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Chapter 12 Application Project: 
Basketball Scoring 
In this project you will use vector functions to develop a simple model for three-point basketball shots. To keep the model 
simple, we will be ignoring air resistance, friction, and other forces. Furthermore, by “scoring,” we will mean that the ball falls 
straight into the basket on its way downward (i.e., we will ignore the possibility of the ball bouncing in off the backboard, or 
any energy losses as a result of spins, etc.). For further studies, or for more refined models, the interested student should consult 
resources such as John Fontanella’s book, The Physics of Basketball. 

1. A basketball player is attempting a three-pointer from 
a horizontal distance of 24.7 feet. He is releasing the 
ball from 7 feet above ground level, aimed directly 
toward the basket at an angle of elevation of 45°, with 
an initial velocity of v

0
.  Supposing that the player 

stands at the origin and the basket is in the positive 
y-direction, use the three-dimensional coordinate 
system to find a vector function describing the position 
of the ball after release as a function of time. (Assume 
one unit on each axis corresponds to a distance of 
1 foot.) 

2. Use your answer to Question 1 to verify that the 
basketball’s trajectory is a parabola. 

3. Assuming a standard hoop height of 10 feet, find the 
initial speed for the ball that ensures that the player 
described in Question 1 scores. 

4. 

5. 

6. 

Use your answer from Question 3 to find the necessary 
initial velocity vector for the basketball if the player 
is to score from the same spot (i.e., the origin) but this 
time, shooting while running along the line y = x at a 
speed of 10 mph in the positive direction. 

Find a formula for and graph the required initial speed 
as a function of the angle of elevation over the interval 
˜0,p 2°  if the player is to score (assuming the same 
spot and release height as in Question 1). 

Generalizing your work on Question 5, find a formula 
for the initial speed of a successful shot if the player 
stands d feet from the hoop and shoots at an angle a 
upward from horizontal, with a release height of h feet. 



 

 
 

  
 

  

 

  

  

  

    

  

 

  

   
 

 
 

  

   

    

   

    

  

  

  

    
 
 

  
  

  

   
 

Chapter 13 Conceptual Project: 
Exactly the Difference 
In this project you will use your experience with partial derivatives and differentials to learn how to solve an important class of 
differential equations, called exact equations. Ordinary differential equations of this type are noted for their widespread applications 
in physics and engineering. (See Section 8.1 for the definitions of differential equation and solution. Other than the basic definitions, 
this project does not directly rely on, and can be considered independently of Chapter 8.) 

1. Suppose that the first‑order partial derivatives of the 
function z ˜ f  x y˛  are both continuous on a region° , 
R. If c is a constant and y y x˜ ° ˛ is defined implicitly 
by the equation f x˜ , y° ˛ c, show that y solves the 
differential equation 

f x, y y˛ ˝ ˙ ˆ f x, y° y ˜ ° x ˜ . 

2. Now consider a differential equation of the form 

M x y d, ° x N  x y dy˜ , ˝ 0˜ ˛ ° (1) 

and assume that there is a two‑variable function 
f x y˜ , °  such that 

˜f x y° , ˜f x y˛˛ ° ,
˝ M x y° , ˛ and ˝ N x y° , ˛

˜x ˜y 

(such a differential equation is called exact, while 
f x y˜ , °  is called a potential function). Use your 

answer to Question 1 to show that the set of level 
curves f x y, ° ˛ C C, ˝   form a family of solutions˜ 
of the differential equation (1). 

3. Suppose that M x y˜ , ˜ , ,°°  and N x y  as well as their 
first‑order partial derivatives, are continuous on an 
open region R. Show that a necessary condition for 
equation (1) to be exact is the following equality. 

˜ ° , ˜N x y˛M x y˛ ° ,
˝ 

˜y ˜x 

(Note: If we require a bit more of R, the above 
condition is also sufficient for exactness, a statement we 
will not rigorously prove here, but the construction of a 
potential function under the stated conditions is outlined 
in Questions 5 and 6.) 

4. Use Question 3 to determine which of the following 
equations is exact. 

xy xya. 2x ye  dx  ˜ xe ˝1 dy ˙ 0 ° ˜ ˛ ° ˛ 
° 2 1 ˙ 3b. ˝3x y  ̃ ˇ dx ̆ � x ˜ x �dy � 0 
˛ x ˆ 

5. Explain why the potential function f  of an exact 
equation must satisfy 

f x y° ˛ M  x y dx, ˝ g y˜ °˜ , ˙ ˜ ° , 

where g is some function of the variable y. 

