthogonal to both v and w, then u is orthogonal
tov+w.

If |pr0jvu| = |u| , then u and v are parallel.
If |projvu| =0, then u and v are orthogonal.
If u| <|v], then w-w<v-w.

If |pr0jvu| = |pr0juv

, then |u| :|v|.
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g ’E WM Using a Cross Product to Find the

Torque Generated by a Wrench

A bolt is tightened by a wrench supplying 20 pounds of force at an angle of § = 75°
(see Figure 9). The length of the wrench is 1 foot. How much torque is applied to the
bolt at the pivot point?

Solution

[t| = |r x F| = r||F|sin6 = (1)(20)sin 75° ~ 19.32 Ib-ft

Note that the direction of the torque vector is into the page.

Figure 9

11.4 Exercises

1-6 Use the determinant formula to find the cross product.

L (2,-5,1)x(1,1,-1) 2. (-3,0,1)x(2,1,4) 3. (5-5,2)x(3,1,-1)

4. <l,2,—3>x<1,3,—1> 5. <l,3,0>x<0,—§,—1> 6. (0.2,-0.8,1.25)x(-2,8,~12.5)
2 2 3 37 4

7-13 Use the determinant formula to prove the indicated property of the cross product. (Assume u, v, and w represent vectors in R*, while a
and b represent scalars.)

7. uxv=—(vxu) 8. ux(V+w)=uxv+uxw 9. (au)x(bv)=(ab)(uxv)
10. ux(vxw)=(u-w)v—(u-v)w 11. 0xu=0 12 (u+V)XW=uxw+vxw
13. u-(vxw)=(uxv)-w
14. Prove that the cross products of the standard unit vectors obey the following vector equations.
a. ixj=k b. jxk=i c. kxi=j
15-18 Notice that using the properties of the cross product and results of Exercise 14, we can evaluate cross products as illustrated by the
following example.
(i+35+2K)x (2i—4j+5k)=2(ixi)—4(ix])+5(ixk)+6(jxi)-12(jx])
+15(ixK)+4(kxi)—8(kxj)+10(kxK)
Notethat ixi=jxj=kxk=0 —=-4(ixj)—5(kxi)—6(ixj)+15(jxk)+4(kxi)+8(jxk)
=—10(ixj)— (kxi)+23(jxk)

=-10k —j+23i

=23i-j-10k
Use the above method to evaluate the cross product uxv.
15. u=2i-j+3k, v=-i—j+2k 16. u:%i+%j—k, v=2i-9j-12k
17. u=(4,-2,1), v=(2,5-6) 18. u=(-5,12), v=(3,4,-1)
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19-22 Find both unit vectors perpendicular to u and v.

19. u=(10,-1), v=(2,-2,1)
20. u=(3,1,0), v=(-10,2)
21. u=j-3k, v=-2i+j

22. u=2i-j+k, v=-i—j+3k

23-26 Construct a vector normal to the plane containing the
indicated points.
23. P(0,0,0), Q(2,—1,1),

24. P(-5,0,4), 0(2,2,2), R(6,-1,3)
25. P(l,—l,—lj, Q(§,3,Zj, R[z,l,oj
2 2’72 2

26. P _iy_zsl 5 Q _15_233 5 R és_lyl
3764 3764 6 6

R(3,3,4)

27. Prove that ABx AC =0 if and only if the points 4, B,

and C are collinear (i.e., they lie on the same line).

28-31 Use Exercise 27 to check whether the given points are
collinear.

28. P(3,L1), 0(2,-1,0), R(1,4,-1)

29. P(3,11), 0(2.-1,0), R(5.5,3)

30. Pl2.0.-1). 0 L s r[2.210
2 2 2
31 plolal, 0 Lol rl-1-2.2
3 3 3

32-35 Find the area of the parallelogram spanned by the given
vectors.

33. (-3,-2), <1,—§>
(-9.-6)

32. (1,4), (-3,1)

34. (7,3), (6,-10) 35. (6,9),

36-39 Find the area of the triangle with the given vertices.

36. 4(0,0,0), B(1,2,3), C(-3,-2,-1)

37. A(LLY), B(4,-2,5), C(-3,1,-1)

38. 4(-4,1,2), B(-13,5), C(-3,0,-5)

39. 4L ,§ B[22 -1
2’ 27 72 27 72

Vectors and the Geometry of Space

40. Suppose that the vertices of a triangle ABC in the xy-
plane have coordinates (x,,y,,0), (xz,7,,0), and
(xc,y¢,0), respectively. Prove that the area of AABC
is half the absolute value of the following determinant.

1 1 1
X, Xp Xo

Ya Vs Ve

41-46 Suppose u=(13-2), v=(4,-11), and w=(-22-1).
If possible, evaluate each of the following expressions.

41. u+(v><w) 42. (u+v)><w

43. ux(vxw) 44. u-(vxw)
45. ux(v-w) 46. (uxv)+w
47. Describe the conditions u or v have to satisfy in order

for both their dot product and cross product to be zero,
that is, for u-v=0 and uxv=0.

48. Prove the following determinant formula for the triple
scalar product.

(u><v)-w:vl v, v

W W, W

49-52 Find the volume of the parallelepiped spanned by the
indicated vectors.

49. u=(2,-13), v=(3,0,4), w=(-11,-2)
50. u=(1,2,3), v=(2,-14), w=(-10,3)
51 u=(1,1,3), v=(1,31), w=(3,11)

52. u=(1,0,-3), v=(0,-52), w=(3,L1)

53. In light of Exercises 49—52, state a condition in terms
of the triple scalar product for three vectors to be
coplanar (that is, to lic on the same plane).

54-55 Use the condition you found in Exercise 53 to determine
whether the vectors are coplanar.

54. u=(2,-13), v=(-12,3), w=(3,2,-1)

55. u=(L51), v=(-2,-4,0), w=(-3,-15-3)

56-57 Use Exercises 5355 to determine whether the given points
are coplanar.

56. 4(0,0,0), B(1,3,4), C(-1,-2,-3), D(LL1)
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57.

58.

59.

60.

61.

62.

63.

A(1,5,0), B(2,4,-1), C€(0,3,0), D(4,2,-3)

Use the cross product to prove the following
well-known formula from trigonometry.

sin (o — ) = sinacos 3 —cosasin 8

(Hint: See the hint given in Exercise 102 of
Section 11.3. Turn the unit vectors into
three-dimensional vectors as in Example 4, and
interpret their cross product.)

A bolt is tightened by an 18-pound force at the end of
a 10-inch wrench at an angle of § = 60°. What is the
magnitude of the torque applied to the bolt at the pivot
point?

Repeat Exercise 59 if the length of the wrench is
16 inches and a rotating force of 15 pounds is applied
at 0 =45°.

The force F exerted by the uniform magnetic field with
induction vector B on a wire carrying current I obeys
the vector equation

F=/IxB,

where / is the length of the wire. (The standard SI
unit for B is the tesla (T). If, in addition, we measure
I in amperes (A), the above equation will return F

in newtons (N).) Find the magnitude of the force
experienced by an 8 cm wire in a uniform magnetic
field of B=2 T if it carries a current of 0.3 A and the
angle between the wire and B is 8 = 30°.

The force F experienced by a charged particle ¢
moving at velocity v m/s in the uniform magnetic
field B obeys the vector equation

F=gvxB,

where (just like in Exercise 61) we obtain the force

in newtons (N) if we measure B in teslas (T), g in
coulombs (C), and v in meters per second (m/s). Find
the magnitude of the force experienced by an electron
moving in a uniform magnetic field of B=0.001 T

at v=1.2-10° m/s if the velocity vector and B form

a 25° angle. Note that the magnitude of the charge
carried by an electron, or the elementary charge, is
e~1.6-10" C.

Use an appropriate property of the cross product
(see Exercises 7—13) to verify the following vector
equation.

ux(vxw)+vx(wxu)+wx(uxv)=0

Section 11.4 Exercises 839

64. Prove that if vectors s, u, v, and w are coplanar (i.c.,
contained by the same plane), then

(sxu)x(vxw)=0.

65. Let A, B, C, and D be four distinct points in
three-dimensional Cartesian space. Prove that
(A_é X ﬁ) x AD is parallel to the plane containing A4,
B, and C.

66. Find the equation of the plane through the points
(-5,0,4), (2,2,2), and (6,-1,3). (Hint: See
Exercise 60 of Section 11.3 and Exercise 24 of this
section.)

67. Repeat Exercise 66 for the plane through (%,—1,—1),
(3.3,2), and (2,1,0).

68.* (Section 11.3 Exercise 86 revisited) Prove that the
distance d from a point Q to a line containing the
points R and S'is

w7
S

69.* (Section 11.3 Exercise 88 revisited) Prove that the
distance d from a point Q to a plane containing the
points R, S, and T'is

- KRSXRT RO
‘RSxRT

70-73. Use Exercises 68—69 to find a second solution for
each of Exercises 90-93 of Section 11.3.

74. For vectors u, v, and w in three-dimensional Cartesian
space, prove Lagrange's identity.

o v]” = fuf" V" - (u-v)°

75.* A rectangular tetrahedron is one with a vertex such that
any pair of incident edges form right angles. (Such is
obtained by “chopping a corner off” a cube.) Denoting
the areas of the faces containing a right angle by a, b,
and ¢, respectively, and that of the fourth face by d,
prove the following “three-dimensional generalization”
of the Pythagorean Theorem.

a+b+c=d’
(Hint: Place the tetrahedron appropriately into the

three-dimensional Cartesian system, and use the
techniques of this section to find the areas of its faces.)
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76. Suppose that the nonzero vectors u, v, and w satisfy 1 *I . 4 Techn OIOgy Exerci ses

ux(vxw)=(uxv)xw=0.

95-96. Use a computer algebra system or programmable
calculator to write a program that decides
whether four points (given by their coordinates)
in three-dimensional space lie in the same plane.
Use your program to check your answers for
Exercises 56-57.

Prove that v and w are parallel, or both are
perpendicular to u.

77. Prove: (sxu)-(vxw)= svoww

S'W u-w

78-81 Determine whether the given expression is a vector, a scalar,
or nonsense.

78. ux(|u|v) 79. (u~v)><|v|
80. (u-v)+|v| 81. |v|(uxv)
Concept Check

82-94 Determine whether the given statement is true or false. In
case of a false statement, explain or provide a counterexample.

82. uxv=vxu

83. uxv=(-u)x(-v)

84. (—u)xu=0

85. [u|xv=vxu|

86. If (uxv)+w=0, then (uxv)=—-w.
87. u-(vxw)=(u-v)xw

88. ux(vxw)=(uxv)xw

89. uxu=|u|

90. If |u|<|v| and w =0, then uxw < vxw.
91. (u-v)x(u+v)=2(uxv)

92. u-(uxv)=0

93. u-(vxv)=0

94, If uxv=uxw and u # 0, then v=w.
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11.5 Exercises

1-3 Determine which of the given points lie on the given line L.

1. Listheline r(r)=(2+3t,~1+1,4+2t);
A(5,0,6), B(0,0,2), C(-1,-2,2)

2. L is the line through the point (—1, 0, 5) and parallel to
i-3j+k; 4(1,-6,3), B(-3,6,3), C(-1,-1,4)

2

3. L is the line through the points (-6,-2,1) and
(-4.1,3); 4(-2,4,5), B(4,13,11), C(0,7,2)

4-11
line.

Find the vector form and the parametric equations of the given

4. The line through the point (2,5,-3) and parallel to
i+j+3k

5. The line through the point (1, 2, 3) and parallel to
3i+2j+k

6. The line through the point (14, 0,—%) and parallel to
(-L3:3)

7. The line through the point (0,—5,8) and parallel to
(-4,-15,-19)

8. The line through the points (0,—1,0) and (4,1,1)

9. The line through the point (—9,1 1,-6
4i+3k

) and parallel to

10. The line through the points (3,—5,1) and (0,2,7)

11. The line through the points (16,21,28) and
(-10.5,32,12)

12-19. By changing the initial point and the tracing rate,
find alternative parametrizations for each of the lines
in Exercises 4—11.

20-24 Find parametric equations for the line segment between the
two given points. (Hint: First determine a direction vector and be sure
to appropriately restrict the possible values of the parameter t)

20. The line segment between (—1,0,1) and (3,2,0)
21. The line segment between (1,2,3) and (3,2,1)

22. The line segment between (-2,4,7) and (-1,5,8)
23. The line segment between (-3,2,-11) and (5,-2,~7)
24. The line segment between (

71 %) and (3’ 6’;)

Section 11.5 Exercises 847

25-32. Find the intersection points of the lines in
Exercises 4-11 with the coordinate planes.

33-37 If possible, determine the point of intersection of the given
pair of lines.

33. r(t)=(1+6,-2+5t,1) and s(u)={(4+3u,2u,2+u)
34. r()
s(u)

u

(4+2t,-1-1,2+3¢) and

<l+7u,l—3u,é+u>

2 2 2

35. r(t)=(3+13t,1+2f) and
s(u): 1+ u,—1—2u,—2+u>

36. t

s(u)

37. r(t):<1—t,2t—1,4t> and s(u)=(2+u,5+2u,2)

<3+2t3+2t3 lt> and
2 2

5—2u,6u—19,— 3 >

38-42 Find a scalar equation for the plane containing the given
point and having the indicated normal vector. Then describe the plane
as a two-parameter set of points in R®.

38. The plane through the origin, with normal vector
=(-1,3,1)

39. The plane through the point (2, 0,9), with normal
vector n = (5,-4,-1)

40. The plane through the point (7,2,4), with normal

(-1,2,-5)

vector n =

41. The plane through the point (1,2,3), with normal

/1 3 5
vector n = <7’E’;>

42. The plane through the point (—2, 3, 5) , with normal
vector n = (7,—2 —i>

52 2

43-47 Find an equation for the plane containing the given points.

43. 4(2,0,0), B(0,1,0), €(0,0,-3)
44. A4(2,0,-1), B(3,-4,4), C(-152)
45. 4(1,2,0), B(3,0,4), €(0,5,6)

47. A

46. 4311 102, C(-4.-1.2
[531) o103} cema
(

4,0,~ ] B(1,0,1), C(2,-1,-5)
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848 Chapter 11 Vectors and the Geometry of Space

48-51 Find the parametric equations of the line as described. 66-69 Find the point of intersection between the given line and
plane.
48. The line through the point (—5,7,8) that is

perpendicular to the plane 2x — y + 3z =4 66. The line r(¢)=(r—1,4z,¢) and

the plane 3x —y +4z=3
49. The line through (—3,—1,4) that is parallel to the line

r(¢)=(1+1,-2+41,1-31) 67. The line r(¢)=(2+5¢,3t-2,4+1¢) and

the plane x + 2y — 6z =2
50. The line through the origin that is perpendicular to the

vectors i+2jand i -k 68. The line r(¢)= <8 +1,4+21,3+ §> and
51. The line through the point (—1,—1,—5) that forms a the plane x +2y -2z +3=0
right angle with the line r (t) = <1 +¢,14+2¢,1- t>
. t t t
52-56. Solving each of the parametric equations 69. The line r (f ) = <1 + 9 1- TR 1+ Z> and

x=x,+at, y=y,+bt, and z =z, +ct fortand
equating the results yields the so-called symmetric
equations for a line.

the plane 5y +z=15+x

70-73 Find the parametric equations for the line formed by the
X7X YT _E75 intersection of the two given planes.

a b c

) ) ) 70. x—2y+z=4, thexz-plane
Use this method to find the symmetric equations for

the lines in Exercises 4-8. 1. x+3y—-z=2, 2x—-y+z=1

! , . 72. x-2y—-z=3, —x+y+2z=0
57-65 Find the equation of the plane as described.

) 73. 3x+y—-2z4+41=0, x+y—-4z=5
57. The plane through the point (-2,1,5), parallel to the

plane 3x — 2y + 5z =1 74. Find an equation for the set of points that are

equidistant from the points (2,-1,6) and (-4,5,2).
58. The plane through the point (-5,0,1), perpendicular to

the vector <1’_1’7> 75. Find the equation of the plane having x-, y-, and
z-intercepts of (a,0,0), (0,5,0), and (0,0,c),
59. The plane through the point (6,-1,2), perpendicular respectively.

to the line r(¢)={1-¢t,3+4¢,2+t¢
( ) < > 76. Find three planes that intersect along the line

60. The plane that contains the z-axis and makes an angle r (l‘ ) = <t —1,41,1 >
of 7/6 with the positive x-axis

61. The plane through the point (3’5’_2) that contains the 77-80 Find the shortest distance between the point and the plane.

1inex=2—t,y:4+2t,z=t—3 77. A(0,0,0), 4x_y+5221
62. The plane containing the lines r(t) = (1 +t,-2+ 5t,1> 8. A(—2 1 7). Xx=3y+2z=0

and s(u) = <4+3u,2u,2 +u>

79. A(-3,1,-1); 2x-2y+z=3

63. The plane containing the lines

r(f)=(4+26,~1-£,2+3t) and 80. A(L23); x+2y+3z+4=0

AU U

s(u)= PR P 81-84 Find the shortest distance d between the given skew lines.

64. The plane through the points (4,—1,1) and (1,0,-2) 81. r(¢)=(L1+z,) and s(u)=(-2u,1-u,2-2u)

that is perpendicular to the plane 2x —y +z=9

82. r(r)=(1+41,0,-2¢) and s(u)={(4u—4,2u,u)
65. The plane that contains the line 3 3
r(t) = <t —-2.4+¢,3— 2t> and the intersection of the 83. r(t) - <2t’t_1’_1> and s(u) - <u —1,2u,2u _1>
planesx —y+2z=0and 2x +2y —z=1 84. r(t):<l+2t,2—9t,l—3t> and
s(u) = <2u,16u —7,2u>
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85-88 \We can find the shortest distance in three-dimensional
space from a point A to a line containing a point B by the following
argument. Denoting the direction vector of the line by v, and the

angle formed by v and the vector BA by 6, note that the distance
d we are seeking is ‘ﬁ‘-sin& (see figure below). Recalling that

VXE&‘ =|v| ~‘§A"~sin0, d can be expressed as

v
ad=—-"-.

v
(Note that this is an improvement over Exercise 86 of Section 11.3
where both the point and the line were lying in the xy-plane. However,
it is worth comparing the above formula with that of Exercise 68 of
Section 11.4))
A

/) ——
B v

In Exercises 85—88, use the above formula to find the shortest
distance between the point and the line.

85. A4(2,-11); r(r)=(31,1-1,1+1)
86. A(-2,1,0); r(¢)=(1+112-1)

87. A(1,0,0); r(r)=(1-20,1-1,1+31)
88. AG,S,—4]; r(t)=<%—t,6+t,—3—21>
Concept Check

89-116 Determine whether the given statement is true or false. In
case of a false statement, explain or provide a counterexample.

89. If the corresponding coefficients of x, y, and z in the
equations of two planes are equal, then the planes are
parallel. (Here we assume that both equations are in
the standard form ax + by + cz=d.)

90. If two planes are parallel, then the corresponding
coefficients of x, y, and z (as in Exercise 89) in their
equations are equal.

91. If the corresponding coefficients in the equations of

two planes (as in Exercise 89) are negative reciprocals,

then the planes are perpendicular.

92. If two lines are parallel to a common line, then they
are parallel.
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93.

94.

95.

96.

97.

98.

99.

100.

101.

102.

103.

104.

105.

106.

107.

108.

109.

110.

111.

112.

113.

Section 11.5 Exercises 849

If two lines are parallel to a common plane, then they
are parallel.

If two lines are perpendicular to a common plane, then
they are parallel.

If two lines are perpendicular to a common line, then
they are parallel.

If two planes are perpendicular to a common plane,
then they are parallel.

If two planes are perpendicular to a common line, then
they are parallel.

If two planes are parallel to a common line, then they
are parallel.

If two planes are parallel to a common plane, then they
are parallel.

If two lines do not intersect, then they are parallel.
If two planes do not intersect, then they are parallel.

If a line and a plane do not intersect, then they are
parallel.

The intersection of a line and a plane is empty or a
single point.

The intersection of two distinct planes is empty or it is
a line.

If plane P is parallel to the xz-plane, then <1, 0, —1> is
normal to P.

If plane P is parallel to the xz-plane, then <0, -1, O> is
normal to P.

If plane P is parallel to the xz-plane, then the
coefficient of y in its equation is 0.

If plane P is parallel to the xz-plane, then the
coefficients of both x and z in its equation are 0.

The plane y = 0 contains the y-axis.
The plane 2z — x = 3 contains the y-axis.
The plane 2z — x = 0 contains the y-axis.

The plane with equation ax + by + ¢z = d goes through
the origin if and only if d = 0.

If n, and n, are normal vectors to the planes P, and P,,
respectively, then n, xn, is a direction vector for their
line of intersection.



850

114.

115.

116.

Chapter 11 Vectors and the Geometry of Space

If L, and L, are skew lines, then there is a pair of
parallel planes containing them.

11.5 Technology Exercises

The vector equation r (t) = <3 +¢,5-2t,1- 4t> and
the parametric equations x =5 —%, y=1+tand
z =7 + 2t describe the same line.

The equations 4(1-x)+2(y—7)-14(z—1)=0 and
2x —y + 7z = 2 describe the same plane.

117-121.

122-130.

Use a computer algebra system or programmable
calculator to write a program that returns the
equation of a plane through three given points in
three-dimensional space. Use your program to
check your answers for Exercises 43—47.

Use a computer algebra system or programmable
calculator to write a program that decides whether
two lines intersect in three-dimensional space. If
they do, the program should return the coordinates
of the intersection point, otherwise the message
“skew lines” should appear, along with the shortest
distance between them. Use your program to revisit
Exercises 33-37 and 81-84.
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856 Chapter 11 Vectors and the Geometry of Space

nt}= ContourPlot3D[(y*2) /9- (2z"2) /4==x/5,
{x/ _51 5}1 {YI ‘41 6}1 {zl _31 7}]

out[1]=

Figure 10

n2= ContourPlot3D[(y*2) /9-(z"2) /4==x/5,
{xr ‘51 5]‘/ {YI '41 6}/ {Z, ‘31 7}/
ContourStyle » Opacity[0.5], Mesh -» None]

Figure 11

11.6 Exercises

1-8 Identify the surface defined by the equation and match it to the appropriate graph (labeled A-H).

L x*=2(1-y) 2. YV -dy+=4

L VP x R

5 8 6 9 4 25
x2 y2 ZZ

. s —:1 . 2 42— 2:12

5 TR 6. 6y +4z —3x

7. 5x* =87 +32y— 102 +20z=82 8. 15X +30x—20y+ 1222 +55=0
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9-16 Sketch the surface by hand. Use cross-sections to help you
with your sketch.

11. yz—(

13 X¥—6x+2y+11=0 14. ¥ -6x+2)°+8=0

15. cos%—y=1 16. Inx-z=0

17-18 Find the lengths of the major and minor axes as well as the
2

foci of the indicated cross-section of the surface z = % +y2

17. z=4 18. z=38

Section 11.6 Exercises 857

19-20 The intersection of the given plane and the surface from
Exercises 17—18 is a parabola. Find the coordinates of its vertex and
focus.

19. x=1 20. y=1

21-34 |dentify and sketch the quadric surface by hand. Use cross-
sections to help you with your sketch.

2 2 _22
i X
9 16 4
2
+1 2
p, U 2
9
2 2
3. w2+ 297 9y
16 25
3x?

24, 32212y =25
Y=
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25.

26.

27.

28.

29.

30.

31.

32.

33.

34.

35.

36.

Chapter 11

2
322—2y2:1+%

3x?
322 4+2y ="
Y 2

3x
327 +2y* ===
z y 5

322 +2y° —l—ﬁ
4 2

2X°+2y =z

2)c2-1-2y2:z2

X+2x-y"+27=0

X+ 2x+2)°+ 32 =8y

X 4+2x—-2)"-3z=8y+7
X +2x+2=37=8y+2

Consider the quadric surface of Exercise 29,

2x* + 2y = z. Find the intersection of this surface with
the xz-plane. Explain why it is called a “generating
curve” of the surface.

Find another generating curve for the surface

in Exercise 35, and argue that the generating

curve of a surface of revolution is not unique.
(Hint: Consider the intersection of the surface with
another coordinate plane.)

37-38 Find the indicated generating curve for the given surface.

37.

38.

x> +)* = 5z, the generating curve that lies in the
yz-plane

x* + 2" = 1 — 37, the generating curve that lies in the
xy-plane

39-46 Find an equation for the surface that results from rotating the
curve about the indicated axis. (Hint: See Exercises 35-38.)

39.

40.

41.

42.

43.

44.

45.

x*=2y; about the y-axis

x =2y; about the y-axis

y= \/ﬁ ;. about the z-axis
y=+1-x; about the x-axis
x= gxlzz +¢?;  about the z-axis
2xz =3; about the x-axis

2xz=13; about the z-axis

Vectors and the Geometry of Space

46.

47.

48.

49.

50.

e’ .
z= ?; about the y-axis

Assuming that Earth is a perfect ellipsoid with
equatorial and polar radii of 6378 and 6357 kilometers,
respectively, find the equation of this ellipsoid
assuming it is centered at the origin and the axis of
rotation is the z-axis.

What do you know about a, b, and c if the horizontal
2 2 2

Y

. X
cross-sections of the graph of = + el + = =1 are

circles?

Prove that all horizontal cross-sections of the ellipsoid
2 2 2
X .
—+ y—z +— =1 have the same eccentricity. Can you
b
make a similar statement about vertical cross-sections?
(Hint: For a refresher, see the definition of eccentricity

in Section 9.5).

Find the equation of the set of points in
three-dimensional space which are equidistant from
the point (0,0,1) and the plane z = —1.

Concept Check

51-55 Determine whether the given statement is true or false. In
case of a false statement, explain or provide a counterexample.

51.

52.

53.

54.

5S.

A sphere is not an ellipsoid.

A vertical paraboloid whose horizontal cross-sections
are circles is not an elliptic paraboloid.

2 2 2
If a = b in the equation _2+y_2__2 =1 ofa
a b ¢
hyperboloid, then its horizontal cross-sections are
circles.

A quadric surface that is a surface of revolution has a
unique generating curve.

A quadric surface that is a surface of revolution has a
unique axis of rotation.

11.6 Technology Exercises

56-63.

64-717.

Use a graphing utility to sketch the cylindrical
surfaces of Exercises 9-16.

Use a graphing utility to sketch the quadric surfaces
of Exercises 21-34.
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Section 12.1  Exercises 877

74 'E1 WM Using Integration to Find Velocity

and Position Vector Functions

Aballis shotby a slingshot into the air with an initial velocity vector v (0) = <0, 10, 64> .
measured in ft/s. Determine its velocity v and its position r as functions of time ¢.
Find the positions of the ball at 2 seconds and 4 seconds.

Solution

We begin with the fact that the acceleration of the ball is given by the vector
a(t) = <O, 0, —32> , reflecting the fact that Earth’s gravity is pulling it (and every other
object) in the negative z-direction at a rate of 32 ft/ s*. So the ball’s velocity vector
is the indefinite integral of a.

v(t)=[a(t)dr ={0,0,-321)+ C
Since we are given its velocity at time ¢ =0,

(0,10,64)=v(0)=(0,0,-32:0)+C = C=(0,10,64),

so v(¢)=(0,10,-32¢ +64).
If we let r denote the ball’s position vector, then
r(¢)=[v(r)de =(0,10,-161 +64¢)+C.

We can locate the origin of the coordinate system wherever convenient, so we may as
well specify that the ball’s position at time ¢ =0 is the origin, meaning C = <0, 0,0>.
We previously determined that the ball reaches its maximum height when =2 and
lands on the ground when ¢ = 4, and its position at these times is given by the following
definite integrals of its velocity.

Position at £ = 2: .[02 v(t)dt =(0,20,64)
Position at ¢ = 4: Io4v(t)dt =(0,40,0)

In words, the ball has traveled 20 feet horizontally when it reaches its maximum
height of 64 feet, and has traveled 40 feet horizontally when it lands.

12.1 Exercises

1-4 Find the domain of the vector function. If possible, evaluate the vector function at the indicated points.
1, .
1. r(t)zt—21+2t]—tk; a.t=2 b.t=-5

2. r(t)=3ti-e'j-t-1k; a.t=2 b.t=-5
1

NS

4. r(r)-s(r), where r(t)zx/;i—Stzk, s(f)=e”i+’f; a.r=-1 b.i=1

3. r(t)= i-j+Intk; a.t=-4 b.t=1

5. If r(t):i—tj and s(t):ti+3j+t3k, find a formula for u(t)=r(t)-s(t). Is it a space curve?

6. Repeat Exercise 5 for v(¢)=r(t)xs().
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7-14 Match the vector function with its graph (labeled A—H).

7. r(t):<%tcost,%tsint,%>; f€[0,677] 8. <551n t,cos’ ¢ t> te[0,47r]
9. r(t)=(Int,sint,cost); te(0,6m) 10. <3cos 3s1n ),3\/;>; t €[0,4x]
11. :<cos t, sm«[ > te[0,367r2} 12. <Zsmt 4cost, >; te[0,67r]
13, r(r)=(1+12,202); 1€[-6,25] 14. r(e)=(cost,Ji,); te[0,67]
A. z B. z C. z D. z
&~
x/xy
E z F. z G
< <
) >
- -
> %x K‘y
X y RS
15-22 Sketch the space curve by hand. 23-29 Describe the intersection of the surfaces as a vector function.
(Hint: See Exercises 7-14.) (Use the suggested parameter.)
15. r(1)= <sin t,cost,\/;>; t€[0,4n] 23. The elliptic cylinder 2x* + 3)” = 6 and the plane

3x+2z=2 (x:\/gcost)

16. r(r)=(2tcost,3tsint,1); te[0,67]
24. The paraboloid x* + y* = z and the plane x + z = 2
17. r(t)={(tt,3sint); te[-2m,27] (Z:S g P
_ 2 [
18. r(r)= <ZC°S( ) 4sin (t ’2\/;>’ [0’2 37@ 25. The cylinder x* + y* = 1 and the hyperbolic paraboloid
2x* —y* =z (x = cost
19. r(r)=(cost,sint,Inz); % } 4 ( )
¢ 26. The cylinder x* + ) = 9 and the surface
" r<t>=<§f°‘f”,3sl§‘2’>; re(0.) =sf (e= o)
¢ 27. The elliptic paraboloid 2x* + * = 2z and the parabolic
21. r(t)= <5,4smt 200st> 1€0,4n] cylindery’ =x (v=1)
22. r(t)= <4cost 4sint, colet> te[0,27] 28. The cone x* +)” =z" and the plane 2z=y +4 (y =1)
xZ 2 ZZ
29. The semiellipsoid — + PANN A I, z>0 and the
16 12 8

parabolic cylinder 2x =y* (y = £)
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30-35 Determine whether the indicated limit exists. If so, find it.

30.

31.

32.

33.

34.

liml<t2 —2t,\t+ 5%>
(—>—
lim{e™ ,\t—2,cos 2t>

<
lim<ﬂ,lnt,cot 7rt>
=3\ ¢

m(

ln(t +1)

)

36-39 Find any discontinuities of the given vector function.

36.

37.

38.

39.

40.

41.

42.

43.

it i
r(t)—e l+t+1j+3f k

r(1)=20%i-5t|j+cosrk

. r .
r(t):1+t2+1]—cottk

=(£ =1)i-sinZj—~r’ +2k
r(r) (t )1 sin—j t*+

Prove: If u(t) and V(t) are vector functions so that

both have limits at # = £, then the limit of their dot
product is the dot product of their limits, that is,

v(t)} =limu(z)-limv(z).

t—ty t—ty

lim [u

=1

Prove: If u(t) and v(t) are vector functions so that
both have limits at ¢ = #,, then the limit of their cross

product is the cross product of their limits, that is,

11m[u )x v (1 )] =limu(7)xlimv(r).

t—ty t—ty 1ty

(Hint: Use the determinant rule for determining cross

products.)

Prove that the differentiability of a vector function

implies its continuity, that is, if u(t) is differentiable at

t=t, then u(t) is continuous at ¢ = ¢,

Give a rigorous proof of the fact that the vector
function r(t) = <f(t),g(t),h(t)> is continuous if

and only if its component functions f(7), g(r), and

h(t) are continuous.

Section 12.1  Exercises 879

44. Prove that if the vector function r (t) is continuous at
t = t,, then the scalar function |l‘ (t )| is also continuous
atr=1,

45. Prove that the converse of Exercise 44 is false by
finding a vector function r (t) with a discontinuity at
t = t, so that |r(t)| is continuous at ¢ = £,.
46-51 Find r’(z‘).

46. r(r)=1"i+2Jrj-rk
5

47. r(t) ( ) ‘]+?k

48. r(r)=sinti+e'j—tanrk

49. r(r)=
(1)

Inti—csctj+v4—1" k

t

50. r arctan 2¢, sin t>

r

51. r(r)= <cos(t +1) tLi 3arcsmt>

52-55 Find a unit vector that is tangent to the graph of the vector

function at the specified value of ¢.
52. r(t)=ri-20%j+2rk; =1
53. r(t)=2sinti-e'j+8V4+1k; 1=0
54. s(t):<arctant —cos’ ¢t ft> t=0

55. u(r)=(4t,3sint,3cost); =0

56-59 Find the vector form of an equation for the line tangent to the
curve at the specified value of ¢.

56. r(t)=2ti+(r —4)j+r+1k; 1=3
57. r(t)=€"i-e"j+e'k; 1=0
58. s(t)=(t,sin2t,cos2t); =0
59. u(r)={(arcsint,arccosz,Int); tzé
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60-64 Prove the indicated differentiation rule, assuming that u and
v are differentiable vector functions, G is a constant vector, ¢ is a
scalar, and f is a differentiable scalar function.

60.

61.

62.

63.

64.

65.

66.

67.

68.

d
Constant Vector Rule: EC =0

Scalar Multiple Rules: %[cu(t)] = Cll'(t) and

L] =7 (a0 £ (1))
V(t)] = u'(t)ir v'(t

Sum/Difference Rules: %[u (1)+

Dot Product Rule:

Za(0)v(0)]=w (1) v(r) +u(0)-v'(0)
Chain Rule: %[u(f(t))] = f’(t)u'(f(t))

Prove the following differentiation rule for the triple
scalar product of vector functions: If u(¢), v(¢), and
W(t) are differentiable, then

d du av
—(u~v><w):—-vxw+u~—><w+u-v><—.
dt dt dt

Prove that if a point moves along a sphere, then its
velocity vector is tangential to the sphere.
(Hint: See Example 6.)

Prove that if a point moves along a curve in R’ with
constant speed, then its velocity and acceleration
vectors are orthogonal. (Hint: See Exercise 66.)

(A converse of Example 6) Assume r(7) is a
differentiable vector function satisfying r'(¢)-r(¢)=0
for all . Show that |r(t)| is constant, that is, the graph
of r(t) lies on a sphere centered at the origin.

69-74 Find the indefinite integral.

69.

70.

71.

72.

73.

74.

'[<3t2,t3—t,—\/;>dt

( i+ kjdt
2 +1 t +1 t -1
j(zi+3j—4t3k)dt

I costi—2sint j—sec’ tk)d

(21— j+? kjdt

j<%z,1nt - >dt

—

75-80 Evaluate the definite integral.

75.

76.

77.

78.

79.

80.

81.

82.

83.

‘[[ —t l—4_]+t k}dt

)k:|dt

[2t i+7j—

\/_tt>dt

J sinzi+rsint j—k)dt

I
fom

L

A projectile is launched from the ground with an
initial speed of 78.48 m/s at an angle of elevation

of 30° from horizontal. After determining the vector
functions v(¢) and r(¢), as in Example 7, find the
maximum altitude reached by the projectile as well as
its range. (Suppose that the launch takes place in the
positive x-direction. Use g ~9.81m/s” and ignore air
resistance.)

Use Exercise 81 to determine the effect on the
maximum altitude and range of the projectile if we
double its initial velocity.

A particle is moving in R’ so that its acceleration
function is a(r)=(2¢,1,0). Find the velocity and
position functions of the particle if it starts at the point
r(0)=(-5,0,2) with initial velocity v(0)=(3,1,—1).

84.* Prove that the force acting on a mass moving along

a circle of radius R with constant angular speed w

is always pointing toward the center of the circle.
(Such a force is called a center-seeking or centripetal
force.) (Hint: Parametrize the path of the object and
differentiate twice to find its acceleration, then use
Newton’s Second Law of Motion.)

85.* The plane curve r(z)= <aeb’ cost,ae” sin t> is called

a logarithmic spiral or Bernoulli spiral. One of

its intriguing properties is that for any fixed point
P= l'(t0 ) , the corresponding radial and tangent lines
form a constant angle . Prove this fact, and find the
angle ¢.
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86.* The angular momentum (with respect to the origin) of 1 2 ) *I Technology Exe I‘CiseS

a mass m that is moving along a space curve r(t), is

defined . . e . -
chnedas 87-92. Use the integration capabilities of a graphing utility
L ( t) =r (t) X MV ( ;) to verify your answers to Exercises 69-74.
Use Newton’s Second Law to demonstrate that T, 93-98. Use the integration capabilities of a graphing utility
the net external torque acting on m, is equal to the to verify your answers to Exercises 75-80.

derivative of L(¢); that is, .. . o
99-104. Use the Limit command of a graphing utility to

T=L/(t). verify your answers to Exercises 30-35.

105-112. Use a graphing utility to graph the curves of

Hint: the fact that t is th t of
(Hint: Use the fact that torque is the cross product o Exercises 1522,

the displacement vector and the force vector, that is,

t=rxF) 113-119. Use a graphing utility to display the curves of
Exercises 23-29 as intersections of the given
surfaces.
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12.2 Exercises

1-10 Find the arc length of the curve over the given interval.

1. r(t):<4cost,4sint,2t>; [O,67r]

2. r(r)=(t2sint,2cost); [0,4n]
3. r(r)=(2-56143,4-21); [0,3]
4. r(t) <e’,2€’cost,2e’sint>; [0,1]
5. r(r)= <2t,t2 lnt> [Le]
3
6. r(r)= % 2z>; [0,2]
7. r(r) <t3,\/gt ,4t>; [0,5]
8. r(r) <t2,2ts1nt 2tcost> [0,1]
9. r(t)= gt \/Zzt—ln(cost)> {0,%}

10. r(7)=(r—tanht,sechr);
called a tractrix.)

11-16 Reparametrize the given curve with respect to arc length.

11. The line r()=(1+2,3-51,4+4)
12. The circle r(¢)=(0,4cosz,4sint)
13. The helix r(¢)=(2cost,2sint,3t)
14. The curve r(r)=(t,cosht,sinht)
15. The helix r(¢)=(bt,acoswt,asinwr)

16. The curve r(f) = <e’,e’ cost, e’ sint>

17-24 Find the unit tangent vector for the given curve.
17. r(t):<t+1,t3,—t2>

18. r(r)=(2t,cost,sint)

19. r(r)= <e’,e’ cost, e’ sint>

20. r(t)=<%t3,%,x/§t>

21. r
22. r

23. r

24, r

[0,In3] (This curve is

25.

26.

27.

28.

29.

30.

Section 12.2 Exercises 887

Find an arc length parametrization of the straight line
y=mx+b.

A circle of radius 5 is located in the plane x = 3,
centered at (3,2,1). Find an arc length parametrization
for this circle.

The following are all parametrizations of the same
helix. Which one is the arc length parametrization?

a. r(r)= <cost,sin t,§>

b. r(r)={(cos3t,sin3t,z)

t
c. r()—<co\/_ \/_\/7>
r(t) = <cos \/ﬁt,sin \/El, @>

&

Suppose a bug starts crawling at (0, 0,0) along the
curve r(t) = <3t, 2t2,4\/2/_3t3/2>. After crawling
exactly 5 unit lengths, it runs into a spider web. Find
the coordinates of the point where the curve pierces the
spider web.

Recall from Section 9.1 the parametrization of the
first full arch of the cycloid: x =a(f—sinf) and
y=a(l-cosf), 6[0,27]. Find the arc length
parametrization of this curve.

One version of the Bernoulli spiral can be parametrized
as r(f)= <e’ cost,e' sin t> (see Exercise 85 of

Section 12.1). Find the arc length parametrization of
this curve. (Hint: For the lower limit of integration in
calculating (), use —0.)

31.* Suppose a spring has radius 7 and it reaches height /

while making 7 full revolutions. Find a formula for the
length of the wire used in manufacturing this spring.
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32.

33.

34.

35.

Chapter 12 Vector Functions

Suppose you calculate the arc length parametrization
for the curve r(r) = <f(t),g(t),h(t)>, while your
classmate does the same, but she starts out with the
parametrization r () = <f(t3 ),g(t3 ),h(z3)>. Do you
obtain equivalent answers? Explain.

Use the vector function given in Example 5,

r(r)= <(v0 cosf)t+x,,— 2 gt* +(v, sin@)t+y0>, to
find a formula for the range of the projectile, assuming
it was launched at ground level. (The range of the
projectile is the distance between its launching and
landing points.)

Use the formulas found in Example 5 and Exercise 33
to revisit Exercise 81 of Section 12.1.

Use Exercise 33 to find the angle 6 which corresponds
to the maximum range for the projectile.

36.* Repeat Exercise 35 to find the angle 6 that corresponds

to the maximum downbhill range if the projectile is
launched on a downhill terrain that drops at an angle
of  from horizontal. (@ is still the angle of elevation
measured from horizontal.)

37.* Repeat Exercise 36 to find the angle 6 that corresponds

38.

39.

to the maximum uphill range if the projectile is
launched on an uphill terrain with an angle of elevation
of  from horizontal.

A pellet is shot from an air rifle with a muzzle velocity
of 1200 ft/s, leaving the rifle 5 ft above ground

level and at a 45° angle of elevation. Assuming the
surrounding terrain is flat and level, how far does

the pellet travel, and with what speed does it hit the
ground? (As usual, ignore air resistance.)

A projectile is launched from a 2 m high platform with
an initial speed of 30 m/s, in a direction 60° upward
from horizontal. Ignore air resistance.

a. Find a vector function that models the projectile’s
path.
b. Find the maximum height attained by the projectile,

its range, and the speed of impact. (Hint: Suppose
the projectile was launched from the point (0,2).)

40.

41.

42.

Answer the questions of Exercise 39, assuming that
the launch took place on the moon. (Use g/6 for the
acceleration caused by gravity near the moon’s surface.)

The exit velocity of a baseball (its velocity as it leaves
the bat) is 128 feet per second, in the direction of 30°
above horizontal. If it was hit 4 feet above ground
level, find

a. a vector function that models the path of the
baseball,

b. the maximum height attained by the baseball,

c. the horizontal distance traveled by the ball and its
speed of impact.

(Ignore air resistance.)

A golf ball is hit with an initial speed of 140 feet per
second, 50° upward from horizontal, toward a hole
158 yards away (when measured horizontally). If the
elevation of the hole is 121 feet higher than that of
the starting point of the golf ball, will the ball land in
the hole? (Hint: Use a vector function to examine the
trajectory of the golf ball. Ignore air resistance.)

43.* A projectile is launched from a 6-foot platform with

44.

an initial speed of 200 feet per second and at a firing
angle of x degrees above horizontal. Find the value of
x that will result in a range of 1000 feet. (Ignore all
retarding forces but gravity. Express your answer in
degrees.)

The curve pictured below is a Cornu spiral over the
interval [—27r, 27r] (also known as Euler s spiral,
though initially discovered by Johann Bernoulli). It is
defined by

Cut fou’
r(z) = <I0 cos;du,J‘O 51n7du>.

Find the arc length of the Cornu spiral over the interval
[0,5].

<
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45. A bomber plane is flying eastward at a speed of
1200 kilometers per hour when it releases a bomb at
an altitude of 8000 meters. Ignoring air resistance, find
a vector function modeling the path of the bomb, the
horizontal distance traveled by the bomb, and its speed
of impact. (Hint: Suppose the bomb was released at the
point (0, 8000), and that the x-axis points to the east.)

D 5
1= 1200 km/h

8000 m

N

ke

S

46. Suppose a certain type of medieval cannon, at a
10-degree angle of elevation, is able to fire to a
distance of 2400 feet. Find the initial speed of the
cannonball. What maximum range can be achieved
with this type of cannon? (Hint: To simplify matters,
suppose that the cannon ball was shot from ground
level. Ignore air resistance. See Exercises 33 and 35.)

47.* When air resistance is taken into consideration,
assuming it is proportional to the projectile’s velocity,
then the vector function r(t) for the projectile’s

motion (see Example 5) satisfies the differential
2

equation %r(t) = —C%r(t)—gj, where C is

the drag coefficient. Assuming that the projectile is
launched from the origin (i.e., x, = y, = 0), find r(t)
under these conditions.

48. Suppose that the path of a moving point is a straight
line. Prove that in this case, T'(t) =0.

Section 12.2 Exercises 889

49.* If we unwind a thread from a fixed circular spool of
radius a, starting at the point (a,0) and keeping the
thread taut in the xy-plane throughout the process, the
curve traced out by the endpoint of the thread is called
the involute of the circle. (Note: In the figure below,
the point P(9 ) denotes the endpoint of the thread at
the instant when the radius to the point of tangency
makes an angle of # with the positive x-axis.)

|
N

a. Use the figure to derive the following
parametrization of the involute of a circle
of radius a.

r(6)=

b. Reparametrize the involute with respect to arc
length.

a<cos€+Hsin9,sin0—90050>, 0>0

Concept Check

50-54 Determine whether the given statement is true or false. In
case of a false statement, explain or provide a counterexample.

50. The circle r (t) <cost sint 0> has the property that

( ) and r'(¢) are perpendicular for all .

(1)
51. The helix r(¢)={(cost,sint,) has the property that
(1)

( ) and r'(¢) are perpendicular for all 7.

52. If r(t):<f(t),g(t),h(t)> and f(t), g(t), and

h(t) are linear polynomials, then T(¢) is constant.

53. When the launching speed of a projectile is doubled,
its range doubles. (Suppose it is launched at angle «,
0 <« < /2, upward from horizontal.)

54. For aspace curve r(r), we have |r(l)|' = |r'(t)|.
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Third Derivative

Normal Component a

|r’xr”|

i

r" = [s”’ -k’ (s')qT + [3/<;s’s" + H'(S,)2:|N + /iT(s')3 B

12.3 Exercises

1-10 Find the unit tangent, normal, and binormal vectors for the 17.
given curve.
18.
1 r(t = cost,sint,0>

2. r(t

sint,cost,\/3t+ 1>

3. r 3sin2¢,3cos 2t,3>

4. r(t

sin ¢, cos 7t 7rt>

2t,cos 3t,sin 3t>

4e' cost,4e’ sin t,1>

t

9. r sint, e’ cost,e’“>

10. r(¢

11-20 Use the results of Exercises 1-10 to determine equations for
the osculating, normal, and rectifying planes associated with the curve
at the indicated point.

11. r(t)=(cost,sint,0); =0

™

12. r(¢ sint,cost,\/gt+1>; t:2

13. r

3sin2t,3cos2t,3>; t=0

15. r

. 1
sin7t,cos e, wt); t= 3

(1)=(
(1)=(
14. r(t):<t,t,3t2>; t=1
(1)=(
(1)=(

16. r(¢

19.

20.

22,

23.

(
<
(
{
(
= <2t,t3,t> 21.
(
{
{
(

cos —sint,sint +cost,1) 24.

25.

26.

27.

28.

ar| [T e
Curvature ===
ds| ||
T . dB (rl x rn) . rm
orsion FEee—olN me—~
ds |r’>< v’
dT dN dB
Frenet-Serret Formulas — =xN, —=-xT+7B, and —=-7N
ds /s ds
Table 1

r(1)=(2t,cos3t,sin3t); t=m

(
= <4e’ cost,4e’ sint,1
=
(

>; t=0
. T
e'sint,e’ cost,e’+l>; t= 5

. . ™
r(t = cost—smt,smt+cost,1>; t=—

21-28 Use Exercises 3—10 to find a parametric description of the
surface.

The ribbon of width 4 centered on
r(r)=(3sin2z,3co0s2¢,3)

The ribbon of width 2 centered on r(t) = <t, t, 3t2>

The circular tube of radius 1 centered on
r(t)=(sinmt,cos e, mt)

The circular tube of radius 1 centered on
r(t)={(2t.01)

The elliptical tube of major axis 0.6 (in the normal
direction) and minor axis of 0.4 centered on
r(r)=(2t,cos3t,sin 3¢)

The ribbon of width + centered on

r(r)= <4e’ cost,4e’ sint,1>

The hypocycloid x = cos?+2cos(7/2) and

y =sint—2sin(#/2), —27 < 1 <27 wrapped around
r(t) = <e’ sint,e’ cos t,e’+l>

The circular tube of radius 1 centered on

r(t) = <cost —sint,sint + cost,1>
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29. Show how the fact that the unit tangent vector function
T(¢) corresponding to a smooth curve r(z) has
constant length implies that T-T =0 for all 7.

30. Show that if r(¢) is a plane curve, then N(¢) always
points toward its “concave side,” that is, “in the
direction the curve bends.”

31-33 Use your reparametrization results from Exercises 11,
13, and 14 of Section 12.2 to calculate the curvature and torsion
functions for these curves.

31 r(r)=(1+21,3-5¢,4+4¢)

32. r(t)=(2cost,2sint,3t)

33. r(t)=(t,coshs,sinhr)

34. Find the curvature of the ellipse
r(1)=(4cost,3sint,0)

at ¢t = /2. What about ¢ = 0?

35. Prove that the curvature of the helix
r(r)={(acost,asint,bt) is obtained by the following

formula.

a

K=——"
a* +b?

What can you say if b =0?

36. Show that the torsion for the helix of Exercise 35 is
T= b/(a2 +b2).

37. Generalize Exercises 35 and 36 to obtain formulas for
the curvature and torsion functions of the general helix
r(r)=(acoswt,asinwt,bt).

38. Prove thatifa curve r (t) lies in a plane, its torsion
function is identically zero.

39-48 Calculate the curvature and torsion functions for the given
curve. (Hint: Use the relevant formulas from the summary table.)

39. r(t)=(t,2sint,2cost)

40. r(r)=(t,3r+2,3t-1)

41. r(t)=<1,t,%>

42. r

)=(

43. r(r)=(2cos3t,2sin31,1)
44. r(1) <
)=(

45. r(t)= sin3t,cos3t,4t>

Section 12.3 Exercises 899

46. r(r)= <Ze’ sint,2e’ cost,l>
47. r(t) = <e’,e’ cost,e' sinl>
48. r(t)=(tcost+sint,0,cost—rsint)

49. Prove that for the Bernoulli spiral of Exercise 85 in
Section 12.1, the arc length s(r) and curvature r(z)
are inversely proportional. (Note: This is commonly
interpreted as the arc length s (t) and the radius of
curvature being directly proportional; for the radius of
curvature see the discussions preceding Exercises 60
and 74.)

50. If f (x) is at least twice differentiable, prove that the
curvature function of the plane curve y = f (x) can be
determined as

)
([ ])

What can you conclude about the curvature of a plane
curve at any of its inflection points? (Hint: Use ¢ = x as

a parameter.)

51-53 Use Exercise 50 to evaluate the curvature of the plane curve
at the indicated point.

52. y=sinx; x= T

51. y=x; x=1 T
7 4

53. y=1n|cosx|; x==

54-56 Use Exercise 50 to find the point(s) of maximum curvature for
the curve.

s /(v)=1 55. f(x)=cosx

56. f(x)ze

57. Generalize Exercise 50 for a plane curve
r(t) = <x(t),y(t)> to obtain the formula

@)= (1) (1)
- ' 2 ' 2 ¥z
[T +[r0)7)
58. Use implicit differentiation along with Exercise 50
to find the curvature of (6—x)y* =2x> at the point

(2,2). (Recall from Exercise 27 of Section 3.5 that
this curve is a cissoid.)

59. Find the curvature of the cycloid x = ¢ — sin¢,
y=1—costatt=m.
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60-68 Suppose the curvature of a curve r(t) at the point

P =r(t,) is nonzero. The osculating circle of the curve at P

is the circle of radius 1/n(t0) that has the same tangent at Pas
r(t) does, and whose center lies in the direction of N(t,) from

P. (You can think of this as the “tangent circle.” Note that it lies in
the osculating plane, being tangent to r(t) so that both the circle’s
tangent line and curvature at P are the same as those of r(z‘). The
osculating circle is rightfully called the “best-fitting circle” at P.)

Find the osculating circle of the graph of the equation at the indicated
point.

1
60. y=x x=0 6. y=x"—1; x:—E
62. y=+/x; x=1 63. y=cosx; x=0
1
64. y=cosx; x=— 65. y=—; x=1
4 x
66. y=e"; x=0 67. y=x-x; x=1

68. xy+2x+y=2; x=1

69-72 Parametrize the osculating circle of the curve at the indicated
point. (Hint: For space curves, remember that the osculating circle
lies in the plane spanned by T and N.)

69. r(t) = <t—sint,1—cost>; t=m
(See Exercise 59.)

70. r(t):<sint,cost,2t>; t=m
t3
71. r(t):<t2,t,?>; t=0

4 .
72. r(t):<2cost,gsmt,t>; t=0

73.* Suppose that f (x) is at least twice differentiable on
an interval containing a, with nonzero first and second
derivatives at x = a. Let C(¢,,c,) be the center of
the osculating circle of the plane curve y = f(x) at
(a, f (a)). Prove that ¢, and ¢, can be determined as

follows.
~ r@elr@r)
c=a f”(a)
c, = f(a)+—1+E,J:((aa))J

74-75 The center of the osculating circle of the curve r(t) atPis
called the curve’s center of curvature at P, while the radius of the
osculating circle is the radius of curvature of r(z‘) at P. The locus
of all centers of curvature is called the evolute of r(t). Exercises 74
and 75 will use this concept.

74. Show that the evolute of the parabola y = x* can be
parametrized as r ()= <—4t3 30+ %> (Hint: Use
Exercise 73.)

75. Find the evolute for the curve y = x* (x > 0).

76-87 Find the tangential and normal components of acceleration
for the given position function.

76. r(1)=(sint,cost,2t)
77. r(t =<t,2sint,200st>
78. r(t)=(2t,’,0)

79. r(t

81. r

(1)
(1)
(1)
80. r(t)=(2t,1",Int)
(1)
82. r(f)= % 2t,%13>

<

3. r(t):<zz,z2,§>

84. r(t)=<

85. r(1)=(¢' e V1)

86.% r(1)=(bt,acoswt,asinwr)
<

87.% r(t) =(e',e' cost,e’ sint>
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88. According to Newton’s Second Law of Motion, the
magnitude of the friction force that keeps a car from
skidding out of a curve is F(¢)=ma, (¢), where
m is the mass of the car, and a, (7) is the normal
component of acceleration. Find the minimum friction
force needed to keep a 1500 kg car from skidding as it
navigates a curve of radius 15 m, at a constant speed of
43 km/h. (Note that such a normal force, also called
centripetal or center-seeking force, is needed to keep
the car on a circular path.)

89. Generalize your solution to Exercise 88 to obtain a
formula for the centripetal force acting on an object of

mass m that moves along a circular path of radius r at a

constant speed of v.

90. Suppose an object is moving along the space
curve r(¢) when at time 7 = ¢, its velocity vector

is v(,)=(32,-10,15) and its acceleration is
a(,)=(2,1,-3). Is the object’s speed increasing or
decreasing at this instant?

91. When navigating a curve, a driver should minimize
the normal component of acceleration, which, if too
big, could cause the car to skid. According to common
advice, a driver should slow down before entering a
curve, and then gently accelerate once in the curve.
Use your knowledge of the acceleration vector to
explain why this is sound advice. (Mention changes
in the tangential and normal components of the
acceleration vector.)

92.* The radius of the “Singapore Flyer,” which was the
world’s tallest Ferris wheel from 2008 to 2014, is
75 meters. Suppose the wheel is rotating at an angular
speed of 0.02 radians per second, which is increasing
at arate of 1.33x107* radians per second. Find the
tangential and normal components, as well as the
magnitude of acceleration of the riders, in a capsule
that is at the very top of the wheel at this instant.

93. Prove the second Frenet-Serret formula,

N =-xkT+7B.

ds
(Hint: Noting that dT/ds =xN and dB/ds = —7N,
use the fact that N=B x T.)

94. Prove that the tangential component of acceleration
can be computed by the formula a, = (r'-r")/|r'|.
(Hint: Making a sketch is helpful.)

|r’><r”|

95. Prove that a, = |r'|
Exercise 94.)

- (See the hint given in

Section 12.3 Technology Exercises 901

96. Prove the following formula.
r" = |:SW—I<52 (s')3]T+ [3/<;s's" + /<o'(s')2}N—i—m'(s’)3 B

(r'xr")-r"

97. Prove the formula 7= —@- = >
ds |r’ xr"

(Hint: Use Exercise 96.)

Concept Check

98-106 Determine whether the given statement is true or false. In
case of a false statement, explain or provide a counterexample.

98. TxB=0 99. (TxN)-B=0
100. M:#
ds

101. The radius of the osculating circle for y = sinx at the
origin is 1.

102. The acceleration vector of a particle moving on a curve
r(t) is always in the osculating plane.

103. If we double the speed of a car in a curve, the force
required to keep it from skidding is also doubled.

104. Ifa car is moving in a curve, then its acceleration is
perpendicular to the direction of motion.

105. If an object is moving along a smooth curve that is
not a straight line, then a normal force is acting on the
object.

106. Ifthe acceleration of a moving object is nonzero, and
not a multiple of N, then its speed is changing.

12.3 Technology Exercises

107-109 Use a graphing utility to plot the curves in Exercises 79,
83, and 87. Then find and graph their respective curvature and
torsion functions. Interpret these graphs in terms of your three-
dimensional plot.

107. r(t)= <2t,t2,t>

t3
108. r(1)= <2t,t2,?>
109. r(t) = <e’,e' cost,e’ sin t>

110. Write a program for a computer algebra system or
programmable calculator that returns the parametric
form of the osculating circle of a given space curve
at a specified point. Use the program to check your
answers for Exercises 69—72.
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12.4 Exercises

1-6 Describe interms of uand u, the velocity and acceleration
vectors of a particle with the given position function.

1.

2.

3.

10.

11.

r(1)=(2tcos2t,2tsin 2t)
r(r)= <(t2 +1)cos 5t,(# +1)sin5t>
(1) = (Vi cos(4r-+1),\r sin (41+1))
(1)= <e’ cos e’ sin %>
r(¢) = (2sin2¢cos(¢*), 2sin 2¢sin 1))
r(r)={a(cost1)cosbt,a(cost ~1)sinbr)

Prove that if a satellite or planet is moving in a circular
orbit, then its speed is constant. (Hint: Use the fact
that C, is constant, an observation made in the proof of
Kepler’s First Law.)

Prove that in order for a moon or satellite to stay
in a circular orbit of radius R around a planet of
mass M, the required orbital speed is v=,/GM/R.
(Hint: Recall that v is constant by Exercise 7, thus
the magnitude of acceleration is @ = v*/R. Use
this and Newton’s Second Law to finish the proof.
Alternatively, use the last equation in our proof of
Kepler’s Third Law, noting that a = R.)

A satellite is in a circular orbit 219.2 kilometers above
Earth’s surface. Use Exercise 8 to find its orbital
speed. Express your answer in kilometers per hour.
(Approximate the radius of Earth by 6371 kilometers
and its mass by 5.9736x10** kilograms. Recall that
G ~6.6738x107" Nm?/kg”.)

Given that the perihelion of Earth’s orbit is
approximately 147,098,290 km, with its aphelion (the
distance farthest from the sun) being 152,098,232 km,
and using its period of T = 365.256 days, estimate the
mass of the sun. (Hint: Find the length of the orbit’s
semimajor axis first, then use the last equation in our
derivation of Kepler’s Third Law. For the value

of G, see Exercise 9.)

The period of one revolution of the moon around Earth
is approximately 27.3217 days, its perigee (distance
from Earth upon closest approach) is approximately
361,400 km, while its apogee (its greatest distance
from Earth) is about 405,000 km. Use these data to
estimate the mass of Earth.

12.

13.

14.

15.

16.

17.

18.

19.

Section 12.4 Exercises 907

Use the data given in Exercise 11, along with

Kepler’s Third Law, to estimate the necessary height
above Earth’s surface for a geostationary satellite. (A
geostationary satellite is one that is in a near-circular
orbit over the equator, orbiting in the direction of Earth’s
rotation with a period of 24 hours, thus appearing
stationary for an observer on the ground. Hint: While
you may compute the height directly, an easier approach
suggested by the problem is to compare the satellite’s
orbit with that of the moon and use Kepler’s Third Law.)

Use Kepler’s Third Law, along with Earth’s orbital
data given in Exercise 10, and Mars’ period of 686.971
(Earth) days to estimate the semimajor axis of Mars’
orbit.

The length of the semimajor axis of Neptune’s orbit
is 30.0476 astronomical units (1 astronomical unit,
abbreviated AU, is equal to 149,597,870.700 km,
which is approximately the mean distance between
Earth and the sun). Estimate the period of Neptune
in Earth years. (For orbital data on Earth, see
Exercise 10.)

Prove that the ratio of the perihelion and aphelion
of a planet is equal to the inverse ratio of its speeds
at the perihelion and aphelion positions. (Hint: Use
Kepler’s Second Law, namely, the equation that says
dA/dt =1r?0'=C, /2 is constant.)

Show that the minimum distance of a moon or
satellite from the planet it is orbiting (the perigee)

is r, =a(1-e), while the maximum distance (the
apogee) is r, = a(l+e), where e is the eccentricity of
the orbit. (Hint: In order to express ed in terms of a
and b in the polar equation of the planet, see the proof
of Kepler’s Third Law in the text.)

Use Exercise 16 along with the orbital data of Earth
given in Exercise 10 to find the eccentricity of Earth’s
orbit, then write a polar equation of the orbit (with the
sun at the origin).

Find the aphelion of the orbit of Halley’s comet

and write a polar equation for the orbit given that

e~ 0.967 and a ~ 17.94 astronomical units (AU). (See
Exercise 16. Use the unit AU in your answer.)

Find how much time passes between two consecutive
visits of Halley’s comet to the solar system. (See
Exercises 14 and 18.)
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20.

21.

22.

23.

24.

25.

26.

27.

Chapter 12 Vector Functions

Define 7, :|r(0)| and v, :|V(0)
this notation,

, and show that with

(Hint: Note that v, =,0'(0) since r'(0)=0.)

Modify your proof of Exercise 20 to show that the
. 2mab .
equality v = T holds at perigee or apogee for an
r

orbiting planet or satellite.

If v, and v, denote a planet’s speeds at perigee and
apogee, respectively, prove that

v, (l—e)zva (1+e).

(Hint: As in Exercise 20, note that v = rf’ at perigee
and apogee, and that 0" = C, is a constant. Use this
latter equation for both perigee and apogee positions,
along with Exercise 16.)

Use Exercise 21 and Earth’s orbital data given in
Exercise 10 to find the speeds of Earth at perihelion
and aphelion, respectively. Express your answer in
kilometers per second, and then convert it to miles per
hour.

Repeat Exercise 23 for Mars, if its perihelion

and aphelion are 2.0662x10° kilometers and
2.4923x10°* kilometers, respectively, with its period
being 1.88079 years.

Use Exercises 11 and 21 to find the moon’s speed at
perigee and apogee, respectively. Express your answer
in kilometers per second, then convert it to miles per
hour.

Repeat Exercise 25 for Jupiter’s moon Europa, if given
that the eccentricity of its orbit is 0.0101, the length of
its semimajor axis is 671,100 kilometers, and its period
is 3.5512 days.

Repeat Exercise 26 for Halley’s comet. Express your
answer in the following units: astronomical units per
day, kilometers per second, and miles per hour. (For
orbital data, see Exercises 18 and 19.)

28.* Suppose a moon or planet is orbiting another planet

(or star) of mass M. As before, let r,, denote the perigee
or perihelion, while v, is the speed at perigee or
perihelion, as applicable. Prove that the orbit can be
classified as an ellipse, a parabola, or a hyperbola

29.

according to the values of r, and v, as follows:
if rpv; =GM, the orbit is a circle;
if GM <r,v: <2GM, the orbit is an ellipse;
if r,v2 =2GM, the orbit is a parabola;
if rpv; >2GM, the orbit is a hyperbola.

(The last two orbit types are called open; such orbits
are exhibited by comets entering the solar system
once and then leaving it forever. Hint: Referring

to the proof of Kepler’s First Law in the text, since

rv
G =P _ 1, the
GM GM

conclusion will follow. To that end, it will suffice to

e—& if how that
GM,lyous ow tha

show that C, = rpvfj —GM. From the proof of Kepler’s
First Law, convince yourself that r, (GM +C, ) =C;
and note from Exercise 22 that C, = rp29’, which will

finish the proof. Finally, we note that in the case of
C, =0, the moon or planet falls along a straight line
into the star or planet it is orbiting.)

A novice astronaut is in an elliptical orbit around
Earth. In an attempt to slow down to better behold

the beautiful view, she plans to apply reverse thrust to
decrease (tangential) speed. However, Mission Control
advises her to check her calculations, for this may
actually cause the craft to go around Earth faster. Who
is correct and why? Use Kepler’s Third Law to provide
an explanation.