6. Show that if the equation (1) is exact, then the equality 

N x y° ˛ 
˝
˝ 

y 
M x y dx g  y˜ °˜ , ˇ ˜ , ° ˙ ˆ 

must hold. 

7. Use Questions 5 and 6 to solve the equation 
2

2 ° ˜ ˛ ˝ ° 9 ˜ 4x dy ˙ 0x y dx y y  ˛  by determining its 

potential function f x y˜ , °  and identifying the family 

of solutions as f x˜ , y° ˛ C.  (Hint: After identifying 

M x y˜ , ˜ , ,°°  and N x y  use Question 5 to obtain a 

tentative formula for f x y, ,  then use Question 6 to ˜ ° 
determine the unknown function g y˜ °.) 

8. Verify that the equation 2 ̃ ˛ ˜ 2x dy ° x y dx ˝ 0 
becomes exact after multiplying by the integrating 

xfactor I x˜ , y° ˛ xye .  Solve the resulting equation. 
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Chapter 13 Application Project: 
Houston, We Have Liftoff! 
In the Chapter 6 Application Project, we derived the velocity function for a rocket that is applicable to its first few moments after 
blastoff. Our analysis assumed that gravity during the first few moments can be considered to be constant and, at the same time, 
is an important factor in determining the rocket’s velocity. That velocity function can be expressed as 

v t˜ ° ˛ ve ln 
m

0 ˝ gt, (1)  
m t˜ °  

where ve is the (positive) magnitude of the relative exhaust velocity of the expelled gas, m0 is the initial total mass of the rocket 
(including fuel), m t˜ ° is the combined mass of the rocket and fuel at time t, and g is the acceleration due to gravity. After the 
initial blastoff phase, drag due to gravity is a less important factor in calculating change in velocity, and equation (1) is often 
reduced to 

m
0˜ ° e ln (2)  v v  , 

mf 

where ∆v represents the change in velocity over a period in which fuel is burned and the combined mass of the rocket and fuel 
is reduced from m0  to mf . Equation (2) is the classic rocket propulsion equation that was derived independently by the Russian 
rocket scientist Konstantin Tsiolkovsky, the American Robert H. Goddard, and the German Hermann Oberth in the first couple 
decades of the 20th century, and also in the early 19th century by the British mathematician William Moore. 

In modern practice, booster rockets are often used to overcome drag due to gravity and atmospheric resistance in the initial 
blastoff phase, after which they are jettisoned. The booster rockets are attached to the sides of a central stacked column of rocket 
stages, each of which is also jettisoned in sequence until only the payload remains, with the goal of accelerating the payload to a 
final desired velocity v f . Rocket stages (and booster rockets) are used so that the mass of the remaining rocket can be decreased 
as each stage is detached. 

In this project, you will derive a formula for the relative masses of each stage of a two‑stage rocket given the goal of minimizing 
total mass and achieving a given final velocity for the payload. We will assume that gravitational and atmospheric drag factors 
are overcome by booster rockets, and hence that only equation (2) need be considered in designing the central stack consisting 
of two stages and a payload. 
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1. Let m1  and m2  denote the masses of, respectively, 
the first and second stages of the rocket when they are 
filled with fuel, and let P be the mass of the payload. 
Assume that the mass of each stage, when emptied 
of fuel, is the product of a structural factor s and its 
fuel‑filled mass, where s is a positive number between 
0 and 1 (s is typically less than 0.1). Then the initial 
mass of the stack consisting of two stages and payload 
is m

1 + m
2 + P,  and the mass after the fuel of stage 1 

is expended is sm
1 + m

2 + P.  Similarly, after stage 1 
is jettisoned, the initial mass of the stack consisting 
of stage 2 and payload is m2 + P  and its mass after 
the fuel of stage 2 is expended is sm

2 + P.  If we let 
∆v1  denote the change in velocity of the initial stack 
due to the fuel of stage 1 being burned, and ∆v2  the 
change in velocity of the second stage and payload 
due to the fuel of stage 2 being burned, then the final 
velocity achieved by the payload is v ˜ °v ˛ °v .f 1 2 

Use these labels and equation (2) to express v f  as a 
function of m

1
, m

2
, s, ve ,  and P. Name the function 

you construct g, and since m1  and m2  are the two 
quantities we are free to vary, we will consider g to be 
a function of the variables m1  and m

2
. 