30.* Suppose the astronaut of Exercise 29 erroneously

applied reverse thrust and ended up in a circular

orbit of radius R = 6600 km, instead of a planned

new orbit with perigee of r, = 6600 km and apogee

r,= 10,000 km. At a time determined by Mission
Control, she is instructed to apply forward thrust to
enter into the desired elliptical orbit. If her thrusters
lend the spacecraft an acceleration of 0.0205 km/s?,
how long does she have to burn them in order to
accomplish this task? (Hint: By Exercise 8, the speed
in the circular orbit is v =,/GM/R. Next, note that the
speed at perigee in the new orbit will be v, = C, / r,.
By determining the eccentricity of the planned orbit
and recalling from the proof of Kepler’s Third Law that
ed=C>/GM = a(l—ez), you can determine C,, and
then v,. For data on Earth, see Exercises 9 and 10.)
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924 Chapter 13  Partial Derivatives

13.1 Exercises

1-4 Evaluate the given multivariable function at the indicated points.

1. f(x,y):xy—y3x2; (0,0), (2,1)

2. f(uv)=(2u+1)(v=2’); (3.-1), (11)

3. f(x,y,z)zzyzxﬁ; (5,0,-1), (-4,2,1)
4_ w

4, f(t,u,v,w):(t V) (L13.1), (2,-1,7,12)
(u2+3)

5-12 Determine the domain and range of the given function and
evaluate the function at the indicated point.

5. f(x,y)=xy+yx3; (3,—1)
6. f(x,y):Zyz(x+%J; (0,2)

7. S (xr) =¥y (29)
) 1/36—4x2—9y2; (2’0)

8. f(x,y = :
9. f(x,y) = 1n|xy|; (e,—l)
10. f(x,y):\ll—xzyz; (—2,%)

11. f(x,y,z):arctan(xz—yz); (5.3,2)

ze

12. f(x,y,z)z\/xj

5 (O’_ls _2)
13-20 Describe in words the graph of the function. (Hint: It is

helpful to review quadric surfaces from Section 11.6.)

13. \f(x,y):3x+y—2

J144-9x> —16y°

14. f(x,y)z 5
2 -1 2
15. f(x,y):%+(y9 )
9x* +4y*-36
16. f(x,y)z p

17. f(x,y)=+x"+2y

(

18. £

19. f(x,y =2x7+3y?
(

20. f

21-26 A region R and a point P in the Cartesian plane R? are given.
Classify the point as an interior point of A, a boundary point, or neither.

2. R={(xy)y>[}; P(L)
22. R= xy)|x2+yzsl}; P(%,%)

23. R={(xp)1<x’+y*<2f; P(01)

{

{(x.2)
2. R={(xy)y<x’}; P(12)
25, R={(x.y)[x+2+[x=3[<y}; P(15,5)
26. R={(x.y)y-2-x=0}; P(3,0)

27-34 Classify the given subset R of R? as open, closed, or neither.
27. R= {(x,y)|(x—2)2 +y* < 4}
28. R= x,y|x2+2y223}
29. R= x,y|0<x2+y2<9}

30. R={(x,y |y¢2x—3}

32. R=
33. R= x,y|\/;+\/;<l}

34. R={(x,y |x>00ry20}

{
{
{
31. R={
{
{
{

35-42 The graphs of the given equations are quadric surfaces as
seen in Exercises 27—34 of Section 11.6. Express each as a function
of two variables other than the pair x and y. (Note that the graph of
the resulting function may not be the entire surface. Can you see
why?)

35. 327 +2y* = 3?)6

36. 322 +2)° 3
2
37. 2% +2)' =z
38. 2 +2y°=7
39. ¥ +2x-)y'+22=0
40. X’ +2x+2y"+32=8y
41, X +2x-2)"-3z=8y+7

42, X +2x+2)-327=8y+2
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Exercises 925

Section 13.1

X

43-48 Match the function with its graph (labeled A-F).
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926 Chapter 13  Partial Derivatives

D. A E. A F.

N ©
) © L=

55-60 Sketch a rough graph of the given function by hand. Then sketch its contour map by selecting a few representative contours.

7

2 2

55. f(x,y)zx—3y+l 56. f(x,y):%+y7 57. f(x,y)zyz—x
58. f(x,y)zln(x2+y2) 59. f(x,y):#zl 60. f(x,y)zsin\/x2+y2
XT+y +
61-62 Describe the level surfaces of the given three-variable 65.* Prove that the open interval (0,1), when viewed as a
function. subset of R, is neither open nor closed.
61. f(x,y,z) =x"+2y°+3z2°
62. f(x,y,2)=2"+2y* 32" 13.1 Technology Exercises
63. The figure below ShOWS. ap ortif)n Of. a topogr'aphical 66-71. Use a computer algebra system to generate the
map of an area near Julian, .Cahforma. Examine the graphs and contour maps of the functions in
map and answer the following. Exercises 55-60.

Source: Www.usgs.gov
a. Estimate the direction of the steepest slope from

point A4.

b. Find a possible “steepest path” from point 4
to point B.

c. Estimate the elevation of point C.
d. Find a point D where the northern direction is

uphill, while it is downbhill to the southwest.

64.* Prove that if S is a finite subset (i.e., a set consisting
of finitely many points) of R, then R* — S is an open
subset of R*. (Hint: Pick an arbitrary point P in R* — S
and prove that it is an interior point.)
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Chapter 13  Partial Derivatives

13.2 Exercises

1-4 Use the limit laws to find the indicated limits, assuming that

(X'Vl)iin(a:b) (X’y) =4 and (X,yl)iE](a‘b)g(X’y) =-1.
L (x»yl)ig(la,b)[f(x’y)_ 2g(xs y):|
2 i [57(xy)e(x.y)]
4g(x,)
3. (x,y)—>(a,b)|:m+/‘(x,y):|
4 lim 3f(xy)+g(x.)
(x.)>(a.b) g(x’y)

5-22 Determine whether the indicated limit exists. If so, find it.

8.

9.

11.

13.

15.

17.

19.

21.

22.

23.

24.

wy-y? o Nyl

m —_—
(x,3)=(0,0) \/;_,_ v

(x0)-(2) x2 —Xy+x
(x+1)(«/y+5 —\/g)

lim
(x.5)=(0.0) xy+y

li 2x—y°
(25 =7)

. xX+2y . 2 4

li 10.  lim (2xy” +5x

(x.2)>(2-1) y 4 3x? (W)*(ls“)( 4 \/;)
2

lim —2 12, lim —2—
(x2)>(0.0) x~ + y (x2)>(0.0) x~ + y

lim M 14. lim 2=
(x2)=(00)  x* 4 p* (x0)=(00) x* — 3°

3 3

lim 2 16. lim arctan| —2—

(62)>(0.0) x—y (x.2)>(12.2) y—1
2xy” 18 tm e
(r)=(0.0) % 4 (x2)>(L0)  2xy+1
b 2sin (x2 + yz)

im sin——— 20. im ———

(x2)=(0.0)  x"+y (x2)=(0.0) x4y

x*=3y* +4z7°

im ="

(00:2)2(0:00) X7 + 37 + 427
4

lim
(%.,2)=(0,0,0) x* 4+ yi+z

Find the domains of the functions in Exercises 5 and 6.

With reference to the function of Example 1,

2 2
X -y

x’ = b

floy) =50
show that if the origin is being approached in the
xy-plane along the lines y = mx for various values of m,
all limiting values between —1 and 1 are possible.

26.

28.

29.

30.

Recall the following function introduced in the
conclusion of Example 3:

Sxy
Xt 4yt

g(x.y)=

Show that  lim ) g(x,y) does not exist. (Hint: See

X,y %(0,

Exercise 24.)

Show that the limit of the function
i
f(ey)=—"—
(x2 + y4)

does not exist at (0,0). (Hint: In addition to the line

y = x, consider the limit along the curve y* = x. Explain
why it would not be helpful to restrict the paths of
approach to straight lines through the origin.)

Show that the function

2x3/2y
X+’

g(x,y)=

has a limiting value of 0 when the origin is approached in
the xy-plane along any parabola y = cx?, but any limiting
value between —1 and 1 can be achieved by considering
the curves y = ex¥?.

Prove directly that the limit in Example 3 is 0.

(Hint: First argue that if x = 0, the function is 0 on its
domain, and in the case of x # 0, divide the numerator
and denominator by x” to obtain an expression whose

limitis 0 as y — 0.)

Use the Squeeze Theorem to give a new proof for
2
<1

=1

Exercise 28. (Hint: Notice that 0 <

xt+y?
and multiply this inequality by |5 y|; then apply the
Squeeze Theorem.)

) 2

(x’yl)lg?‘w) x*+y? =0

Prove or disprove:
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Section 13.2 Exercises 933

31. Prove that for /(x,y)= Sxy/\/x2 +y*, we have 43. Suppose that (X’})lf(lu’b)f(xg)’) =L and L> 0. Prove

that there exists a 6-neighborhood of (a, b) such that

( l)1rr(10 ) h(x,y)=0, and contrast this with g(x, )

of Exercise 25. (Hint: Rewrite /(x,y) using polar
coordinates, so that x = rcosf and y = rsinf and see
what happens as r — 0.)

/(x,y) is positive for every point (x,y) in that
neighborhood.

44-53 Determine where the given function is continuous.

32. The following function looks algebraically similar to 2
f(x 44. f(x,y) = 2 2
,y) of Example 1. I+x*+y
_x -y 45 - 3y
k(x’y)_x2+y2 g(x,y) (x2+3)(y2+3)
2

33.

Show that ( l)irr(l0 O)k(x, y)=0. (See the hint given in
x,y)=>(0,

Exercise 31.)

Consider the polar coordinate approach of Exercise 31

and use it to find a new proof of the fact that the limit
in Example 3 is 0.

34.* Find three different proofs of the fact that

x* 1n(x+1) 3

(x0)-(00)  x?2 +y2

(Hint: Use a direct proof, then the Squeeze Theorem,
and finally a polar coordinate approach.)

35.% Use an -6 argument to show that

xy2

(xyyl)ig(lo,o) 2(x2 + yz) =0.

36-39 Prove that the indicated limit exists, and find its value.

46. h(x,y)=cot! [\/xi—y]

47. r(x,y): e”

48. s(x,y):S\/;y2 +4

49, k(x,y) =e

50. g(x,y)=———=
()=
51. m(x,y,z):ln(3z—x2—2y2)
52. n(x,y,z)zwlzz—xz—?_y2
53. p(x,y,z)
1—cos9—x>—y* -z’

0 ifx*+y*+2z°=9

ifx*+y*+2° <9

54-59 Find any discontinuities of the given function and classify

2. 4 2 2
36. lim 4y sinx 37 i XX -9 them as removable or nonremovable.
(x.2)~(0,0) x2 +4y2 (x)=>(0.0)  x2 +3y2 ( 1) ,
I Gy P4
4xy_ [4x2+4y2 54. f(x,y)—?
38. om \/2 - (x )+y
w0 X +y ¥
5 35. g(x,y) =2 4 2
. 2y Xty
P e ¥y x
©y.2)(0.0.0) x* + y* 4+ 7
Y 56. h(x’y):x2+y2
40. Is there a value of a so that ( )lir(n ) 0 exists? .
x,y)—>(a,a— — X+
Explain. I 57. p(x,y) = ln[ — J
xa 8 X +y
41. lim Y __o x

For o, 5> 0, prove that
b P (x3)>(00) x* 4 ?

if a + 3> 2; otherwise the limit does not exist.
Can you generalize this result? Use it to revisit

58.

292y 2
Exercises 28, 30, and 35. 59. k(x,y,z) = %
X +y +z
42. Use an -6 argument to show that
lim (x+y)=a+b.
iy (x ) =a
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Concept Check
60-65 Determine whether the given statement is true or false. In case of a false statement, explain or provide a counterexample.
60. If (O,yl)lgl(l(),()) f(x.y)=L and (x’ol)lil(l()‘o) f(x,y)=L, then 63. If (x’yl)lil(lo’o) £ (x,») exists and the limiting value of

f(an’) =L. f(x,y) along the line y =x is f(0,0), then f(x,y)

lim
(x.5)-(0.0) ' '
61. If lim )f(x,y) exists and its value is L, then is continuous at (0,0).

(x,y)ﬁ(a,b

64. If f(x,y)<0 insome e-neighborhood B.(0,0)

f (a, b) =L
of the originand lim f (x, y) exists, then
62. If lim f (x, y) exists and its value is L, then (r2)>(0.0)
(=2)>{et) lim f(x,y) <0.

(x,y)A(0,0)

65. If f(0,0)=L and f(x,y) is continuous for all
(x,y) # (0,0), then

lim / (x,b) = L.

(X,yl)ig(lo,o)f(x’ y) =L
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For convenience, we will prove the theorem in the two-variable case.

If f is differentiable at (a,b), then by definition the increment Af can be written in

such a way that

lim[ f(a+Axb+Ay)-f(ab)]=lim| £, (a.b) Ax+ f, (a.b) Ay +e,Ax+2,Av |

Ay—0

Thatis, f(a+Ax,b+Ay)— f(a,

Ay—0
= /. (a.b) lim Ax-+ £, (ab) lim Ay

+ lim g, lim Ax+ lim ¢, hm Ay
Ax—0 Ax—0 Ay—0 Ay—0

=0.
b) as Ax —> 0 and Ay — 0.

By implication, then, the function in Example 9 does not meet the conditions of the Increment
Theorem of Differentiability at (0, 0). In Exercise 103, you will show that this is indeed the case.

13.3 Exercises

1-4 Determine z, and z, at the indicated point; then find equations
for the corresponding tangent lines that are parallel to, respectively,

the xz-plane and the yz-plane.
1L z=x+307 (21)
2. z=x'y—4n’; (2,-1)
3. z=x(2-w); (-10)

4. z= (xy2 +3)(x—3y); (3,1)

5-28 Find all first-order partial derivatives of the given function.

5. f(xy) x° +y

6. g(x,y):xy —2xy
7. h(x,y)=5xy+y*

10. s(x,y :(x +y4)
11. k(x,y =xy” +4/2xy
12. l(x,y) = (4xy—3)(x2 + 1)

13. m(x,y) = (xy—3x2 )4

14. n(x,y):x(l—\/;y)(y2+2)
_ Xy

15. p(x,y)—x+y

16. F(x,y): 1-x*—y*

OHAWKES LEARNI N(\_[/_

17.

18.

19.

20.

21.

22.

23.

24.

25.

26.

27.

28.

Y
G(x,y)=———
)= e
H(x,y)ze"zy
I(x,y)_sm—

y
J(x,y) =ylnyx* +y?

2y x’

K —
(x y) x 2y
L(x,y)=e¢"cos(xy)

M(x,y) = arctan \/E

f(x,y,z)=e"y’sinz
g(x,y,z)=x""
A(a,b,c)=2(ab+ac+bc)
h(x,y,z)= xcos(y+zz)

(r,S,l‘) = (r2 +2s% +3¢7 )3/2

=

29-34 Find a vector equation for L, the line tangent to the surface
7% —4x* —5y% =0 of Example 3 at the given point and parallel to
the indicated coordinate plane.

29.

30.

31.

(1,1,3); the xz-plane

(1,1,-3); the yz-plane

[2,
= |

) SJ; the xz-plane

Iw Pl

5]; the yz-plane



33. (-11,3); thexz-plane

34. (—1,1,—3); the yz-plane

35-37 Use implicit differentiation to determine z, and z,.
35. Z2+2xy-yz=0
36. zx—(z+x)2:3y
37. xz+lnz-xy=0

38. Treating y and z as independent variables, determine x,
and x, from Exercise 36.

39. Find y_and y_ by implicitly differentiating
Y —xy—zlny=>5.

40. Recall the Ideal Gas Law, the equation relating the
pressure P, volume V, and temperature 7 of an ideal
gas: PV =nRT (Section 3.4, Exercise 97). Assuming
that n (i.e., the amount of gas in moles) is constant,
differentiate implicitly to find the following partial
derivatives and explain their physical meaning.

oP oP oV
*oor b o ar

41-48 Verify the equality of the mixed partials ny and fyX.

41. f()c,y):x}y—Zyz+5xy4

2. f(xy)=(2y-x)"

43, f(x,y)=(x"+y")

4. f(xy)=x*+2y"
45, f(xy)=x"ye”

46. f(x,y)=In(x*+)?)
47. f(x,p)=e""

48. f(x,»)=2ycos(3x+4y)

49-54 Verify that the third-order mixed partials g,,, g,,,, and g,,,
are equal.

49. ¢

50. ¢

52. ¢

53. ¢

(x.2)
(x.2)

51. g(xy.z)=xyz
(x.3,2) =i
(x.2)
(x2.2)

54. g(x,y,z

Section 13.3 Exercises 945

55. Find the partial derivative /. of the function

3
f(x,y)=x[y?JrlnyJ+y(cosx+xsinx)+xsec2 X

by judiciously choosing the order of differentiation.
(Hint: See Example 7.)

56-63 Use the most convenient order of differentiation to find the
indicated partial derivative, as in Exercise 55.

56. g..; g(x’J’aZ)Z1n(x2y2)+zcos(y2)+zzx3y4
2

. _
57. h,,; h(r,S,t,u)=s(uze'+7j+re”s1nl

+ t(s2 +t1nu)

> Inx

58. f,; f(x,y) = xe’ +$

59. S f(xy)=sin(x*-y)

60. fxyz; f(xayaz)=2(xy2+\/;1nx)+x2siny
x2
61. f.; f(X,y,z): Zy(1+322)+cosy—cosx
e(tz+1)
62' fuls!; f(rﬁsalau):rLl(tzsinS'f‘l)'f‘
p

63. f..; f(wmxyz)=yw' +x’+y*+2°

64—65 Use the definition of the partial derivative to find of/ox and
of /oy for the given function.
Jy

64. f(x,y)zxzy 65. f(x,y):T

66. Use the contour map below to estimate the values of f
and f| at the indicated points. (Answers will vary.)

a. (0,5) b. (33) e (81) d. (83)

y
3

16 18
8

2 4 \6 &\10 121414 16
T2 \\ 1012
2

-4
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67-70 If possible, find a function that has the indicated partial
derivatives. If such a function doesn’t exist, explain why.

67. f.(xy)=2xy, f,(x.y)=x"—cosy

2xy

68. f. (x,y)=%+ln(y2 +l), Sy (x,y): e

69. f.(x,y)=x-)% fy(x,y)z\/;—Zy

. 1
70. f, (st/) =ysinx+——=, f, (x,y) = cosx+3y2
PN
71. Recall the lens equation from Exercise 44 of

Section 3.8:

where o is the object distance, 7 is the image distance,

and £ is the focal length of the lens. Find the partial
derivative 0i/0o and explain its physical meaning.

72. Explain why there is a difference in sign between the

first two formulas for Ap in Example 4.

73. Recall that the kinetic energy £ of an object of mass

m moving at speed v is found from the formula
E= %mv2. Suppose that a 1 kg mass is moving at
a speed of 5 m/s, but due to inaccuracies of the
measuring devices and human error, its mass was

recorded as 1002 grams and its speed was clocked at
495 cm/s. Estimate the relative error this causes in the

value of E. (Hint: See Example 4.)

74. Consider the lens equation of Exercise 71, and suppose

that a lens that is thought to be a 50 mm lens has an
actual focal length of 52.56 mm. If, in addition, the

actual object distance of 2.03 m is erroneously measured
to be exactly 2 m, estimate the relative error all of this

causes in the value of i.

75-80 Show that the given function satisfies the wave equation of

Example 8.
75. u(x,t)=sin(x+ct)+e" ™
76. u(x,t)=cosh(x+ct)
77. u(x,t)=sin(wx)cos(wer)
78. u(x,1) :(x+ct)4 +(x—ct)4

79. u(x,t)=cos(x+ct)+

x—ct

80. u(x,t) = ln(x+ct)+\/x—ct

81-86 \Verify that f satisfies the two-dimensional form of Laplace’s
equation: f, + £, =0.

81.

82.

83.

84.

85.

86.

f(x,y)=e"cosy

= sinh ycos x

87-89 Verify that the three-variable function satisfies Laplace’s
equation: f, +f, +f, =0.

87.

88.

89.

f(x,y,z) = kxyz

f(x,y,z)=sin (3x)e2y’ﬁz
1

f(xy,2)=—/—7——=
o) e

90-92 The temperature u(x,t) of an insulated rod that is aligned

with the x-axis satisfies the heat equation v, = ku

where « is

xx

a constant, called thermal diffusivity. Show that the functions in
Exercises 90-92 satisfy the heat equation.

90.

92.

93.

94.

95.

96.

u(x,r)=e"sinx 91. u(x,t)=e""sin2x

u(x,r)= Sernt cos(nx)

Suppose that the temperature of an insulated planar
surface is T(x, y,t) = " sinxcos2y. Find the rates
of change of temperature in the x- and y-directions,
respectively, at the point (7/4,7/4,0).

Show that T'(x, y,t) of Exercise 93 satisfies the
two-dimensional heat equation u, = n(uxx + uw) with
k=1

Generalizing Exercises 92 and 94, show that all
functions of the form

—n(m2+n2)

u(x,y,t)=e " sin (mx)cos(ny)

satisfy the two-dimensional heat equation (m, n € R).

Suppose a guitar string, originally aligned with the
positive x-axis, is plucked and the function g(x,)
describes the displacement of the point (x,0) as a
function of #. What can you say about a point (x,,0)
at time ¢ = £, if both partial derivatives g, (x,,7,)
and g, (xo , to) are positive? What if, in addition,
8. (xo.7,) and g, (x,,1,) are both negative?

OHAWKES LEARNING



97.* Recall from trigonometry that the area of a circular

98.

sector of radius » and central angle avis 4 = %rza.
Denoting the circumference of the sector by C, prove
that the area can also be expressed as 4 =3 Cr — r;
then determine 04/0r from both of the given area
formulas and explain why your answers are not
equivalent.

Consider the general cubic polynomial in the variables
x and y:
P(x,y) = Ax’ + Bx*y + Cxy” + Dy’ + Ex’
+Fxy+Gy* + Hx+ Iy +J

Find conditions on the coefficients to ensure that
P(x,y) satisfies Laplace’s equation (such functions
are called harmonic).

99.* If we invest P dollars and take inflation and taxes into

consideration, the future value of our investment in »
years is

|:1+r(1—T)]1
A=P|———2=| dollars,
1+7

where 7 and T are the inflation and tax rates,
respectively, and r is the annual interest rate. Suppose
we invest $15,000 for 10 years at a rate of 12%. Use
the partial derivatives 04/0l and 04/0T to decide
whether it is inflation or the tax rate that affects the
investment more drastically.

100.* Prove that the first partial derivatives of a harmonic

function are themselves harmonic, if they have
continuous second partial derivatives (see Exercise 98
for the definition of harmonic functions).

101.* Let R denote the net resistance of two resistors R,

and R, in a parallel circuit, which satisfies the equation
1 1 1

—=—+—.
R R, R,
a. Generalize the above equation to show that the net

resistance of n resistors in a parallel circuit is as
follows.

[1x
SR

i=l i

R

b. For a fixed index £, find a formula for oR/0R, .
(Hint: It is helpful to look at the cases n = 2 and
n =3 before generalizing.)

102.

103.

Section 13.3 Exercises 947

Prove that if u (x, t) can be written in the form
u(x,t)=u, (x+ct)+u,(x—ct) for some one-variable
functions u, and u, that are at least twice differentiable,
then u(x,) is a solution of the wave equation of
Example 8.

Show that the function in Example 9 does not

meet the conditions of the Increment Theorem of
Differentiability at (0,0). (Hint: Show, for example,
that f, is not continuous at the origin by looking at f,
at nearby points on the x-axis.)

104-107 Decide whether the given function is differentiable at the
origin. Give a reason for your answer.

104.

105.

106.

107.

f(xy)=yle —x’y

f(x,y) = \/xz -i—2y2
1
fer) =i
1
(

f(xyz)=——m—
N

108-113 Show that f is not differentiable at the origin, even
though both £, (0,0) and 7, (0,0) exist. (In Exercises 112 and 113,
generalize to the three-variable case.)

108.

109.

110.

111.

112.

113.

v
Flny)=dxmagr 1) #(00)
0 if (x,y)=(0,0)
SR 0,0

f(ny)={x*+y* (x,»)=(0,0)
0 if (x.»)=(0,0)

_4x2y2
f(ny)={x"+y" if (x,»)#(0,0)
0 if (x,»)=(0,0)

1 ify* <x<2y?
x’ = .
/ ( y) {—1 otherwise

f(xp,2)= {32 oz =

(Hint: See Example 9.)

if xyz#0

1 ifx’+y° <z<2x’+2y°
X, y,z)= .
f( 7 ) {—1 otherwise

(Hint: See Exercise 111.)
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114.* Consider the given piecewise-defined function.

B ST
Flay)={2(x+77) f(x,y)#(0,0)

0 if (x,»)=(0,0)

a. In contrast to some of the previous exercises, show
that F is continuous at (0,0). (Hint: See, for
example, Exercise 31 or 41 of Section 13.2.)

b. Prove that both partial derivatives of F are equal
to 0 at (0,0). (Hint: Use the definition of partial
derivatives.)

¢. Prove that F is not differentiable at (0,0).
(Hint: As noted after Example 9 in the text,
the derivative of F at (0,0) must take into
account a/l the different limiting approaches to
(0,0); however, compare the common value of
the two partial derivatives of Fat (0,0) with
F(h,h)—F(0,0) )

lim————=,
h—0 h

115-118 For certain functions, it is fairly straightforward to
demonstrate differentiability by using the definition. For example, let
f(x.y)=x+y?* and note the following.

Af(x,y)=f(x+Axy+Ay)—f(x.y)
:X+AX+(y+Ay)2—(x+y2)
:)(+A)(+y2+2yAy+(Ay)2—)(—y2
:A)(+2yAy+(Ay)2
=f (X.y)Ax+f,(x.y)Ay +0-Ax+ Ay - Ay

Letting €, = 0 and €, = Ay, we see that ¢, and €, approach 0 as
both Ax and Ay approach 0, as needed. In Exercises 115-118,
mimic this process of using the definition to prove that the function is
differentiable.

15 f(x,y)=x"-2y 116. g(x,y)=x"
7. h(x,y)=2(x*+?)
118. k(x,y)=x"—4x+3y

119. Find all points (x, y) where the function
f(x,y)=|x-y| is differentiable.

120. Repeat Exercise 119 for the function

g(x,y):\bc2 +y7.
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_2xy—z3—yz _ 2xy—z> —yz

—3xz> —xy 3xz% +xy

XZ—XZ x2—xz

—3xz> —xy 3xz? +xy

13.4 Exercises

1. Obtain the result of Example 1 by first expressing y explicitly as a function of x.

2-5 Use a tree diagram to apply the Chain Rule to express the
indicated derivative of the given function.

qa .

dt’

d_g; g :g(x(l),y(t)ﬂz(t))

dt

= h{x(w).y (w0).2 (1))

1= 7 (x(0).(1))

ok
E; k= k(u(x,y,z),v(x,y,z))

6-17 Determine dy/dx, given y as a function of u(x) and v(x).
In Exercises 6—13, check your answer by expressing y explicitly as a
function of x and differentiating. In Exercises 14—17, generalize to three
intermediate variables.

6.

7.

8.

10.

11.

12.

13.

14.

15.

16.

y:uzv; u=3x+1, v=x

2 2
y=uv- —cosu; u=2x", v=+/x

3 : 2
y=uv-sinu; u=2x, v=Xx

. 2
=1 u=sinx, v=cos" x

Y
y= ;. u=e‘cosx, v=e'sinx

u
n—;
W
u’ +v?
11 s
y=—+—, u=csc'x, v=cotx
u v

X

y=uarctanv, wu=e, v=tanx

3

. u
y=arcsin—; u=2x, v=Xx
v

y=uv+uw+vw, u=2x, v=x+2, w=x>+2
. ) 1
y=usin’(w); u=2x, v=x’, w=-—
x

Yy =uvw;

17.

y=uve’; u=5x-2, v=sinx, w=lInx

18. Determine the value of f'(77/6) for the function in

Example 2.

19-21 After determining the rate of change with respect to ¢ of the
function £(x,y) along the indicated parametric curve, find '(t) at
the given point.

19.

20.

21.

22.

f(x,y)=x*y along the curve x = 10cost, y =1,

at t =7/2

f(xy)= (x+y)2 along the curve x = fcost, y = tsint,
att=m

f(x,y)=xe™ along the curvex =4 — 21>, y = 1> - 91,
atr=0

Find the rate of change of the function
f(x,y,z)=xy+sinz along the helix x = cos 2z,

y=sin2¢, z=1/2. Express your answer in terms of the

variable 7.

23-33 Use the Chain Rule to determine the partial derivatives z,
and z,. (Answers may be left in terms of the intermediate and
independent variables.)

23.

24.

25.

26.

27.

28.

29.

z=u'+v; u=x+2y, v=y-x

. 2 2
z=usinv, u=x+y, v=x-y

z=v'-2u’v; wu=cosy, v=sinx

z=v'—2uv; u=xsiny, v=ycosx

z:2v4—3u\/;; u=e*, v=e’
xZ
z=cos(u+v?); u=y—-=—, v=3x-2
R e y

2 3 2
Z=uVv—uw’; u=x+y, v=x -y, w=2xy
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30. z=u(v+w)2—v2; u =3x, v=5y2, w=x-2y 50.
31. z=ve™™, u=x-y, v=2y-x, w=3xy S2.
32. zzln(uz-i-vz—i-wz); u=2x-y, v=xy, w=e’ 53.
33. zzvsin(uwz); u=x+y, v=3y-x, w=x’y 54.
34. Find w,, w,, and w, if w=2x+y’z and 55.

x=pcosfsing, y = psinfsing, and z = pcosé.

(Answers may be left in terms of the intermediate and 56.

independent variables.)

35. Prove that for z = f(x(u,v),y(u,v)) of Example 5,

_ 2 2
z, =2z +4viz_ +4uvzxy tu'z,.

36. Assume (as in Example 5) that z = f(x,y) has 57.

continuous second-order partial derivatives and that
x=u’vand y=u ++*. Find z, andz .

37. Suppose z = f(x,y), where x = rcosf and y = rsin.

() -+%)
or r*\ o0

(Hint: Start by determining f, and f,.)

Prove the following.

(5(5)-

38. Suppose z=f (x, y) is as in Exercise 37. Prove that

2
Lof 1o

>f O _Of

o> ot o

+—.
rt 00*

58.

roor

(This is called the Laplacian of f. Can you see why?)

39-47 Find dy/dx, where y is given implicitly by the given equation.

39. )cz—x)H-yZ:l
4
41, (x*+4)y=8
43. x* -i—yz/3 =8
44. (2)62 +y? )2 —4x’y=0
45. x*+y’= (x2 +y*—3x

46. (x2 +y° )2 =9xy

47, 2 =345
X" +y

:

59.

Section 13.4 Exercises 955
xy—3y —dxz’ =1 51. x°z2° +xy:sin(yz)

xsiny+y’z—e” =1

2
e’ siny—2zz+y%=2

Xy+Z+ylnz=4
1n(x2+y2+zz):5—xyz

If F(x,y)=0 implicitly defines y as a function of x
and both F and y are twice-differentiable, show that
2 2
. F,(F,) —2F,F,F,+F,(F,)
y'(x)=- :

(7)

Use a tree diagram to write out the Chain Rule for
the first partial derivatives £, and f, of f(z,u,v,w),
where ¢ = t(x,y), u= u(x,y), V= v(x,y), and
w= w(x, y).

If f(x,y) is differentiable, where x(u,v) =u+v and

y(u,v)=u—v, prove the following.

LA CANEANEA}

Ou )\ ov Ox oy
Suppose F(x,y,z) is differentiable, has nonzero first
partial derivatives, and that F(x,y,z)=0 defines each
variable as a function of the other two variables (i.e.,

xX= x(y,z), y= y(x,z), and z = z(x,y)). Prove the
following equation.

60-63 A function f is said to be homogeneous of degree n if

f(tty)=t"f(x.y)

for all n, t € R. In these exercises, you will work with
homogeneous functions. To begin, show that the given function
in Exercises 60 and 61 is homogeneous and state the degree of
homogeneity.

60. f(x,y) =5x"y* -3x’y

61.

48-55 Find z, and z,, where z is defined implicitly by the given

equation.

48. X +y' +7=1

49. xyz=e

X+y+z

_ xy2+2x2y

en)=" o
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62.

63.

64.

65.

66.

67.

68.

69.

Chapter 13  Partial Derivatives

Let f (x, y) be homogeneous of degree n. Prove the
following formula.

N af(x,y) . af(x,y)
Ox 7 oy

= nf(x,y)

(Hint: Consider the equation of homogeneity;
differentiate both sides with respect to ¢, and let £ = 1.)

Let f (x, y) be homogeneous, as in Exercise 62. Prove
the following formulas.

M ! M and
ax Bx
M ! M
oy 0y

An ice “cube” in the form of a rectangular prism
with a square base is melting so that the edge of the
base is shrinking at 0.5 mm/min while the height is
decreasing at 0.75 mm/min. Determine the rate of
change of its volume and surface area when the edge
of the base is 20 mm and the height is 30 mm.

Consider a circular sector of radius » and central angle
0. Suppose that 0 is increasing at a rate of 0.1 radians
per minute, while 7 is decreasing at a rate of 0.2 inches
per minute. Find the rate of change of the area at the
instant when 0 = 1 radian and » = 15 inches.

Suppose the height of a right circular cylinder is
increasing at 1 millimeter per second. Determine
the rate of change of the radius of the cylinder if
the instantaneous rate of change of its volume is 0
when the radius is 50 millimeters and the height is
100 millimeters.

Consider a sand cone such as one formed by a child
pouring sand out of a bucket. Assume that its height

is growing at a rate of 0.1 inches per second, while its
radius at 0.05 inches per second, at the instant when its
height is 4 inches and its radius is 6 inches. Find the
rate of change of the volume of the sand cone at this
instant.

Find the rate of change of the lateral surface area of the
sand cone at the instant described in Exercise 67.

Suppose that at a certain moment during takeoff, a
plane’s speed is 100 m/s, its acceleration 3 m/s?,
while its mass of 63,350 kg is decreasing at a rate of
1.15kg/s due to fuel consumption. Find the rate of
change of the plane’s kinetic energy at this instant.

70.

Suppose the temperature of two moles of an ideal gas in
a 50-liter (L) container is 323 kelvins (K) and increasing
atarate of 0.2 K/s, when at the same time, the volume
of the container is increasing at a rate of 0.05 L/s.

Find the rate of change of pressure at this instant. (For

a refresher on the Ideal Gas Law, see Exercise 97 in
Section 3.4.)

71.* Consider the insulated plane of Exercise 93 of

Section 13.3, with temperature measured in degrees
Celsius and time in minutes. Suppose a point

is moving along the line y =—-x+7/2, in the
southeastern direction, at a speed of NG / 2 unit lengths
per minute. Supposing that it is at the point (7/4,7/4)
at =5 seconds, find the rate of temperature change
from the moving point’s perspective at that instant.
(Hint: Determine the rates dx/dt, dy/dt, and use the
Chain Rule.)
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Solution

We begin with the gradient.

VT(x,y,Z) =-100

Section 13.5 Exercises 963

<4x,2y,z>
(14227 +y* +0.52%)

The direction of the greatest decrease in rate of change of 7' from the point (1, 3,2)

is then

~VT(1,3,2)=100

(4,6,2) 100
(1+2+9+2)’ T4

—(4,6,2) ~(2.04,3.06,1.02),

and the rate of decrease in that direction is approximately —3.82 °C/m.

13.5 Exercises

1-6 Find the gradient of the function at the indicated point.
L f(xy)=5x"-2y" (1,2)

2. g(xy

):2xy+g; (1,4)

w

5. F(x,y,z):x y—; (—2,3,3)

z

G(x,»z)= \/Exsin(warzz); [3&70)

g

7-12 Use the definition to find the directional derivative of f at the given
point in the direction of the given vector. Then compute the directional
derivative with the help of the gradient vector to check your answer.

7. f(x,y):Zx—y; (0,0); V=<3,4>

8. f(xy)=xy; (1-1); v=(12)

9. f(xy)—%; (1,2); v=(2,2)

10. f(xy)=xy; ( v=(1,\3)

11. f(x,y,z)=2xy—z; (1,1,1); v=(1,2,3)
12, f(xr.2)=07 (50,-2); v=(2.45)

13. Try to evaluate the limit in Example 1 by using the

following parametrizations.

a. (t,-1)

What do you find?

b. (21,-2t)

14-29 Find the derivative of the function at the given point in the
indicated direction. (Note that sometimes the direction is conveniently
specified in terms of a direction angle, the one determined by a
direction vector and the positive x-axis. In this case, the corresponding
unit vector is u={cosa,sina).)

14.

15.

16.

17.

18.

19.

20.

21.

22.

25.

26.

27.
OHAWKES LEARNING

f(x,y)=x2—4y2; (1,2); V=<3,4>
f(x,y)=3x2—2xy+y2; (0,1); v:<1,1>

f(x,y)=2x3y2; (1,2); V=<—2,1>

f(xy)= %+x2y—3xy2 +3%5 (-1,-1);
=(-4,-3)
f(xy)=ye"; (1,0);

in the direction toward (—l, 4)
f(x,y) =4e" cosx; (0,0); a=60°
f(x,y)=arcsin(xy); (0,1);

in the direction toward (3,4)

f(x,y) =2cosxsin y; (—%,?); v :<5,12>

f(x,y):m; (0,1); v=(0.7,2.4)

f(xy)=In(x*+y*); (L0); a=30°
feyz)=xy—yz+xz; (1,-3,-2); v=(2,1,-2)
Floyz)=e U (1) v=(-6,2.3)
fxyz)=yx*+y*+2%; (LL1); v=(LL1)
S ey z)=xarctan 2 (LL1); v=(2,-2,-2)

z
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28. f(x,y,z)=In(x+y+z); (el-1);
in the direction toward (e—1,1,1)

29. f(x,y,z)=2ze"; (2,0,1);
in the direction toward (—1,4,1)

30-33 Find the direction and value of the greatest rate of increase
for the function at the given point.

30. f(x,y) =2x"—5xy+y%; (2,1)

31. f(x,y)=x%"; (1,0)
32. f(x,y)=ﬁ; (12,5)
33. f(x,y,z)z’;;; (4,2,0)

34-37 Find the direction and value of the greatest rate of decrease
for the function at the given point.
x +y

34, f(xy) . —yzj (—1,2)

11
3s. f(x,y) = cos(ﬂxy), (E’Ej
36. f(x,y,z)zlnw/x2+y2+zz; (2,1,—2)

37. f(x,y,z) =xe %, (—1,3,0)

38-39 Find the direction of no change for the function at the given
point.

38. f(x,y) =x’y+2x’ -3y (—1,1)

x—
39. f(x’y):xz_i_;z; (l’_l)

40. If possible, find a direction angle 6 for which the
rate of change at the point (1,—1) of the function in
Exercise 39 isa. 0, b. 1.

41-48 Find an equation for the line tangent to the graph of the given
equation at the indicated point.

41. X’ —xy+y*=7; (13)
42. (6—x)y2 =2x7; (2,2)
43. (¥ +4)y=10; (-1,2)
4. X +yP =13, (8,27)
45. (2x2 +y? )2 -9x%y =0; (1,1)

46. x*+y’= (x2 +y° —Sx)z; (4,3)

a7, (¥ +5*) =4x (L1)
48 —2 2=§+x2; [l,lj
x“+y- 4 2°2

49-52 Generalize Example 4 to three variables to obtain the equation
of the tangent plane to the surface at the given point.

(2,1,-1)

50. 'z’ +5xz% +2xy =32 (2,-1,2)

49, x*+3y° +4z° =11;

51. x2—2y2:z; (3,2,1)

52. 3x-2y* =3z% (7,3,1)

53. Prove the linearity of the gradient, that is, the Sum/
Difference Law and the Constant Multiple Law:
If f and g are differentiable functions and & is
a real number, then V(f+g)=Vf Vg, and

V(kf)=kVf.

54. Prove the Product Law for gradients, that is, if f and g
are differentiable functions, then V( fg) = fVg+gVf.

55. Prove the Quotient Law for gradients, that is, if /'
and g are differentiable functions and g # 0, then

V(LJ:gi—szg.
g g

56-59 Use the properties of the gradient to determine V'f.

2xp” + yx’
56. f(x,y)zm

2x" =y
57. f(xy)= —(H‘g

58. f(x,y)=x3xy S

59. f(x,y,z) = el

P +yr 4zt

60-65 Find a function with the given gradient. If it is not possible,
explain why. (Answers will vary.)

60. v/ =(1.2)
61. Vf=(2y,2x)

62. Vf=(3y,x)

63. Vf =(y,2x")

64. Vf=(2y,2x,2z)

65. Vf =(6xz>,3x°27,6x7yz)

OHAWKES LEARNING



66.

67.

68.

69.

Prove that the rate of change of the function

f (x, y) =4x>+y’ is greatest along rays emanating
from the origin.

Use the contour map below to estimate the directional
derivative D, f at the point P(6,7) in the direction
ofa. u= <1,2>, b. u= <—1,—l>. Then draw a possible
path of steepest ascent starting at P. (Answers will
vary.)

15

Sarah is standing at an intersection on a mountain
trail where, according to the trail markings, her route
continues to the southeast. Her current position can be
modeled by the point P(400,200,3560) on the graph
of f(x,y) =4000-0.002x> —0.003y° (units in feet).

a. What will be the angle of elevation (or depression)
of her route immediately after leaving the
intersection?

b. What is the direction and angle of steepest ascent
from her current position? (Assume that the
northern direction coincides with the positive
y-axis.)

Suppose that the temperature of a metal plate is given

by
150

T(x,y)=———.
(x.7) JxT+y7+1

Find the rate of change of temperature at the point
(8,4) in the direction toward the point (7,2).

70.

73.

Section 13.5 Exercises 965

Suppose that the temperature around the

origin in three-dimensional space is given by

T(x,y,z) = 3006,(x2+2y2+322).

a. Find the rate of change of temperature at the point
(2,1,0) in the direction toward the point (4,0,2).

b. Find the direction at (2,1,0) in which the rate of
decrease is greatest.

c. Find the rate of greatest decrease at the point
(2,1,0).

71.* Consider a path on the contour map of a differentiable

two-variable function f'(x,y) that follows the
gradient at each point. Such is a possible path of a
heat-seeking object, if / were a temperature function,
or a path of steepest ascent on a geographical map
(see Exercise 67). If such a path is parametrized as

<x(t),y(t)>, prove that
v'(1)
¥'()

_I
fo

. Use Exercise 71 to find the path of a heat-seeking

object if it starts at the point (5,25) on a plane
whose temperature is given by the function
T(x,y)=500-x*-3y". (Hint: Notice that this is a
separable initial value problem. See Section 8.1.)

Use Exercise 71 to find the equation in the xy-plane
of the steepest path from the point (400,200) (this
is the projection of the spot where Sarah is standing)
for the function in Exercise 68. (See the hint given in
Exercise 72.)

74.* Consider the piecewise—defined function of

Exercise 114 of Section 13.3.

2

.
2 (xz + y2 )
0 if (x,y) = (0,0)

Prove that all directional derivatives of F exist at
(0,0), but F is not differentiable at (0,0). (Hint: To

prove the existence of the directional derivatives, use
the definition.)

F(x,y)z if (x,y);t(0,0)

75.* Suppose [ (x, y) is defined and differentiable on an

open region R, and V/f (x,y)=0. Prove that f(x,y)
is constant on R.
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@S EWIENM Linearizing a Function of Four Variables

Find the linear approximation of the following function at the given point.

f(w,x,y,z) =xp’ —3—W+sin(x3yz); (—2,1,0,3)
z

Solution

The linearization of f at (—2,1,0,3) is given by the formula

L(w,x,y,z) =

F(=2,1,0,3)+ £, (-2,1,0,3)(w+2)+ £, (~2,1,0,3)(x—1)
+/,(-2,1,0,3)(y=0)+ £, (-2,1,0,3)(z -3),

so we calculate the following values of the function and its four partial derivatives.

£(-2,1,0,3) = (1)(0)’ - (;2) +sin(1)'(0)(3)) =2
_|_3 __

fw ( b 073) N |: Z:l(_2,1,0,3) :

£.(-2,1,0,3)= [ v +(3x*yz)cos (x* yz)}(iz,lm) -0

£,(-2,1,0,3) = [2xy+(x3z)cos(xSyz)](iz’l’oys) =

/.(-2,1,0,3) = {3—?+(x3y)cos(x3yz)lz o =3

Hence,

L(w,x,y,z):2—(w+2)+3y—§(z—3)

—w+3y—§z+2.

13.6 Exercises

1-8 Determine the tangent plane and normal line at the indicated
point of the given surface.

1. z—x2+2y2=0; (1,1,—1)
2. z—xy+y3x2:0; (2,—1,2)

3. 27 +(3x+1)(y—x2)

=0; (1,-3,4)

4. 22 -3x* -y’ =15; (2,-3,6)

5. (w+2) +3(y+1) —Vz =5 (2,-2,4)
6. xyz=18; (-3,2,-3)

7. x’z-x’y’=3; (1,-3,12)

. Vs ™
8. z=sin(2x)-5 YL YT 4
z =sin(2xy)-5; { R

9-16 Determine the tangent plane at the indicated point of the given
surface.

9. z=xp' —x’y; (1,2,2)
z= tan(xy)+2; (1,%,3)
y
- 973)1
i (0)

z=In(x*+2y"); (11,In3)

10.

11.

z =
12.

13. : iz+y2; (1,3,10)
X

14. z=2sinxcosy; z,z,l
44

L . (3,4,1j
x>+’ 5

z=e"; (3,6,62)

15.

16.
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17.

18.

Chapter 13  Partial Derivatives

Given a differentiable function f(x,y), use your
knowledge of partial derivatives to show that the
vectors u = <1, 0,f. (xo,yo )> and v= <O, Lf, (xo,y0 )>
are direction vectors for the plane tangent to the
surface z = f(x,y) at the point (xo,yo,f(xo,yo)).
Then use the cross product to find a normal vector

n and arrive at the following equation of the tangent
plane that we derived immediately preceding
Example 2.

Lo (3030 ) (x =0 )+ £, (%0, ) (3= 30) =(2=2,) = 0

Assuming that F(x,y,z) is differentiable and
F(x,y,z)=0 defines a function z = f(x,y)
implicitly, use the formulas f, =—F /F, and
f,=-F, / F_ to provide yet another derivation of the
equation of the tangent plane described in Exercise 17.

19-22 Find parametric equations for the line tangent to the
intersection of the two surfaces at the indicated point.

19.

20.

21.

22,

23.

24.

25.

26.

xt 4y’

zZ=

i z=8-3x*—y7%; (1,2,1)
3+t =2 X4y’ +zt =14 (2,1,3)
x2+5y2+222:11; xyz =2; (—2,1,—1)

4y’ +y° +5x y—xy =2z 4x’ -y’ —z=0;
(11,3)

Find a parametrization r(t) of the curve C of
Example 3; then determine r’ at the point (1,1,1),
and use it as a direction vector to obtain parametric
equations for the tangent line to C at (1,1,1).

Show that, in general, the tangent to curve C at the
point (x,y,z) of the intersection of the surfaces in
Example 3 points in the direction of <—10 y,6x, —4xy>.
(Hint: Determine the cross product of VF and VG.)

Find all points on the surface 8x” + 4)” + z* = 4 where
the tangent plane is normal to the vector <4, 2,1>.
(Notice that this surface is an ellipsoid. How many
such points do you expect?)

Repeat Exercise 25 for the hyperboloid x* + 3)* — 22° = 6
and the vector <l,3, 2>.

27-34 Find a. the differential df at an arbitrary point (x,y) and b.
the linearization of f at the indicated point.

27.

28.

f(x,y):x3+y—(y+2)2; (1,3)

f(x,y) =xy’ —x*y’ +xy; (—2,1)

32.

33.

34.

f(xy)=yx*+y*; (\5,—1)

f(x,y) =XCOS Y+ yCoSX; (7r,0)

; (L)
f(x,y) = arctani;

()
y
Fe)=2(VF ) (19)

f(x,y)=€"cos2y; (0,7/2)

S(xy)=*%

35-39 Find the linear approximation of the function at the indicated

point.

35.

36.

37.

38.

39.

40.

f(w,x,y,z) =2x* (wy—z3)+ 4wx; (3,—1,1,2)

yz
xyz
f(X,y,Z)=m; (2,1,—1)
f(waxnynz):e Wz“fZ*,VZ*ZZ; (_29230a_1)

f(w,x,p,z)=arctan (wxyz); (-1,1,1,-1)

f(x,y,z):ex,/ln(y—z); (l,e,O)

Using the linear approximation of the function
f(x,y) =4x*—y* atthe point (5,4), find an
approximation for the number (4.9)2 - (4. 1)2 .

Compare your approximation with the value returned
by your calculator.

41-46 Find an appropriate function and mimic the process from
Exercise 40 to approximate the given number. Compare your
approximation with the value returned by your calculator.

(In Exercises 45—-46, generalize to three variables.)

41.

43.

45.

47.

(1.98)° 16.5
— 42. 240
(3.01)" -1 :

(3.8) +(3.1)° S 29

In(2.8)

J(8.98)(3.01)(2.9)  46.

(2.15)(4.95)

Suppose the legs of a right triangle are known to
within 3% relative error and within 4% relative error,
respectively. Find an upper bound on the relative error
with which the triangle’s area is known.
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48.

49.

50.

51.

52.

53.

54.

5S.

Suppose the length and width of the base of a 56.*
rectangular pyramid were measured within a relative

error of 1%, while its height is known to within 3%

relative error. What is the greatest possible relative

error this causes in the volume of the pyramid?

Repeat Exercise 48 for a circular cone if the radius
of the base is measured within a relative error of 1%,

while its height is known to within 3% relative error. 57.

The electrical power used by a resistor is given by the
equation P =V"7/R, where R is its resistance and
is the voltage. Suppose R and V" are known to within
2% and 1% relative error, respectively. Find an upper
bound on the relative error with which the power is

known. 58.

As we have seen earlier (see, for example, Exercise 17
in Section 3.7), the speed of impact of a body falling
from a height % in the absence of air resistance

Section 13.6 Exercises 973

Suppose four resistors are connected in parallel,

with the following resistances: R, = 12 ohms (Q),
R,=16Q,R,=9Q, and R, = 6 Q. If the actual
resistances might differ by up to 2% from the above
specifications, use linear approximation to estimate the
maximum relative error in the calculated value of the
net resistance. (See Exercise 101 of Section 13.3.)

Recall that the standard equation of the ellipsoid
2 2 2

LX z
centered at the origin is —+ ;—2 +— =1. Show that
a c

the tangent plane to its surface at the point (xo Voo zo)
z,Z
+ M + o0~ _ 1

. XX
has equation —- - =
a b c

Find the equation of the tangent plane to the

yZ

2 2
X z
hyperboloid PR =1 at (x,,¥,.2))-

(See Exercise 57.)

is v =4/2hg. Find the maximum relative error if concept Check
one uses g ~ 10 m/s (instead of its “true value” of
o a0 .
9.81m/s), and if & is only known to within 3% of its 59-62 Determine whether the given statement is true or false. In

true value.
case of

Consider the first-octant tetrahedron formed by the
coordinate planes and the plane tangent to the surface
xyz = c at a fixed point P on the surface. Find the
volume of this tetrahedron and show that its value is
independent of the choice of P.

59.

60.
z

xyz=c 61.

4

62.

X

Show that every plane tangent to the elliptic cone
x* +y* — 2> = 0 passes through the origin.

Suppose you are working on a mathematical model
that involves positive numbers less than 1000 and that
your calculator rounds all your data to two decimal
places. Use linear approximation to estimate the
maximum error this might cause when multiplying
three numbers.

Consider the two moles of ideal gas in the 50-liter
container in Exercise 70 of Section 13.4. Use linear
approximation to estimate the change in pressure if the
temperature increases from 323 K to 328 K and the
volume increases to 51 liters.
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a false statement, explain or provide a counterexample.

Ifboth £, (a,b) and f, (a,b) exist, then a tangent
plane to the graph of f'(x,y) exists at the point (a,b).

If a tangent plane to the graph of f(x, ) exists at
the point (a,b), then every directional derivative of f
exists at (a,b).

If f(x,y) is differentiable at (a,b), then Vf(a,b)
is contained in the tangent plane and points in the
direction of greatest increase of f.

If (x,,¥0.2,) is a point on the level surface
F(x,y,z) =k of a differentiable function F(x,y,z),
then VF (xo, Voo zo) is normal to the plane tangent to
that level surface at (x,,y,,2,).
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V(14,14) = 5488

We leave it to the reader (Exercise 32) to show that V( v, z) =0 on cach edge of the
boundary D and also to show that V" has a relative (and hence absolute) maximum
value at the point (14,14). Thus, the dimensions that maximize volume are a length
of 28 inches with a square cross-section of width 14 inches, and the maximum
possible volume is 5488 cubic inches. Figure 8 shows a graph of the function V over
its triangular region of definition.

Figure 8

13.7 Exercises

1-12 Find any extrema of the given function. Classify critical points
without using the Second Partial Derivative Test.

1.

2.

10.

11.

12.

f(x,y)=x2+4x+y2—6y+10

f(x,y)zx2 —12x—i—y2 +8y
f(x,y)=10x—x2—4y—y2
f(x,y)z—xz—y2 —4y+1
f(x,y)zxz—8x—y -2y+15
f(x,y)=y2—x2—6x
f(x,y)=y4—4y2 +x7+5
f(x,y)zx“—Zx2 +y?

1
f(x,y)— 24+ x! +y4

1

f(x,y)— xP+y?—4y+5

f(x,y):ln(x2+y2+2x+2)
1
xP—4x+y’ -2y+6

f(xy)=

13-30 Use the Second Partial Derivative Test (if necessary) to

classify the critical points of the given function. If the test fails, classify
the critical point by other means. ldentify absolute extrema wherever

appropriate.

13. f(x,y)=x’+6x+6y" -8y

14. f(x,p)=2x"—4x+y> +6y-1
15. f(xy)=y"-2y"+4x°

16. f(x,y)=6x’y—x>-3y’

17. f(x,y)=x"+y* =327 -2)’
18. f(x,y)=x"+2xp> -y’

19.

20.

21.

f(xy)=3xy-x'-)’

f(x,y):2xy+i—i-l
x

y
f(xy)=3-3+y?
fey) ="
f(xy)=2xp-x" ="
f(xy)=ye
f(xy)=2xe>"
() =xin(x+y)
f(xy)=(x"=»")e"
F(xy)=e —xe’
f(x,y)=xcosy

30.* f(x,y) = sinx+cos(x+y)

31.

32.

33.

Find and classify all extrema of the function
f(x,y) =x*+y7.

Show that ¥ (,z)=0 on each edge of the boundary
of D in Example 6, and demonstrate that /" has a
relative (and hence absolute) maximum value at the
point (14,14).

33-42 Find the absolute extrema of the function on the given region.

f(x,y)=2x+4y—3;
Dz{(x,y)|—l£x£1,0£y£2}

34. f(x,y):3x—§+l;

D={(x.y)|-25x<3,-1<y<s]
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35.

36.

37.

38.

39.

40.

41.

42.

43.

f(x,y) =2xy—x—y+4; D: The triangle with
vertices (0,0), (3,0), and (0,3)

f(x,y)=4xy—2x—y+1; D: The triangle with
vertices (0,0), (4,0), and (0,2)

f(xy)=(x- 2y)2 ; D: The triangle with vertices
(0,0), (12,0), and (0,3)

f(xy x*+ % D:{(x,y)|x2+y2§1}

y)
(12
)=1
( v)=

X2 =2xy+y;
{ xy)|- 2<x<2—1<y<1}

fxy)=x"=2xy+y;
={(x,y)0<x<2,x*<y<4
(x2)

Dz{(x,y)|0£x£2,0£y£\/4—x2}

Find the absolute extrema of the function
g(xy)= (x2 +2y° )ef(xzwz) on the square
s ={(x.y)|ld <2,y <2}.

44-49 Show that the Second Partial Derivative Test fails for the
given function and classify any critical points by other means.

44.

45.

46.

47.

48.

49.

50.

51.

f(xy)=x7y’

1
xt+y?
h(x,y) (x—l)3
F(u,v) = (u +1)2/3 +(v—

R(s,t)=s"+1 =31 -2

g(x,y)=

+(y+ 2)3
1)2/3

k(x,y) =x’-2x"y

Demonstrate that even though the function

f (x, y) =4+2x—x" has infinitely many critical
points, the Second Partial Derivative Test fails to
classify any of them. Are those points extrema, and if
so, what kind?

Determine m and b such that the sum of the squares of
vertical distances from the line y = mx + b to the points
(0,3), (1,1), and (4,8) is minimal.

52.

53.

54.

55.

56.

57.

58.

59.

60.

61.

62.
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Repeat Exercise 51 for the points (1,0), (2,5), and
(6,9).

Find a line that minimizes the sum of squares of the
horizontal distances between the points in Exercise 51
and the line.

Find a line that minimizes the sum of squares of the
horizontal distances between the points in Exercise 52
and the line.

By generalizing Exercise 51 to n points, this exercise
will prove the formulas used in the least-squares
method of curve fitting (see Section 1.5). Given

n data points (x,,»,), (x,,,), .. (x,,»,) inthe
plane, let y = mx + b be the line that minimizes the
sum of the squares of the vertical distances from the

line to the points.
a. Using the notation S m b

Z[yf )]

show that in order for S (m,b) to be minimal, m
and b have to satisfy

(injm+nb = Zy,.
i i=1
and
(fojm+(2x,)b = Zx,.y,..
i=1 i=1 i=1
b. Solve the above system to derive the formulas
introduced in Section 1.5 for m and b.

Find the minimum distance from the origin to the
surface xyz* = 2.

Repeat Exercise 56 for the surface x’y’z = 1.
Repeat Exercise 56 for the surface z* — x)”* = 3.

Use the methods of this section to find the minimum
distance between the point (~3,—4,1) and the plane
4x+y—2z=3.

Find the dimensions of a rectangular prism with a fixed
surface area of 6 square units and maximum volume.

Find the dimensions of a rectangular prism with a fixed
volume ¥ and minimum surface area.

Repeat Exercise 61 for an open box that has no lid.
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63.

64.

Chapter 13  Partial Derivatives

Suppose we want to paint the inside of a rectangular
box of volume 7 and that the paint used on the sides
costs $2 per square unit, the paint for the top is $3 per
square unit, while the sealant used to paint the bottom
is $5 per square unit. What are the dimensions of the
box that is the most cost-effective to paint under these
conditions?

A rectangular box is placed in the three-dimensional
coordinate system with one vertex at the origin and
the three edges containing it lying along the positive
coordinate axes. If the vertex opposite the origin lies in
the plane 4x + y + 2z =9, what is the greatest possible
volume for such a box?

65.* A right rectangular pyramid with a square base is

66.

sitting atop a right rectangular prism with a congruent
base to form the solid seen in the given figure.

Find the side length of the base, and the respective
heights of the pyramid and the prism that minimize
the lateral surface area of the solid, if its volume is

12 cubic units.

Find the dimensions of the rectangular box of
maximum volume inscribed in a hemisphere of radius
R. (Hint: First argue that one of the box’s faces should
lie in the base plane of the hemisphere.)

67.* Find the volume of the largest box inscribed in the

68.

69.

70.

2 2 2
ellipsoid *—+2—+=_=1.
a b ¢
If the sum of three positive numbers is 300, what is the
greatest possible value for their product?

Again, as in Exercise 68, assume the sum of three
positive numbers is 300. Find the minimum value for
the sum of their squares.

A 30 in. piece of wire is cut into three pieces which are
then bent into squares. If possible, determine how to

a. minimize, and b. maximize the sum of the areas of
the three squares.

71.

Suppose a, b, ¢ > 0 are given and consider the
tetrahedron formed by the three coordinate planes and
an arbitrary plane containing the point (a,b,c). Find
the minimum volume for such a tetrahedron.

72.* Find the coordinates of the point Q so that the sum of

the squares of the distances between O and the given

points (x,,,),...,(x,,»,) is minimal.
73. Show that the function f(x,y)=3x"-8x’y+4y’ has
a relative minimum along every line y = mx through
the origin, but (0,0) is not a relative minimum for "
(Hint: Examine the behavior of f along the parabola
y=x)
Concept Check

74-78 Determine whether the given statement is true or false. In
case of a false statement, explain or provide a counterexample.

74.

75.

76.

77.

78.

If f(x,y) has a relative minimum at (a,b), then
f:v (aab) = f:v (a,b) =S O
If £, (a,b)=f,(a,b)=0, then f(x,y) hasa relative

extremum at (a, b).

If f (x, y) has a relative extremum at an interior point
( ,b) of its domain, and if f, and fy both exist at

a b)
(a,b), then fx(a,b)=0=fy (a,b).
(

If f(x, y) has exactly two relative maxima, then it
must have a relative minimum also.

If f (x, y) has an extremum at (a,b) along every
straight line y = mx, then (a,b) is an extremum for f.

13.7 Technology Exercises

79.

With the help of a graphing utility, create an example
of a two-variable function that has two maxima, but
no relative minima. Sketch the graph of your example.
(To start off, you may want to review, for example,
Exercise 7, 15, or 23 of this section. Answers will

vary.)

80-85 Use a graphing utility to graph the function of the indicated
exercise and graphically reinforce your conclusions made in the
referenced exercise.

80.

82.

84.

Exercise 7 81. Exercise 15

Exercise 21 83. Exercise 29

Exercise 30 85. Exercise 43
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13.8 Exercises

1. Find the absolute extreme values of the function
f(x,y) =2y° —x on the circle x* + y* = 4.

2. Find the absolute extreme values of f(x,y)=xy on
2 2

the ellipse Lo
4 8

3-18 Find any extreme values of the function subject to the given
constraint.

3. f(xy)=x*+y* constraint: xy=2

4. f(x,y)=x*+y? constraint: 2x+y=>5

5. f(x,y) =x"-3xy+y?; constraint: x> +y* =2

6. f(x,y)=x*+3xy+y’; constraint:y —x=2
xz + 2

7. f(xy)= ; constraint: x” + 2y” =4

8. f(xy)=x*+y% constraint: 2x* +3y* =8

9. f(an’) =x"-y?; constraint: 2x +y =6
10. f(x,y) =x’ —yz; constraint: y2 =4x

2 2

11. f(x’J’)=2xy; constraint: %+y_:1

4
12. f(x,y) =3x* +y*-2;
constraint: x> + 2y* = 14
13. f(x, y,z) =2x-3y+z; constraint: 6z = 3x” +y’
14. f(x,y,z) =x"+y* +2%
constraint: 2x —4y +z =14

15. f(x,y,z) =x+2y+8z;
constraint: x> + 9y* + 16z* = 144

16. f(x,y,z)=xyz; constraint: x> +)* +z° =4
17. f(x,y,z):x2—2y2+zz;

constraint: 2x” + y* + 32> = 18
18. f(x,y,z):x+2y+3z;

constraint: x> +y* +z> =1

19-26 Use Lagrange multipliers to find the coordinates of the point

on the given curve that is closest to the point P.
19. y=2x-3 P(2,2) 20. y=1-3x; P(-3,0)

21. y=x’; P(3,0) 22. y=x’+x; P(2,-2)

23. y=x+x; P(2,0) 24. y=2x-x’; P(1,0)
25. x2—2y3:1; P(0,0)
26. (x*+4)y=10; P(0,0)

27-34 Use Lagrange multipliers to find the coordinates of the point
on the given surface that is closest to the point P.

27. 3x-2y+3z+16=0; P(0,0,0)
28. z=3x-2y+3; P(2,1,0)

29. 2z+x-y=1; P(3,-2,-1)

30. 22:x2+y2; P(I,O,%J

31. z=x>+2y* P(0,0,1)

32. xyz=2; P(0,0,0)

33. x=yz+1; P(2,0,0)

34. xzzyz+1; P(0,0,0)

35. Generalize Exercise 27 by showing that
the location on the plane ax + by + cz=d
closest to the origin is the following point.

[ ad bd cd j
a?+b+ct at b+t a4t

36. Suppose we want to cut a rectangular beam from a
log that has a circular cross-section of radius \/5 feet.
Use Lagrange multipliers to find the dimensions of
the beam’s cross-section if it is to have maximum
area. (Hint: Place the cross-section in the xy-system
with its center at the origin, and maximize the area
of the beam’s cross-section subject to the constraint
¥ +y'=2)

37. Suppose that when manufacturing three different
products, a company is able to make a profit of $4 on
each unit of the first product, while the profits on the
second and third types of products are $8 and $6 per
unit, respectively. Let x, y, and z denote thousands of
units produced from each product.

a. Find the profit function P(x, ¥, z).

b. Assuming that the manufacturing process is under
the constraint x* + 2)” + z> < 756, find the maximum
profit for the company under these conditions.
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38-48 \We will revisit some exercises from Section 13.7. Use
Lagrange multipliers to provide a second solution for each.