2. Our goal is to minimize the function 
f m m, ° ˛ m ˝ m˜ ˝ P subject to the constraint

1 2 1 2 

g m ,m v ,  and we will use the method of˜ 1 2 ° ˛ f 

Lagrange multipliers to do so. The method is difficult 
to apply to f and g as originally defined, but it becomes 
much more tractable if we make a change of variables. 
To that end, let 

m ° m ° P m ° P
1 2 2n

1 ˜ and n
2 ˜ . 

sm ° m ° P sm ° P
1 2 2 

With these definitions, show that 

° 1˜ s n˛ 1 m ˙ m ˙ P ° 1˜ s n˛ 2 m ˙ P
1 2 2˝ and ˝ , 

1˜ sn m ˙ P 1˜ sn P
1 2 2 

and consequently that 

m ˜ m ˜ P ˛ m ˜ m ˜ P ˆ˛ m ˜ P ˆ°1 2 

P 
˙ 
˝ 

1 2 

m ˜ P
2 

˘˙
ˇ˝

2 

P ˘
ˇ

2� � �1 s n n
1 2° 

� 
.

�1� sn
1 ��1� sn

2 

3. Note that an ordered pair 

the function f m m˜ 1
, 

2 ° ˛ 

minimize the expression 

˜  , m m
1 2 

m
1 ˝ m

2 

m
1 + m

2 

P 

°  that minimizes 

˝ P will 
+ P 

,  and hence 

will also simultaneously minimize the expression 
m

1 + m
2 + P 

ln . The reasoning behind this is identical 
P 

to the observation in Examples 3 and 4 of Section 13.8 
that minimizing the square of a given distance 
function simultaneously minimizes the original 
distance function. Consequently, and because it makes 
the task easier, we will minimize the expression 
m

1 + m
2 + P 

ln ,  which means we will minimize
P 

˜1˙ s n n
 m

1
˝ m

2
˝ P °2 

1 2f n˜ 1
,n

2 ° ˛ ln ˛ ln 
P ˜1˙ sn

1 °˜1˙ sn
2 ° 

subject to the constraint 
g n n, ˛ v ln n ˝ v ln n ˛ v .  Use the method˜ ° ˜ ° ˜ °2 f1 2 e 1 e 

of Lagrange multipliers to show that the minimum of 
f occurs when 

° 2ve ˛fn
1 ˜ n

2 ˜ ev . 

(Hint: Use properties of logarithms to rewrite f 
before differentiating.) 

˛ n
2 °1 ˆ4. Show that m

2 ˜ ˙ ˘ P  and that 
1° sn˝ 2 ˇ 

˛ n
1 °1 ˆ m

1 ˜ ˙ ˘�m2 � P�. 
1° sn˝ 1 ˇ 

5. The Falcon 9 two‑stage rocket by SpaceX is capable 
of lifting a payload of approximately 23 metric tons to 
low Earth orbit. Assuming a structural factor s = 0 04. ,  
exhaust velocity ve = 3 5. km s, and final velocity 
v f = 10 km s,  determine m1  and m

2
. 

Sources: en.wikipedia.org/wiki/Tsiolkovsky_rocket_equation; en.wikipedia.org/wiki/Multistage_rocket; and Christopher S. Vaughen, “Multivariable and Vector Calculus,” 
Chapter 5 in The Kerbal Math & Physics Lab, sites.google.com/view/kspmath 

http://en.wikipedia.org/wiki/Tsiolkovsky_rocket_equation
http://en.wikipedia.org/wiki/Multistage_rocket
http://sites.google.com/view/kspmath


 

   
         

  

  
 

  
      

         

  
 

  

 

  
 

  

 

  

 

Chapter 14 Conceptual Project: 
Unique Shapes Require Unique Methods 
In this project you will be able to take advantage of useful coordinate transformations to evaluate multiple integrals on ellipses 
and ellipsoids that would be much more challenging in the Cartesian coordinate system. 

1. Find the Jacobian of the coordinate transformation 6. Find the mass and the center of mass of the 
T r˜ ,q °  defined by x = ar cos q and y = br sin q, where semiellipsoid of Question 5 in the case that the density 
a, b > 0. at any point is proportional to the distance from the 

xy-plane.
2. Use double integration along with the coordinate 

transformation in Question 1 to arrive at the formula 7. Use a computer algebra system and ellipsoidal 
x 2 y 2 coordinates to find the second moments and radiifor the area A of the ellipse 

2 
˜ 

2 
° 1. 