38. Find the dimensions of a rectangular prism with a fixed
surface area of 6 square units and maximum volume.

39. Find the dimensions of a rectangular prism with a fixed
volume V" and minimum surface area.

40. Repeat Exercise 39 for an open box that has no lid.

41. Suppose we want to paint the inside of a rectangular box
of volume ¥ and that the paint used on the sides costs
$2 per square unit, the paint for the top is $3 per square
unit, while the sealant used to paint the bottom is $5 per
square unit. What are the dimensions of the box that is
the most cost-effective to paint under these conditions?

42. A rectangular box is placed in the three-dimensional
coordinate system with one vertex at the origin and
the three edges containing it lying along the positive
coordinate axes. If the opposite vertex lies in the plane
4x + y + 2z =9, what is the greatest possible volume for
such a box?

43. Find the dimensions of the rectangular box of
maximum volume inscribed in a hemisphere of radius
R. (Hint: First argue that one of the box’s faces should
lie in the base plane of the hemisphere.)

44, If the sum of three positive numbers is 300, what is the
greatest possible value for their product?

45. Find the minimum distance from the origin to the
surface xyz* = 2.

46. Repeat Exercise 45 for the surface x’y’z = 1.

47. Repeat Exercise 45 for the surface z* — xy* = 3.

48.* Find the volume of the largest box inscribed in
2 2 2

the ellipsoid - +2—+=_=1.
a b c

49. Use Lagrange multipliers to prove that among
all triangles inscribed in a circle of radius R, the
equilateral triangle has the largest area. (Hint: Draw
the three radii connecting the center of the circle with
the vertices of the triangle, and mark the angles formed
by these radii o, 8, and 7. Then use the formula for the
area of a triangle with sides a, b and included angle 6,
A=1absinb.)

Section 13.8 Exercises 991

50-53 Find the absolute extreme value(s) of the function subject to
the given constraints.

50. f(x,y,z):x+2y+22;
constraints: x*+z°=4 and 2x+y+z=1

51. f(x,y,z):x2+y2+zz;
constraints: x+ y=1 and 2x—y+3z=2

52. f(x,y,z):xyz;
constraints: x —y+z=4 and x+y+z=06

53. f(x,y,z) =2x+y-2z
constraints: x> +y*=4 and x -y +2z=1

54. Supposing that x, y, z > 0, maximize the function
£ (x,y,z) = xyz subject to the constraint x +y +z =1,
and use your result to prove the famous inequality
between geometric and arithmetic means for three
positive numbers

X+y+z
I xyz S%,

with equality occurring precisely when x =y = z.
55.* Generalize Exercise 54 for n positive numbers.

56. The graph of the equation x* + xy +)” = 4 is a rotated
ellipse. Use Lagrange multipliers to find its points
closest to and farthest from the origin.

57. Find the points closest to and farthest from the origin
on the intersection of the surfaces z = 2x* + 2)” and
z=20—-x—y.

58. Find the highest and lowest points on the curve of
intersection of the two surfaces x> + 1* + z* = 9 and
X—=2y+z=2.

59. Suppose a fence of height / is located d units from
a wall. Find the minimum length of a ladder that is
able to reach the wall over the fence. (Hint: Minimize
f(xy)=(x+ a’)2 +(y+ h)2 subject to the constraint

h_y

x d
rl\
f
'|'A
[

—d——Xx —

60. Using Lagrange’s method, show that the critical point
of the function f(x,y)=x’y subject to the constraint
y —x =0 does not yield a local extremum. Explain.
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61.* When a light ray travels from a transparent medium ‘l 3 8 TeCh nO|Ogy Exe rcises

into another transparent medium, it “bends” or
“refracts” as shown in the figure below. Using the

62-64 Use a computer algebra system or a programmable

fact that the traveling of light waves is governed . . .
. . w ., calculator to write a program that accepts a three-variable function
by the principle of making the “best time” between . . )
A and B. and i that th d of light in along with one or two constraints, and uses Lagrange’s method to
’ SUpposing ¢ speed OL1E return the critical points. Use it to check the answers you obtained for

the two different media is v, and v,, respectively, the following exercises

use Lagrange’s method to derive the equality
sina v, 62. Exercise 18 63. Exercise 50

—— =—=. (This is called Snell’s Law of refraction.
sin 3 Vg . ) ) 64. Exercise 53
Hint: Minimize the travel time of light subject to

the constraint that the distance between 4, and B, is

constant.)
A \: Transparent medium 1
D X5
A, NG

Transparent medium 2
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14.1 Exercises

Chapter 14  Multiple Integrals

1. Suppose f(x,y)=x* is defined on the square
R=[0,4]x[0,4]. Estimate [[ f(x,y)d4 using
R
the Riemann sum approximation corresponding to
n=m =4, with each sample point (x;., y:) chosen
to be the center point of the respective subsquare,

1<i,j<4.

2. Use Fubini’s Theorem to evaluate the integral of

Exercise 1 and compare its true value to your estimate.

3. Evaluate the iterated integral and verify that your
answer is equal to that obtained in Example 3.

IIS/Z sz<15 -x*=2y° )dy dx

4-15 Evaluate the iterated integral.

4. _[;I04(3x—2y)dxdy 5. I:Il2xy2dydx

6. Efl(Sx+xy—3y)dxdy

7. .[fzj;(x3y—9)dydx

8. .[701‘[:()6)/4 —x4y)dxdy

9. J-:/z Jf:z sin ycos xdx dy

10. Lz J‘;yze’x dy dx

11. _[1/2 J: (xzy —cos x) dx dy

j f (———jdxdy ;
jjordydx 15. ”

16-19 Suppose Uf x,y)dA=4, ”g x,y)dA=5,

12.

54

I'x%y

14. dx dy

”g X,y )oA =1 and .U f(xy) dA—12 on the rectangular
RyUR,

reglons R =[-13]x[24] and R, =[-5,5]x[ -2.2]. Usethe

properties of double integrals to evaluate the integral.

16. H[zf(x,y)+3]dA
17. H[4f(x y) g(x y)}dA
18. [ [3/(x.y)+5g(x.y)]d4

R|UR,

19. H[3f(x,y)—2g(x,y)JdA

20-22 Evaluate the given integral on the rectangular region
R=[-13]x[0,4]. (Hint: Recall that [ x| denotes the greatest
integer less than or equal to x.)

20. jkj([[y]]—[[x]]) dA
22 [[x-[y]d4

23-34 Evaluate the iterated integral.

21. Lfﬂx]][[y]] dA

23. j;j;(x2+y2)dydx 24, E/zjoy(x+y)2 dxdy

26. J-J‘7 > x*ydxdy

I

30. IO L ' (x3 —x)dxdy

25. J-: J.;;x xydydx

27. 2 iy dx 28.

j J‘m dydx

31 j;jgzydydx 32. H”Bzxdxdy
33 j:jle%dydx 34. j/zj dydx

35-49 Rework the indicated exercise by reversing the order

of integration and verify that the answer does not change.

(Hint: It is helpful, sometimes even necessary, to sketch the region of
integration before reversing the order.)

35. Exercise 4 36.
37. Exercise 6 38.
39. Exercise 24 40.
41. Exercise 26 42.
43. Exercise 28 44.

Exercise 5

Exercise 23
Exercise 25
Exercise 27
Exercise 29
45. Exercise 30 46. Exercise 31
47. Exercise 32 48. Exercise 33

49. Exercise 34

50-52 Use the symmetry of the graph of f over R to evaluate the
double integral. (Do not use repeated integration.)

50. ﬂdi R={(x.y)-2<x<2,0<y<4}

51. jstinydA; R={(x,y)|—1£x£5,—%gyg%}

5. ”(x3+1)dA;R:{( )~ 3<x£3,—1£y$7}
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53-54 Set up, but do not evaluate, the integral of £(x,y) asan
iterated integral over the triangle with the given vertices. Choose the
most convenient order of integration. (Answers may vary.)

53. ”f(x,y)dA; R is the triangle with vertices (1,0),

(3.2), and (4,0).

54. [[/(x.y)d4; Ris the triangle with vertices (0,0),
(2,4), and (4.3).

55. Evaluate f j 2xdA over the region R bounded by
y=cosxafldy=sinx, 0<x<m7/4.

56. Let R be the region between the circle x* +)* = 9 and
the ellipse 4x” + 9” = 36. By integrating 1 (x,y)=1
over R, find the area of the region.

57. Evaluate ” vdA over the region R bounded by
R
y+x=2andy=x"—2x.
58. Evaluate sz dA over the region R bounded by

R
y*=5—xand )’ =4x.

Section 14.1  Exercises 1013

59. Evaluate H xydA over the region R bounded by

R
y=x—3xand4y=x’, x> 0.

60. Evaluate ‘Um dA, where R is the first quadrant of
the disk sz+ Yy =1
61. Evaluate H ydA, where R is the circular sector
bounded bl;y =0, y=3x, and ¥’ +)* = 4.
62. Evaluate H xe” dA, where R is the first quadrant
R

region bounded by y =Inx and x = e.

63—-67 The iterated integral represents the (signed) volume of

a well-known solid. Use a formula from geometry to evaluate

the integral. (Hint: For Exercises 65 and 66, see Exercise 83 of
Section 6.1 for the formula for the volume of a generalized cone.)

63. [ '[2dyan 64. jj 3)ddy
65. ['[ 7 (4-20—y)dyar

66. I;J.:_By(%x+§y—%jdxdy

X I o N R

67.

~

68-70 Set up and evaluate an appropriate double integral to determine the volume of the solid shown in the figure. Use the order of integration of

your choice.

. 69. z 70. y
2 2
1 y
1 2 5>
X . 2 K 0

71-74 Evaluate the integral by reversing the order of integration.

71. j j *)dxdy 72. ” e dydx

73. jj —d dy 74. j;j;;sin(y3)dydx

75. Suppose a thin plate has variable density given by a
continuous two-variable function p(x, ). Interpret
the double integral H p(x,y)dA.

R

76. Use the Domination Property to show that if f'(x, )
is integrable and nonnegative on the bounded region R,

then [[ 1 (x,y)d4>0.

77. Use the Domination Property to show that if f'(x,y)
is bounded on a region R of area A4, that is, if
m< f(x,y) <M for some real numbers m, M for all
(x,y)€R, then

m-A<[[f(x.y)dA<M- A
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78.% Let F(x,y)=1 if at least one (or both) of x and y are
irrational and F(x,y)=0 otherwise. Prove that F is
not integrable over any bounded region R in R’.

79. Let R=[a,b]x[c,d], and suppose that the second-
order partials of f (x, y) are continuous on an open
region containing R.

a. Use the Fundamental Theorem of Calculus to
derive a formula for H Sy (x, y)dA.
R

(Hint: Write the double integral as an iterated
integral and use the Fundamental Theorem in two
steps.)

b. Letting f(x,y) =x’y—2y*>+5xp* and noting
that 7, (x,y)=20y°+3x" (see Exercise 41
of Section 13.3), use part a. to evaluate

fzj‘lsfxy (an’)dXdy.

80. Let R=[a,b]x[c,d] and suppose f(x,y) can be
decomposed into a product of a function of x and a
function of y, that is, f(x,y)=g(x)-h(y). Show that

I ()= [ (e | [ ()|

81-86 Use Exercise 80 to provide a second solution to the given
exercise.

81. Exercise 5 82. Exercise 9

83. Exercise 10 84. Exercise 13

85. Exercise 14 86. Exercise 15

87-90. Use the Riemann sum definition to prove the
properties of double integrals. (For a refresher on the
proofs of the one-variable case, see Section 5.2.)

Concept Check

91-94 Determine whether the given statement is true or false. In
case of a false statement, explain or provide a counterexample.

91. If f (x) is continuous, then

[ £ (x)dydc=(d~c)[ f(x)ax.

92. If R, and R, are disjoint regions and f(x,y) is
continuous, then

= +

H f(x,y)dA

R|UR,

.[f(x,y)dA _‘-J.f(x,y)dA

coely abc
93. Ifa, b, c>0, then job_[o (c—ax—by)dxdy=T.

R VR 2 2 2 4
94. JlRLm,/R —-x" -y dydx—gwR
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Chapter 14  Multiple Integrals

14.2 Exercises

1-12 Use double integration to find the area of the region bounded
by the graphs of the given equations.

1.

2.

10.

11.

y = 2x, y2=4x3
\/Ey:xz, x*+y*=4, x=0
¥=y, x=)
Y =4x, 2x=4-y
y¥=9x, y¥’=10-x
y=x, xy=36, y=12
2x=8-y, y=6x, 2y=x
y:%‘/;, y=x, y=2
y=x+10, y=8x—x
x:(y—2)2, x:(y+2)2, x=0
y:%, y=4x, xy=1

x* 1
yz?’ y:1+x2

13-24 Find the average value of f(x,y) over the region bounded
by the graphs of the given equations.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

f(x,y):xz—y; y=2x, yzzx3

f(xy)=2y, y=VBx; x*+y’=1, x=0
F(ry)=-x y=2x dx=y’
f(x,y)=y72; x=y', x=2-y
f(xy)=x'y; x*=4y, x*=5-y
f(xy)=xy; y=x, xp=1, y=0, x=2
f(x,p)=5y% x=2-p, y=x’, x=0
f(ny)=x7 ¥=x, y=x, x20
f(oy)=vx; y=x+4, y=6x-x
f(xy)=e"; y:(x—l)z, y=(x+1)", y=0
f(xy)=x; y=§, y=2x, xy=2
f(xp)=x% y=§, y=ﬁ

Find the center of mass of the triangular plate of
Example 3 if the density of the plate p(x,y)=c is
a constant. Compare your answer with that given in
Example 3.

26-35 Find the center of mass of the plane region of varying density
that is bounded by the graphs of the given equations.

26.

27.

28.

29.

30.

31.

32.

33.

34.

3s.

2)/:4—)6, x:O’ y:0> P(x:y):xy
y=2x, y=3-x, y=0 p(x,y):x+y
y=x", y=Vx; p(xy)=vx

y=vl-x*, x=0, y=0; p(x,y)=x+2y

y=4-x*, y=2-x p(xy)=x’y

1
o X=o x=loy=0 p(x,y)=2x"+y
y=x, y=x; p(x.y)=y-x

3 Y=k p(x,y)=xy
2

y=\/;, xy=1, y=0, x=2; p(x,y)=x

x

y=e', x=0, y=0, x=1 p(x,y)=xy

36-50 Determine /,, /y, and /, for the thin plate of constant
density p modeled by the planar region A. Then find its corresponding
radii of gyration.

36.

37.

38.

39.

40.

41.

42.

43.

44.

45.

R: The region bounded by the graph of y = 1 — x* and
the x-axis

R: The square [—a,a]x[-a,a]

R: The square of Exercise 37 shifted in the positive
x-direction by a units

R: The rectangle [1/2,1/2]x[-w/2,w/2]

R: The rectangle of Exercise 39 shifted in the positive
y-direction by w/2 units

R: An equilateral triangle of side length 2a, with its
center at the origin, and a vertex on the positive y-axis

R: The triangle of Exercise 41 shifted vertically
upward so that its base is on the x-axis

R: The square of Exercise 37 with the smaller square
[-b,b]x[~b,b] removed (b < @) (Solve this problem
without using the Principle of Superposition.)

. x?
R: The region bounded by the graph of y=2—--— and
the x-axis 2

R: The region bounded by the graph of y = cos x,
—m/2 < x < /2, and the x-axis
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46. R: The region bounded by the graph of y = sin x,
0<x<m, and the x-axis

47.% R: The region bounded by the ellipse 4x” + y* = 4

48.* R: The region inside the ellipse 4x” + y* = 4 and outside
the circle x* + y* = 1 (Solve this problem without using
the Principle of Superposition.)

49.* R: The region bounded by the ellipse 16x” + 25)* = 400

50. R: The region bounded by the graphs of y = ¢*, x = £1,
and the x-axis

51-57 As we have seen in Example 5, the Principle of Superposition

is a very helpful aid in determining moments of certain objects. Another
principle that simplifies the calculation of moments is called the Parallel/
Axis Theorem. It states that if we know the moment /, of an object
about an axis through its center of mass, then the moment of the same
object about a parallel axis is / =/, + Md?, where d is the distance
between the two axes. In these exercises, you will be asked to revisit
some of the previous problems, using the Parallel Axis Theorem. To help
you get started, we provided a hint in Exercise 51. You should also use
the hint’s approach with subsequent exercises.

51. Using the answer from Exercise 37, use the Parallel
Axis Theorem to obtain a second solution to Exercise
38. (Hint: Note that in this case, / doesn’t change.
Can you see why? As for /,, note that after the shift,
the new axis is a units away from the old. After
determining / with the help of the Parallel Axis
Theorem, usihg d = a, 1, is readily obtained by adding
I,and 1))

52. Using the answer from Exercise 39, use the Parallel
Axis Theorem to obtain a second solution to
Exercise 40.

53. Using the answer from Exercise 41, use the Parallel
Axis Theorem to obtain a second solution to
Exercise 42.

54. Using the answer from Exercise 45, use the Parallel
Axis Theorem to obtain a second solution to
Exercise 46.

55. Use the Parallel Axis Theorem to find / , / , I, and
the corresponding radii of gyration for the/ellipse in
Exercise 49, if it is shifted to the right so that its left
focus coincides with the origin.

56. Use the Parallel Axis Theorem to find 7, / , /,, and the
corresponding radii of gyration for the disk in Example
4, if it is shifted upward by a units (so that it becomes

tangential to the x-axis).

57.

58.

59.

60.

61.

Section 14.2 Exercises 1023

Starting with the answer you gave to Exercise 37
(and changing the notation appropriately), use the
Parallel Axis Theorem to provide a second solution to
Example 6.

Use Exercise 37 and the Principle of Superposition to
provide a second solution to Exercise 43.

Use Exercise 47 and the Principle of Superposition to
provide a second solution to Exercise 48.

Consider an annulus, as in Example 5, with a, = 1,

a, =%, and p = 1. Furthermore, suppose that it is
centered at (a,,0). Starting with the results found for
a disk in Example 4, use a combination of the Principle
of Superposition and the Parallel Axis Theorem to find
1,1 ,and ], for this annulus.

x4y

Suppose that [—%,ﬂx[—%,ﬂ is removed from the
2-by-2 square [—1,1]x[~1,1] and that its center is
shifted to the point (O,%). Starting with the results

of Example 6 (or Exercise 37) and assuming that the
density is 1, use a combination of the Principle of
Superposition and the Parallel Axis Theorem to find /_,
I, and I,

62—-67 Consider the thin plates from the indicated problems with

the given nonconstant densities. Determine /, /

l,, and the

¥

corresponding radii of gyration.

62.

67.

Example 6; p(x,y)=xy

63. Exercise 36; p(x,y)=y

64. Exercise 45; p(x,y)=y

65. Exercise 46; p(x,y)=x

66.% Exercise 47; p(x,y)=x’
(

Exercise 50; p x,y)=y

68.* Determine / , I , I, and the corresponding radii

x2tyo»
of gyration for the thin plate of constant density p
enclosed by the loop y* =(1—-x)x’.

y
A

0.4+

02+
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69.

Chapter 14  Multiple Integrals

Suppose a thin, but solid, disk of uniform density (such
as in Example 4) is rolling down an incline of height

h (without slipping) in a race against the annulus of
Example 5 and the square of Example 6, which is
greased so it is sliding without friction (you can think
of the latter as a sliding box). Which object will win,
and in what order are they going to arrive at the bottom
of the incline? Explain. (Hint: Use the fact that the
initial potential energy of the object is eventually going
to be shared between kinetic and rotational energies.)

Concept Check

70-73 Determine whether the given statement is true or false. In
case of a false statement, explain or provide a counterexample.

70.

71.

72.

73.

If C is the average value of f (x, y) over the region R,
then [[Cda= [[ f(x,y)da
R R

If we increase the constant density of a planar object
(or solid) from p to 2p, the coordinates x, y, and z
of its center of mass will double.

If we increase the constant density of a planar object
(or solid) from p to 2p, then its second moments will
double.

If we increase the constant density of a planar object
(or solid) from p to 2p, then its radii of gyration will
double.

14.2 Technology Exercises

74-76 Write a program for a computer algebra system or
programmable calculator that uses the integral definition to find
the moments of inertia /,, /,, /,, and the corresponding radii of
gyration. Use it to check the answers you obtained previously in the
given exercise.

74. Exercise 55
75. Exercise 56

76. Exercise 59

77. Find the average value of f (x, y) = \/; on the region
bounded by the graphs of y =(x— 1)2 , y=(x+ 1)2
and y =0.
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1028 Chapter 14  Multiple Integrals

In some cases, the best choice of a coordinate system might not be immediately clear. In our
next example, the form of the integrand may lead us to try polar coordinates, but the shape of
the region R is better suited for Cartesian coordinates. The integral is actually easier to evaluate
with Cartesian coordinates, as you will see in Exercise 1, but for the sake of illustration and
comparison we will use polar coordinates.

Z@ S EWJEY M Using a Double Integral in Polar Coordinates

to Find Volume of a Solid

Let R be the triangle in the xy-plane with boundary lines y =x, x =0, and y = 1. Find
the volume of the solid bounded below by the region R and above by the surface
z=x"+)"

Solution

The solid as described is pictured in Figure 7, and the region R is shown in Figure 8.
The lines y = x and x = 0 correspond to the #-limits § =7/4 and 0 =7/2, and each
radial slice through R has a lower 7-limit » = 0. Each upper r-limit corresponds to a
point on the line y =1, but this must be expressed in the form r =g, (9) for us to
integrate using polar coordinates. We make the translation by noting that y = r sin 6, so

vy=1 < rsinf=1 < r=csch.

y T
;0 0= 2 Putting all the pieces together, we obtain the following volume.
y=1cr=csch Volume = [[(x +y*)ad = [ [~ rarao = - [ [ +] " ag
p y /4 JO 4 /4 =0
y:x<:>9:E Lm2 Lem2 2 2 2

=ZI/4csc 9d0=ZI/4CSC 9<1+c0t 9)d9 csc” O =1+cot’h
_ 1 /2 5 1 /2 5 N u=coth
= Z'L/“ csc 0do +ZL/4 csc” Ocot” 0do = s 0l

/2
1 Ky
=—[—cot9] /2+l —lcot39 _1
4 473 3

Figure 8

14.3 Exercises

1. Use Cartesian coordinates to determine the volume of the solid in Example 4.

2-5 Use a double integral in polar coordinates to find the area of the shaded region.

2. z 3.

2

[SYE]

7 =2sin6

7r=1-sinf
3n
2

o
ol
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4 2 5 3

7 =2sin26
r= 2\/§ .
r=1
™ > T >
r=4cost
3 3
2 2
6-18 Use a double integral in polar coordinates to find the area of the region R.
6. R: The region inside the circle r =2 13. R: The region inside one petal of the rose =2 cos26

and outside the circle 7 = 1
7. R: The region inside the circle » = 6sin6

14. R: The region inside » =4 + 2sin ¢ and outside r = 3
8. R: The region inside the cardioid » =1 — sin ¢

15. R: The inner loop of the limagon 1 + 2 cosf
9. R: The region common to the circles » = 6 cos 6 and

r=3 16. R: The region inside the cardioid 7 =2 — 2sinf an

outside the circle » =2
10. R: The region inside the cardioid » = 1 + cos # and

d

outside the unit circle centered at the origin 17. R: The region inside the circle » = 1 and outside the

cardioid » =1 + sind
11. R: The region inside the circle » = 2 and outside the

limagon » =2 +sinf 18. R: The region inside the circle » = 2 sin 6, but outside

the lemniscate 7 = 2 cos 20 (Hint: Divide R into

12. R: The region bounded by the spiral » = 26 and the appropriate subregions and use symmetry.)

polar axis (0 < 0 <)

19-26 Evaluate the double integral by changing to polar coordinates. (Sketching the region of integration is helpful.)

19. JLL,@% 20. H [y dya L j” " dxdy

X +y +2
2. [ ﬁcos(x syt )dydy 23 [ j e " dedy 24, jzj "2 dvdy
25. '”x\/x2 +y* dA; R: The region enclosed by the 26. ﬂydA; R: The region inside the circle » = 1 and
R R
first-quadrant loop of the lemniscate * = 2 sin 26 outside » = sind

27-30 Convert the integral into a Cartesian double integral and evaluate it.

/2

27. j”“j“wrzcosedrde
o Jo /3

2cscl arctan2 pescl 5,
_[ r*sinfcosfdrdf 29. I J.O r”sin20 dr do

/4

30. [ S sin (20) dr 0+ 1 sin’ (20) dr do

drclan(l/Z)J‘

31-34 Make your choice between the Cartesian and polar coordinate systems and evaluate the double integral.

31 .U sz +y7dA; Rix'+y <4 32. ”(x2 +y2)dA; R: The region bounded by y = x,
) ;zx/2, andx=2

OHAWKES LEARNING



1030
33.

34.

35.

Chapter 14  Multiple Integrals
He“z” " dA; R: The first-quadrant region of
R
¥+ <1
J‘J.(x2 +y° )2 dA; R: The region bounded by y =0,
R
x=1l,andy=x

In Section 9.4, we derived the following formula for
the area A4 of a region bounded by 6 = a, 6 = b, and the
polar equation = £(9).

A:f%[f(e)]zde

Use a double integral in polar coordinates and the
discussion of this section to derive the formula above.

36-44 Use double integration in polar coordinates on an appropriate
region to find the volume of the solid S bounded by the given
surfaces.

36.

37.

38.

39.

40.

41.

42.

43.

44.

45.

S: The solid bounded by the xy-plane and the
paraboloid z =1 — x* — )*

S: The solid bounded by the xy-plane and the
paraboloid z= 16 —x* —)*

S: The solid bounded by z =x + 2y + 7 and the cylinder
X +y =4

S: The solid bounded by z=2—4/x*+y” and the
xy-plane

S: The solid bounded by z=3x+ 5y +9,z=x+ 2y + 3,
and the cylinder x* + y* = 2y

S: The solid bounded by z =x + y + 8, the xy-plane,
and the cylinder r =1 + sin6

S: The solid bounded by z = x* + 1%, the xy-plane, and
the cylinder » =2 + cosf

S: The solid that is common to the paraboloids

z= 2(x2 +y2) and z = 12 — x* —y” (Hint: Note that
calculating the curve of intersection of the two surfaces
will yield the region of integration.)

S: The solid that is common to the paraboloids
z=9 - 8x*— 8y’and z = x* + )’ (See the hint given in
Exercise 43.)

Use double integration in polar coordinates to find the
volume of the solid in the shape of an ice-cream cone

bounded by the cone z = /x> + > and the sphere
X +y +22=8.

46.

47.

Use double integration in polar coordinates to derive
the formula for the volume of a sphere of radius R,
V=47R’.

Use double integration in polar coordinates to find the
volume of the solid inside the paraboloid z=6 — x* — y
and above the sphere x> +* + z* = 8.

2

48.* Recall the wooden toy piece from Exercise 17 of

49.

50.

51.

52.

53.

54.

5S.

Section 6.1. We will generalize that problem as
follows. Suppose a cylindrical hole of radius 7 is
drilled through the center of a sphere of radius R.
Use double integration in polar coordinates to show

that the volume of the remaining ringlike solid is
V= %ﬂ'(Rz —r2)3/2.

Assuming constant density, use double integration

in polar coordinates to find the center of mass of the
region outside the circle » = 1 and inside the cardioid
r=1+sinf. (Hint: Use the symmetry of the region.)

Use double integration in polar coordinates to find
the center of mass of the region outside the cardioid
r=2—2sinf and inside the circle » =2cosf. As in
Exercise 49, we assume constant density.

Determine the second moments 7, /,, and /; for
the thin plate of constant density p inside the circle
r=4cosf and outside the circle » = 2.

Determine /_, Iy, 1,, and the corresponding

radii of gyration for the quarter annulus
{(x,y)|0 <x<241-x% < y< J4— x? }

Assume the annulus has constant density p.

Use double integration in polar coordinates to find /_,
I, I,, and the corresponding radii of gyration for the
disk of Example 4 of Section 14.2, if the disk is shifted
upward by a units.

Use double integration in polar coordinates to find /_,
1., and ], directly for the annulus in Exercise 60 of
Section 14.2.

Assuming it has constant density 1, find 7, [ , I,

and the corresponding radii of gyration for the first-
quadrant loop of the lemniscate 7* = sin 26.

56.* Repeat Exercise 55 for the region inside the circle » =2

and outside »=2cos(6/2). (Hint: Take advantage of
the symmetry of the region.)
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57. By changing to polar coordinates, verify the value of
the following improper double integral.

_dydx w
j j (1+x +y )

4

(Hint: Integrate on the first-quadrant region of a disk
of radius r, and let » — «.)

58-59 In the next two exercises, you will be guided to use double
integrals in polar coordinates to find the area under the bell curve
y=e", thatis, to prove that

I=[" e de=+/r.

(This is an important integral not only in mathematics, but also in
statistics, engineering, and physics.)

58. Use the technique of Exercise 57 to show

J= J‘_mr ) dxdy =.

59. Evaluating J in rectangular coordinates over the square

[~a,a]x[-a,a] (and letting @ — c0), use Exercise 80
of Section 14.1 to show that /> = J. Conclude that

1=+
Concept Check

60-63 Determine whether the given statement is true or false. In
case of a false statement, explain or provide a counterexample.

60. If R is asquare, and f(r,0) is defined on R, then it
is impossible to evaluate ” f r, 0 dA using polar
coordinates.

61. If R is a bounded region, and f(r,ﬁ) =1 on R, then
the area 4 of R can be found as an iterated integral

[[ 7 (r.0)drdo.

62. The decision regarding which coordinate system (i.e.,

rectangular or polar) to use when evaluating ” fdA,

R
hinges upon the geometry (i.e., shape) of the region R.

63. Polar coordinates are suitable to determine the radii of

gyration for certain planar regions.

Section 14.3 Technology Exercises 1031

14.3 Technology Exercises

64-66 Use a computer algebra system to evaluate the integral in
both the rectangular and polar coordinate systems. Compare your
answers.

64. J.;J.(:\lxz +y* dydx
65. j j
66. J.;J.;/ﬁw/xz +y* dxdy

(Note that even a CAS has a relatively hard time
evaluating the integral of Exercise 66, while it is
easy to determine, even just by a paper-and-pencil
calculation, after converting it to polar coordinates!)

xy dx dy

67-69 Assume that the thin plate covering the given region has
a constant density of 1. Use a computer algebra system to find the
moments of inertia /,,/,, /,, and the corresponding radii of gyration.

67. The region bounded by =1 —sinf
68. The region bounded by both »=1and »=1 + siné

69. The region bounded by the inner loop of the limagon
r=1+2cost
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L= [ 4o (xpz)ar =of I R T

—pJ. J.jz—} 4x —2x*+4y* —6x7y* —4y* )dxdy

16 =sinf

= pj oy -2)\2-207 dy di:closﬁd(i

__ 16pv2 J”/Z (3 sin* # —sin” f — 2)cos2 0do See Section 7.3.
15 -

This gives us the radius of gyration about the z-axis.

IZ —

1
M 2

}’Z:

14.4 Exercises

1. Verify that
Ijj(3x2y—)g/z3)dV = fjﬁ.‘j@xzy —xyzB)dydzdx
N

yields the same result as that obtained in Example 1.

2-7 Evaluate the triple integral on the rectangular box S. (Choose a
convenient order of integration.)

1,3]x[0,1]x[1,3]

3. [[[dv, where S =[1,2]x[3,4]x[5,6]

2. Hj‘xy3de, where S=[—
N

4. ”_[(4xy+x2yzz)dV, where S:[O,l]x[l,Z]x[—l,l]
5. [[[(»?2” —2x"y)dr, where §=[-1,1]x[0,2]x[-3,0]

1,3]x[0,3]x[Le]

7. [[[xve’ dv, where S =[1,2]x[~1,3]x[0,In4]
N

6. J._S”.%dV, where S:[—

8-13 Evaluate the iterated integral,
8. [ jj’z j;’zxyzz dxdydz
0. [ swdb s
10. jjjf jo””(x+ ¥)dzdy dx

[ ) e

(171 avaea
N

14-17 Write iterated integrals for jﬂdv on the given solid,

dz dxdy

S
using the following orders of integration: a. dzdydx, b. dydzdx, and
¢. axdzdy. Then evaluate one of them to determine the value of the
integral.

14. S: The tetrahedron bounded by the coordinate planes
andx+2y+3z=6

15. S: The cylinder bounded by x* +1*=1,z=0, and z =2

16. S: The solid bounded by the parabolic cylinder
z=1-x,2z=0,y=0,andy =1

17. S: The solid bounded by y =x*, 3" =x,z=-1,and z = 1

18-36 Use a triple integral to find the volume of the solid S.

18. S: The tetrahedron bounded by the coordinate planes

and the plane P A
2 5
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19.

20.

21.

22.

23.

24.

25.

26.

27.

28.

Chapter 14  Multiple Integrals

Generalize Exercise 18 by finding the volume of the
tetrahedron S bounded by the coordinate planes and
the plane RS ALY

a b c
S: The solid bounded by the parabolic cylinder x = y*,

and the planesz=1-x,z=0

z

X

S: The solid bounded by the parabolic cylinder x = *,
and the planes x + y +z =2 and z = 0. Use the order of
integration dz dx dy.

Revisit Exercise 21, this time integrating in the order
dxdzdy.

S: The solid bounded by the circular cylinders
X+’ =4and )y’ + 2* = 4 (Hint: Take advantage of the
symmetry of the solid.)

S: The solid bounded by the parabolic cylinder
5y =x"—4and the planesy=1—-zandz=0

S: The solid bounded by the parabolic cylinder
x=1-1 and the planesx=0,z=0,andz=1—x

S: The solid bounded by z=3*— 1,z= 0, and x = +1

S: The solid bounded by z = x* and the planes z = 4,
y=0,andz=y

S: The solid that is common to the paraboloids
z=9—8x*— 8y’ and z = x* +)” (Exercise 44 of
Section 14.3 revisited)

29.

30.

31.

32.

33.

34.

35.

36.

37.

38.

S: The solid bounded below by the surface
z=5x"+)"+ 2 and above by the surface
z=28—x"—)". Choose the order of integration
dz dy dx. (Hint: See Example 2.)

z

8

Repeat Exercise 29, but this time integrate in the order
dzdxdy. (Hint: See Example 3.)

S: The solid bounded by z=2 —x* =", y =x*, x =),
andz=0

S: The solid bounded by y =z* y=2 - 2%, x =0, and
x=2

S: The solid bounded by z = y* and the planes z=9 — x
andx=0

S: The solid bounded by the paraboloid z = x* + »* and
the plane z = x + 6 (Hint: To make your calculations
more manageable, integrate with respect to y first, and
use the symmetry of the solid.)

S: The solid bounded by the elliptic paraboloid

z=4x* +” and the plane z = 2y + 3 (Hint: Choose the
order of integration carefully and use the symmetry of
the solid.)

S: The solid bounded by the surfaces
z=2—4x*+y* and z=0 (Hint: Start integrating
with respect to y or x and use the symmetry of the
solid.)

Write the triple integral over the solid of Exercise 27 in
three different ways, in the orders of dydzdx, dxdz dy,
dxdydz, and evaluate them. (Note: Quite possibly, you
have already handled one of these integrals in Exercise
27.)

Repeat Exercise 37 for the integral in Exercise 33
using the following orders of integration: dxdz dy,
dydzdx, and dzdx dy.
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39. Suppose there are one-variable functions g, 4,
and k such that f(x,y,z)=g(x)-h(y)-k(z) and
S =[p.q]x[r.s]x[t,u]. Prove the following.

jgf(x,y,z)dv
=[J‘:g(x)dx}.[J‘:h(y)dy][j’“k(z)dz}

(Note that this is a generalization of Exercise 80 of
Section 14.1 to triple integrals.)

40-43 A solid S with variable density is given. Use a triple integral
to find its mass.

40. S: The tetrahedron of Example 4, with its density at
the point (x,y,z) being proportional to the point’s
distance from the tetrahedron’s base (Hint: Integrate
over the solid the density function p(x,y,z)=k-z,
where £ is a constant.)

41. §: The tetrahedron bounded by z =4 — x — 2y and the

coordinate planes, with its density at the point (x, y,z)

being proportional to the square of the distance from
the origin (As in the previous exercise, denote the
constant of proportionality £.)

42. S: The tetrahedron bounded by z = 3 — 2x — 6y and the
coordinate planes, with the density at any point being
proportional to the sum of its coordinates

43. §: The solid upper hemisphere of radius 1 centered at
the origin, with its density at the point (x, y,z) being
proportional to the distance from the base

44-47 Just like we did with two-variable functions (see Section
14.2), we can define the average value of f(x,y,z) over a solid S
as follows.

1
Average value of f over S = Wjﬂf(x,y,z)dv

Use the above definition to find the average value of f over S.

44. f(x,y,z) =Xyz;
S: The cube [0,a]x[0,a]x[0,a]
45. f(x.3,2)= %;
S: The cube [0,a]x[0,a]x[0,a]
46. f(x,y,z)=xycosz;
S: The cube [0,7/2]x[0,7/2]x[0,7/2]

47.*% (x, y,z) =xyz; S: The first-octant region of the

sphere x* +y*> +z* =R’

Section 14.4 Exercises 1041

48. Finish Example 3 by showing that the value of the
integral is 2\2.

49. a. Describe the solid of integration and b. find its
centroid (assuming constant density).

A

50-62 A solid S with constant or variable density is given. Use a
triple integral to find the coordinates of its center of mass.

50. S: The tetrahedron bounded by the coordinate planes
and x + y + z = 2, with constant density

51. S: The tetrahedron of Exercise 18, with constant
density

52. S: The solid of Exercise 20, with constant density
53. S: The solid of Exercise 27, with constant density
54. S: The solid of Exercise 26, with constant density
55. S: The solid of Exercise 21, with constant density

56. S: The rectangular prism [—1,1]x[-1,1]x[0,4], its
density at each point is inversely proportional to the
square root of the point’s distance from the base

57. S: The cube of Exercise 45, its density at each point is
proportional to the square of the point’s distance from
the origin

58. S: The tetrahedron of Exercise 50, its density at each
point is proportional to the square of the point’s
distance from the origin

59. S: The tetrahedron of Example 4, its density at each
point is proportional to the distance from the base

60.* S: The first octant of the unit sphere centered at the
origin, its density at any point is proportional to the
product of its distances from the coordinate planes

61. S: The solid half cylinder bounded by z =/1—-y?,
x =0, and x = 1, its density at any point is proportional
to the square of the point’s distance from the origin

62. S: The tetrahedron of Exercise 19

63. Verify that the second moments and radii of gyration
for the solid of Example 4 are as follows.

;=% 1,=1,=% 2

X_E, ga r)(:ﬁ,

ry:}/zz

1
V2

OHAWKES LEARNING



1042

Chapter 14  Multiple Integrals

64-71 Find the center of mass and the radii of gyration of the given
solid S. Assume S is made of a substance with constant density p.

64.

65.

66.

67.

68.

69.

70.

71.

S = [—1,3] X [0,1] X [1,3], the rectangular box of
Exercise 2

S: The cube of Exercise 45

S: The solid bounded by z =4 — 2x — y and the
coordinate planes

S: The solid bounded by z =3 — 2x — 6y and the
coordinate planes

S: The solid bounded by z =7, the planes z = 1 — x and
x=0

S: The solid bounded by z=3*—1,z=0, and x = =

S: The solid bounded by z = 2 — x* — )7, the coordinate
planes, and the planes x=1and y =1

S: The first-octant region of the cylinder x* +1* = 1,
bounded by the coordinate planes and z = 1

72-75 Find the second moments and radii of gyration of the
indicated solid.

72.

73.

74.

75.

The solid of Exercise 56

The solid of Exercise 57

The solid of Exercise 59

The solid of Exercise 58

14.4 Technology Exercises

76-79 Use a computer algebra system to find the center of mass
and the radii of gyration for the given solid with nonconstant density.
(Note that even though it does give nice answers, in some cases
even a computer algebra system requires a relatively long time for
calculating them!)

76.

77.

78.

79.

S: The upper hemisphere of radius 1, centered at

the origin, the density at any point is inversely
proportional to the square root of its distance from the
base

S: The first octant region of the solid in Exercise 76,
the density at any point is proportional to the product
of its distances from the coordinate planes

S: The solid of Exercise 66, its density at any point
being proportional to the square of the point’s distance
from the origin

S: The solid of Exercise 67, its density at any point
being proportional to the square root of its distance
from the base
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ZAFEWIELM Using a Triple Integral in Spherical Coordinates

to Find the Volume of a Solid

Find the volume of the solid, shown in Figure 11, bounded below by the cone ¢ = /6
and above by the sphere p = 1.

Solution

The lower and upper limits on p are 0 and 1, respectively, while the p-interval is
[0,7/6] and the f-interval is [0,27]. Since we seek only the volume, we integrate

Y the constant function 1 over S. However, don’t forget to include the factor of p* sin ¢,
which is part of the volume differential dV'.

Figure 11

v=[[Jav=["["] p*sinpdpdpdo
S

T 3

iy

- % [77[ " sinpdpdo = % [ [-cose] o

-1
sinpdpdf

P
p=0

- 2— \/g T
_1 1_£ J'2 4o = u
3 2 )0 3
14.5 Exercises
1-4 Find a set of cylindrical coordinates for the point given in 21. *=7 22. r=4cosf
Cartesian coordinates.
23, z=+1-77 24. r=4sech
1. (L12) 2. (1L-3.-1)
25-36 Set up a triple integral in cylindrical coordinates for the volume

3. (—6\/g »—6’0) 4. (-3,-4,-5) of the solid S. Do ot evaluate the integral.
5-8 Find the Cartesian coordinates of the point given in cylindrical 25. S: The solid bounded by z=4- (x2 + yz) and the
coordinates. xy-plane

3 A
5. [2,%,&) 6. (3,m3) 4

7. -1, 8. [4-TT
2 372

9-16 Write the equation in cylindrical coordinates.

2 2 _ 2 _ .2
9. x +y =4x 10. x" =2z—-y ; ’
1. x*+(y-1)" =1 12. X+ +7=1 _ , —
26. S: The solid bounded by z=/x*+y* —1 and the
13. Jx’+)% =3z 14. z=x-2y+1 xy-plane
BEao
15. ¢ 2 =z 16. (x—3)2+y2=z+9

17-24 Describe the graph of the equation in words, and change the
equation to Cartesian coordinates.

17. r=1 18. 9="
6

19. 2r=2-7 20. 2”=2-z
©OHAWKES LEARNING
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27.

28.

29.

30.

31.

Chapter 14  Multiple Integrals

S: The solid bounded by z=4—./x*+y* and the
xy-plane

S: The solid bounded above by z =+/2—-x> -y and

below by z =/x* +’

z

X y

S: The solid inside both z =/x* + »* and
2 +y*+z°=8

S: The solid inside both z = x* + y* and
z=18- (x2 + yz) in the first quadrant

S: The solid bounded by 22 =2 + x>+, z=+/2, and

z=3

32.* S: The solid bounded by z=x*+)*,z=1,and z =4

(Hint: Integrate in the order drdfdz.)

33.* S: The solid bounded by z=2/x*+y*, z=1, and

z =5 (Hint: Integrate in the order drdfdz.)

34.* S: The solid bounded by z* + 2 = x* + )%, z = -3, and

35.

36.

37.

38.

z =3 (Hint: Integrate in the order drdfdz.)

S: The solid of Exercise 31 (Hint: Integrate in the
order drdf dz.)

2

S: The solid bounded by z=e¢* " and z=¢>*"

Show that if the solid of Example 2 has constant
density, the third coordinate of its center of mass is

W

z=2
Use cylindrical coordinates to verify the formula for
the volume of a right circular cone of radius R and

height 4, V =17R’h.

39-53 Use the cylindrical coordinate system to determine the mass
of the solid S with the given density function.

39.

40.

41.

42.

44.

45.

46.

47.

S is the solid bounded by z =1 — x* — * and the
xy-plane, with density function p(x,y,z)=z.

S is the solid bounded by z = x* + y* and
z=8- (x2 + yz), with constant density p.

z

X

S'is the solid upper hemisphere of radius 1 centered
at the origin, with its density at the point (x, y,z)
being proportional to its distance from the base. (See
Exercise 43 of Section 14.4.)

S is the solid bounded by the upper sheet of the
hyperboloid 2 — x* — > = 1 and the plane z =+/5, with
constant density p.

x y

. Sis the solid bounded by z=¢ " and the plane

z = e, with density function p(x,y,z)=+/x"+y>.

S is the solid bounded by x* + y* = 1, the xy-plane, and
z = e, with density function p(x,y,z)= e

S is the solid outside z=1-4/x* + y*, bounded by the
xy-plane, z = 1, and x> + y* = 1, with density function

p(x,3,z)=+x*+ .
S'is the solid of Exercise 28, with constant density p.

S is the solid of Exercise 28, with density function
p(x,3.2)=z

. Sis the solid bounded by z=4/x>+y* and z =3, with

density function p(x,y,z)=e
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49.

50.

51.

52.

53.

S is the solid bounded by the cylinder x* +(y —1)2 =1,
the xy-plane, and the paraboloid z = x* + y?; its density
at any point (x,y,z) is proportional to the square of
the point’s distance from the z-axis.

S is the solid bounded by the cylinder (x - 1)2 +z7 =1,
the xz-plane, and the paraboloid y = x* + z*, with
density function p(x,y,z)=x. (Hint: Integrate

with respect to y first; then define and use the polar
coordinates x = rcosf and z = rsin6.)

S is the solid bounded by z =/x* +y°
and z = (x2 +? )3/2 , with density function

p(x,y,z) =x*+y’e’.

S is the solid bounded by z = I/Jx2 +y7,
2(x2 +y2) =1, x*+y’ =1, and the xy-plane, with

density function p(x,y,z)=+/x"+ prel o,

S is a solid sphere of radius 2, with a cylindrical hole
of radius 1 drilled into it along one of its diameters. Its
density at any of its points is equal to the square of the
distance from the origin.

54-64 Use the cylindrical coordinate system to find the center of
mass of the solid S with the given density function.

54.

5S.

56.

57.

58.

59.

60.

61.

S: The solid bounded by the paraboloids z = x* + y* and
z=3-2x" - 2)”, with constant density

S: The solid inside x* + y* = 4, outside x> + y* = 1, and
bounded by the paraboloid z = 16 — x> — y*and the xy-
plane, with constant density

S: The upper hemisphere of radius R centered at the
origin, with constant density

S: The upper hemisphere of radius 1 centered at the
origin, if its density is proportional to the square of the
distance from the origin

S: The hemisphere of Exercise 56, if its density is
proportional to the distance from the z-axis

S: The right circular cylinder of radius 1 and height
2, its base centered at the origin in the xy-plane, with
density function p(x,y,z)=e"*

S: The solid inside the paraboloid z = 6 — x* — )”
and outside the sphere x* + y* + z* = 8, with constant
density

S: The right circular cone of radius R and height # with
constant density p

Section 14.5 Exercises 1051

62. S: The cone of Exercise 61 with the density of the cone
being proportional to the distance from the cone’s axis
of symmetry

63. S: The cone of Exercise 61 with the density being
proportional to the distance from the base

64.* S: The first octant of the unit sphere centered at the
origin, its density at any point is proportional to the
product of its distances from the coordinate planes
(See Exercise 60 of Section 14.4.)

65.* Use cylindrical coordinates to give a second solution
to Exercise 61 of Section 14.4. (See the hint given in
Exercise 50.)

66—68 Use cylindrical coordinates to find the first and/or second
moments of the solid, as indicated.

66. Find the second moment about the z-axis and the
corresponding radius of gyration for the solid of
Exercise 53. (Suppose it is centered at the origin, with
the “hole” in vertical position.)

67. Find the moment of inertia about the z-axis and the
corresponding radius of gyration for the cylinder
x*+3" =1, bounded by z=0 and z = 1, if it has
constant density p.

68. Repeat Exercise 67 for the solid of Exercise 55.

69-76 Find the indicated quantities for the solid from an earlier
exercise in this section.

69. The center of mass, second moment /_, and radius of
gyration 7, for the solid of Exercise 39

70. The center of mass, second moment /_, and radius of
gyration 7, for the solid of Exercise 40

71. The center of mass, second moment /_, and radius of
gyration 7, for the solid of Exercise 41

72. The center of mass, second moment /_, and radius of
gyration 7, for the solid of Exercise 43

73. The second moment /, and radius of gyration 7, for the
solid of Exercise 55

74.* The second moment /, and radius of gyration 7, for the
solid of Exercise 59

75. The second moment /, and radius of gyration r, for the
solid of Exercise 42, with density being proportional to
the distance from the xy-plane
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76. The second moment /, and radius of gyration 7, for the

solid of Exercise 60

77-80 Find a set of spherical coordinates for the point given in
Cartesian coordinates.

77. (\B,l,z)
79. (0,—1,—\5)

78. (1,0,1)

80. (-z, 2,22 )

81-84 Find the Cartesian coordinates of the point given in spherical

coordinates.
8. 4T
4°3

81. [Jz,o,fj
4

mw T

84. |22, 2.1

( 3 4]

83. [3-~. T
272

85-92 Change the equation into spherical coordinates.

85. X+ +2°=4 86. z=0

87. X’ +1°—z"=0 88. x2+y2+(z—2)2:4

89. y=x 90. z=1
2 2 _ —

91. x"+y" =4 92. x+y+z=1 106.
93-100 Describe the graph of the equation in words, and change 107.
the equation to Cartesian coordinates.

108.

93. p=1 94. 9="1

3
109.
m m
95. p=— 9. p=—
12 4 ¥ 6
m
97. g0=5 98. p=2secy

99. p*=9csc’y 100. tan’p=1

110.
101-105 Set up a triple integral in spherical coordinates for the
volume of the solid S. Do not evaluate the integral. 111.
101. S: The upper hemisphere of the sphere with radius 2,
centered at the origin
112.
113.

102.

103.

104.

105.

S: The first-octant portion of the sphere
2 2 2
X"+ ( y— 1) +z°=1

S: The first-octant portion of the sphere
x*+y? +(z—3)2 =9

The “ice-cream cone” of Exercise 45 of Section 14.3,
bounded by the cone z =+/x*>+y* and the sphere
x2+yr+2z2=8

The first-octant portion of the “wedge” of the sphere
x%+y? 4+ z* =25, bounded by the planes y = J3x and

x:\/gy

106-131 Use spherical coordinates to solve the exercise.

Evaluate the integral you set up in Exercise 101.
Find the volume of the “wedge” of Exercise 105.

Derive the formula for the volume of a sphere of radius
R, V=4%7R".

Derive the formula for the volume of a right circular
cone of radius r and height 4, V = 17r°h. (Hint: Place
an inverted cone in the coordinate system with its
vertex at the origin and its axis coinciding with the
positive z-axis.)

Find the mass of the half ball of Exercise 101 if its
density is proportional to the distance from its center.

Find the volume of the “ice-cream cone” of
Exercise 104. (Compare with Exercise 45 of
Section 14.3).

Find the volume of the solid below the cone
z=/x*+y’ and inside the unit hemisphere

z=y1-x>—y%.
Repeat Exercise 112 for the solid below the

cone z=+/x"+ > and inside the sphere
X +yi(z-2) =4, z20.
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114. Use Exercise 112 to find the rectangular equation of
the cone that divides the upper unit hemisphere into
two parts of equal volume.

115. Determine the centroid of the half ball of Exercise 56.

116. Find the centroid of the solid of Exercise 104,
assuming it has constant density.

117. Find a. the mass and b. the centroid of the “ice-cream
cone” that is the solid common to the sphere
x* +)’ + 2" = 4z and the cone x* + ) = Z*, if it has
constant density p.

118. Find the mass of the upper unit hemisphere centered
at the origin if its density at the point (x,y,z) is
proportional to the distance from its base.

119.* Generalize Exercises 111 and 116 (along with
Example 6) by showing that, assuming constant
density, the mass and centroid of the “ice-cream
cone” bounded by the cone ¢ = a and the sphere of
radius R are, respectively, M =27R’ (1 —cos a) p and
(0,0,%R(l +cosa)).

120. Find the moment of inertia about the z-axis of the solid

of Exercise 104. Assume constant density.

121. Find the second moment /_ and radius of gyration », of
a solid ball of radius R and constant density p, if it is
centered at the origin.

122. Find I and r, for the solid of Exercise 112.

123. Find the moment of inertia about one of the coordinate
axes of the spherical shell bounded by the spheres
X'+ +2°=2and X’ + )’ + 2> = 3, if its density at any
point is proportional to the distance from the origin.

(Hint: Use the symmetry of the solid.)

124. Find a second solution (one that utilizes spherical

coordinates) to Exercise 61.

125.* Find a second solution (one that utilizes spherical
coordinates) to Exercise 62.

126.* Find a second solution (one that utilizes spherical
coordinates) to Exercise 63.

127. a. Describe the solid of integration; then find b. its
centroid, ¢. its moments of inertia about the coordinate
axes, and d. its radii of gyration (assuming constant

density).
N ity
W

0J0

dz dy dx

Section 14.5 Technology Exercises 1053

128. a. Describe the solid of integration and b. find its
volume by evaluating the integral.

jOZﬂJOﬂJ:W p’sinpdpdedd

129.% a. Describe the solid of integration and b. find its
volume by evaluating the integral.

jozwj:j;ﬂw ,02 sinpdpdpdd

130. Evaluate Hjsin(xz +? +22)3/2 dV, where S is the
N

unit ball centered at the origin.

av
¥ +yi+z
portion of the solid inside the unit sphere and between
the cones ¢ =7/6 and ¢ =7/3.

131. Evaluate Hj‘ , where S is the first-octant
N

14.5 Technology Exercises

132. Set up an integral for the mass of the solid in
Example 3 in Cartesian coordinates, integrating in the
order of dzdy dx, and use a computer algebra system to
evaluate it.

133. Repeat Exercise 132, but this time use spherical
coordinates.

134. Find the mass and center of mass of the hemisphere of
Exercise 56, if its density is proportional to the square of
the distance from the origin.

135. Use spherical coordinates to find the center of mass of
the first octant of the unit sphere centered at the origin,
if its density at any point is proportional to the product
of the point’s distances from the coordinate planes.

136-143 Use a computer algebra system to evaluate the integral in
the indicated exercise.

136. Exercise 53 137. Exercise 58
138. Exercise 72 139. Exercise 76
140. Exercise 124 141. Exercise 125
142. Exercise 126 143. Exercise 129
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z

4

Figure 6

14.6 Exercises

1-4 Evaluate the given determinant.

1. |2 2 2.
13

3.2 -1 1 4
3 40
1 -5 2

5-13 Find the Jacobian of the given transformation.

5. x=2u+v, y=v—u 6. x=v, y=4u+§

7. x=4uv, y=u+2v
9. x=u’, y:K
u

11. x=uv, y=(u+1)v

Multiple Integrals

Solution

As in Example 2, the first step is to decide on a change of variables to try. On the basis
of the integrand, and also guided by the form of two of the six planes, the assignment
u = 3x — z appears promising. This will allow two of the faces of the parallelepiped to
be expressed as u = 0 and u = 3. In Exercise 41, you will show that if we let v=2z/2
and w=y/3, then

G(x,y,z)

=2
a(u,v,w)

and
'[”(%T_Z+§jd1/: [ :j(%+w)(2)dudvdw:15.
R

The solid S corresponding to the limits, in xyz-space, appears in Figure 6.

8. x=u+2V, y=uy

10. x=e™",

15-19 Consider the parallelogram P in the xy-plane bounded by
thelines y=x+2,y=x—4,y=1-3x,and y=5— 3x. We can

16 identify a linear transformation T(u,v) mapping a rectangle in the
-4 -2 uv-plane onto P as follows. Rewrite the equations of the lines as

o 1 y—x=2,y—x=-4,y+3x=1,and y+ 3x= 5, respectively. Then

3 2 3 perform the change of variables u= y— x, v= y+ 3x. Solve for x and
41 4 y to obtain T (Exercise 15), and note that the preimage of P under

T isthe rectangle —4<u <2, 1<v <5. In Exercises 16—19, you
will be asked to follow these steps to identify the indicated linear
transformation.

15. By solving the above system for x and y, find 7' (u,v),
as suggested by the above directions.

Find a linear transformation T(u,v) that maps a rectangular region
onto the given parallelogram P.

y=ve"

16. Pisbounded by2y=1-x,2y=3—x,y=3x,and

12.

13.

14.

x=¢e' cosu, y=e'sinu
X=UCOS@+Vvsing, y=using—vcosy

A transformation T (u,v)=(au +cv,bu+dv) is

called linear, where a, b, ¢, and d are constants. (See

Exercises 5 and 6.) Find a general formula for the
Jacobian of a linear transformation.

y=3x+4.
17. Pisboundedby y=2x+2, y=3x+4, y=1-1x,
and y=4-1x.

18. Pisboundedbyy=1—-2x,y=5-2x,y=3x—-2,and
y=3x+3.

19. Pisbounded by y=2x,y=2x+4,y=-2x, and
y==2x-2.
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20-25 Use a change of variables in order to integrate on an
appropriate rectangle. (See Exercises 16—19.)

20.

21.

22.

23.

24.

25.

26.

27.

28.

29.

Find the area of the parallelogram in Exercise 16.
(Hint: Start with 4= ” dA, and change variables, so

7
you can integrate on the rectangle [1,3]x[0,4].)

Evaluate ”(2)} + x)dA on P of Exercise 17.
P
Evaluate H(x - 2y)2 dA on P of Exercise 18.
P
Evaluate H 3 dA on P of Exercise 16.
4y +2x

Evaluate ” cos(x + y)dA on P of Exercise 18.
P

Evaluate ” dA on P of Exercise 16. (Note that

X+2y

a change of variables is necessary here, since you can’t
find an antiderivative in Cartesian coordinates, no
matter what the order of integration is.)

Use a change of variables to evaluate ” La’A,
D y+2x

where R is the region bounded by x =0, y =0, and
y=4-2x.

Let R be the region bounded by the coordinate axes

and the line x + 2y = 2. Use the method of Example 2

to evaluate J'J. x+2y dA.
D x+y
Use a change of variables to evaluate ” 2x+y dA
8x+6y

where R is the region bounded by the coordmate axes
and the line y + 2x = 2.

Consider the transformation x = au, y = bv (a, b > 0).
Show that it maps the interior of the circle u* +v> = 1
2 2

onto that of the ellipse x_z + % =1. Determine the
a

Jacobian and use a change of variables to prove the

area formula for the ellipse, 4 = mab.

30-33 Let T be the coordinate transformation x = uv, y =v/u,
assuming u, v > 0.

30.

31.

Find the Jacobian for the above transformation 7.

Show that the T-images of vertical lines u = a are
lines through the origin, while horizontal lines v = b
are mapped onto branches of hyperbolas. (Use the
observations xy =v* and x/y =u".)

OHAWKES LEARNING

32.

33.

34.

35.

36.

37-38
37.
38.

39.

Section 14.6 Exercises 1061

Find the 7T-image of the uv-rectangle [1, V2 ] X [1, V2 }
(See Exercise 31.)

If S denotes the 7-image of the rectangle in
Exercise 32, use a change of variables to evaluate

HZnydydx.
R

Use a change of variables to evaluate ” xy’ dydx,
R

where R is the region in the xy-plane bounded by

the horizontal lines y = 1, y = 3, and the hyperbolas
y=1/x and y=6/x. (Hint: Consider the coordinate
transformation x =u/v, y =v.)

Solve Exercise 34 without changing variables and
compare your answers.

Generalize Exercise 14 to find a formula for
the Jacobian J of a linear transformation in the
three-variable case.

Find the Jacobian of the indicated coordinate transformation.

x=u+2v, y=2u+v—-w, z=2v+w

x=u’v, y =2uvw, z=u(1+v)w

Use a Jacobian to derive the formulation of triple
integrals in cylindrical coordinates.

40.* Starting with the formulation of triple integrals in

41.

= 3

cylindrical coordinates and by finding a coordinate
transformation 7" from spherical to cylindrical
coordinates along with its Jacobian, provide another
derivation of the formula for triple integrals in
spherical coordinates. (Hint: See Example 3 for
guidance.)

Verify that for the change of variables in Example 4,
|6(x,y,z)/8(u,v, w)| =2 and thus,

jj(” j 2) du dv dw

=15.

42-44 Use a change of variables to evaluate the given integral over
the solid R.

42.

Evaluate J‘“‘MdV where R is the solid

boundedby the planes x=0,x=2,2=0,z=3,4y =z,
and4y=z+6.
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43.

44.

45.

Chapter 14  Multiple Integrals

Evaluate Ijj(zxz_y +
R

the solid bounded by the planes z=0,z=2, y = 2x,
y=2x-8,andz=3x,z=3x-6.

3x+5z

jdV, where R is

Evaluate Jﬂx(2z —y)e’?dV, where R is the solid

R
bounded by the planes x=0,x=1,y =0,y =2, y =2z,
andy=2z-1.

Use a change of variables to provide a second solution
to Exercise 47 of Section 14.2. (Hint: Using the
notation of Exercise 29, notice that after transforming
variables according to x = u, y = 2v, you will be able
to integrate on a disk. Perform another change of
variables to polar coordinates to finish the problem.)

46.

47.

Following the hint given in Exercise 45, solve
Exercise 49 of Section 14.2 by changing variables
twice.

Use the approach of Exercise 45 to derive the formula
2 2 2
for the volume of the ellipsoid x_2 + y—z + 2_2 =1.
a b ¢

48.* After determining the second moment of the ellipsoid

of Exercise 47 about the z-axis, show that its radius of
gyration about the same is r, = %(a2 +b° ) Can you

find formulas for , and r,?
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15.1 Exercises

1-6 Identify the real-life function as a vector field or a scalar field.

1. Fluid pressure in a swimming pool 2. Velocity of the wind inside a hurricane
3. Electromagnetic force around a coil 4. Air temperature near a working hair dryer
5. Velocity of water flowing through a pipe 6. CO concentration around a barbecue grill

7-10 Evaluate the vector field at the given point.

7. F(x,y)={x+y-2x); (L-1) 8. F(x,y)=(xe"xp’+1); (2.1)
9. F(x,y,z)=<z,l,dx2+y2+zz>; (3,4,0) 10. F(x,y,z):<x—z,%,yz>; (1,1,2)

11-14 Match the given two-dimensional (planar) vector field with its graph (labeled A-D).

1. F(xy)=(y,—x) 12. F(x,y)=(x,—y)

13. F(x,y)=(x.e") 14. F(xy)=|§j:i;§|

A. y B. y

24 ///%*\\\

SREARY 77T
AN T { VARV SRR \‘
3 ‘4,1 3 x % \4\14 ;i} %
<. - \N\~+-~/
- < 2 R \\\—%—/ - /

C y D. ¥
SO\ YA ERANN
\\sf { ;? S NN
—_— =N \ // — s NN
ENEJS PN ERCNE
TN SN 2
PO SRR RN A

15-23 Sketch the vector field F by hand, using a sufficient number of representative vectors.

15. F(x,y)=(1,0) 16. F(x,y)=(0,») 17. F(x,y)=(-4x,0)

18. F(xdo::é:j:ig 19. F(x,y) | 20. F(x,y)=(1,y-1)
21. F(x,y)=(y+2,1-x) 22. F(x,y)= > 23. F(x,y)= (x.7)

G5
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24-27 Match the given three-dimensional vector field with its graph (labeled A-D).

24. F(x,y,z)=(1,0,1) 25. F(x,,z)=(L1z)
26. F(x,y,z)={x,y1) 27. F(x, y,z)=<y%;°>
A. ! B. .o

28-36 Determine V1 for the given scalar field f.

28.

31.

34.

37.

38.

39.

2
1

f(x,y)z%+xy3 29. f(x,y)=1n\/xz+y2 30. f(x,y):Ty2

f(x,y) =y’tan'x 32. f(x,y) = ye™’ 33. f(x,y,z) =ze™*

f(x,y,z) =y’z-2x°z’ 3s. f(x,y,z) L S— 36. f(x,y,z) 4

w/x2+yz+z2 y—-z
By determining a potential function f, show that the electric field F(x, y,z) = EQSq r is conservative (i.e., F = Vf for
r

some potential function f).

Prove that if the vector field F = <P, Q,R> is conservative (i.e., F = Vf for some potential function f°), then F satisfies
what is sometimes called the Component Test, that is,

P_00 30 3R R_oP
o ox’ oz oy ox oz

(As we will see in Section 15.7, if the domain of F satisfies certain regularity conditions, then the converse of the above

statement also holds. Hint: Start by noting that P =0/ /0x and Q =8f/dy. Use this to write both 0P/dy and dQ/ox as

mixed partials of f, and use Clairaut’s Theorem (see Section 13.3) to obtain the first statement. Use a similar approach

to prove the last two equalities.)

Formulate and prove a result analogous to the one in Exercise 38 for the vector field F = (P, Q>.
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1080 Chapter 15 Vector Calculus

40-47 Use Exercises 38 and 39 to decide whether the given vector

field is conservative.