a b of gyration for the solid of Question 5. Express 
the second moments in terms of the mass m of the3. Find the Jacobian of the transformation to ellipsoidal 
semiellipsoid.coordinates Te ˜˜ ° ˛  defined by x = ar sin f cos q,, ,  ° 

y = br sin f sin q, and z = cr cos f, where a, b, c > 0. 8. Use a computer algebra system and ellipsoidal 
coordinates to find the second moments and radii of4. Use double integration along with the coordinate 
gyration for the solid of Question 6. As in the previous transformation of Question 3 to arrive at the formula 

2 2 2 problem, express the second moments in terms of thex y zfor the volume V of the ellipsoid 
2 
˜ 

2 
˜ 

2 
° 1. mass m of the semiellipsoid.a b c 

5. Use ellipsoidal coordinates to find the center of 
x 2 y 2 

mass of the upper semiellipsoid z c˜ 1° ° , 
a 2 b2 

assuming constant density. 
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Chapter 14 Application Project: 
Maintaining Proper Blood Flow 
In the Chapter 11 Application Project, we found the velocity profile of a fully developed laminar flow in a circular pipe. We 
discovered that the centerline velocity is maximum, the velocity of each streamline depends on its distance from the centerline, 
and that the velocity profile is parabolic. 

In this project, we will use double integration to derive a formula for the average velocity of the flow and then use our findings to 
derive Poiseuille’s equation. Jean Léonard Marie Poiseuille (1797–1869) was a French physicist, mathematician, and physiologist 
who was interested in the physics of blood circulation. He thus extensively studied the laminar flow of an incompressible fluid in 
a cylindrical tube, and the factors affecting such flow. Of particular interest was the fluid pressure change along the pipe, since 
the pressure difference dictates the pumping power required to keep the flow steady. The theory and formulas are especially 
important in cardiovascular applications. 

We will start by determining the average velocity of the flow by considering the volumetric flowrate. We define the (volumetric) 
flowrate Q as the rate at which fluid volume passes through a particular cross-section of the tube: 

dVQ = . 
dt 

1. Letting vav  denote the average velocity of the fluid in the pipe and Ac  stand for the area of a cross-section, explain why 

Q v= av Ac , 

that is, why the flowrate is equal to the product of the fluid’s average velocity and the cross-sectional area of the pipe. 

2. Suppose the radius of a person’s aorta is about 1.5 cm and blood flows through it at an average velocity of 38 cm s.  
After the aorta, blood flows through the major arteries, then successively smaller arteries and arterioles before passing 
through multitudes of capillaries, finally returning to the heart through venules and veins. The radius of most capillaries 
is about 4 10 °4 

cm,  and blood passes through them at a speed of approximately 5 10 °2 
cm s.  Use these values to˜ ˜ 

estimate the number of capillaries in the human body. 

3. Use the fact that fluids are incompressible to show that 

Q v A ˜ v r dA˜ av c ˝˝ ° ˛  , 
Ac 

where, as before, v r˜ ° is the velocity of fluid particles at distance r from the centerline. 

4. Use the above equation to arrive at the formula 

2 vav ˜ 
R2 ˝

R
v r° ˛ rdr, 

0 

where R is the radius of a cross-section. 

5. Substitute the formula for v r˜ °  obtained in the Chapter 11 Application Project (Question 4a) into the above integral 
and perform the integration to arrive at the formula 

R2 ˛ dP ̂  v ˜ °  .av ˙ ˘
8� ˝ dx ˇ 
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6. a. Combine the above equation with the formula for v r˜ ° to show 

˙ r 2 ˘ 
v r˜ ° ˛ 2vav ˇ1˝ 

2 �. Rˆ � 

b. Use part a. to show that the average velocity of the flow is exactly half of its centerline velocity. 

We are now ready to derive Poiseuille’s equation. It shouldn’t come as a surprise that pressure difference, or force, is needed 
to maintain flow in a horizontal pipe. This is due to the viscosity of the fluid, which creates a resistance to flow. As Poiseuille’s 
equation will tell us, the flowrate depends on the pressure difference (more accurately called the pressure gradient), the viscosity 
of the fluid, and the dimensions of the pipe. 

7. Consider a section of length L of the pipe. Denoting the fluid pressure at the initial point of the section by Pi  and letting 
P  stand for the pressure at the endpoint, show that the pressure change along this section satisfiese

dPP P˜ °  L.e i dx 

(Hint: Use the fact that dP 

dx
 is constant.) 

8. Combine the results of Questions 1, 5, and 7 with the notation ˜ ° ˛  (the pressure drop along the given sectionP P Pi e 

of the pipe) to derive Poiseuille’s equation: 
4 4ˆ R P P ˝ ˙˛ ° ˆ R PQ ˜ i e ˜ . 
8̌  L 8̌ L 

As a last observation, notice what Poiseuille’s equation tells us: The volumetric flowrate of laminar flow in a circular pipe is 
i ˜ edirectly proportional to °P P ˛ (called the pressure gradient), and inversely proportional to the viscosity of the fluid. What 
L 

is more surprising, though, is the fact that Q is also directly proportional to the fourth power of the radius (assuming a constant 
pressure gradient). This explains why even a relatively small decrease in artery radius (often the result of cholesterol plaque 
buildup) forces the heart to work much harder to maintain the proper flowrate, with a serious side effect being hypertension, or 
high blood pressure. 
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Chapter 15 Conceptual Project: 
Showing Your Potential 
Recall from Section 15.7 that if F is a vector field in 3  so that ˜°F 0˛ (such vector fields are called curl-free) on an open, 
simply connected domain in space, then F is conservative, that is, there is a scalar potential f  so that ˜ °f F.  On the other 
hand, it can be shown that if F is divergence-free, that is, if ˜°F ˛ 0, then there is a vector field P such that ˜°  ˛ (suchP F  
a vector field is called a vector potential for F). In this project you will discover a way of finding a vector potential for a given 
divergence-free vector field F. 

1. Suppose ˜f2. If f  is any scalar field such that ° ˛P
1
,  show that if 

˜x˜ , , ,  ̃F ˜ x y z, , ° ˛ F  x y z F, , °, ˜ x y z F° x y z, , ° 1 2 3 
we define P P ˛f 1 = 0.  ˜ °  ,  then P 

and 
3. Use Questions 1 and 2 to argue that if the vector field P ˜ x y z, , ° ˛ ˜ , , °, ˜ , , ,° ˜ , ,P x y z P  x y z P  x y z ° 1 2 3 

F has a vector potential P, then it has one whose first 
are vector fields so that ˜°  ˛ ;  that is, P is a vectorP F  component is zero. In other words, we may assume
potential for F. Show that for any differentiable scalar throughout our discussion that P = 0, ,

2 3
P P  . 

field f , ˜°˝P ̨ ˜f ˙ ˆ F;  that is, P ̃ °f  is another 
vector potential for F. (Hint: See Exercise 41 of 
Section 15.4.) 

In Questions 4–6, you will be guided to show that given a divergence-free vector field F, it is possible and fairly straightforward 
to find a vector potential of the form described in Question 3. 

4. Assume that 6. Show that in Question 5, it is always 
possible to choose C y˜ , z °  and C y˜ , z ° 2 3F ˜ x y z, , ° ˛ F x y z F˜ , ,  , ˜ x y z F, , ,° x y z ° 1 ° 2 3 ˜ , ,  

˜P ˜ 
23 Pto satisfy ° ˛ F ,  and conclude thatis a vector field such that ˜°F ˛ 0,  and P is any vector 1˜y ˜z 

field of the form P = 0, ,
2

P P
3

. Show that P is a will then beP ˜ x y z ° ˛, ,  0,P x y z P  x y z, , ,  , ,˜ ° ˜ °2 3vector potential for F if the following equalities hold. 
a vector potential for F. (Hint: Use the fact that

˜P ˜P ˜P ˜P
3 2 3 2° ˛ F ° ˛ F ˛ F ˜°F ˛ 0.)

1 2 3˜y ˜z ˜x ˜x 
7. Show that the vector field 

5. For the vector field F in Question 4, define 2 2 2F ˜ x y, , z ° ˛ 2x yz,˝2xy z x, y 
P x y z

2 ˜ , , ° ˛ 
x
F t y z dt

3 ˜ , , ° ˝ C y z
2 ˜ , °  and˙x0 is divergence-free, and follow the steps outlined in 

P x y z˜ ° ˛ ˝  
x
F t y z dt ˙C y z, ,° Questions 5 and 6 to find a vector potential for F., ,  ˜ , , ° ˜  where

3 2 3ˆ 
0 

x0 

x (Answers may vary.)is an arbitrary starting value and C2 and C3 are 
arbitrary functions of the variables y and z. Show that 

satisfies the lastP ˜ x y z, , ° ˛ ,P  x y z P  x y z˜ °0
2 ˜ , , ,° 3 , ,

two equations in Question 4. 
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Chapter 15 Application Project: 
Dido’s Clever Circle 
Geometric inequalities abound in mathematics, and their history stretches back thousands of years. One of the earliest is the 
so-called Isoperimetric Inequality, which, in two dimensions, states that among all planar regions with a given fixed perimeter, a 
circle encloses the maximum possible area. This is also known as Dido’s problem, after the tale in Virgil’s Aeneid that recounts 
Dido’s cleverness in bargaining for land on which to found the city of Carthage. 