40. F xy <y 2xy> 41. F(x,y):<y,xy>

42. F(x,y)=(xe ,ye>

43. F(xy) <y cos(x?) 2xycos(xy2)>
44. F(x,y,z)=(Lxy,0)

45. F(x,p.z)=(y"z.202.37)

46. F( {x2.2)

x,y,z)—m
. B e

48-53 Consider F(x,y)= <1 2xy,6x% + 2>, a conservative vector
field. We can find a potential function f by integrating, as follows.
First, note that we must have &f/éx =12xy, so we integrate with
respect to x to obtain f(x,y) = 6x2y+g(y), where g is a function
of y (or a constant). On the other hand, we know 6f/dy =6x° +2,
so differentiating with respect to y the function 7 we obtained above,
we see that 6x* +2=0of/dy =6x+¢'(y), thatis, it must be

the case that g'(y)=2. This implies g(y)=2y+C, hence
f(x.y)=6x’y+2y+C is a potential function for F under any
choice of the constant C.

Use the above technique to find a potential function for the given
congservative vector field. (In Exercises 52—53, generalize to three

variables.)

49. F(x,y) _ <yzexyl,2xyexyz>
{

50. F( y) 3x° -2y 2y~ 4xy>

X Y
s1. F(x’y):<\/x2+y2 ’\/x2+y2>
52. F(x,y,z):<y2,2xy,2z>

53. F(x,y,z):<2x+z,22—l,x+2y>

54.

5S.

56.

57.

58.

59.

Using the notation in Example 3, let r = <x, y> and
r= |<x,y>|, and describe the vector field

as well as its three-dimensional analogue (also denoted
e, ). See Example 1 for guidance.

Show that Vr = e, holds both in two and three
dimensions. (Note that you have already provided a
constructive existence proof for the potential function
of e_in the two-dimensional case in Exercise 54.)

Find formulas for V/2 and V3.
Find and prove a formula for V" (neN).

Show that the vector field r/r? is conservative by
determining a potential function. (Handle both the
planar and three-dimensional cases.)

Repeat Exercise 58 to find a potential function for
the vector field r/r’. (Compare your finding with the
results in Example 6 and Exercise 37.)

60.* Generalize Exercise 59 by determining a formula for

61.

62.

the potential function of the vector field r/r", n € N.
Prove your assertion.

61-62 The flow lines of a vector field F are “paths aligned with F,”
more precisely, paths whose velocity field is F when followed by a
particle. Even more precisely, a flow line is a path r(t) such that
r'(t)= F(r(t)). In these exercises, you will determine the flow lines
of vector fields.

By visualizing its graph, try to predict what the flow
lines of the vector field F(x, y) = < y,—x> might

look like (see Exercise 11). Then use a differential
equation to determine the equations of these flow lines.
(Hint: Note that if r(r)= <x(t),y(t)> is a flow line

of F, then dx/dt =y and dy/dt = —x. Conclude that
dy/dx=—x/y and solve the differential equation.

For a refresher on separable differential equations, see
Section 8.1.)

Repeat Exercise 61 for the vector field of Exercise 12.
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15.2 Exercises

1.

Determine _[C xy” ds, where C is the first-quadrant

portion of the circle x* + )* = 4 traversed
counterclockwise. (See Example 1 for a hint on
parametrization.)

Show that you obtain the same answer as that in
Exercise 1 if you parametrize the quarter circle as

x=t y=~d-t>, 0<t<2.

3-7 Evaluate the indicated line integral.

3.

10.

11.

j C(xy +1)ds, where C is the lower semicircle
y=-J9—-x?, traversed counterclockwise

IC yds, where C is the graph of y = Jx , traversed
from (0,0) to (L,1)

L(2x+ y)ds, where C is the line segment from the

origin to the point (1,\/5 ), followed by the arc of
the circle x* + )* = 4 traversed counterclockwise from

(1,\5) t0 (-2,0)

Ic(x +3y)ds, where Cis the line segment from (0,1)
o (<2,2), followed by the arc of the circle x* +)” =8
traversed clockwise from (-2,2) to (2\/5 ,O)

J.C,ll +18xy ds, where C is the graph of y = 2x°,
0<x<1

If a piece of wire is bent into the semicircle
y=+16—x> and its density function is
p(x,y)=2x*+y?, find the mass and center of
mass of the wire. (See Example 1 for a hint on
parametrization.)

Repeat Exercise 8 for a wire that is bent into the
upper semicircle of radius R, y =+ R’ —x*, so that
the density at any point is proportional to the distance
from the line y = R.

Find the mass of the wire in Exercise 8 by using

the parametrization x = 4cos(t2 ), y= 4sin(l2 ),
0<t<r. Verify that you obtain the same answer as
in Exercise 8.

Find the mass of the wire bent into a parabolic arc
y=+x,1<x <3, ifits density is p(x,y)=2x/y.

OHAWKES LEARNING

Section 15.2 Exercises 1087

12-17 Evaluate the indicated line integral.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

L(x +2y+z2° )ds, where C is the line segment joining
the origin and the point (1,2,3)

Integrate the function given in Exercise 12 along the
path that is the line segment joining the origin with the
point (1,2,0), followed by the segment from (1,2,0)
to (1,2,3). Is your answer equal to that given for
Exercise 127

L(Zx + yz)ds, where C is the line segment joining
(1,2,0) and (3,4,1)

L( y+16)ds, where C can be parametrized as
r(r)= <%t2,2t,§t3/2>, 0<t<2
L(?axzy + z)ds, where C is the helix

r(t)={cost,sint,t/2), for 0 <7< 8

jc ye® ds, where C is the helix given in Exercise 16

Use a line integral to find the length of the helix given
in Exercise 16.

Find the mass of the helix given in Exercise 16 if its
density is proportional to the distance from the xy-
plane.

Find the center of mass of the helix given in
Exercise 19.

Evaluate des on the curve C parametrized by

r(t)={cost,sint,cost), 0<r<m/2.

Determine the moments of inertia and radii of gyration
for the object in Example 3.

Determine the mass and the center of mass of
the V-shaped object in Example 3 if its density is
proportional to the distance from the xy-plane.

Determine the moments of inertia and radii of gyration
for the object in Exercise 23.

Find the mass of the spring that is defined by
r(1)={(t,3cost,3sint), 0<r<4m, ifits density
function is p(x,y,z)=x/2.
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26-30 Evaluate the line integral of the vector field along the given

curve.

26. J'szy dx + (y2 -x° )dy, where C can be parametrized

27.

28.

29.

30.

31.

32.

as r(t)=<t,t2>, 0<t<2

J.C(xzy +xy° )dx +x” dy, where C is the unit circle

centered at the origin

J.C ydx+xydy, where a. C = C,: the line segment
joining the origin with (1,1), b. C = C,: the parabola
y = joining the origin with (1,1), and ¢. C = Cy: the
parabola x = y* joining the origin with (1,1). Do your
answers differ?

Repeat Exercise 28 for the line integral

J-C 2xydx+x” dy. Compare your answers.

J'C(x2 + y)dx+ xydy along the closed path

C=C,uC,uC,, where C, is the line segment from
the origin to (1,0), C, is the line segment from (1,0)

0 (2,1), and C, is the straight path from (2,1) back to

the origin

Find IC 2xydx+x* dy along the path given in

Exercise 30.

Determine the work done by the force field in
Example 4 if it moves a particle along the elliptical

path y=+/4—4x* from (0,2) to (1,0).

y

VAN

24

33.

34.

35.

Determine the work done by the force field
F(x,y)=(y,x) if it moves a particle along the
parabolic arc y = 4x — x” from the point (1,3) to (3,3).

y
R = YA
> > /"/ //
32,//'/"/ //

21
VAV
O A A
4ffff]}
PO Y S

By parametrizing the path given in Exercise 33 oriented
from (3, 3) toward (1,3), find the work done on the
particle by the force field when it travels along this
“reverse path.” Explain your findings.

Determine the work done by the force field
F(x,y)=(-x,y) if it moves a particle along the graph
of y=+/x from the point (9,3) to (L,1).

y

3

A

AV
11X’/
1IN/
I
ttt .

\
N
N
AN

11X/,
/

1

~ - — — — —

b by
| 123456789

Determine the work done by the force field
F(x,y)=(2,3x) if it moves a particle
counterclockwise around the ellipse parametrized as
r(1)=(3+3cost,2+2sinr), 0<7<2m.

37-40 Evaluate the indicated line integral.

37.

38.

39.

40.

41.

chydx+ zdy +(x+z)dz, where C can be
parametrized as r(r)= <t2,t,t3>, 0<t<1

The integral of Exercise 37 along the line segment
from the origin to (2,2,0), followed by the segment
from (2,2,0) to (4,6,2)

Jc(x—yz)dx+(y —zz)dy+(z—x2)dz, where C is the
“twisted cube” r(t)= <t,t2,t3>, 0<r<1

‘[ . ydx +zdy + x> dz, where C is parametrized by
r(t)=<t2,t,e’>, 0<t<1

Determine the work done by the force field
F(x,y,z) = <x,y,1> on a particle that moves up the
helix given in Exercise 16.
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42. Determine the work done by the force field
F (x,y,z) = (x,z,y> on a particle that moves along the

curve r(r) :<t2,cost,sint>, 0<t<m.

43. Find the work done by the force field F = —ES
r

as it moves a particle from the point (0,0,4) to
(0,3,4) along a straight-line curve. (For well-known
force fields of this type, see Examples 3 and 4 of
Section 15.1.)

44. Determine the work done by the force field
F(x,y,z)=(y,x+z,y) ona particle that moves
around the triangle with vertices (1,0,0), (0,1,0), and
(0,0,1) in a counterclockwise direction (when viewed
from the point (1,1,1)).

45-48 A fluid’s velocity field is given by F(x,y,z). Determine the
fluid’s flow along the indicated curve r(t).
45. F(x,,z)=(12xz,4y); r(¢)

46. F(x,y,z):(xy,yz,zx>; r(t)=<1,2t,3t>; 0<rL2

<1,t,tz>; 0<r<3

47. F(x,y,z)z(—Zy,y—x,3>;
r(t)=(4cost,2sint,t); 0<t<w

48. F is the gradient of the potential function
f(x,y,z)=x*+y*+z?, and r is the helix given in
Exercise 16.

49. a. Verify that f(x,y,z)=4x’y’z is a potential

function for the following vector field.
F(x,y.2)=(x’z,x"yz,4x")")

b. Assuming that F is the velocity field of a fluid, find
the circulation of the fluid around the unit circle
r(1)={(cost,0,sin¢), 0 <r<2m.

50-53 In physics, the electrostatic potential at a point P resulting from
a single point charge g is calculated using the formula
eq

v(e)=7
where r, is the distance between P and the point charge g, and
¢ is Coulomb’s constant (see Example 4 of Section 15.1). The
value of ¢ is approximately 8.988x10° Nm?/C?. We note that
Coulomb’s constant is often used in the form e =1/(4we, ), where
£, ~8.85x1072 C?/Nm?. The constant , is called the permittivity
constant. (We assume here that the potential at an “infinitely distant”
point is zero.)

Among their many uses, line integrals enable us to calculate the
electrostatic potential around a continuously charged curve, according
to the following formula.

Section 15.2 Technology Exercises 1089

Suppose a curve C has continuous charge distribution given by its
charge density function q(x, y,z). The electrostatic potential at a
point P is then obtained from

1(p)-ef 20,

where r,(x,y,z) is the distance between (x,y,z) and P. We will
use the above formula in Exercises 50-53.

50. Suppose the quarter circle in Example 4 has charge
. 1-
density g(x,y,z)= 107y

Find the electrostatic potential at the point (0,0,1).

coulomb per meter (C/m).

51. Repeat Exercise 50 if the charge density is
Xy
q(x,y,z) = o C/m.

52. Suppose the segment of the x-axis between the
origin and the point (2,0,0) has charge density

q (x, ¥, z) = % C/m. Find the electrostatic potential

at the point (0, 0, 1).

53.* Find the potential at the origin of the electric field
created by the helix r(¢)={(cost,sinz,t), 0<¢<2m,

1;)62 C/m.

with charge density ¢(x,y,z)=

15.2 Technology Exercises

54-59 Use technology to help with your calculations. Express your
answers as decimal approximations.

54. Find the mass and the centroid of the thin wire given
by y =9 —x%, -3 <x < 3, if it has constant density p.

55. Determine the three moments of inertia and radii of
gyration for the wire in Exercise 54.

56. Repeat Exercise 54 if the wire has density
p(x,y)=xy.

57. Repeat Exercise 55 if the wire has density
p(x,y)=xy.

58. Determine the three moments of inertia and radii of
gyration for the spring given in Exercise 25.

59. Find the electrostatic potential at (1,0,0) if the wire in

Exercise 54 has charge density g(x,y,z)= % C/m.
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15.3 Exercises

1. Use the Component Test to verify that the vector field F in Example 5 is conservative.
2-5 \Verify that V/ is a potential function for F and determine the line integral along the indicated curve.
F(x,y) = <ysiny,xycosy +xsiny>; V(x,y) = xysin y; r(t) = <t,%t>, 0<r<l1
3. F(x,y)={¢ cosx+1ny,§+ey sinx>; V(x,y)=e’sinx+xlny; r(r) :<§+%t,1+(e—l)t>, 0<r<l
4. F(x,y,z)=(-yzsinx,zcosx,ycosx); V(x,y,z)=yzcosx; r(t)= <g(t—1),§t,t>, 0<r<1

5. F(x,y,z)=<2xy+elz,x2,2xzezz>; V(x,y,z):x2y+xe22; r(t):<t,t2,t3>, 0<r<1

6-21 FEither find a potential function for F or state that a potential function does not exist. The latter implies that F is not conservative.

6 F(x y)—<2x 2+6y> 7. x y :<3x2+2y2,4xy+3y2>
8. F(x,y) <x y,3x> 9. ) <x2+y,2xy+3y>
10. F(x,y) x +lny,—+2y> 11. (x y) e’ +ycosx, l+smx>
y
12. F(x,y)= <e +siny,e’ +cosx> 13. F(x,y)= <4x3y ¥’ x4—5xy4>
2y 1
14. F(x,y)=<—7,?+$> 15. F(x,y,z):<2xyz,xzz,x2y>
16. F(x,y,z)z<yz,xz—zsiny,xy+cosy> 17. F(x,y,z)=<x2y,2xz,z3>
2
18. F(x,y,z):<1,2zylnx,—lz> 19. F(x,y,z):<tanz,2yz,y2+xseczz>
X x
2
20. F(x,y,z) <y +ze¥,2xy—2z,xe —2y> 21. F(x,y,z)=<xcosz+z,z+siny,—%sinz+x>

22. For the vector field F in Example 3, show that IC F-dr=2 and _[C F-dr =7 —2, meaning that F is not conservative.

23-26 Show that the line integral is not path independent by finding two different values for the integral along two different paths connecting
A and B. (Answers may vary.)

23. [ ydv+ady; A(1,0), B(0,1) 24. [ xyde+2ydy; 4(0,0), B(2,4)

25. jcydx—zzdy+2dz; 4(-5,0,0), B(3,4,0) 26. nydx+zdy+(x+z)dz; 4(0,0,0), B(1L1L1)

27-32 Show that the force field F is conservative, and use this fact to determine the work done by F in moving an object from A to B.

27. F(x,y)=(3r.3x-2y); A(-1,0), B(53) 28. F(x,y)=(x-»"-2xp); A4(L4), B(3.-2)

29. F(x,y)=(e’ —2x.x(e’ =x)); 4(-41), B(0,0) 30. F(r)zl:r—3; A(-2,1,-2), B(6,0,-8)

31. F(x,y,z)={e’ cosx—yz,e”sinx—xz,—xy); 32. F(x,y,z)={tany,xsec’ y-z,-y);
A(m,1,2/7), B(7/2,0,0) A(0,0,4/), (2,7/4,0)
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33.

34.

35.

36.

Chapter 15 Vector Calculus

Find an “easier” solution (one that uses the
Fundamental Theorem for Line Integrals) for
Exercise 29 of Section 15.2.

Repeat Exercise 33, this time for Exercise 44 of
Section 15.2.

a. Show that the vector field

F(x,y): S A

o) Jeeadf

satisfies the Component Test, but is not
conservative. Does this contradict the Component
Test? (Such a vector field is sometimes called

a rotation field. Hint: To show that F is not
conservative, calculate a line integral along a circle
centered at the origin.)

b. Verify that F(x, y) = V(—arctan fj. Reconcile
y

this observation with part a.
In this exercise, we will consider the vector field

F(x,y)= %L ,

) )

with the usual notation P(x,y)= x/|<x,y>|2 and

0(xy)=y/|(xy) .

a. Show that 6P/dy =0Q/ox throughout the domain
of F.

b. Explain why F does not satisfy the conditions of
the Component Test.

¢. Show that F is conservative. (See Exercise 58 of
Section 15.1.) Is this a contradiction with part b.?

37-42 Decide whether the specified region D is simply connected.

37.

38.

39.

40.

41.

42.

D= {(x,y)|)c2 +yi< 1}

43-46 In physics, the Law of Conservation of Energy states that if
an object moves under the influence of a conservative force field, then
the sum of its potential and kinetic energies (the energies resulting
from the object’s position and motion, respectively) remains constant.
For example, in case of an object falling under the influence of gravity
only, the kinetic energy it gains as a result of increasing speed equals
the loss in potential energy stemming from loss of altitude.

In Exercises 43—46, you will use the Fundamental Theorem for Line
Integrals to derive this law.

43. Suppose an object of mass m is under the influence of
a conservative force field F. If F = V£, the potential
energy of the object is defined as

E, (x,y,z) = —f(x,y,z).

Show that the work 7 done by F in moving the object
from point 4 to point B along a smooth curve is

W=E,(A4)-E,(B).

44, Referring to Exercise 43, suppose the path of the
object is parametrized by r(¢) so that r(a)= A and
r(b)=B. Show that ¥ can be written as

W=["Fv(t)dr,
where v(z) is the velocity of the object.

45. Use Newton’s Second Law (F = mv'(t)) along with
Exercise 44 to show that ¥ can be expressed as

w =2 SO e

46. Use Exercise 45 and the fact that the kinetic energy of
an object of mass m and speed v =|v| is E, =+mv’ to
conclude that

W=E,B)-E.4).

Consequently, using Exercise 43,

E,(4)+E,(4)=E,(B)+E,(B).

47. Use the Law of Conservation of Energy to derive the
formula for the velocity of impact of an object falling
from height # under the influence of gravity only,

Viwp = \/% . (Hint: Since we are ignoring all other
forces, the initial potential energy £, = mgh turns
entirely into kinetic energy.)
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48.* A proton is moving along the z-axis in the positive COncept Check

49.

direction at a speed of 2-10° m/s (assume

units are meters in our coordinate system). At

the origin, it encounters an electric force field
E(x,y,z) = (0, 0,16002> N/C (newtons per coulomb).
Use the Law of Conservation of Energy to find the
proton’s speed at the point (0,0,6). (Hint: For the
mass and charge of a proton, use the approximate
data m=1.6726x10"" kgand ¢=1.6x10"" C,
respectively. The potential energy of the proton at
(x,y,z) s E, (x,y,z) = qV(x,y,z), where V'is the
electric potential.)

50-54 Determine whether the given statement is true or false. In case
of a false statement, explain or provide a counterexample.

50. If F is path independent on an open connected region
D, then ICF -dr =0 for every path C in D.

51. If the components of F = <P,Q> have continuous
first partials and 0P/dy = 8Q/ox throughout an open

connected region D, then F =(P,Q) is conservative
onD.

Suppose f(x,y) is a harmonic function. Prove
52. If F is continuous on an open connected region D and

J' C(Zl dx — gidyj =0 every line integral IF -dr 1is path independent, then F
Y ~ is conservative.
along any smooth closed curve C in R*. (For a
refresher on the definition of harmonic functions, see 53. If F is conservative on an open connected region D,
Exercise 98 of Section 13.3.) then every line integral ‘[ F-dr is path independent in
D.

54. The domain of the vector field F(r)= fr is not

3
7

simply connected; therefore, it cannot be conservative.
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15.4 Exercises

1-10 Find the divergence of the vector field F and evaluate the
divergence at the given points.

1.

2.

10.

F(x,y)=(5x"-2xp,40°); 4(2.1), B(1,-3)

F x,y):<xexy’y2cosx>; A(O,—l), B(7r/2,2/7r)

B x* Yy oz B
F(X,y,z)—<73737>, A( 19330)3
B(5,-7,2)

F(x,y,z)=(2yz,2xz,2xy); A(1,11),

B(2,-3,4)

F(x,y,z)z(xyz,xz+2y,zz>; A(2,0,—2),
B(4,9,0)

F(x,p,z)=(x+y"e",2"); 4(1,0,-3), B(2.1,4)
F(x,y,z):<cos(xy2),x,2y—z>; A(-2,0,1),
B(7/2,5,5)

F(x,y,z):<e”yz,ex’z,ex”>; A(I,O,l), B(e,l,—l)

2, 4(0,1,3)
+y2 b bl b

11-20. Find the curl of each vector field given in

21.

Exercises 1-10.

Use the figure to decide whether the divergence of the
vector field at the given points is positive, negative, or
Zero.
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22. You may have noticed by now that for a
vector field F =(P,Q,R), those terms in P

involving only x do not

affect the curl; neither

do those terms in Q involving only y. A similar
statement holds for R and z. For example,

1
curl<x2 cosx, y* +z,ﬁ+y2> = curl<0,z,y2>.
1+z

Prove the above assertions.

23-24 Use the “shortcut” suggested by Exercise 22 to evaluate the

indicated curl.

23. curl<y+ ln(x2 +1),y3 —sin y,e""* +1>

24.

25.

curl<z—ln\/1+x2,x2 +arctan(yz),1 z 2>

+z

Determine the curl of F(x,y)= < y2,0> and provide

a physical interpretation of the result (as done in
Example 2). See the figure below for guidance.

> > > > >

> > > > >

> > > > >

_—— — — —>

> > > > >

— — — — —

26-29 Find curl(curlF) for the

26. F(x,y,z) = <x,—y,xyz>

27. F(x,y,z) = <xy2,xz,—4
28.

29.

given vector field.

<)

The vector field given in Exercise 3

The vector field given in Exercise 6

30-37 Decide whether or not the expression has meaning. If an
expression does have meaning, state whether it is a vector field or a

scalar field.
30. Vx(V-F)
32. V-(VxF)
34. V(VxF)

36. Vx(Vf)

OHAWKES LEARNING

31. V-(V-F)
33. V(V-F)
35. V-(Vf)

37. V(Vf)
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38-47 Supposing that all of the appropriate partial derivatives of
the vector fields F and G are continuous, prove the given statement.
(Assume that f and g are at least twice differentiable scalar fields; a,
b denote constants.)

38. Vx(Vf)=
39. V(VxF)=0
40. V-(aF+bG)=a(V-F)+b(V-G)
41. Vx(aF+bG)=a(VxF)+b(VxG)
42. Vx(Vf+VxF)=Vx(VxF)

43. V-(FxG)=(VxF)-G-F-(VxG)
44. V-(fF)=f(V-F)+(Vf)F

45. Vx(fF)=f(VxF)+(Vf)xF

46. V-(VfxVg)=0

47. V-(Vfg)=fV-(Vg)+gV-(Vf)+2(Vf)-(Vg)

|

48-51 Verify Green’s Theorem by demonstrating the equality
. Pax+Qay = jj(@—ﬁjcm where P(x,y)=x",

0( ,y) =2x, and C is a smooth closed curve enclosing the region
R as specified.

48. R: The triangle with vertices (0,0), (3,0), and (0,3)
49. R: The square [-1,1]x[-L1]

50. R: The region bounded by the graphs of y = x
and y =x

51. R: The unit circle (disk) centered at the origin

52. Parametrize curve C given in Example 4 and
calculate the line integral of F around C to show

ggcyz dx+3xydy=1

53-62 Use Green’s Theorem to evaluate the line integral. (Pay
attention to the orientation of the path as indicated by the integration
symbol.)

53. CJE’C xydx+(2x+ y)dy, where C is the boundary of the

region between the graphs of y = 1 — x” and the x-axis,
oriented counterclockwise

54. gSC 4xydx + ln(x2 + y2 )dy, where C is the cardioid

r =1+ cos 0, oriented counterclockwise

55. {J.DC 2y* dx—xydy, where C is the graph of y = Jx

from the origin to (1,1), followed by y = x* from (1,1)
back to (0,0)

56. @szy dx + (x3 +? )dy, where C is the boundary of

the region bounded by the x-axis, the graphs of y = x’
and x = 2, oriented counterclockwise

57. Sﬁc4x2y3 dx—x’ydy, where C is the boundary of the

region bounded by the coordinate axes and the line
y =2 —2x, oriented clockwise

58. i}c[cos(xz)—2y}dx+[4x+ln(y4)]dy, where C

is the unit circle centered at the origin, with positive
orientation

59. Sﬁc(f —Jx*+2 )dx + (3xy2 —cos y)dy, where C is
defined as the border of a map of Louisiana contained
in the first quadrant (Assume that the border is a
smooth, simple, closed curve.)

60. Sﬁce" dx+ y’e* dy, where C is the triangle with

vertices (0,0), (1,2), and (5,0), oriented
counterclockwise

-1 X7+l
61. Sﬁc[y +2tan (x/4)}dx—(e
C is the boundary of the region between the graphs of
= |x| and y=2- |x| , with positive orientation

+ ZSecy)dy, where

62. ggcxey dx+ xydy, where C is the boundary of the

region between the graphs of x =) and x — y = 2, with
clockwise orientation

63—-67 In these exercises, we will revisit some exercises from
Section 15.2. Use Green’s Theorem to provide a second solution and
verify that your answers agree.

63. Determine _[C(xzy +xp’ )dx +x° dy, where C is the

unit circle centered at the origin. (See Exercise 27 of
Section 15.2.)

64. Determine L ydx+xydy, where C is the parabola
y =x’ joining the origin with (1,1), followed by the
line segment from (1,1) back to the origin. (See
Exercise 28 of Section 15.2.)

65. Find the line integral IC 2xydx+ x> dy on the

curve given in Exercise 64. (See Exercise 29 of
Section 15.2.)

OHAWKES LEARNING



66. Find jc(xz + y)dx+ xydy along the closed path
C=C, v C,u C,, where C| is the line segment from
the origin to (1,0), C, is the line segment from (1,0)
0 (2,1), and C, is the straight path from (2,1) back to
the origin. (See Exercise 30 of Section 15.2.)

67. Find L 2xydx +x” dy along the path given in
Exercise 66. (See Exercise 31 of Section 15.2.)

68. Determine the work done by the force field
F(x,y) = <x + y,2xy> if it moves a particle clockwise
around the triangle with vertices (0,0), (2,0), and

(L1).

69. Determine the work done by the force field given in
Exercise 68 as it moves a particle clockwise around the
square [-1,1]x[-11].

70. Determine the work done by the force field
F(x,y) = <xy,x2 - y2> as it moves a particle
counterclockwise around the unit circle centered at the
origin.

71. Use Green’s Theorem to determine the work done by
the force field F(x,y) = <2,3x> if it moves a particle
counterclockwise around the ellipse parametrized
as r(t)=(3+3cost,2+2sinr), 0<r<2m. (See
Exercise 36 of Section 15.2.)

72-75 Evaluate the outward flux of the vector field F across the
specified path C.

72. F(x,y)={(xp,2x+y), Cis the boundary of the region
between the graphs of y = 1 — x” and the x-axis

73. F(x,y)= <x2y,x3 +y2>, C is the boundary of the
region bounded by the x-axis and the graphs of y = x’
andx =2

74. F(x,y)= <4x2y3,—x3y>, C is the boundary of the
region bounded by the coordinate axes and the line
y=2-2x

75. F(x,y)= <ex,e“y2>, C is the triangle with vertices
(0,0), (1,2), and (5,0)

Section 15.4 Exercises 1111

76-84 Suppose that R is a region bounded by a positively oriented,
piecewise smooth, simple closed planar curve C. Recall that the area

of R is the double integral of f(x,y)=1 over ; thatis, A= [[1-dA

R
With Green’s Theorem in mind, if we choose Pand Q so that

«Q_d& =1, then the area of R can be found from a line integral:
y

" A= ”1 A= ”(Q—fjdA $. Pax+Qdy.

In Exercises 76-84, use this observation to prove the area formula.

76. Show that if R and C are as above, then the area 4 of R
is

A =%¢dey—ydx = ifcxdy:—c.f,»cydx.

77. Use Exercise 76 to verify the area formula of the circle
xt+yi =7
78. Use Exercise 76 to find the area of the ellipse
2 2
x_z + y_2 =1.
a b
79. Use Exercise 76 to find the area of the region bounded
by the y-axis and the lines 3y =xand y =4 —x.

80. Use Exercise 76 to find the area of the region bounded
by the graphs of y=x*and y = x + 2.

81. Use Exercise 76 to find the area of the region bounded
by the graphs of y = 9 — x* and 3y = x> — 9.

82.* The graph of the equation x* + * = 3xy is called
the folium of Descartes. Use Exercise 76 to find
the area of its loop. (Hint: Choose = y/x to
obtain the parametrization x = 3t/ (l + t3) and
y=3t / (1 +1 ) Use the Quotient Rule to obtain
d(y/x)=(xdy—ydx)/x*; then use Exercise 76. Note
that you obtain half the area of the loop by integrating
on the interval 0 << 1.)

A
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83.* Follow the hint provided for Exercise 82 to obtain

84.

the area of the first-quadrant loop of the lemniscate
2
(x2 + yz) =16xy. (Note that by symmetry, doubling

your answer would yield the total area enclosed by the

lemniscate.)

Use Exercise 76 to obtain the following convenient
area formula for the polygon with vertices

(x5 1)5(x2,33 )sees(%,, 3, ). Show that the area 4 of
such a polygon is

1 n
A= EZ(xkykﬂ XV )»
k=1
with the convention that (x,,,)=(x,.,,7,.,)-
(Hint: Start by letting S be one side of the polygon,
say the one connecting (x,,y,) with (x,,,), and
show that %Lxdy —ydx=2%(x,y,—x,y,). Then use

Exercise 76.)

85-88 Use the formula from Exercise 84 to find the area of the
given polygon.

8s.

86.

87.

88.

89.

The square with vertices (0,0), (3,0), (3,3),
and (0,3)

The triangle with vertices (0,0), (2,4), and (0,4)

The hexagon with vertices (0,0), (2,0), (4,2),
(3.4), (1,4), and (0,2)

The (nonconvex) pentagon with vertices (1,0), (3,0),
(5.7). (2,2), and (0,3)

Evaluate (J(,«C(3x3 - y)dx + ( Y+ 4x)dy on the ellipse

given in Exercise 78.

90. Let C, be the unit circle centered at the origin, let

91.

92.

93.

94.

C = C, U C, be the boundary of region R with the
indicated orientations as in the figure below, and let
F(x,y)= <4x -3y,3x+ y2>. Assuming that the area of

R is 47 square units, use Green’s Theorem to evaluate
(JS F-dr. (Hint: Determine H P _op dA

G 2l ox oy
and use the fact that by Green’s Theorem, it equals

gSCF-dr—gSCF-dr.)
y

ﬁr

e

=

In Exercise 35 of Section 15.3, you showed that for the
vector field F in Example 6, SEC F-dr =2m, where C,
is a circle of radius r around the origin (you were free

to choose the radius in that problem, but » =1 is the
natural choice). Combine that result with Example 6

of this section to show that 4}CF -dr =2m for every

simple closed path C enclosing the origin.

For the vector field given in Exercise 91, show that
(JSCF -dr =0 for any simple closed path C that is

disjoint from, and does not enclose the origin.

Use the technique illustrated in Example 6 to find
(JSCF -dr for the vector field

F(x,y)=( x.y)

X+ yz) '
where C is a simple closed path enclosing the origin.

Use Green’s Theorem to show that the area of a region
R enclosed by the simple closed curve C in polar
coordinates is

A :%9‘%# do.
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95. Use Green’s Theorem to show that the coordinates of 99. Use Green’s Theorem to provide a proof of the
the centroid of a region R of constant density p and Component Test. If D is an open and simply connected
area A, enclosed by the simple closed curve C can be region and F = (P,Q> is a vector field with continuous
found as first partials, then 6P/dy =dQ/dx throughout D

96.* Use Green’s Theorem to show that the second

97.

98.

implies F is conservative.

- _ 1 2 -_ 1 2
X=—0 x"dy, y——ﬂécy dix.

247¢ (Hint: Show that F is path independent by using

Green’s Theorem and demonstrating that for a simple
closed path C enclosing the region R,

. F-dr = Pdx+Qdy =L[(i—f—g—1;jd/1=o.

Extend this result to general closed paths.)

(Hint: Start by determining M = ” ypdA
and M :prdA.) K
R

moments /_and / of the region R given in Exercise 95
are

1 1 Concept Check
Ixz—g(jtfcpfdx and Iy=§ggcpx3dy.