A related inequality is the following, which we first present in the setting of 3
.  Let D be an open region of 3 which is 

contained in a ball B of radius r. Let S denote the surface of D, and assume that S is smooth. Let V denote the volume of D andr 

let A denote the area of S (that is, V dV˜ °°°  and A d˛ ). Then˜ °° 
D S 

˙
ˇ
ˆ

˝
˛ 

r
˜ 
° V A. 

3 

In this project, you will first use the Divergence Theorem to prove the above inequality and then see how the same proof 
allows the inequality to be generalized to n-dimensional space. Finally, an alternative proof that illustrates the connection to the 
Isoperimetric Inequality will be outlined. 

1. First, note that we can assume D and Br  are positioned so that Br  is centered at the origin (since V and A are 
unchanged by moving D and Br  we can just move them so that Br  is centered). Let r = x y z, ,  and define F r˜ ° ˛ r. 
Determine ˜°F. 

2. Let n be the outward-pointing field of unit vectors normal to S. Show that F n˜ ° r  for all such n. (Hint: Consider the 
Cauchy-Schwarz Inequality of Section 11.3 Exercise 69.) 

3. Calculate F dV  exactly and use your result from Question 2 to determine an upper bound for .  UseF n˜ d˛˛˛˛˜ °  °° 
D S 

˝
˛ 

the Divergence Theorem to relate your results and arrive at the inequality 

˜ ° ˙rV A.ˇ
ˆ3 

4. As mentioned in the introduction of Topic 1 of Section 15.8, the Divergence Theorem is true in any number of 
dimensions. If we consider D to be an open region of n ,  where n ≥ 2,  and if we let ∂D  denote the boundary of D, 
then it is still the case that 

F n˜ dˆ ° ˛˜F dV ,˙ ˙ 
˝D D 

where the integration takes place in n−1  over ∂D  and in n  over D. In n , Br  denotes the n-dimensional ball of 
radius r, which in words can be defined as all the elements of n  that lie within r units of the origin (we will again 
assume B  is centered at the origin). With the understanding that V dV  and A ˜ d˝ ,  replicate your work inr ˜ ° ˛ 

˝
˛ 

D °D 

Questions 1 through 3 (with slight modifications) to show that if D is contained in Br ,  then 

˜ ° 
r ˙V A.ˇ
ˆn 
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5. To gain a better understanding of how the inequality works, consider how it applies to shapes centered at the origin in 
2  (that is, consider the case n = 2) Note that in 2

, V (which is the volume of D) actually corresponds to the area of 
D, and A (which is the surface area of the boundary of D) is the length of the perimeter of D. For instance, if D is the 
square inscribed inside the circle of radius r = 1 (which corresponds to B1  in 2 ), then V = 2 (the area of the square) 
and A = 8 2 (the perimeter of the square). Note that 

˜ ° ˝
˛ 

˙° ˙1 8 4
˘ � 2 83. ,2 ˝

˛
ˇ
ˆ

ˇ
ˆ2 2 2 

so it is indeed the case that V ≤ 1

2 A.  Either construct or find formulas for the area and perimeter of a regular k-sided 
polygon inscribed in a unit circle, and show that the value of the area is less than half the value of the perimeter for 

1every k, and further, that the ratio of area over perimeter approaches 
2

 as k goes to infinity (that is, as the polygons fill 
up more and more of the unit circle). 

6. With D, V, and A defined as in Question 4, the Isoperimetric Inequality in n  states that 

˙ ˘ 
n ˙ r ˘ 1°n˜1˛V ˝ ˇ � A,ˇ � 1 n �n ˇˆ � V B �� ° ˛ˆ � r � � 

where V Br  denotes the volume of the ball of radius r. For example, in 2  where V denotes the area of a region D˜ °  , 
and A denotes the length of its perimeter, the Isoperimetric Inequality says that 

˝
˛ 

˜ ° 

with equality only in the case that D is a circle. Under the assumption that D is contained in the ball Br  of radius r 
centered at the origin of n ,  show that the Isoperimetric Inequality again implies that 

˜ ° 

V A2
,ˇ

ˆ˘ 
˙

˝
˛ 

1 
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