100-103 Determine whether the given statement is true or false. In

Use Exercise 95 to find the centroid of the half disk case of a false statement, explain or provide a counterexample.

f _[p2_ 2
boundeq by the upper semicircle y =+ R"-x" and 100. The divergence of a vector field at a point P is a vector
the x-axis. pointing in the direction of greatest outflow from a
Use Exercise 96 to find the second moments about the small rectangular neighborhood.

coordinate axes of the half disk given in Exercise 97,

. : 101. The curl of a vector field is a vector field.
assuming constant density p.

102. The curl of a planar (i.e., two-dimensional) vector field
is undefined.

103. In applications of Green’s Theorem, clockwise
orientation is negative.
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ParametricPleot3D([{x, v, 2}, {r, 0, 1.38}, {6, 0, 2Pi},
PlotPoints -» 100, Mesh -» None, Boxed - False,
Axes » False, PlotRange -+ Al1, ViewPoint » {1, 1, 10}]

Figure 11b

15.5 Exercises

1-4 Describe the surface with a vector function of two parameters. (Answers will vary.)

1. The graph of y=1x, 0<x<6, revolved about the 2. The graph of z=1/x, 0 <x <8, revolved about the
X-axis X-axis

3. The graph of x=1-2°, -1 <z <1, revolved about the 4. The graph of z=cosy, —7/2<y <7/2, revolved
z-axis about the y-axis

5-13 Match the parametric surface with its graph (labeled A-l).

5. r(s,t)=(3coss,3sins,1), 6. r(s,t)=(scost,ssint,2s),
0<s<2m, 0<r<8 0<s<5 0<LrL2n
7. r(s,t)=(cos2tsins,cosscos 2t,sint), 8. r(s,t)=<s,czzst,s$t>, %Ssgl 0<t<2m
0<s<2m, 0<£t<L2m
9. r(s,t)=(2t—s1+2s+1,1+5-31), 10. r(s,7)={ssint,scost,coss),
0<s<5 0<r<5 0<s<2m, 0<Lt<L27
11. r(s,t)=<sinscost,sinssint,coss>, 12. r s,t)=<scost,ssint,t>,
0<s<7/2, 0<¢<2rw -3<s<3, 0<t<3r

13. r(s,7)=(cosssin,2sinssinz,cost),

0<s<m, 0<t<L27

©OHAWKES LEARNING



14-20 |dentify the surface by examining its grid curves.
14. r(s,t)=(1,coss,sins), 0<s<2m, —0<t<o0

15. r(s,t) = <Rsinscost,Rsinssint,Rcoss>,
0<s<m/2, 0<t<7/2

16. r(s,r)=(scost,ssint,s),

—wo<s<o, 0<¢t<L27w

17. r(s,t)= <s,t,2s2 +t2>,

—0 < §<00, —00<[f<wo

18. r(s,)= <(3 +cost)coss,(3+ cost)sins,sint>,

0<s<2m, 0<L¢L2m

19. r(s,t)= <scost,ssint,4—s2>,

0<s<2, 0<r<2m

20. r(s,t)=<s,&“,in’>, Les<a o0si<on
N s 4

21-31 Obtain a parametrization for the indicated surface. (Answers
will vary.)

21. z=x+y 22.
23. x*+1y’=1,0<z<1 24. z=
26. z=x"+y

25. x*+y*+z°=4

27. z=—\1-x—)? 28. %+%+zz=l

1121

Section 15.5 Exercises

29, x*+4y°=4
30. The intersection of z = x* + y* with the interior of
¥ +yi=4

31. The portion of the sphere x* + 3> + z* = 4 outside the
double cone z* = 3x* + 3y°

32-37 Construct an equation for the plane tangent to the surface at
the indicated point.

32. r(s,t)=<s2,s+t,t2>; r(L1)
33. r(s,t =<s,t,232+t2>; r(1,2)

(s:2)
34. r(s.)=(2st,5%.07); r(1,-3)
35. r(s1) <2scost,ssint,s2>; r(Z,Z]

4

36. r(s,t)=<2s2,st2,%t>; r(1,2)

37. =(ssint,s* -
r(s,z) <ssmt,s ,scost>, r[,?)j

38. Parametrize the sphere of radius R as in Example 2,
and show that its normal vector n(6,¢) is a constant
multiple of e, (see Exercise 54 of Section 15.1). What
is that constant?
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39. Verify that the parametric approach to surface area is
consistent with the surface area of a solid of revolution
discussed in Section 6.3. (Hint: Let f(x)>0 bea
continuously differentiable single-variable function
defined on [a,b] , and rotate its graph around the
x-axis. Parametrize the resulting surface of revolution
as in Example 1. Calculate n =r, x r, as in Example 5

and find the surface area 4 = ‘[:Wj.h|n|dA after showing
v = £ ()0

40-56 Find the area of the surface S. (Use polar coordinates
wherever they simplify your calculations.)

that [n|=

40. S is the first-octant portion of the plane x + 3y + z=6.
z
6

6
X

41. S is the intersection of the plane 2x + 2y + z = 0 and the
interior of the cylinder x* + y* = 4.

A
S

R

42. Sis the graph of z = 3+ 2x — y defined on the triangle
with vertices (0,0), (1,0), and (0,1).

43. Sis the graph of z=+/1-x" defined on the square
[0,1]x[0,1].

44.

45.

46.

47.

48.

49.

50.

51.

52.

53.

54.

5S.

56.

S is the graph of z = 2x* + y defined on the triangle
with vertices (0,0), (1,0), and (1,1).

S is the portion of the paraboloid
r(s,t)= <s cost,ssinz,1— sz> above the xy-plane.

S is the surface of the cone r(s,7)=(scost,ssint,s)
between the planes z =1 and z = 2.

S is the portion of the paraboloid
r(s,t)= <s cost,ssint,s2> between the planes z = 4
andz=9.

S is the portion of the cone z =+/x” +y* defined on
the triangle with vertices (0,0), (l,l), and (0,1).

S is the graph of z = y* — x* defined on the
first-quadrant portion of the disk of radius 2 centered at
the origin.

S is the surface r(s,t)= <s cost,ssint,9 — s2> between
the planes z =5 and z = 8.

A

S is the portion of the paraboloid

r (s.1)= <s cost,ssin t,s2/2> between
the cylinders r, (s,7) = (coss,sins,#) and
ry(s,1)=(2coss,2sins, ).

S is the portion of x* + y* = z° + 1 between the xy-plane

and z=\/§.

S is the first-quadrant portion of z +y* =1,z >0,
between the yz-plane and x = 1.

S is the torus
r(s,t)= <(2 +cost)coss, (2 + cosz)sins,sint>,

0<s<2m, 0=<¢<2m
S is the portion of the hemisphere z = \/m

between the planes z =3 and z=4.

S is the portion of the cylinder x* + y* = 25 between the
planes z = 3 and z = 4. (Compare your answer to the
solution of Exercise 55.)
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57.* Generalize Exercise 54 to arrive at the formula

for the surface area of the torus parametrized as
r(st)= <(a +bcost)coss,(a+bcost)sins,bsint>,
where a > b > 0. (Hint: Consider the circle of radius
b in the xz-plane, centered at (a,0,0), and rotate it
around the z-axis.)

58.* Generalize your observations made in Exercises 55

and 56 to prove Archimedes’ famous result:

The surface area of the section of the sphere

x* 4+ + 2> = R* between the planes z=gand z = b
equals the surface area of the corresponding section of
the circumscribed cylinder x* + )* = R*.

59.* Show that surface area is independent of

parametrization; that is, prove the following statement.

Let R, and R, be regions in the plane enclosed

by simple closed paths, and letr,: R, — R’,

r,: R, — R’ be continuously differentiable,
one—to—one parametrizations of the same surface,
that is, r, (R, ) =r,(R,). With the usual notation
n, =(r,) x(r,) ,i=12, prove that

jj|n1|dA: ”|n2|dA.
R, R,

(Hint: Use the rules for differentiation of inverses and
change of variables.)

Concept Check

60-63 Determine whether the given statement is true or false. In case
of a false statement, explain or provide a counterexample.

60.

61.

62.

63.

All grid curves of a parametric surface are parallel to a
coordinate plane.

Before we can evaluate its area, a surface S must be
parametrized.

A parametric surface r(s,t) has a tangent plane at any
point of smoothness r(so,to).

The area of a parametric surface is a limit of Riemann
sums.
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15.5 Technology Exercises

64.

65.

66.

67.

Describe in words the grid curves of the parametric
surface given in Exercise 12; then use a graphing utility
to sketch the surface. Finally, use your technology to
approximate its area. (Note: This is an example of what
are called helicoid surfaces.)

Sketch the parametric surface

r(s,1)= <(m —3)coss,(\/ﬁ—3)5ins,t>,

0<s<2m, —-4<t<4,

using a graphing utility and verify that the graph
resembles a football. Change the coefficients to

make the “football” appear “thinner” or “thicker,”
respectively. (Carefully determine the domain for each
parameter. Answers will vary.)

The parametric surface
t . t .t
r(s,t)= cost+scos5,3smt + seos—,ssin—),

<s<—, 0L¢<L27m

| =
| —

is an example of the famous Mébius strip (after the
German mathematician August Ferdinand Mobius).
Use a graphing utility to graph and examine this
surface. Can you think of a way to produce such a
surface using a strip of paper and tape? Notice that

if you start sliding your finger along one side of the
surface, you will eventually arrive back at your starting
point without crossing any edges! Surfaces with this
property are called nonorientable, or one-sided.

Graph and examine the surface
r(s,t)= <(a +sinz)coss,(a+ sint)sins,t>,
0<s<2m, 0<t<27w

for several values of the parameter a. Then use your
technology to find its surface area if a = 2.
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where x is the thermal conductivity constant for the substance of the ball. From
Example 4, we know that the outward unit normal vector n at the point (x, y,z) on
the surface x> +y* + 2> =7 is

so on S,
2K

1
n(xnyaz):;<x9ynz>a

2K

F-n=7<x,y,z>~<x,y,z>=27ﬁ(x2 +y° +zz)=7(72)=2m’.

Hence, the flow of heat per unit time across S is

HF ‘ndo = 2&;’”(1{7 = 2/-@}’(4771’2) =8kmr.
N N

15.6 Exercises

1.

2.

Use the substitution suggested in Example 1 to
conclude that

w(zsﬁ—u)

M:J‘S‘[pdcr:T.

Use the same substitution as in Exercise 1 to finish
Example 2 by showing that

M, 2(25J§+4)

M 7(25V5-11)

~0.38.

zZ =

Suppose the surface S is given as the graph of a function
z= g(x, y), defined on a domain R. Prove that for a
continuous function f = f (x,y,z) defined on S, the
surface integral of f over S'is

[lrde=[[ (e i+le +[e] aa

(Hint: Parametrize S by using x and y as parameters.)

4-25 Parametrize the surface S and evaluate the indicated surface
integral. (You may use the formula from Exercise 3 whenever feasible.
Use polar or spherical coordinates where needed.)

4.

5.

6.

H 2zdo, where S is the first-octant portion of the

N
plane x + 2y +z=4

_Uydor, where S is the graph of 2x + y + z = 6 above
t}ie square [0,2]x[0,2]

”3de, where S is the graph of x* + z = 9 above the
rgctangle [0,3] X [0,4]

7.

10.

11.

12.

13.

14.

15.

” xdo, where S is the first-octant portion of the plane
N

x+y+z=a(a>0)

” z”do, where S is the intersection of the plane
N

2x + 2y + z = 0 and the interior of the cylinder
¥+y =1

J‘J.(x2 +y + z)da, where S is the graph of
it 2y +z =2 above the rectangle [0,1]x[0,2]
J‘J. 9zdo, where S is the surface z = ) over the

réctangle [-11]x[0,1]

”(2xy +z)do, where S is the graph of 2y —x +z =4
N

above the triangle with vertices (0,0), (1,0), and

(0.)

ﬂ(x+y +2z)do, where S is the graph of z=+1-x’

S
above the square [0,1]x[0,1]

_U(z - y)da, where S is the graph of z = 2x* + y above
tﬁe triangle with vertices (0,0), (1,0), and (1,1)

_U 2zdo, where S is the portion of the paraboloid

zS= 1 —x* — y* above the xy-plane

_U(z +2x7 )da, where S is the surface z = y* — x°

S
above the half disk bounded by y =+/1—x and the
X-axis
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16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

26.

27.

28.

29.

30.

Chapter 15 Vector Calculus

_U y*do, where S is the upper unit hemisphere
N

z=41-y" =%’

J'J.(x2 +y° )da, where S is the portion of the

N
paraboloid z = 2 — x* — * above the xy-plane

”zda, where S is the portion of the sphere
N

x> +y*+ 2> = 16 between the planes z=1 and z =3

2
H ly do, where S is the portion of the paraboloid
—Zz
N
z=1-x"—y"with 3<z<1
” sinzdo, where S is the cylinder
N

¥ +y?=1,0<z<7/2

”(2x2 +2y*+2z2° )dcr, where S is the unit sphere
N

centered at the origin; use spherical coordinates
”(yz +y° )da, where S is the box [0,1]x[0,2]x[0,3]
N

”(xz + 2xz)da, where S is the tetrahedron formed by
S

the plane x + 2y + 2z = 4 and the coordinate planes

” zdo, where S is the solid bounded by the cylinder
N
x> +)* = 1, the xy-plane, and the plane 2z = x + 3

” xyzdo, where S is the cone frustum

N
z=3—,/x>+y* between the planes z = 1

andz=2

Find the centroid of the surface in Example 1,
assuming constant density.

Determine the mass M of the half cylinder S defined
by r(s,)=(2coss,2sins,7), 0<s<m, 0<r<2,ifits
mass density is p(x,y,z)=y+z.

Determine the mass M of the cone S defined by
r(s,t) = <scost,ssint,s>, 0<s<1,0<¢t<2m,ifits
mass density is proportional to the distance from the
Z-axis.

Find the center of mass of the half cylinder given in
Exercise 27.

Find the center of mass of the cone surface given in
Exercise 28.

31.

32.

33.

Determine the mass of the portion of the thin spherical

shell z=4/25—x"—y* between the planes z = 3 and

z =4 if its density at any point is proportional to the
distance from the xy-plane. (Hint: Consider spherical
coordinates.)

Find the centroid of the thin hemispherical surface

g(x,y): R*—x? -y
(See the hint given in Exercise 31.)

* ifit has constant density p.

Determine the second moments about the coordinate
axes of the sphere x* + y* + z* = R* if it has constant
density p. (See the hint given in Exercise 31.)

34-52 Determine the indicated flux of the vector field F across the
surface S. Unless otherwise specified, the surfaces are oriented with
outward-pointing normal vectors.

34.

35.

36.

37.

38.

39.

40.

41.

42.

43.

The flux of F = <0,0,c> across the hemisphere given
in Exercise 32

The flux of F =(x,,2) out of the solid R bounded by
3z=x?+)* and the planez =3

The flux of F=(2,z,y) across the first-octant portion
of the unit hemisphere centered at the origin

The flux of F = <— y,x,2> across the first-octant
portion of the unit hemisphere centered at the origin

The flux of F = <x, y,z> across the first-octant portion
of the unit hemisphere centered at the origin

The flux of F = <x, y,z> across the first-octant portion
of the cylinder x* + y* = 1, between the planes z = 0
andz=1

The flux of F = <x2,xy,xz> across the first-octant
portion of the hemisphere of radius R, centered at the
origin

The flux of F = <0,0,x2 + y2> across the paraboloid

z=x2+y*+1,1<2z<10

The flux of F = <O, yixt+ zz> across the hemisphere
z=4/4- x? - y2

The flux of F = <y,—x,6> across the portion of the
upper unit hemisphere centered at the origin that
projects onto the disk x*+ y* <1 (Note that this
can be interpreted as the upward flux through the
hemisphere of a fluid with a “rotating flow.”)
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44. The flux of the vector field given in Exercise 43
across the portion of the paraboloid z =1 —x* -y
that projects onto the disk x* +y* <1 (Compare your
answer with the solution of Exercise 43.)

2

45. The flux of the vector field given in Exercise 43 across
the portion of the cone z=1—+/x> + y* that projects

onto the disk x* + y*> <1 (Compare your answer with
the solution of Exercise 43 or 44.)

46. The flux of F = <—2y,x,2z> out of the solid R bounded
by the cone z=4/x*+3* and the plane z=6

47. The flux of F = <x, y,2> out of the solid R bounded by
the paraboloid z = x* + y* and the plane z = 9

48. The flux of F = <2x, y,z> across the portion of the
surface z = 1 — x> — y*above the xy-plane

49. The flux of F = <—y,x,zz/2> across the cone frustum

z=4x’+y” betweenz=1andz=3

50. The flux of F = <x2,2y,yz> out of the cube in
Example 3

51. The flux of F = <0,y,22> out of the solid region
bounded above by z = 4 — x> — y*and below by the
planez =2

52. The flux of F=(x,y,1) out of the solid bounded by
the paraboloid z = x> + y*and the planesz=1 and z =4

53. Solve Example 6 if the temperature is inversely
proportional to the square of the distance from the
origin.

54. Suppose the temperature function of the solid ball
x*+y*+2°<dis T(x,y,z)=70-0.1x> and k= 3.
Determine the heat flow out of the region.

55-57 A discussion analogous to the one given preceding

Exercises 50-53 in Section 15.2 yields the formula below. If
S is a thin surface with electrical charge density q(x,,2),
the electrostatic potential at a point P away from the surface
is obtained from the surface integral

V(P) = sg%da

where r,(x,y,z) is the distance between (x,y,z) and P.

Use the above formula in Exercises 55-57.

Section 15.6 Technology Exercises 1131

55.* Suppose a uniformly charged sphere of radius R and
total charge Q is centered at the origin. If point P is »
units from the center of the sphere, then show that

v(P)=¢[ [

Osing
471'\/R2 +r? —2rRcosy

dodep.

(Hint: Because of uniform charge distribution,

the charge density on the sphere is given by
q(x,y,2)= 4—QRZ Notice also that because of radial
7

symmetry, it suffices to pick P on one of the coordinate
axes.)

56.* Use Exercise 55 to show that
eQ
v(P)= ﬁ(pe +r|=|R-r|).

(Hint: Substitute R> + r* — 2rR cos ¢ = u1.)

57.*% Use Exercises 55 and 56 to conclude that the
electrostatic potential for a uniformly charged sphere
units from its center is as follows.

sg if P is outside the sphere
r(p)=1
e% if P is inside the sphere

Note what this means is that the potential is constant
inside the sphere, while outside the sphere the potential
function behaves as if all of the charge O were
concentrated at the origin!

15.6 Technology Exercises

58-61 Use a graphing utility.

58. Determine the center of mass of the hemispherical
surface given in Exercise 31.

59. Determine the moments of inertia of the surface given
in Exercise 31.

60. Determine the mass and centroid of the thin parabolic
surface z= 1 —x” — )%, z > 0, if it has constant density

p.

61. Find the second moments about the coordinate axes of
the surface given in Exercise 58.
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Assuming, as we have been, that the second partial derivatives of F are continuous in D, the
equality of mixed partial derivatives means any one of the above statements implies V x F =0
throughout D. Incorporating the latest theorem, we can summarize the relationships between

conservation and curl by

F=Vf

= VxF=0

VxF=0 = F=Vf

15.7 Exercises

1-4 Verify Stokes’ Theorem by showing that the integrals SﬁcFTds
and J'IVxF-nda are equal.
S

1.

F(x,y,z)=(-2y,2x,y+z), where § is the upper unit
hemisphere centered at the origin

F(x,y,z)=(y—z,x+z,-x+y), where S is the
hemisphere z =\/4—x* -y’
F(x,y,z)=(-p,x,1) (as in Example 1), where S is

the portion of the paraboloid z = 1 — x? — )2 above the
xy-plane

F(x,y,z)= <y,zz,2x>, where S is the portion of the
paraboloid z = x2 + )? between the xy-plane and the
planez=9

Calculate HV xF-ndo for the vector field
N

F(x,y,z)=(-2y,2x,y+z), on the upper

semiellipsoid S: x> +)? + 42> =1,z > 0, and compare
your answer to the solution of Exercise 1.

Verify by calculation that the field of normal vectors
for the upper half of the ellipsoid given in Example 2

al y 1).
3\/9—)cz—y2 ’3\/9—x2—y2 ,

is r,xr, =

7-14 Use Stokes’ Theorem to evaluate the indicated line integral.

7.

@CF-Tds, where F = <—2y,x2,322> and C is the
intersection of the cylinder x* + )? = 1 and the plane

X + 2y + z = 4, with positive orientation when viewed
from above

SﬁCF-Tds, where F = <z2,x2,y2> and C'is the
intersection of the cylinder x? + y* = 4x and the plane
z = 2x, with positive orientation when viewed from
above

9.

10.

11.

12.

13.

14.

if D is an open connected region,
if D is an open and simply connected region.

4}CF -Tds, where F = <—3y,2x,22> and C is the
triangle with vertices (4, 0,0), (0,2,0), and (0,0,3),
with positive orientation when viewed from above

('f/CF -Tds, where F = <zy2,z3,9y - 2x> and C is the
triangle with vertices (1,0,0), (3,4,1), and (0,0,2),
with positive orientation when viewed from above

@CFTds, where F = (—3z,x,2y> and C is the
boundary of the disk x> + 3 < 1, z = 1, with positive
orientation when viewed from above

('f/CF -Tds, where F = (—3z,x, 2y> and C is the
intersection of the paraboloids z = x2 + y*and

z =2 —x*—y? with positive orientation when viewed
from above (Compare your answer to the solution of
Exercise 11.)

g:;CF~Tds, where F:<2x3,4x+y2,ezz> and C is

the intersection of the paraboloids 2z = x? + y?and
z =6 — x> —y?, with positive orientation when viewed
from above

@CF-Tds, where F = <—xz,22,x—y2> and C is the

intersection of z =x? + y?and z = 2x + 3, with negative
orientation when viewed from above

15-22 Use Stokes’ Theorem to evaluate the surface integral.

15.

16.

”V xF-ndo, where F = <—y,x,xyz> and S is the
N

upper hemisphere z =/1—x” —y*, oriented with an
upward-pointing unit normal vector field

HV xF-ndo, where F = <4z,—3x, 2y> and S is the

s
portion of the paraboloid z = x* + y? with 0 <z <9,
oriented with a downward-pointing unit normal vector
field
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17.

18.

19.

20.

21.

22.

23.

HVXF-ndJ, where F:<x—y2,x4,zz> and S is the

N
triangle determined by the first-octant portion of the
plane x + y + z = 1, oriented with an upward-pointing
unit normal vector field

j VxF-ndo, where F=<2y2,—z,4x> and S is

S
the triangle determined by the first-octant portion of
the plane 5x + y + 2z = 10, oriented with an upward-
pointing unit normal vector field

HVXFﬂdU, where F:<—2yz,3xz,223> and S is

s
the cone frustum z = {/x* + y*>, 1<z <2, oriented
with an inward-pointing unit normal vector field

VxF-ndo, where F =(yz,~2xz,x’y) and S is the
Il < )

N
portion of the cylinder x* + y? =4, 2 <z < 4, oriented
with an outward-pointing unit normal vector field

IijF-nda, where F:<ysin(zz),xy2,xz+y> and

N
S is the portion of the paraboloid x = )* + 22, 0 < x < 4,
oriented with an inward-pointing unit normal vector
field

HV xF-ndo, where
S

F= <3yx2,xln(z4),ycos(xzz)—2x> and S'is the
hemisphere y =+/4—x*>—z*, oriented with an

inward-pointing unit normal vector field

Suppose, as in Exercise 3 of Section 15.6, that the
(piecewise smooth) surface S is the graph of a function
z= g(x, y), defined on a domain R, and that S has a
piecewise smooth boundary C. Prove that in this case,
Stokes’ Theorem takes the following form.

{;CF-Tds:jijF-<—gx,—gy,1>dA
R

24-26 Assume that both f and g have continuous second-order
partial derivatives, and that both the surface S and its boundary C
meet the conditions of Stokes’ Theorem. Verify the statement by using
Stokes’ Theorem.

24. § (fVf)-Tds=0

25. § (fVg)-Tds=[[(VfxVg)-ndo

26. SEC(ng +gVf)-Tds=0

217.

Section 15.7 Technology Exercises 1137

Let S be the solid bounded by the cylinder x> + y* =1
and the planes z=—1 and z = 1. If F is a vector field
with continuous partials in an open region containing
S, show that

”VXFmdU:O.
N

28.* Prove the following generalization of Exercise 27. If

the vector field F and the closed surface S satisfy the
conditions of Stokes’ Theorem, then

ﬂvxp-nda:o.
S

29.* The force field F is called a central force if it points

30.

directly away from, or toward, a point called the center,
and its magnitude depends only on the distance from the
center. In addition, we assume that this dependency is
continuously differentiable, or in symbols, F = f(r)r,
where the single-variable function f is continuously
differentiable everywhere except possibly at zero. Show
that if such a force is moving an object around a closed
path that doesn’t enclose the origin, then the total work
done by the force is zero. (Hint: Show that the curl of
the force field is zero.)

Consider the vector field

y X
F={(- s ,Z
< x2+y2 x2+y2 >

and show that while V x F =0, 4}CF -dr#0 ona
circle in the xy-plane centered at the origin. Does this
contradict the theorem stating that V x F = 0 implies F
is conservative?

15.7 Technology Exercises

31.

Write a program on a computer algebra system that
accepts a vector field, the parametrizations of a surface

S and its boundary C, and returns both integrals
(]SCF -Tds and ”V xF-ndo. Use it to check your
N

answers to Exercises 1-4.
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15.8 Exercises

1-4 Verify the Divergence Theorem by showing the equality of the
integrals ”F«nda and ”'[V-de for the given vector field F on
S D

the solid D.

F(x,y,z)={(-,x,z), where D is the unit ball
centered at the origin

F(x,y,z)=(x,2y,3z), where D is the tetrahedron
bounded by the coordinate planes andz=1-x—y

F (x,y, z) = <xz,xy,yz> , where D is the cube given in
Example 1b

F(x,y,z)= <xz,3yz,z2 >, where D is the solid bounded
by the paraboloid z = 4 — x*> — y* and the xy-plane

5-18 Use the Divergence Theorem to find the flux of the vector
field F over the surface of the given solid D. Consider cylindrical or
spherical coordinates where appropriate.

5.

10.

11.

12.

13.

F(X,y,Z)=<2x—y2,zx—y,z+ew>, where D is the

solid ball of radius 2, centered at the origin

F(x,y,z) = <3x—yz,2y+e”,cos2y—22>, where D is
the solid bounded by the parabolic cylinder z = 1 — 7,
the xy-plane, and the planes x =0 and x = 1

F(x,y,z)= <x,3y,z - y2>, where D is the solid

spherical shell 4 <x*+)? +2z2<9

F(x,y,z)= |<x,y,z>|2 (x,y,z), where D is the cube

given in Example 1b

F(x,y,z)= <3x—yz,2y+e”,cos2y—2z>, where D is
the solid cylinder bounded by x? + y* = 1, the xy—plane,
and the plane z = 2

F(x,y,z)= <x3,y3,z3>, where D is the solid cylinder

given in Exercise 9

F(x,y,z) = <x3,y3,z3>, where D is the solid bounded
by the paraboloid z = 1 — x*> — y* and the xy-plane

F(X:J’az) = <y - Zxaezzxszz - tan71 (xy)>, Where D iS
the tetrahedron with vertices at the origin, (2,0,0),
(0,4,0), and (0, 0,1)

F(x,y,z)= <6xy2,6x2y,xc0s(y2)>, where D is the

solid bounded by the paraboloid z = 4 — x*> — y* and the
planez=3

14.

15.

16.

17.

Chapter 15 Exercises 1143

F(x,y,z)= <x —32,y,422>, where D is the solid
inside the cylinder x? + y* = 1, between the planes
z=landz=4-x

F(x,y,z) =<xy—,/y2 +2° ,2y+e23,3z—xzcoty>,

where D is the solid inside the cylinder x* + y2 =1,
between the planesz=1andz=x+4

F(x,y,z) = <2x2,zex,y - xz>, where D is the solid
cylindrical shell 1 <x? + y? < 2 between the

xy-plane and z = 4

F(x,y,z) = <3yzz,y3/3,x2z>, where D is the portion

of the solid cone z =4/x*+y* between the planes
z=landz=3

18.* F(x,y,z) = <x3,y3,23>, where D is the solid

19.

20.

21.

22.

23.

24.

hemisphere z =/1-x*—»*

Verify the Divergence Theorem for the vector field
F(x,y,z)= <zz,3y2,2yz> and the solid bounded by
the cylinder x? + z2 = 1, the xz-plane, and y = 2.

If F(x,y,z) = <22 tany,3xez,ysin2x2>, S, and D
satisfy the conditions of the Divergence Theorem,
prove

jF-ndazo.

N

Use the Divergence Theorem to find the flux of the
vector field F(x,y,z)= <x3y,y2 —sin zz,xez> over the
surface of the box [0,4]x[0,2]x[0,3].

Suppose the space region D and its boundary S with unit
normal field n meet the conditions of the Divergence
Theorem, and let F(x,y,z)=(x,,z). Use the
Divergence Theorem to show that the volume of D,
V(D) is equal to the following surface integral.

V(D):%J'Sjﬂnda

Use Exercise 22 to verify the formula for the volume
of the box with side lengths a, b, and ¢, respectively.
(Hint: Position the box appropriately in the coordinate
system and apply the Divergence Theorem along with
Exercise 22.)

Repeat Exercise 23 for the ball of radius R.
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25.

26.

27.

28.

Chapter 15 Vector Calculus

Repeat Exercise 23 for the right circular cone of radius
R and height 4.

If S is a surface such as in Exercise 22, use the
Divergence Theorem to show that the volume of the
solid D bounded by S can also be found as

:deydz :Hydzdx:”zdxdy.
N S N

Let QO be a single point charge at the origin, as in our
discussion that follows Example 2. Show that V- E =0
for the electric field E created by Q.

Mimic our discussion following Example 2 to prove
the following, slightly more general version of Gauss’
Law.

If S'is a closed surface satisfying the hypotheses of the
Divergence Theorem, k is a constant and F = % is an
r
inverse square field, then the flux of F over S is

4km if S encloses the origin.
”F ndo =

otherwise

29.* Recall the uniformly charged sphere of radius R and

total charge O from Exercises 55-57 of Section 15.6.
In this problem, you will provide a “second solution”
to the aforementioned Exercise 57 as follows. Use
Gauss’ Law to show that the electric field E due to the
sphere is

eQe,
E={
0 if r<R.

if R<r

(Recall e, from Exercise 54 of Section 15.1.

Hint: Note that E is a central force as in Exercise 29 of
Section 15.7. Using the notation E(r)= E(r)e,, show
that the flux across a sphere of radius r is 47r’E(r)
and use Gauss’ Law. Finally, note that if » < R, the total
charge enclosed by any sphere of radius r is zero, and
hence sois E.)

30. Use the Divergence Theorem to provide a second
solution to Exercise 28 of Section 15.7. (Hint: See
Exercise 39 of Section 15.4.)

31.* Prove that if F has continuous partial derivatives, then
its divergence at a point P can be obtained from the
formula

V-F(P)=lim—— ”Fnda

R0 47rR3

where S, (P) is the sphere of radius R centered at P.
(Hint: Use the Divergence Theorem; then argue that
the divergence function “assumes its average value”
somewhere in the closed ball bounded by S, (P). For
a refresher on average value, see Section 5.2.)

32-35 Prove the identity, assuming the scalar-valued functions

f and g have continuous partial derivatives at least through the
second order, and S and D satisfy the hypotheses of the Divergence
Theorem. Note that V*f stands for £, +f, +f,, i.e., V*f=0
means that f satisfies Laplace’s equa’uon (see Section 13.3). Recall
also that D f stands for the directional derivative of f in the direction

of n. (For a review of directional derivatives, see Section 13.5.)
32+ [D,fdo=([[V’fdV
N D

33.% ”fDngda :Hj(fvzg+Vf-Vg)dV

(This is called Green s first identity. Hint: See
Exercise 44 in Section 15.4.)

34.* IIJ’anda = ”I|Vf|2 dv, if f satisfies Laplace’s
S D

equation on D. (Hint: You may give a direct proof, or
use Exercise 33.)

35.% ﬂ(ﬂ)ng ~ gD, f)do = m(fvzg ~gV’f)dv (This

is called Green s second identity. Hint: Use Green’s
first identity from Exercise 33 twice.)

Chapter 15
Review Exercises

1-4 Match the given planar vector field F(x,y) with its graph (iabeled A-D).

1. F(x,y):<l,y> 2. F(x,y):<§,y> 3. F(x,y):<2y,—x> 4. F(x,y):<—x’ |< Y >
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